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PROPERTIES OF WEIGHTED COMPOSITION OPERATORS ON SOME
WEIGHTED HOLOMORPHIC FUNCTION CLASSES IN THE UNIT BALL

A. E. SHAMMAKY AND M. A. BAKHIT*

ABSTRACT. In this paper, we introduce N'x-type spaces of holomorphic functions in the unit ball of
C™ by the help of a non-decreasing function K : (0,00) — [0,00). Several important properties of
these spaces in the unit ball are provided. The results are applied to characterize boundedness and
compactness of weighted composition operators W, 4 from N (B) spaces into Beurling-type classes.
We also find the essential norm estimates for W,, 4 from N (B) spaces into Beurling-type classes.

1. INTRODUCTION

Through this paper, B is the unit ball of the n-dimensional complex Euclidean space C", S is the
boundary of B. We denote the class of all holomorphic functions, with the compact-open topology on
the unit ball B by H(B). For any z = (21, 22,. .., 2n), w = (w1, wa, ..., wy,) € C", the inner product is
defined by (z,w) = 211 + ... + 2,Wy, and write |z| = 1/(z, 2).

Two quantities Ay and By, both depending on a function f € H(B), are said to be equivalent,
written as Ay ~ By, if there exists a finite positive constant M not depending on f, such that

1
— By <A< MB
27 Br = Ap = MBy

for every f € H(B). If the quantities Ay and By, are equivalent, then in particular we have Ay < oo if
and only if By < co. As usual, the letter M will denote a positive constant, possibly different on each
occurrence.

Given a point a € B, we can associate wit it the following automorphism ®,(z) € Aut(B) :

a— Pa(z) - SaQa(z)
1—{z,a) ’

(1.1) Bo(z) = 2 €B,

where S, = /1 — |a|?, P,(2) is the orthogonal projection of C™ on a subspace [a] generated by a, that
is

|a|2 9

P ] o if a = 0;
al2) =19 alza) ita#0,
and @, = I — P, the projection on orthogonal complement [a] (see, for example,[8] or [10]).
The map @, has the following properties that ®,(0) = a, ®,(a) =0, ®, = ®;! and
(1 —la[*) A = (2 w))
(1= (z,0))(1 = (a,w))’
where z and w are arbitrary points in B. In particular,

(1 —lal)(A = |2*)
1=(za)*

(1.2) 1= (@4(2), Pa(w)) =

(1.3) 1 |2 (2)]2 =
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Let V be the Lebesgue volume measure on C”, normalized so that V(B) = 1 and ¢ be the normalized
surface measure on S, so that o(B) = 1. Let

dV(z)
(1= |z2)mtt

which is Mébius invariant, that is for any ¢ € Aut(B), f € L*(B), we have

[ fGaro) = [ routine)

For a € B, the Mdbius invariant Green function in B denoted by G(z,a) = g(®,(z)) where g(z) is
defined by:

1 1
(1.4) g(z) = °F / (1= 2yt =2n gy,
2n 2|

Let H°°(B) denote the Banach space of bounded functions in H(B) with the norm
[ fllec = sup | f(2)]-
z€B

dr(z) =

For a > 0, the Beurling-type space (sometimes also called the Bers-type space) HS°(B) in the unit
ball B consists of those functions f € H(B) for which

|(1—|2])* < 0.

| f1l 150 () = sup | f(2)
z€B
The Bergman space A?(B) consists of those functions f € H(B) for which

e = [ FPAVE) < .

Let K : (0,00) — [0,00) be a right-continuous, non-decreasing function and is not equal to zero
identically. The N (B) space consists of all functions f € H(B) such that

1oy = 510 [ IF@RK(G(z )dr(:) < o,
Moreover, f € H(B) is said to belong to Nk o(B) if

lim / |f(2)*K(G(z,a))dT(z) = 0.
lal=1Jp

Clearly, if K(t) = t?, then Nx(B) = N,(B); since G(z,a) = (1 — |¢.(2)]?) (see [6]). For K(t) =1
it gives the Bergman space A%(B). If Nk (B) consists of just the constant functions, we say that it is
trivial. Several important properties of the Nk (B) spaces in the unit disk in the complex plane have
been characterized in [1], [4] and [9]. We assume from now that all K : (0,00) — [0, 00) to appear in
this paper are right-continuous, non-decreasing function and not equal to zero identically.

