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APPROXIMATION THEOREMS FOR ¢— ANALOUGE OF A LINEAR POSITIVE
OPERATOR BY A. LUPAS

KARUNESH KUMAR SINGH!, ASHA RAM GAIROLA? AND DEEPMALA3*

ABSTRACT. The purpose of the present paper is to introduce g— analouge of a sequence of linear
and positive operators which was introduced by A. Lupas [1]. First, we estimate moments of the
operators and then prove a basic convergence theorem. Next, a local direct approximation theorem
is established. Further, we study the rate of convergence and point-wise estimate using the Lipschitz
type maximal function.

1. INTRODUCTION

At the International Dortmund Meeting held in Written (Germany, March, 1995), A. Lupas [1]
introduced the following Linear positive operators:

oo

1) Lufio) = (- ay= 3 Oy (£) oz

k=0

with f : [0,00] — R. If we impose that L,e; = e; we find that a = 1/2. Therefore operator (1)
becomes

N ona e (@) (K
k=0
where
(@)o=1, ()y =ala+1)..(a+k—-1)k>1.
The ¢g— analouge of the above operators is defined as:
L, ) = 2~ [nle M [7‘1 >0
’q(fwrb) Z 2k[k]q' f [n}q y L =2 U,
k=0
We denote Cg[0,00) the space of real valued bounded continuous function f on the interval [0, c0),
the norm on the space is defined as

£l = [ Sup /()]

<zr<oo

Let W2 = {g € Cg[0,00) : ¢, ¢"" € Cp[0,0)}. The Peetre’s K— functional is defined as
K (f,0) = inf {|If —gll+dlg"l},
geW?

where § > 0.
For f € Cg[0,00) a usual modulus of continuity is given by

w(f,0) = sup sup |[f(z+h)— f(x)).

0<h<5 0<z<00

The second order modulus of smoothness is given by

wo(f,V8) = sup  sup |f(z+2h) —2f(x+ h) + f(x))].

0<h</§ 0<z<oo
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By [[3], p-177, Theorem 2.4] there exists an absolute constant C' > 0 such that
K2(f7 6) < CwQ(f7 \/g)

In recent years, many results about the generalization of linear positive operators have been obtained
by several mathematicians ([6]-[17]).

2. MOMENT ESTIMATES

Lemma 1. The following relations hold:

Lng(1i2) = 1, L o(t:2) = 2 and L o(%:7) = g2 + — 4.

[n]
Proof. We have

k=0 q:

Now,
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Next,

Log(t32) = 270wy

2
q

2 TR (b= 1], [l
nq$+ —1 [Klq

1
D

_ 2—[n]qz§:[ n]gz([n]gx + 1)1 [K]

([n]qx + 1)k71[k]q
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We find that I; =
Now,

[nlq "

o= 2w g gy + Dialkl

14 q)x 9
Ly o(t%2) = ( +qzx
! [n]q
O
Let us define mth order moment by 9y, m(q; ) = Ly q((t — 2)™; x).
Lemma 2. Let 0 < g < 1, then for x € [0,00) we have
z(|2] — (1 —q)|n|qx
Yna(g;2) =0 and P 2(q;2) = (2] = @ - 9)lnle)
[n]q
Proof. We have
1/Jn,1(fJ; m) = Ln,q(t — T 33) = 0.
Now,
Vn,2(q; ) Ly q((t —2)% z)
= L, (t*+ 2% - 2tr;x)
(1+q)x 2
——— + (¢ —1)z*.
[nq
O

3. Basic POINTWISE CONVERGENCE

The operators L, 4 do not satisfy the conditions of the Bohman-Korovkin theorem in case 0 < ¢ < 1.
To make this theorem applicable, we can choose a sequence (g,) in place of the number ¢ such that
g¢n — 1 and ¢g;; = 0 as n — oco. With this modification we obtain the following Korovkin type result:

Theorem 1. Let f € Cp[0,00) and ¢, be a real sequence in (0,1) such that ¢, — 1 and ¢ — 0 as
n — oco. Then, for each x € [0,00) we have

lim L, (f;z) = f(z).

n—oo

Proof. The proof is based on the well known Korovkin theorem regarding the convergence of a sequence
of linear positive operators. So, it is enough to prove the conditions

nhﬂngoLn’qn(t jx)=2",m=0,1,2.

