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APPLICATION OF HYPERGEOMETRIC DISTRIBUTION SERIES ON CERTAIN
SUBCLASS OF ANALYTIC FUNCTIONS

TRAILOKYA PANIGRAHI*

ABSTRACT. The object of the present paper is to give some characterizations for hypergeometric
distribution series to be in various subclasses of analytic functions.

1. INTRODUCTION

Let A denote the family of all functions f analytic in U := {z € C : |z| < 1} with the usual
normalization condition f(0) = f/(0) —1 = 0. Thus f has the following Taylor-Maclaurin series:

(1) f(z):z—l—Zalzl.
1=2

Let S be the subclass of A consisting of all functions f of the form (1) which are univalent in U. A
function f € A is said to be in k —UCV, the class of k-uniformly convex function (0 < k <o) if f € S
along with the property that for every circular arc « contained in U with center £ where |£| < k, the
image curve f() is a convex arc. It is well-known that [5] f € k —UCV if and only if the image of the

function p, where p(z) = 1 + Z?:ég) (z € U) is a subset of the conic region

(2) QU ={w=u+iv:u*>k(u—1)*+k**0<k < oo}

The class k — ST consisting of k-uniformly starlike functions is defined via k —UCV by the Alexander
transform i.e.

fek—8T < geck—UCY where g(z):/ @dt.
0

The class k — ST and its properties were investigated in [6]. The analytic characterization of k —UCV
and k — ST are given as below:

2f"(2)

(3) kZ/lCV{fGAséR<1+Z£/;z)>>k e | e v
and
(4) k—ST:{feA:&e(Z;(S)) >k ZJ{(S) —1'(zeIU)}

Note that for k=0and k=1, weget 0—UCV =K, 0—-ST =85*, 1-UCY =UCY and 1 -ST = SP,
where IC, §*, UCV, SP are respectively the familiar classes of univalent convex functions, univalent
starlike functions [3], uniformly convex functions [4] (also, see [7, 12]) and parabolic starlike functions
[12].

For two analytic functions f and g in U, the function f is said to be subordinate to g or g is said to be
superordinate to f, if there exists a function w analytic in U with |w| < |z| such that f(z) = g(w(z)). In
such case, we write f < g or f(z) < g(z). If the function g is univalent in U, then f < g < f(0) = ¢(0)
and f(U) C g(U) (see, for detail [8]).
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Making use of subordination between analytic functions, Aouf [1] introduced and studied the class
RN A, B, a) as follows:
Definition 1.(see[l, with p=1]) For -1 < A< B <1, |A] < § and 0 < a < 1, we say that a function
f(z) € Ais in the class R(A, B, ) if it satisfies the following subordination condition:
1+ Az
1+ Bz
The subordination (5) is equivalent to the inequality (6) given below:
(6) 6i)\(f/(z) — 1)

Betr f'(z) — [Be* + (A — B)(1 — a)cos]

For particular values of parameters A, B,« and A, we obtain various subclasses of analytic functions
studied by different researchers (for details, see [2]).
In 1998, Ponnusamy and Ronning [10] introduced and studied the classes S5 and Cg consisting of
functions of the form (1) satisfying the following conditions:

(5) e f'(z) = cosA[(1— a)

+ a] + isin\.

<1l (2€0).

(7) S;={feA: ZJ{ES)—l‘<B(ZEU,5>O)},
and
(8) Cs={feA: Z;,/;ij)‘<ﬁ(zeU,ﬁ>0)}.

It is worthy to mention here that

feCs=zf €85 (B>0).

Recently, we introduced a new series H(M, N, n; z) whose coefficient are probabilities of hypergeometric
distribution as follows:

9) H(M,N,n;z):er(%)i(lMl) (nN_zﬁ)Zl'

Let us define the linear operator J (M, N,n) : A — A given by

1l <~/ M N-M .
10 TN () = HOL N2 £ = 20 7oy S (1) (1 1 )t v
where * denote the convolution or Hadamard product between two analytic functions.
Motivated by the works of [9, 10, 13], in this paper we investigate some characterization for hyperge-
ometric distribution series to be in the subclasses S7 and Cg of analytic functions.

