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THE ROLE OF COMPLETE PARTS IN TOPOLOGICAL POLYGROUPS

M. SALEHI SHADKAMI, M.R. AHMADI ZAND AND B. DAVVAZ*

ABSTRACT. A topological polygroup is a polygroup P together with a topology on P such that the
polygroup’s binary hyperoperation and the polygroup’s inverse function are continuous with respect
to the topology. In this paper, we present some facts about complete parts in polygroups and we
use these facts to obtain some new results in topological polygroups. We define the concept of
cp-resolvable topological polygroups. A non-empty subset X of a topological polygroup is called cp-
resolvable if there exist disjoint dense subsets A and B such that at least one of them is a complete
part. Then, we investigate a few properties of cp-resolvable topological polygroups.

1. INTRODUCTION

Hypergroup that is based on the notion of hyperoperation was introduced by Marty in [13] and
studied extensively by many mathematicians. Applications of hypergroups have mainly appeared
in special subclasses. For example, polygroups that form an important subclass of hypergroups are
studied by Comer [3, 4]. Polygroups have been applied in many area, such as geometry, lattices,
combinatorics and color scheme. There exists a rich bibliography on polygroups [6]. This book contains
the principal definitions endowed with examples and the basic results of the theory. Aghabozorgi et
al. [1] defined perfect and solvable polygroups. Also see [11]. Till now, only a few papers treated the
notion of topological hyperstructures, for example see [2, 8, 10]. Heidari et al. [9] defined the notion
of topological polygroups. By considering the relative topology on subpolygroups they proved some
properties of them. In particular, they proved the topological isomorphism theorems of topological
polygroups. The purpose of this paper is as stated in the abstract.

2. BASIC DEFINITIONS AND RESULTS

Let H be a non-empty set and P*(H) be the set of all non-empty subsets of H. Then, the mapping
o: Hx H — P*(H) is called a hyperoperation and (H,o) is called a hypergroupoid. If A and B are
two non-empty subsets of H and x € H, then we define

AoB=|J aob, Aoz =Ao{z} and x0 A= {z}o A

acA
beB

Ifao(boc)=(aob)ocforall a,b,c € H (associativity axiom), then (H,o) is called a semihypergroup
and it is called a quasihypergroup if for every x € H, we have x o H = H = H ox (reproduction axiom).
The couple (H, o) is called a hypergroup if it is a semihypergroup and a quasihypergroup. Thus, a hy-
pergroup is a generalization of a group. Let (H, o) be a semihypergroup and A be a non-empty subset
of H. We say that A is a complete part of H if for any natural number n and for all aq,as,...,a, € H
, the following implication holds:

Aﬂnai;ﬁ@i Hang
i=1 =1
The complete parts are introduced for the first time by Koskas[12] and are studied by Corsini [5] and
many others. A special subclass of hypergroups is the class of polygroups. We recall the following
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definition from [3]. A polygroup is a system P =< P, o,e,”' >, where o: P x P — P*(P),e € P, !
is a unitary operation on P and the following axioms hold for all z,y,z € P:

(1) (woy)oz=zo(yo2);

(2) eox=x0e=u;

(3) z €yozimpliesy € xoz!

and z €y Loux.

The following elementary facts about polygroups follow easily from the axioms: e € zoz ' Nz lox
e l=c, (z7H) ' =2 and (woy)™! =y tox~l. A non-empty subset K of a polygroup P is
a subpolygroup of P if and only if a,b € K implies aob C K and a € K implies a~! € K. The

subpolygroup N of P is normal in P if and only if a=! o Noa C N for every a € P.

Proposition 2.1. Let A and B be non-empty subsets of a polygroup P =< P,o,e,” > such that A is
a complete part and x € P. Then,

(1) 7 lozoA=x02"to A= A;

(2) A=t is a complete part;

(3) zo A and Aox are complete parts;

(4) BCax oA ifand onlyif vo BC A.