Given v € H(B) and ¢ a holomorphic self-map of B. The weighted composition operator W, 4 :
H(B) — H(B) is defined by

Wau,o(f)(2) = u(2)(f o 9)(2), =€B.

It is obvious that W, 4 can be regarded as a generalization of the multiplication operator M, f = u- f
and composition operator Cy f = fo¢. Weighted composition operators are a general class of operators
and appear naturally in the study of isometries on most of the function spaces. Operators of this kind
also appear in many branches of analysis; the theory of dynamical systems, semigroups, the theory
of operator algebras, the theory of solubility of equations with deviating argument and so on. The
behavior of those operators is studied extensively on various spaces of holomorphic functions (see for
example [2], [5], [6] and [9]).
Recall that the pseudohyperbolic metric in the ball is defined as:

(1.5) plz,w) = |D,(2)], z€B.

It is true metric (see [3]). Also it is easy to verify, in particular, that p(0, w) = |w| and p(®,(2), w) = |z|.
The following lemma was proved in [6]:
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, 1
Lemma 1.1. For z,w € B, if p(z,w) < 5. Then

1.2
L _1-P o

1. — —_
(1.6) 6~ 1—|w?—~

The following proposition was proved as part of Lemma 2.3 in [6], and hence, we omit the details.
Proposition 1.1. For z,w € B, if p(z,w) < i. Then
|f(2) = f(w)] < 2vn|f(Pa(2))]p(z, w).
Recall that a linear operator T': X — Y is said to be bounded if there exists a constant M > 0
such that || T(f)|ly < M| f|lx for all maps f € X. Moreover, T : X — Y is said to be compact if it
takes bounded sets in X to sets in Y which have compact closure. For a Complex Banach spaces X

and Y of H(B), T : X — Y is compact (respectively weakly compact) if it maps the closed unit ball
of X onto a relatively compact (respectively relatively weakly compact) set in Y.

In this paper, we introduce Nk (B) spaces, in terms of the right continuous and non-decreasing
function K : (0,00) — [0,00) on the unit ball B. We prove that Nk (B) contained in Beurling-type
space H3®(B), v = 2. A sufficient and necessary condition for Nk (B) non-trivial is given. We discus
the nesting property of Nk (B). We obtain the complete characterizations of the boundedness and
compactness of weigted composition operators from Nk (B) spaces into Beurling-type classes. We also
find the essential norm estimates for these operators. Our results contain the results in the unit disk
as particular cases (for example [4], [6] and [9]).

2. Nk (B) SPACES IN THE UNIT BALL

The following results play an important role in the proof of our main result. They also have their
own interest.

Proposition 2.1. Let K : (0,00) — [0,00) be non-decreasing function. Then Nk (B) C H, (B).
2

Proof. For a € B, let By = {2 € B : [2] < 1}. Without loss of generality, assume that K(2) > 0. If
f € Nk (B), then

1130 ) > K(3/4) / () Pdr(2).

1
2

By By the subharmonicity of |f(z)|? and hence by ([7], Theorem 2.1.4), we have

- / F)dr(z) = 47 / FE)Rdr(z).

Thus 2
477/
[£(0)]* < m”f“xz\@{@), f € Nk(B).

For every fixed z € B, we put
n+1

QR @ )]
(2.1) F(w) = 1= (w2 ) € B,

which is clearly F' € H(B).
We can prove that ||F||j2\/K(B) < ||fH/2\/K(IB)7 and so F' € Nk (B). Then, we have

471
2 2\n+1 _ 2 2
F@PQ o) = [FOP < g1 ooy
for all z € B, which implies that:
4TL
2 _ 2(1 _al2)H! < 2 )
”fHHnTH(]B) itelglf(a)l (1 —lal?)"™ < K(3/4)||f||NK(]B)

That is, Nk (B) C H3, (B).
2
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Proposition 2.2. For z,w € B and f € Nk (B), we have

_nt1 _ntl

(2.2) 1£(2) = F()] < M| Fllnseey masc{(1 — 2275, (1 = wf?) =% Jp(z,w)
677 22<"+1>f 3423

Here, M = kS K(3/4)( 3.