2. PRELIMINARIES LEMMAS

To prove our main results, we need the following lemmas.
Lemma 1. (see [1], Theorem 4 with p=1) A sufficient condition for f(z) defined by (1) to be in the
class R*(A, B, a) is
(11) > U1+ |B])|ay| < (B — A)(1 — a)cosA.
1=2
Lemma 2. (see [6]) Let f(z) € A. If for some k, the following inequality
(12) D k(=1 <1
1=2
holds true, then f € k — ST.
Lemma 3. (see [5, 11]) A function f € A of the form (1) is in k — UCV if it satisfies the condition

(13 S0+ 1) ~ Kad < 1.
=2
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Another sufficient condition for the class k — UCV is given in [7] as follows:
Lemma 4. (see [7, 11]) Let f € S be of the form (1). If for some k (0 < k < 00), the inequality

> 1
14 ll—l <
(14) Z; |al|_k+27

holds true, then f € k —UCV. The number m cannot be increased.

Lemma 5. (see [11]) Let f € A be of the form (1). If the inequality
(15) doB+1=1al <8 (8>0),
1=2

is satisfied, then f € Sj.
Lemma 6. (see [11]) Let f € A be of the form (1). If

oo

(16) SUB+I-1al <8 (B> 0),
=2
then f € Cp.

Lemma 7. (see [1], Theorem 1 with p=1) Let the function f(z) defined by (1) be in the class
RMA, B, ), then

(B—A)(1 - a)cosA
l

(17) |ag| < (1>2).
3. MAIN RESULTS

Unless otherwise stated, we assume throughout the sequel that -1 <A < B <1,[\ < §,0<a < 1.
Theorem 1. Let k > 0. If the inequality

(18) (]T\Zl){M(k:—kl)Al—(N;M)] g%q,
where
19 w=3 (7505

is satisfied, then 7 (M, N,n) maps the class R*(A, B, «a) into k — UCV.

Proof. Let the function f given by (1) be a member of R*(A, B, ). By (10), we have

J(M,N,n)f(z) =z + (le) i <1{41> (nN—_l ﬁ) 0.

n/ =2

In view of Lemma 3, it is sufficient to show that

(%) il[l(k: +1) — K] <z ]141) <nN—z ﬁ) lar| < 1.

By making use of Lemma 7, it is again sufficient to prove that

1 & M N-—-M secA
(20) Pl—(Jv)é[zwﬂ)—k](l_l)(n_z“)5<B_A>(1_a>'

n
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P - (}V)g[(l ~D(k+1)+1] (lMl) (nN_lj\fl)

n

i 1) z—2)!(1\]\j!—l+1)! (nN—_zfl) +§; (z]—wl> (nN—_lfl)

e Zi@—z)(iv_lﬁ)*é)[g(ﬂf)(ﬁ_f)—(fvﬂ)]

_ M(k+1) (M

n

Ay —

N N

(n) (n)

where A; is defined as in (19).

Thus, in view of (20), if the inequality (18) is satisfied, then J(M, N,n)(f) € k — UCV as asserted.

Now

ZET‘ Sz‘r—\

+1,

The proof of Theorem 1 is complete. O
Theorem 2. If the inequality
M secA
21 —A; <
1) M= (k+2)(B-A1-aq)

is satisfied, then J (M, N,n) maps the class R*(A, B, a) into k — UCV.
Proof. Let the function f given by (1) be a member of R*(A, B,a). By virtue of Lemma 4, it is

sufficient to show that -
1 M N-M 1
Sy l-1
() = i )<l—1)< l+1>|‘—k+2

n

Using the coefficient estimate (17), it is again sufficient to show that

(22) Z ( )<nN—zf1> = (k+2)(;efz)(1—a>'

nl2

Py = (J\fj)g (?—?) (nN—_l ﬁ) - (JXM)A*

In view of (22), if the condition (21) is satisfied, then J (M, N,n)(f) € k—UCYV as asserted. This ends