Now, using Lemma 1 we obtain

lim L, , (1;2) =1,

n—oo

Jim Lyq, () =
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and
nl;rr;o Lyg, (tx) = nl;rgo g’ + 1[:]5;1
= 22
This completes the proof. g

4. DIRECT RESULTS

Theorem 2. Let f € Cg[0,00) and q € (0,1). Then, for each x € [0,00) and n € N there exists an
absolute constant C > 0 such that

|L’n7q(f;x) — f($)| < Cwsy (f, \/IE([Q] - (1 — q)[n]qm) ) .

[n]q

Proof. Let g € W? and x,t € [0,00). Using Taylor’s expansion we can write

t
o(t) =g(a) + g )t~ ) + [ (¢~ v)g" (W)
On application of Lemma 2 we obtain
t
Ln,q (g(t); l‘) - g(.’L‘)) = Ln,q /(t - U)g”(v)dv; x

x

Now, we have < (t —)?||g"||. Therefore

f(t —v)g"(v)dv

//H — .1‘([2] — (1 _qQ)[n}qx) HgHH'

() <.

|Ln,a(9(t);2) = g(2)] < Lug ((t = 2)%2) g
By Lemma 1, we have

. —|njqx ([n]qf)k
Lna(fi)] < 2700 30 s

Thus

|Lng(fi2) = f(@)] < |Lng(f —gi2) = (f — 9)(@)] + |Ln,q(g;2) — g(z)|
< 2||f . gH + z([2]—(1—g)[n]q) HQNH-

[n]q

At last, taking the infimum over all g € W2 and on application of the inequality Ky (f,8) < Cws(f,6/?),8 >
0, we get the required result. This completes the proof of the theorem.
O

5. POINTWISE ESTIMATES

In this section, we obtain some pointwise estimates of the rate of convergence of the g— Baskakov-
Durrmeyer operators. First, we discuss the relationship between the local smoothness of f and the
local approximation.

Theorem 3. Let 0 < a < 1 and E be any bounded subset of the interval [0,00). If f € Cgl0,00) N
Lipp(a) then we have

| Lng(fi2) = f(@)] < M{3;25(q: ) +2(d(z, E))*}, @ € [0, 00),
where M is a constant depending on « and f, d(z,E) is the distance between x and E defined as

d(z,E) = inf{|t —z|;t € E} and ¥, 2(q;2) = Ly o((t — r)% 1) .
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Proof. From the property of infimum, it follows that there exists a point to € E such that d(z, E) =
|t0 — .’E|
In view of the triangle inequality we have

[f(t) = f(@)] < |f(t) = fto)| + [ f(to) — f(2)].
Using the definition of Lipys(«), we get

< Lug([f(t) = f(to)ls @) + Lng(|f(z) — f(to)|;2)
< M{Lng(t —to|*;x) + |z — to]*}
< MALy (|t — z|% ) + 2|z — to]|“}.

[ Lng(f2) = f(2)]

Choosing p; = % and py = 52—, we get p% + p% = 1. Then, Hoélder’s inequality yields

2—a?

< M{(Lug(|t — 2|°P';2)) /P Ly o (172 2)] /72 4 2(d(x, E))*}
< M{(Lng((t — 2)% 2))*/% + 2(d(=, E))*}
= M{R(g;7) + 2(d(w, E))*}.

This completes the proof of the theorem. 0

| Lnq(f; ) — f(2)]

Next, we obtain a local direct estimate of operators L,, 4 using the Lipschitz-type maximal function
of order « introduced by Lenze [2] as

(2) oufir) = sup LOZI@I

~—, v €[0,00)anda € (0,1].
t#x,t€[0,00) |t - 1‘|

Theorem 4. Let 0 < a <1 and f € Cg[0,00), then for all x € [0,00) we have

a/2

|Ln,q(f; l‘) - f(.%‘)| < aja(fa£)¢n,2 (Q; l')

Proof. In view of (2), we get

1f(t) = f(@)] < Dalfsz)|t — 2|

and hence

|Lnq(f;2) = f(2)] < Lng(|f(t) = f(2)]

Now, using the Hélder’s inequality with p = % and % =1- 1 we obtain

-4
L q(f32) = J(@)] < Galf,2)(Lug(it = 2’5 2))* = Ga(f,2)005 (@).
Thus, the proof is completed.

6. WEIGHTED APPROXIMATION

In this section, we discuss about the weighted approximation theorem for the operators L, 4(f).
Let C%,[0,00) be the subspace of all functions f € C,2[0, 00) for which lim, |1J;(_i)2| is finite.