Proof. We consider two cases:
Case 1: p(z,w) > %
Since |f(z) — f(w)] < |f(2)| + | f(w)|, by Proposition 2.1, we have

mm«l—w|f“<1—mw> }u<> fw)
< (1= [P FE)] + (1= w]?)F | f(w)]
22n+1
< 2||fHH<:f+1(]B) < m”f”?\ﬁ((ﬂ)
22n+3 ( )
> W”]‘-HNK
Which implies that
22n+3 ,Lﬂ 1
|f(2) = f(w)| < mllf”/\/,{(m) max{(1 — 2[*) (1= [w*)™ 2 Y (2, w).

Case 2: p(z,w) > 1.
Take and fix w € B, from p(®,(z),w) = |z| it follows that if z € E%, (B = BUS), then p(
In this case, by Proposition 2.1 and Lemma 1.1, we have

Iz, @
f (bw < n+1
A T R

< 22n+l ||f||J2\/K(IB)

K(3/4) (1 - @, (2)]) "%

220+1 || Fl 3 m) { 1 — |w]? ]3
K(3/4) (1 — |w|? )”“ — |®w(2)]?
6%“22n+1

1 v (m)
= K(3/4) (11— w2+

By Proposition 1.1, we have

K(3/4) (r—mPV“

Combining the results of the two cases yields
|f(2) = ()] < M| fl| e m) max{(1 — [2[*)~

6”5 220D (34273
where M = K(3/4)( 3.

|f(2) = flw)| < p(z,w).

+1 _nt1
7(1_ ‘w|2) 2 }P(Z,'LU),

Lemma 2.1. Forae€B,0< 6 <1 and f € Nx(B), we have

M
2.3 fla) = F60)] € — 1113 co)
(23) )= £60] < s 1 cn
Consequently, for any 0 < r < 1, we have
M
2.4 sup |f(a) — f(da §7n1f21( .
(24) o 17(6) = 0| < s I R

Here, M is the constant from Proposition 2.2.

D,(2),w) < 3.
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Proof. Proposition 2.2 shows that

|£(a) = f(8a)] < M| fllr ) max{(1 - [a|*)~ %", (1 - |8a*)~ "% }p(a, da).
The well-known formula
1— |a]?)(1 - [daf?)
1 — {(a,da)|? ’

- [p(a.da)? =1~ |, (d0)? =
together with simple calculations gives

(1 —la[*)la|
= - — -  <1.
pla,da) = (5|a\2 <1

n+1

On the other hand, (1 — |§a|?)~ < (1 —|a|?)~"= . The inequalities in (2.3) now follow.
If la| <7, then 1 —§lal?> > 1 — 72 Takmg supremum of (2.3) in a yields (2.4).

Theorem 2.1. If

1 2n—1
r
(2.5) /0 WK(Q(T))CZT < 00,
then Nk (B) contains all polynomials; otherwise, N (B) contains only constant functions.

Proof. First assume that (2.5) holds. Let f(z) be a polynomial i.e. (there exists a M > 0 such that

|f(2)]? < M for all z € B. Then,
2 _ V()
L@ PR 0D

/B )P (G 2, a))dr(2)
= aﬁ:ﬁm(r»dr L1 patrORas(

2n 1
2nM A=t K(g(r))dr.

IN

Since a is arbitrary, it follows that

1 2n—1
r
Hf”./\/'K(B) < QnM/() mK(Q(T’))dT < 00.

Thus, f € Nk (B) and the first half of the theorem is proved.