REMARK 1. Suppose that A is a complete part of a polygroup P, n,m € N and (z1,22,...,2,) €
n m n m
P (y1,y2,...,Ym) € P™. By Proposition 2.1, [ z;0 Ao [] y; and [ #;0 A~ o [] y; are complete
i=1 j=1 i=1 j=1
parts. Let {As}scs be a family of complete parts of P. Then, we observe that (J As is a complete
ses

part and if I = [ As # 0, then I is a complete part.

ses
Proposition 2.2. If A and B are two non-empty subsets of a polygroup P such that A is a complete
part, then Ao B and B o A are complete parts.

Proof. Suppose that n € Nand [] a;N(AoB) # () where (a1, az,...,a,) € P™. Then, there exists b € B
i=1

such that ] a;N(Aob) # @. By Proposition 2.1, Aob is a complete part and so [[ a; C Aob C Ao B,
i=1 i=1
i.e., Ao B is a complete part. Similarly, B o A is a complete part. g

We observe that if A is a complete part and B;, C; are non-empty subsets of P fori =1,2,...,n, j =
1,...,m, where n,m € N, then Cj o...0C,, 0o Ao By o Bs... 0 B, is a complete part.

Proposition 2.3. Let P be a polygroup and By, be a complete part for every o € I. Then, ao (| By =

a€cl
N (aoBy) and () Ba)oca= () (Baoa).
ael a€el ael

Proof. Clearly, ao (| By C () ao B,. Conversely, suppose that t € (] ao B,. So, for every a € I,
ael a€cl acl
t € ao By. Now, if s € I, then t € a o B;. Hence, there exists by € B, such that ¢ € a o bs. Thus, for

every o € I, t € aobsNao B,. So, for every « € [ , aobs; C ao B,. Therefore, by Proposition 2.1, for
every « €I ,bs€atoaobs; CatoaoB, = B,,ie,bs€ (] By. Thus,t €aobs; Cao () Ba),
acl acl
and so ao [ By = [) (a© By). Similarly the equality ( () Ba)oa= (] (Bq o a) holds. O
acl a€cl a€el a€cl
REMARK 2. Being complete part is necessary in Proposition 2.3 as it is illustrated in the following
example.

EXAMPLE 1. Consider the set of integer numbers Z and define the hyperoperation o on it as follows:
for every m € Z, mo 0 = m and if m,n € Z \ {0}, then

om— E, m+neE
men= E¢, m+neE*

where E = 2Z. If A = {1,2} and B = {1,4}, then A and B are not complete parts and 1oA = 1oB = Z.
But the equality 10 (AN B) = 2Z holds.
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The following result is a direct consequence of Proposition 2.3.

Corollary 2.4. Let A and C be non-empty subsets of a polygroup P. If B, is a complete part for

every a € I, then Ao () Ba)oC = () (Ao B,oC).
acl aecl

3. ON TOPOLOGICAL POLYGROUPS AND CP-RESOLVABLE TOPOLOGICAL POLYGROUPS

By using complete parts in topological polygroups, some interesting results were obtained by a few
authors, in the classical case, see [2, 8, 9, 10, 14]. In this section, we study subpolygroups and dense
subsets of a topological polygroup. Let (H,T) be a topological space. Then, the family B = {Sy |V €
7}, where Sy = {U € P*(H) | U C V'} is a base for a topology on P*(H). This topology is denoted
by 7* [10]. Let (H,7) be a topological space. We consider the product topology on H x H and the
topology 7* on P*(H).

Let H be a topological space and A CY C H, inty A denotes the interior of A in the subspace Y,
and the closure of A in the subspace Y is denoted by cly A; the interior of A in H is denoted by A°,

and the closure of A in H is denoted by A.

Definition 3.1. [9] Let P =< P,o,e,”! > be a polygroup and (P, 7) be a topological space. Then,
the system P = (P,o,e,”1,7) is called a topological polygroup if the mappings p : P x P — P*(P)
and ¢ : P — P defined by u(z,y) = x oy and «(z) = 2~ are continuous.