Now,

the proof of Theorem 2. O
Theorem 3. If the inequality

(1+k) (N—M) k secA
23 14+k)— — By < ,
) O A TS ()
where

~(M+1\(N-M

24 By =
2 = ()5

is satisfied, then J (M, N,n) maps the class R*(A, B, «) into k — ST.
Proof. Let the function f given by (1) be a member of R(4, B,a). By virtue of Lemma 2, it is

sufficient to show that
1 M N-M
k(1 <1.
™ Z i ( 1)<n—l+1>|‘”—

Using the coefficient estimate (17), it is again sufficient to show that

1l NI+ k(-1)) (M N-M secA
(25) PB_WZ z (1—1>(n—1+1)§(B—A)(1—a)

n/ =2
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Now,

I & M\(N-M 1 kKl ( M \/(N-M

= — = — 1+k)——
= [ora- o (1) G50 e feee- 7] (1) G5 )
TL =2 n/ =2
(N—M) k
=14k |1-—=% ]— Bs.
() ] +n(7)

Therefore, in view of (25), if the inequality (23) is satisfied, then J (M, N,n)(f) € k — ST as asserted.
This complete the proof of Theorem 3. 0

Theorem 4. If f € R)(A, B, a) and the inequality

(NTL]M)
(26) - ™ §1+|B|’

is satisfied, then J (M, N,n)(f) € R (4, B, a).

Proof. Let the function f € A given by (1) be a member of R*(A, B, a). By virtue of Lemma 1 and
the coefficient inequality (17) it is sufficient to show that

(27) :éi( ><nN—_zj\L41) < %IH

Now Py is equivalently written as

oo N-M N-—M

T N
Thus, in view of (27), if the inequality (26) is satisfied, then J (M, N,n)(f) € R (4, B, a). The proof
of Theorem 4 is complete. O

Theorem 5. Let 3 > 0, f € R (A, B,a) and the inequality
g—-1 (N_M) < BsecA

28 B —~n /< —1,
. T @) SE-Al-a
is satisfied, then J (M, N,n)(f) € S5 .
Proof. By making use of Lemma 5, it is sufficient to show that
o0 M\ (N-M
Z(5+l_ 1)M\azl < 8.
=2 (n)
Since f € R (A, B, ), using the coefficient estimate (17), it is sufficient to show that
1 B+1—-1 M N-M BsecA
2 Py = —— _— < —— ——
(29) g (g)g[ l Kz-1><n—z+1)—(3—A)(1—a)
Now,
1 ~/B8-1\/M\/N-M 1 /M N-M
e () () G5 ()05
(n)l:2 l [—1)\n—1+1 (n)l:Q [—1)\n—1+1
s DN G0 B
(M +1)(3) ()
Thus, in view of (29), if the inequality (28) is satisfied, then J (M, N,n)(f) € S} as asserted. This

proof the Theorem 5. d
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Theorem 6. Let 8 > 0. If the inequality

0 ay s ( ) <8 le==a

is satisfied, then J (M, N,n) maps the class R*(4, B, a) into Cp.

Proof. In view of Lemma 6, it is sufficient to show that

S A AT

n

Using coefficient inequality (17), it is enough to show that

oy ro= (M) (D) < ane

n/ =2

Now the expression P4 can be equivalently written as

Th

B = &i<l{41><n]\[—_l—¥l>+:o2 (l—2)!(]\]\;[!—l—|—1)!(nN—_l—]|\—/[1>

n/ =2

O 31 L [ i)
_ %Al _ w + .

(2) ()

us, in view of (31) if the inequality (30) is satisfied, then J (M, N,n)(f) € Cg as desired. The proof

of Theorem 6 is thus completed. O
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