Theorem 5. Let g, be a sequence in (0,1) such that ¢, — 1 and ¢ — 0, as n — oo. For each
*,10,00), we have

(3) lim || Ly, q, (f) — fllz2 = 0.

n—oo
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Proof. In order to proof (3) it is sufficient to show that ([5])

(4) lim ||Lp,gq, (t";2) — 2”||;2 =0, v =10,1,2.
n—oo

Since, Ly, q4, (1;2) =1, (4) holds true for v = 0.

Now, by Lemma 1, we have

|Ln.q, (t;x) — x|
L tix) —x = sup ———F——
e
— 0,asn — .

Therefore, (4) is true for v = 1.
Again, by Lemma 1, we may write

|Lng, (%5 2) — 22|

L 2 2) — 22 = su
H n,qn( ) Hx2 xe[O,IZo) 14 22
(+an)z+gn[nlg, @® _ 2
n an
= sup
z€[0,00) 1+ x?
< 1+gn

[n]Qn z€[0,00) 1+ 22
.172

+ (gn—1) sup ——
( )xG[O,oo) 1 +I2

1+gn
= + (gn — 1)
rs "
Hence, (4) follows for v = 2. This completes the proof of the theorem. O

Theorem 6. Let f € Cy2[0,00),q = g, € (0,1) such that ¢, — 1 and ¢ — 0 as n — oo and wq41be
its modulus of continuity on the finite interval [0,a + 1] C [0,00), a > 0. Then, for everyn > 1

HLn,q(f) - f”C’[O,a] < W + 2wa+1 (fa [ii)-

Proof. For x € [0,a] and t > a + 1. Since t —z > 1, we have

f() = f(z)] < Mp2+2®+17)

< Mp(2+432% +2(t — 1)?)

< 3Mp(1+a2% 4+ (t—x)?)

< 6Mp(1+a®)(t - 2)?
(5) < 6My(1+a®)(t— )%
For z € [0,a] and ¢t < a + 1, we have
0 160 - 1) < wanlile—al) < (14 5w (r0)
where § > 0.
From (5) and (6), we can write
© 10~ @) < 60150+ @) (e -2+ (14 5 Yo (10

For x € [0,a] and ¢ > 0 and applying Schwarz inequality, we obtain

|Lng(f;z) = f(z)] < Lag(If(t) — f(2)];z)
< 6Mf(1—|—a2)Ln7q((t—x)2;x)

+ wa+1(f7 6) <1+ an,q((tix)z;I)

Nl

]

)
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Hence, using Lemma 2, for every ¢ € (0,1) and z € [0, d]

‘Ln,q(fo) - flx)] < 6Mf(1 + a2)x([2] - (1- q)[n]qx)

[n]q
1 Jz([2] = (1 = g)[nl4z)
1 —
12M(1 + a?)a
N [n]q
1 | 2a
+ wq 1(f75)(1+ )
" 6\ [nlq
Taking 6§ = [n] , we get the required result.
This completes the proof of Theorem. O

Now, we prove a theorem to approximate all functions in C2[0,00). Such type of results are given
in [4] for locally integrable functions.

Theorem 7. Let ¢ = ¢, € (0,1) such that ¢, — 1 and g} — 0, as n — oo. For each f € C?,[0,00),
and o > 1, we have

| Ln.g, (f;2) = f(2)]

lim sup =0.
N0 2£€[0,00) (1 _|_x2)a
Proof. For any fixed xg > 0,
Ln 5 - n 3 Ln 5 -
wp a0 J@] (50 @]V (52) — S
2€[0,00) (1+a2)> »<on (1+a2)> e>x0 (1+a2)>
‘Ln, . (1 +t2§5ﬂ)|
(8) < NLng, (f) = flleo.zo) + [1f 1122 sup 1

T>x0 (1+22)>

o @)
TEL ey

Since, |f(x)] < M (1 + 2?), we have

sup M < sup My < My .
>0 (1 + ‘T2)a - r>x0 (]— + $2) (1 + $0) -1
Let € > 0 be arbitrary. We can choose zy to be large that
My

9)

and in view of Lemma 1, we obtain

€
N < -
(1+a5)t 3

|Lng,(1+t52) 14+2?

||f||:1v2 nh—>Holo (1 + xz)a = (1 + .’E2)a Hf”wz
1|22
- (1 +x2)a—1
12
- (1 + z3)e-
(10) < 3.

Using Theorem 6 we can see that the first term of the inequality (8) implies that

€
(11) | Ln,q. (f3-) = f||c[o,zo] < 3 as n — 00.

Combining (8)-(11), we get the desired result.
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