Let U be an open subset of a topological polygroup P such that U is a complete part. Then,
aoU and U o a are open subsets of P for every a € P [9]. Let P be a topological polygroup such
that every open subset of P is a complete part. Let U be an open base at e. Then, the families
{roU |ze P, UcU}and {Uox |z € P ,U €U} are open bases for P [9].

Theorem 3.2. [9] Let P = (P,o,e,”!,7) be a topological polygroup and U be a base at e. Then, the
following assertions hold.

(1) For everyU € U and x € U there exists V € U such that zoV C U.
(2) For every U € U there exists V € U such that VoV CU.
(3) For every U € U there exists V € U such that V=1 CU.

Let P = (P,o,e,”!,7) be a topological polygroup. We denote by vp(e) the set of all neighborhoods
of e.

Theorem 3.3. [9] Let P be a topological polygroup such that every open subset of P is a complete
part. Then, for every U € vp(e) there exists V € vp(e) such that V C U.

Let every open subset of a topological polygroup P be a complete part. If F is a compact subset of
P, then for every a € P, ao F and F o a are compact [14].

Theorem 3.4. [14] Let P = (P,0,e,” ', 7) be a topological polygroup such that every open subset of P
is a complete part, F' be a compact subset of P and G be a closed subset of P. Then, the sets F o G
and G o F are closed in P.

Lemma 3.5. [9] If H is a subpolygroup of a topological polygroup P = (P,o,e,”t 1) and every open
subset of P is a complete part, then H is a subpolygroup of P.

Theorem 3.6. [9] Let P be topological polygroup such that every open subset of P is a complete part.
Then, a subpolygroup K of P is open if and only if its interior is non-empty.

Theorem 3.7. [9] Let P be a topological polygroup such that every open subset of P is a complete
part. Then, every open subpolygroup is closed.

Theorem 3.8. [14] Let H be a non-empty subset of a topological polygroup P = (P,o,e,”' 7) and
every open subset of P is a complete part. Then, we have
(WH= () UocH= () HoU= N UoHoV;
Ue vp(e) Uevp(e) Uevp(e),Vevp(e)
(2) If H is a normal subpolygroup, then H is a normal subpolygroup.
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Lemma 3.9. If P is a topological polygroup such that every open subset of P is a complete part, then
aocA=aoA.

Proof. By Theorem 3.8 and Proposition 2.3, aoA = () (aocA)oU = () ao(AdoU) =
Uevp(e) Uevp(e)
ao [ (AoU)=aoA. O
Uevp(e)

REMARK 3. Begin complete part is necessary in Lemma 3.9 as it is illustrated in the following example.

EXAMPLE 2. Suppose that the multiplication table for a polygroup P =< P,o0,1,”! >, where P =
{1,2}, 17" =1and 27! =2 s

o] 1 2
{1}y {2}
2] {2} {12}

If 7 = {0,{1},{1,2}}, then P = (P,0,~!,7) is a topological polygroup. If A = {1}, then A = {1,2} ,
20 A ={2} and 20 A = {2}. But the equality 20 A = {1,2} holds.

Let X be a topological space and € X. Recall that a family S of open subsets of X is called a
base for X at the point z if all elements of 8 contain x and, for every neighborhood O of z, there
exists U € 3 such that x € U C O, and that the character of X at the point z is denoted by x(z, X)
where x(x, X) = min{ |8| | B is a base for X at the point x} and that if X has a countable base at
each point = € X, then X is called first-countable [7].

Proposition 3.10. Let P = (P,o,e,”!,7) be a topological polygroup such that every open subset of P
is a complete part and 'Y is a dense subspace of P. Then, x(y,Y) = x(y, P) for each y €Y.

Proof. Suppose that § is a base for P at a point y € Y such that x(y, P) = |8]. Then, the family
By ={UNY| U € B }is abase for Y at y. Thus,
X(y,Y) =min{ [B1] | A1 is a base for Y at y} < [By| < 8] = x(y, P).