Now, we assume that the integral in (2.5) is divergent. Let a = (a1, -, ) is an n-tuple of
non-negative integers, |a| = a; + ag + --- + a, > 1, f(2) = 2*. Then, we have |f(r()> = r2lol|¢o|?,
and

/| r¢)*[2do(r¢) > 7"2"’“7( ol Mr2lel,

(n—1+a])! =
Thus,
nM Lot
(26) Il > s [, e K0
There exists a € B such that f(a) # 0, by the subharmonicity of |f o ®,(r¢)|?,
3n 2 r2n—l
(27) o) = FU@F [* s K o)

Combining (2.6) and (2.7), we see that (2.5) implies that || || ) = oo. It is proved that f ¢ Nx (B)
and, since « is arbitrary, any non-constant polynomial is not contained in N (B). We conclude that
Nk (B) contains only constant functions. The theorem is proved.
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Lemma 2.2. For w € B we define the probe function in Nk (B) as
1 — lwl2)r+1
o (2) = (1 — Juwl )3 .
(1= (z,w))2 (D
Suppose that condition (2.5) is satisfied. Then hy, € N (B) and |[huw||are @) < 1.
Proof. Trivially h,, € Nk (B). It is also easy to see that

1 — |wf?)r
hell? =su / (
| ”NK(B) aellg Bl (1 — <Z,w>)%(”+1)

this by a change of variables and since condition (2.5) is satisfied.

Such h,, is a normalized reproducing kernel function in the Bergman space A%(B). Also note that

n+1
2

hw(w)—<1> . VweB.

1—|w?
In Section 4, we will discuss the estimation for the lower bounded of ||W, 4|l We will make use of

weakly convergent sequences in the Bergman space A?(B). The following lemma plays an important
role.

K(G(z,a))dr(z) <1,

Lemma 2.3. Suppose {fm}m>1 € A%(B) is a sequence that converges weakly to zero in A*(B). Then
{fm}m>1 converges weakly to zero in N (B) as well.

Proof. Let I' € N (B) be a bounded liner functional on Nk (B). By the fact that || f|| @) < ||f]l a2,
then
r r
IClpm = s TN o DL
reaz®) 1fllaz@) ~ reaz@) 1f i @)
T
renk®) [1f v @)

= HFHTK(B)v

which implies T is also a bounded linear functional on A%(B). Since f,, — 0 weakly in A%(B), we
conclude that I'(f,,) — 0. Therefore, f,, — 0 weakly in Nk (B) as well.

Corollary 2.1. Let {wp}men C B and |wy,| — 1 as m — oo, then {hy,, } converges weakly to zero

Proof. Tt is well known that h,,, — 0 weakly in A?(B) as m — co. Indeed, for any f € A?(B), using
the reproducing property, we have
n+1

(fr ) = (1= [wm[?) = f(wm),
which converges to zero as m — 0o, because the set of polynomials is dense in A%(B) (see [10],

Proposition 2.6). The conclusion of the corollary follows immediately from Lemma 2.3.

3. WEIGHTED COMPOSITION OPERATORS FROM Nk (B) INTO HZ°(B)
In this section, we will consider the operator Wy, ¢ : N (B) — H(B).

Theorem 3.1. Let ¢ : B — B be a holomorphic mapping and v € H(B). For 0 < a < oo, then
Wap : HEY(B) = Ng(B) is a bounded operator if and only if

w(2)|(1 = |2]?)«
wup 121 L1
acB (1 — [¢(2)[?) =
Proof. First assume that condition (3.1) holds, by Proposition 1.1, we have

(3.1)

WDl = sup I GEI ~ =
210~ =)
= Ml 58 0 Coom)

IN

Cllf llnvw @)
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This implies that Wy, 4 : H®(B) — Nk (B) is a bounded operator.

