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EXPONENTIAL STABILITY OF THE HEAT EQUATION WITH BOUNDARY
TIME-VARYING DELAYS

MOUATAZ BILLAH MESMOULI'!, ABDELOUAHEB ARDJOUNI!2:* AND AHCENE DJOUDI!

ABSTRACT. In this paper, we consider the heat equation with a time-varying delays term in the
boundary condition in a bounded domain of R™, the boundary I is a class C? such that I' = I'p UT',
with Tp NTxy =0, T'p # 0 and 'y # B. Well-posedness of the problems is analyzed by using
semigroup theory. The exponential stability of the problem is proved. This paper extends in n-
dimensional the results of the heat equation obtained in [11].

1. INTRODUCTION

Time-delay often appears in many biological, electrical engineering systems and mechanical applica-
tions, and in many cases, delay is a source of instability [3]. In the case of distributed parameter system-
s, even arbitrarily small delays in the feedback may destabilize the system (see e.g. [1, 2, 8, 9, 10, 14]).
The stability issue of systems with delay is, therefore, of theoretical and practical importance.

In present paper, we are interested in the effect of a time-varying delays in boundary stabilization
of the heat equation in domains of R™. Let 2 C R™ be an open bounded set with boundary I" of class
C?. We assume that T is divided into two parts 'y and I'p; ie,, I =Tp Uy with Tp NIy =0,
I'p # 0 and Ty # 0.

In this domain 2, we consider the initial boundary value problem

(1.1) u (z,t) — Au(x,t) =0 in Q x (0,00),

(1.2) u(z,t) =0onTp x (0,00),

(1.3) % (z,t) = —pru (z,t) — pou (z,t —7(t)) on I'y x (0,00),
(1.4) u(x,0) =up (x) in Q,

(1.5) u(z,t —7(0)) = fo(z,t —7(0)) on 'y x (0,7 (0)),

where v (2) denotes the outer unit normal vector to the point € T and g—g is the normal derivative.
Moreover, 7 (t) > 0, p1, g > 0 are fixed nonnegative real numbers, the initial datum (ug, fo) belongs
to a suitable space.

On the functions 7 (-) we assume that there exists a positive constants 7, such that

(1.6) O<7mo<7(t)<T7, Vt>0,
MOI‘eOVGI‘, we assume

(1.7) 7' (t) < 1, Vt >0,

and

(1.8) € W2 ([0,T]), Vt > 0.

Note that , if ¢ < 7(t), then w(x,t — 7 (¢)) is in the past and we need an initial value in the past.
Moreover, by (1.7) and the mean value theorem, we have

7(t) = 7(0) < ¢,
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which implies

t—r1(t)>—-7(0),
we thus obtain the initial condition (1.5).

The last boundary-value problem describes the propagation of heat in a homogeneous n-dimensional
rod. Here a stands for the heat conduction coefficient, u(x,t) is the value of the temperature field of
the plant at time moment ¢ and location x along the rod. In the sequel, the state dependence on time
t and spatial variable x is suppressed whenever possible.

The above problem, with both py, o > 0 and a time-varying delay, has been studied in one space
dimension by Nicaise, Valein and Fridman [12]. In [12] an exponential stability result is given, under
the condition

(19) Ho <V 1-— d/ul,l7
where d is a constant such that
(1.10) () <d <1, Vt>0,

We are interested in giving an exponential stability result for such a problem. Let us denote by
(v, w) the Euclidean inner product between two vectors (v, w) € R™.

Under a suitable relation between the above coefficients we can give a well-posedness result and an
exponential stability estimate for problem (1.1)—(1.5).

2. WELL-POSEDNESS OF THE PROBLEM
Using semigroup theory we can give the well-posedness of problem (1.1)-(1.5). Let us stand

z(z,p,t) =u(x,t —7(t)p), v €Tn, pe(0,1), t>0.
Then, the problem (1.1)-(1.5) is equivalent to

(2.1) ug (z,t) — Au(x,t) =0 in Q x (0,00),

(2.2) 7 (t) 2 (x, p,t) + (1= 7' (t) p) 2, (z,p,t) =0 in Ty x (0,1) x (0,00),
(2.3) u(z,t) =0onT'p x (0,00),

(2.4) % (x,t) = —pyu (2, t) — poz (x,1,t) on 'y x (0,00),

(2.5) z(x,0,t) =u(x,t), x €N, t >0,

(2.6) u(x,0) =ug (x) in Q,

(2.7) z(z,p,0) = fo(x,—7(0)p), x €N, pe (0,1).

If we denote by
U:=(u,2)",

U’ ( Ut ) ( ( ()Au ) )
= = 7' (t)p—1 .
= T e

Therefore, problem (2.1)—(2.7) can be rewritten as
{ U =AU,
U (0) - (u07 fO ('7 - T (0)))T )

then

(2.8)

in the Hilbert space H defined by
(2.9) H = L*(Q) x L*(Tx x (0,1)),
equipped with the standard inner product

NGy —
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The time varying operator A(t) is defined by

() (3,)

with domain

D(A®) : = {(u,z)T € (B(A, LX) N V) x L2 (T, H (0,1)) :
u =—pu—p2z(,1) onT'n, u=2(:,0) on FN} ,
v
where,
V=H ={ueH" (Q),u=00nTp},
and

E(A, L*(Q) = {uec H Q) : Au € L*(Q)}.
Recall that for a function u € E(A, L2(f)), % belongs to H~'/?(I'y) and the next Green formula is
valid (see section 1.5 of [4])

)
(2.10) / VuVpdr = —/ Aupdz + (o, P)ry, Vg € HE_ (),
Q O 31/

where (-;-)p,, means the duality pairing between H~1/2(T'y) and H/?(Ty).
Observe that the domain of A(t) is independent of the time ¢, i.e.,

(2.11) D(A(t)) = D(A(0)), t > 0.