Conversely, let By be a base for Y at a point y such that x(y,Y) = |By|. For every U € Sy, choose
an open set Vi in P such that U = Vy N'Y. We claim that the family 8 = { Viy| U € By} is a base
for P at the point y. Indeed, we have

(1) For every Vi € B, y € V.

(2) Let O be an open subset of P containing y. Then, by Theorem 3.2, there exists Wi € vp(e)
such that yoW; C O. So, by Theorem 3.3, there exists W € vp(e) such that W C W;. Hence,
yoW CyoW; CO. Since Wy =y oW NY is an open subset of Y and y € W5, there exists
U € By such that U C Ws. Since U = VyNY and Y = P, it follows that Vi =U Cyo W =
yoW C O by Lemma 3.9. Thus, y € Viy € O and so x(y, P) = min{ |$;] | 81 is a base for P
at y} < [B] < |By| = x(y,Y).

O

Lemma 3.11. Let P = (P,o,e,~%,7) be a topological polygroup such that every open subset of P is a
complete part and let H be a subpolygroup of P. Then, every open subset of H is a complete part.

n

Proof. Suppose that U € P*(H) is an open subest of H and for n € N, [] a; N U # (), where a; € H.
i=1
n n

Thus, there exists an open subset V of P such that U = VN H. Hence, [[ a;NV # 0. So, [[ a; C V.

i=1 =1

a; CVNH=U. O
=1

(2

On the other hand [] a; € H and hence,
i=1

7

Lemma 3.12. Let P = (P,o,e,”!,7) be a topological polygroupjuch that every open subset of P is a
complete part. If Y is a first-countable subpolygroup of P, then Y is also first-countable.

Proof. Suppose that K =Y. Then, by Lemma 3.5, K is a subpolygroup of P and so by Proposition
3.10, x(e, K) = x(e,Y) < No. O

Definition 3.13. Let P = (P,0,e,”!,7) be a topological polygroup and U € vp(e). A subset A of P
is called U-disjoint, if b ¢ a o U, for any distinct a,b € A.
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EXAMPLE 3. Suppose that the multiplication table for a topological polygroup P = (P,7,0,1,71)
where P = {e,a,b}, e’ ! =e,a ' =aand b=! =bis

o ‘ e a b

el {e} {ap {0}

a|{at {fep {b}

b|{oy {o} {eqa}
and 7 = {0,{e,a},{e,a,b}}. Let A = {a,b} , U = {e,a}. Then, aoU = {a,e} , boU = {b} and
b¢aoU ,a¢boU. Thus, A is U-disjoint but ANT # 0.

We recall that a family {As}ses of subsets of a topological space X is called discrete if every point
x € X has a neighborhood that intersects at most one set of the given family [7].

Lemma 3.14. Let P = (P,0,e,”,7) be a topological polygroup such that every open subset of P is
a complete part and U,V € vp(e) such that V* C U and V' = V. If a subset A of P is U-disjoint,
then the family of open sets {ao V| a € A} is discrete in P.

Proof. Suppose that © € P, we claim that zoV intersects at most one element of the family {aoV]a €
A}. Suppose to the contrary that, there exist distinct elements a,b € A such that zoV NaoV # 0
and zoVNboV #£ (). Let t € zoV NaoV, hence there exists vy,v, € V such that t € zow; , t € aowvs.
Thus, 2 € tov;*, a € tovy " that is x='oa Cwyjot lotovs ' C Vot totoV ="' =VoV since Visa
complete part. Similarly, we can prove that b='ox C VoV. So,b"'oa Cb lozoxrloa C V4 CU.
Then, a € bob~! oa C bo U which is a contradiction. O

Let (P,o,e,”!,7) be a topological polygroup and N be a normal subpolygroup of P. Let 7 : P —
P/N be the natural mapping defined by w(z) = N o x. Recall that (P/N,7) is a topological space,
where 7 is the quotient topology induced by =, that is 7 = {U C P/N | #=}(U) C P is open}.