Conversely, assume that Wy 4 : N (B) — H°(B) is bounded, then ||[Wy ¢(f)llzse @) < I1flla ). Let
h., be the test function in Lemma 2.2 with w = ¢(z), then we get

ho(z)($(2)) = (1—|}¢(z)2>

Hence, there exist a positive constant M such that:

n+1
2

|u(2)|(1 — |2[*)
M > [|hy, > ([ W (o) e gy > I Z ET
2 [Pl @) 2 W (Pl e @) PP
This completes the proof of the theorem.
Using the standard arguments similar to those outlined in proposition 3.11 of [2], we have the
following lemmas:

Lemma 3.1. Let ¢ : B — B be a holomorphic mapping and v € H(B). For 0 < a < oo, then
Wa,p : HE (B) — Nk (B) is compact if and only if

Jim [ W o ()l = 0,

for every bounded sequence { f,} C N (B) which converges to 0 uniformly on any compact subsets
of B as m — oo.
Theorem 3.2. Let ¢ : B — B be a holomorphic mapping and v € H(B). For 0 < o < oo, then
Wup : Nk (B) — HP(B) is compact if and only if
1— 2\«
(3.2) lim  sup [ = 2" |Z|)1 =0
T jg()>r (1 —[¢(2)[2) 2

Proof. First assume that W, 4 : Ng(B) — H°(B) is compact, then it is bounded. By Theorem
theorem 3.1, we have

(@I =)
ach (1—|o(z))

Note that lim L(r) always exists, where:
r—1-

Lir) — u(2)](1 — |2*)*
(’r) - 2 ntl *

l#()1>r (1= [(2)]?)
Now, we show that (3.4) holds.
Assume on the contrary that there exists €p > 0 such that

1— 2\«
i sp IO
T jg(a)>r (1—[¢(2)[2) 2
There exists an 7o € (0,1) such that ro < r < 1, we have L(r) > 5. Then, by the standard diagonal
process, we can construct a sequence {z,,} C B such that |¢(z)| — 1 asm — oo, and also for each
m e N,
u(2)I(1 = [2[*)* _ e
(1-l(z)2)5" ~ 4
Clearly, we can assume that w, = ¢(z,,) tends to wg € OB as m — oo. Let hy,,, = m (z_lwm‘j;;:H)
—(Zm,Wm)) 2
be the function in Lemma 2.2 with w, = ¢(zy). Then hy,, — hy, with respect to the compact-open
topology. Define f,, = hw,, — hw,- Then || fo||ac @) < 1 and f,, — 0 uniformly on compact subsets
of B. Thus, f, 0 ¢ — 0in HS°(B) by assumption. But, for m big enough,
u(zp)|(1 = |zm2)® _ o
2 IO ) 0
(1= l¢(zm)l?) =

HWu,tﬁ(fn”

which is a contradiction.
Conversely, if (3.4) holds, we assume that {f,,} is a bounded sequence in Nk (B) norm which converges
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to zero uniformly on every compact subset of mathbbB, then for all £ > 0 there exists § € (0,1) and
me < m such that for § < r < 1, we have

W (f)llaze@ < sup [u(2)||fm(6(2))[(1 —[2[*)®
lp(2)|>r

+ osup | fin(@(2))|(1 — [2*)* <e.
jo(=)<r

From this ||[Wy,¢(fn)llHe @ — 0 as m — oo, it follows that W, 4 : N (B) — H°(B) is a compact
operator. This completes the proof of the theorem.
As a corollary of Theorems 3.1 and 3.2, we have:

Corollary 3.1. Let ¢ : B — B be a holomorphic mapping and 0 < a < co. Then composition operator
C¢ ZNK(B) — HSO(B)
e is bounded if and only if

1— 2\«
(3.3) sup L‘)M < 00;
zeB (1 —|o(2)]?) =

e is compact if and only if
1— PAYeY
(3.4) lim  sup % =0
T le)l>r (1= [6(2)12) 7=

4. ESSENTIAL NORMS OF WEIGHTED COMPOSITION OPERATORS FROM N (B) INTO HZ°(B)

In this section, we study the essential norm of weighted composition operator W, » : N (B) —
HZ(B). Let us denote by C := C(Nk(B), H3°(B)) the set of all compact operators acting from N (B)
into H3°(B). Then the essential norm of W, 4 is defined as follows:

(4.1) [Waslle = nf {1 W0 — OIl}

Obviously, the essential norm of a compact operator is zero.