Lemma 3.15. [9] Let P = (P,0,e,~%,7) be a topological polygroup and N be a normal subpolygroup
of P. Let m: P — P/N be the natural mapping. Then,
(1) mY({Nox |z € X})=NoX for every nonempty subset X of P and n=(n(X)) = No X;
(2) {Noz|zeX}={Noy|yeNoX} for every nonempty subset X of P;
(3) If every open subset of P is a complete part, then the natural mapping ™ is open.

Theorem 3.16. [9] Let N be a normal subpolygroup of a topological polygroup P = (P,o,e,™1 1)
and every open subset of P is a complete part. Then, < P/N,®, N,~t 7 > is a topological polygroup,
where Nox @ Noy={Nozlz€xoy} and (Nox) T =Nox1.

Theorem 3.17. Let P = (P,o,e,”',7) be a topological polygroup such that every open subset of P
is a complete part and N is a normal subpolygroup of P. Let w : P — P/N be the natural mapping.
Then, the family {m(U ox) | U € vp(e)} is a local base of the space P/N at the point N ox € P/N.

Proof. Since U € vp(e) is a complete part, it follows that U o x is an open subset of P. Then, for

every y € N, yo (Uox)isopen. So, 7 }(m(Uoz))=No(Uoxz)= |J yo(Uoz)isan open subset
yeN

of P. Thus, n(U o x) is an open subset of P/N by Lemma 3.15. Now, suppose that W is an open

neighborhood of N oz in P/N and O = 7~ }(W). Clearly O C P is open. Since N ox C W, it follows

that z € 7Y (N ox) C 7Y (W) = O. So, there exists U € vp(e) such that U o x C O. Therefore,

Noxen(Uox) Cnw(O) =W and this completes the proof. O

Lemma 3.18. Let P = (P,0,e,”,7) be a topological polygroup such that every open subset of P is
a complete part. Let N be a normal subpolygroup of P and m : P — P/N be the natural mapping. If
U,V evp(e) and VoVt CU, then n(V) C w(U).

Proof. Suppose that m(x) € m(V'), where x € P. We prove that 7(z) € m(U). Since V is a complete
part, it follows that xoV C P is open. By Lemma 3.15, since 7 is open, it follows that m(20V) is open
in P/N. Hence, w(zo V)N 7(V) # 0. Thus, there exists a y € P such that 7(y) € m(x o V) Nm(V).
Therefore, there exist t € z 0V and z € V such that w(y) = #n(t) = Not and 7(y) = 7(z) = N o 2.
Since t € x oV, there exists b € V such that t € x 0b. So,x €tob landz € Nox C Notob ! =
Nozob™? CNoVoV~!C NoU. Then, n(x) € (N oU) = n(U) and this completes the proof. [
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Theorem 3.19. Let P = (P,o0,e,~ %, 7) be a topological polygroup such that every open subset of P is a
complete part , N is a normal subpolygroup of P and W € vp,n(N). Then, there exists V € vp/n(N)
such that V.C W.

Proof. Suppose that m : P — P/N is the natural mapping. Since 7 is continuous, it follows that
U=naYW) C Pisopen and e € U. Then, U € vp(e). Thus, by Theorem 3.2, there exists
Vi € vp(e) such that V3 o V7! C U. Hence, by Lemma 3.18, 7(V;) C 7(U) = W. Since 7 is open and
Vi €vp(e), V=n(V1) € vp;n(N) and this completes the proof. O

Recall that a continuous mapping f : X — Y is perfect if f is a closed mapping and all fibers
f~1(y) are compact subsets of X.

Theorem 3.20. Let P = (P,o,e,”1,7) be a topological polygroup such that every open subset of P
18 a complete part and let N be a compact normal subpolygroup of P. Then, the natural mapping
7w : P — P/N is perfect.

Proof. Suppose that H C P is a closed subset. Then, by Theorem 3.4, N o H is closed in P. Since
7 Y (w(H)) = NoH, son ! (w(H)) C P is closed. Then, 7w(H) is closed in P/N. Hence, 7 is closed.
Now, suppose that y € P/N. Then, there exists € P such that w(z) = y. Since N is compact, it
follows that 7~!(y) = 7! (n(x)) = N o x is compact. Therefore, 771(y) is compact. O

Lemma 3.21. Let P = (P,o,e,”!,7) be a topological polygroup such that every open subset of P is a
complete part and N is a normal subpolygroup of P.

(1) If P is compact, then P/N is compact.

(2) If N and P/N are compact, then P is compact.

Proof. (1) Since 7 is continuous and P is compact, it follows that 7(P) = P/N is compact.
(2) Since N is compact, by Theorem 3.20, the natural mapping = : P — P/N is perfect. Then,
n~1(P/N) = P is compact [[7], Theorem 3.7.2]. O

Definition 3.22. Let X be a non-empty subset of a topological polygroup P = (P,o,e,” !, 7). Then,
X 1is called cp-resolvable if there exist two disjoint dense subsets of X such that at least one of them
is a complete part of P.

Lemma 3.23. Let P = (P,o,e,”!,7) be a topological polygroup such that every open subset of P is a
complete part and let H be a cp-resolvable subpolygroup of P. If x € P, then x o H is cp-resolvable.

Proof. Suppose that A and B are disjoint dense subspaces of H such that one of them is a complete
part of P. Then, by Lemma 3.9, clyog(z0A) = roANxoH = x0ANxoH = 20 H since
H =cly(A) = An H. Similarly, clom(x o B) = 20 H. Without lose of generality we can assume that
A is a complete part of P. Thus, by Proposition 2.1, x o A is a complete part and we observe that
zoANzoB ={. Thus, x o H is cp-resolvable. O

We recall that if IV is a normal subpolygroup of P, then the relation
x,y € P, xNpy if and only if 271 oy NN # ()
is an equivalence relation. The equivalence class of the element « € P is denoted by Np(z) [6].
Lemma 3.24. [6] If N is a normal subpolygroup of P, then o N = Np(z).

Theorem 3.25. Let P = (P,0,e,”! 7) be a topological polygroup such that every open subset of P is
a complete part and let {P,|a € I} be a pairwise disjoint family of non-empty subsets of P such that
every P, is cp-resolvable. If P = |J P,, then P is cp-resolvable.

acl
Proof. Since each P, is cp-resolvable, there exist disjoint dense subsets A, and B, of P, such that

Aq is a complete part of P and so A, NP, NP, =clp, Ay = Py. T A= |J Ay and B = |J B,
ael acl
then A is a complete part by Remark 1 and A and B are disjoint dense subsets of P. Thus, P is

cp-resolvable. O

Theorem 3.26. Let P = (P,o,e,” ', 7) be a topological polygroup such that every open subset of P is
a complete part. Then, the following conditions hold.
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(1) If H is a proper dense subpolygroup of P and H is a complete part, then P is cp-resolvable.

(2) If a normal subpolygruop N of P is cp-resolvable, then P is cp-resolvable.

(3) If P contains a non-closed normal subpolygroup N which is a complete part, then P is cp-
resolvable.

Proof. (1) Suppose that A = H and B = P\ H. Since the subpolygroup A is not closed, then by
Theorem 3.7, A is not open. Thus, int(A) = (). Therefore, A = B = P.
(2) By Lemma 3.24, P is equal to the disjoint unions ( |J 2o N)UN. Thus, P is cp-resolvable by
¢ N
Lemma 3.23 and Theorem 3.25. ¢
(3) By Theorem 3.8, B = N is a normal subpolygroup of P, and so by (1); B is cp-resolvable.
Therefore, by (2), P is cp-resolvable. O
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