Note that by using the standard argument, it can be shown that a composition operator Cy :
Nk (B) — Nk (B) is compact if and only if for any bounded sequence {f,,} € Nk(B) converging to
zero uniformly on every compact subset of B, the sequence {|| f, o ¢||} converges to zero as m — occ.

Lemma 4.1. Suppose ¢ : B — B is a holomorphic mapping such that ||¢]|lec < 1, and u € H(B). For
0 < o < o0, then Wy, 4 : H°(B) — Nk (B) is compact if and only if

Tr}gnoo ”Wu7¢(fm)HNK(IB) = 0’

Proof. Let 7 = ||¢]|co and take an arbitrary f € Nk (B). Then we have

[We,s (Dl @) < 1f o dllocllullng e < ({ sup }If(2)|> [l nve (B) < 00
This show that W, 4, maps N (B) into itself.
Now suppose that {f,,} is a bounded sequence in N (B) that converges to zero uniformly on every
compact subset of B. Applying the above estimate with f = f,,, we have

W () L) < ({ sup }Ifm(Z)l) il ) < 0.

z:|z|<r

Since the set z : |z| < r is compact, the right-hand side of the last quantity converges to 0 as m — oo,
hence so does the sequence {||[Wy 4(fm)lla @)} This means that W, 4 is compact.

In the following theorem we formulate and prove an estimate for the upper bound of the essential
norm of Wy, ¢ : Ng(B) = HF (B).
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Theorem 4.1. Let ¢ : B — B be a holomorphic mapping and u € H(B). For 0 < a < 0o, suppose that
Wue : Nk(B) — HP(B) is a bounded operator. Then

1— 2\«
(4.2) IWagle < M lim  sup [4EIAZ12D7
=17 g(z)|>r (1 — |@(2)]2) 2

ntl o(nt1)
where M = 522 K(S)fg(?,-i-zﬁ) is the constant from Proposition 2.2.

Proof. Since W, 4 is bounded, we see that u € H°(B), and Theorems 3.1, 3.2 shows that
u(2)[(1 — |2*)*

lim —

=17 g(2)[>r (1 — |@(2)]?) 2

exists and is a real number.
First, we prove that for any r € [0, 1),

u(2)| (A — [2[*)*

(4.3) [Wuglle <M sup RIT -
@)1 (1= [6(2)12)*F
For each k € N, set ¢ (z) = k’ffl for all z € B. By Lemma 4.1, Cy, is compact on N (B), and hence,
O =W,,40Cy, €C is compact acting from Nk (B) into H°(B). Then for any k € N, we have
Waglle = mf {[Wue —Oll} < [[Wup = Wug o Co,lle
= sup  [[(Wu,g — Wap 0 Co ) ()| = ()
1F A 3y <1
which implies that
(44) Wl < jutd sup 10Vas = W o Co )Pz o |-
ENUIf I <1

For f € Nk (B), we estimate

[(Wa,g = Wae 0 Co ) ()l e )
_ sup{U(Z)lf(¢>(2))—f

z€B

su ul(z 2)) — kd)(z) — |z 2\«

|¢(Z)I|)>T{| @llF6) - 1 )\(1 2P) }

+ s fute)

[(z)|<r

IN

On the one hand, by Lemma 2.1, equation (2.3), we have

s Lol (ot - £ (32 - 14}
<o |0 =7 (347 fup{ e - o
<

(o MuCUO- Y
e)I>r (1 —]¢(2)[?) =
On the one hand, by Lemma 2.1, equation (2.4), we have
k¢(z) 2\a
s {wal| o - 1 (323 )| - 1pr}

MTHUHH‘X’(]BS)
< _— .
= <(k+1)(1—r2)a)|f||NK(B)

)||f|NK<B>.
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Therefore, if || f||arc ) < 1, then
[(Wa,6 = Wag 0 Co ) ()l e m)

sup{ lu(a) | 000 - 1 (F2E) )| - 12y}

I (1O] (€ |2[*)” Mr|ull g (z)
M{ <¢<z>p>r (1—o(2)]2)" 7 >+ (k+1)(1 —r2)> }

wi{ s [0¥is = W Co)(Dlzo |
REN LI fllwrge 2y <1

- I Ll FRE Ml o 5)
: M’“Eg’{ <¢<z>p>r (1- \¢(z)|2)% )+ (k+1)(1—r2) }
Y : M<|¢?zf|°>r = o )

Combining (4.4) and (4.5), we obtain (4.3).
Now letting r — 1 in (4.3), we arrive at the desired inequality

|u(z )|(1—|Z|2)°‘>.
(1= lg(=)2) "

IN

IN

It then follows that

(46) IWgle < Mhm( sup
lp(2)|>r

r—1

This completes the proof of the theorem.

We now discuss the estimation for the lower bound of the essential norm of W, ¢ : N (B) — H°(B).

Theorem 4.2. Let ¢ : B — B be a holomorphic mapping and v € H(B). For 0 < a < 00, suppose that
W, : N (B) — H°(B) is a bounded operator. Then

u(2)] (A — [2[*)*

> lim Y

=1 (o) > (1= [@(2)2) %
Proof. The case ||@]loo < 1 is obvious since the right hand side is zero. Now assume that ||¢|l.c = 1.
For any r € (0;1), the set S, := {2z € B : |¢(z)| > r is not empty. For each z € B, consider the probe
function h,, in Lemma 2.2 with w = ¢(z). Then for any compact operator O € C we have

(4.7) | W,

[Wue—O| = sup  [|(Wu,g — O)()IIHZ® (B)
1A ey <1
> |[[(Wup — O)(hg)ll oo B)
> |[[Waug (b))l mee @) — 1O(hg )|l oo (B)

u(2)] (A — [2[*)*

nti O(h z oo
(1—|p(2)]2) = [O(hg ))||Ha (B)

which is equivalent to

u(2)I(1 — |2[)~
(4.8) W6 — Ol + |0(hg2)) | 2 8) = -
(1 - [g(2)[2)%"
Taking the supremum on z over the set S, on both sides of (4.8) yields
|u(2)|(1 — |2[*)*
Way.o — Ol + sup [|O(hp) |l e p—n.
Wao O+ s 100 iz 2 sup 1= 2
which is
u(2)|(1 — [2[*)
(4.9) Wag = Oll+ sup [|0(s(s))llmze@ = sup Eay
9(2)1> o) >r (1—[(2)|2)
Denote H(r) = sup [|O(hg Z))||HW(B) Since H(r) decreases as r increases, lirr} H(r) exists. We
r—

lp(2)|>r
claim that this limit is necessarily zero. For the purpose of obtaining a contradiction, assume that
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lirri H(r) = L > 0. Then there is a sequence {z,,} C B satisfying |¢(zm)| — 1 as m — oo, and for each
r—
m €N,

1
(4~10) Ho(h¢(z))“Hg°(B) > iL'

By Corollary 3.1, {hg.,,)} converges weakly to zero in Nx (B). Since O is compact, we have {||O(hg(z)) ||z B) }
converges to zero as m — oo, which contradicts (4.10). Therefore,

lim  sup [|O(hy(x))|laee®) = 0.
=17 g(2)|>r

Letting 7 — 17 on both sides of (4.9), we conclude that for any compact operator O € C,

u(2)|(1 — |2[*)

HWu,d> — OH > lim —.
=1 o> (1 — |(2)[2) "%

From this, it follows that
: : [u(2)|(L — [2[*)*
[Wauplle = (lgnfc [Wu,e — Ol = lim T A

€ T je()>r (1= [¢(2)[2) 2

This completes the proof of the theorem.

In conclusion, combining Theorems 4.1 and 4.2, we obtain a full description of the essential norm
of Wu,¢-

Theorem 4.3. Let ¢ : B — B be a holomorphic mapping and u € H(B). For 0 < a < 0o, suppose that
W, : N(B) = H°(B) is a bounded operator. Then
. w(2)(1 = |2]?)®
(4.11) [Waglle ~ lim s %
=1 je)>r (1= [6(2)[%) 2
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