Note further that for (u,z)" € D(A(t)), du/dv belongs to L2(T'y), since z (z,1) is in L2(Ty).

A general theory for equations of type (2.8) has been developed using semigroup theory [6, 7, 13].
The simplest way to prove existence and uniqueness results is to show that the triplet {A, H, D(A(0))},
with A = {A(t) : t € [0,T]}, for some fixed T > 0, forms a CD-system (or constant domain system,
see [6, 7]). More precisely, we can obtain a well-posedness result using semigroup arguments by Kato
[5, 6, 13]. The following result is proved in [5, Theorem 1.9].

Theorem 1. Assume that
(i) D(A(0)) is a dense subset of H,

(ii) D(A(t)) = D(A(0)) for all t > 0,

(i) for all t € [0,T], A(t) generates a strongly continuous semigroup on H and the family A =
{A(t) : t € [0,T]} is stable with stability constants C and m independent of t (i.e. the semigroup
(Se(8))s>0 generated by A(t) satisfies ||Si(s)ullny < Ce™||u|ly, for allu € H and s >0),

(iv) 9pA belongs to L°([0,T), B(D(A(0)),H)), the space of equivalent classes of essentially bound-
ed, strongly measurable functions from [0,T] into the set B(D(A(0)),H) of bounded operators
from D(A(0)) into H.

Then, problem (2.8) has a unique solution U € C([0,T],D(A(0))) N CL([0,T],H) for any initial

datum in D(A(0)).
Our goal is then to check the above assumptions for problem (2.8).
Lemma 1. D(A(0)) is dense in H.

Proof. Let (f,h)T € H be orthogonal to all elements of D(A(0)), that is,

(3 ), = [+ [ [ seomeonnr

for all (u, z)” € D(A(0)). We first take u = 0 and 2 € D(I'y x (0,1)). As (0,2)T € D(A(0)), we obtain

/FN /01 2(x, p)h(x, p)dpdl = 0.

Since D(T'y x (0,1)) is dense in L*(T'y x (0,1), we deduce that h = 0.
In the same way, by taking z = 0 and u € D(Q2) we see that g = 0. O
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Assuming (1.9) and (1.10) hold. Let £ be a positive constant that satisfies

H2 H2
2.12 <E<2u — .
Note that this choice of £ is possible from assumption (1.9).
We define on the Hilbert space H the time dependent inner product

(2.13) <( v )( v >>t ::/Qu(x)&(ﬂc)d:c—i-fT(t)/FN/Olz(x,p)é(x,p)dpdl".

Using this time dependent inner product and Theorem 1, we can deduce a well-posedness result.

Theorem 2. For any initial datum Uy € D(A(0)) there exists a unique solution
U € C([0, +0), D(A(0))) N C*([0, +00), H),

of system (2.8).

Proof. We first observe that

where ¢ = (u,2)T and c is a positive constant. Indeed, for all s,t € [0, 7], we have
ol = Io12e 7~ = (1= ) [ o
Q
. 1
+& (T(t) - T(S)ealt_ﬂ) / / 22(x, p)dpdT.
'y JO

We notice that 1 — e “~*l < 0. Moreover 7(t) — T(s)e%|t78| < 0 for some ¢ > 0. Indeed, 7(t) =
7(8) + 7'(a)(t — s), where a € (s,t), and thus,

(2.14)

!/
7(t) <14 |7/ (a)| = s
7(s) 7(s)
By (1.8), 7/ is bounded on [0, 7] and therefore, recalling also (1.7),
7(t)

DY 1+ Lt —s| <ewltl,
70

7(s)
which proves (2.14).
Now we calculate (A(t)U,U), for a fixed t. Take U = (u,2)” € D(A(t)). Then,

(AU, U, = < T’ggAgul zp> ’ <Z>>

1
= /Qu(x)Au(x)dx - E/FN /0 (1 —=1"(t)p) zp (z, p) 2 (x, p) dpdl.

So, by Green’s formula,

(AU, U); = /F al{g(y@u(x)(ﬂ‘— /Q Vu(z)|2dz
(2.15) —¢ [ [ 4= 0nz a0 ppar.

Integrating by parts in p, we obtain

|| wtepste o0 - @) dpar

19 , ,
:/FN/O §a—pz (x, p)(1 = 7'(t)p)dpdl

/ 1
(2.16) = Tét) /F /0 22(z, p)dpdl + % g {2%(x,1) (1 — 7' (t)) — 2*(2,0) }dT.
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Therefore, from (2.15) and (2.16),
(AU, Uy

:/FN &g(f)u@)dr—/ﬂvu(x)ﬁdx

221' — T — 2\ I’
{22(5,1) (1 = 7/ (£)) — #*(z,0)}dT" — // p)dpdT

[pru (z) + poz (z,1)] u(z)dl — /Q |Vu(z)2dx

+ g/r *(@)dl g {(2,1) (1 = 7' (t))dT 22(x,p)dpd]_"

N I'n Iy

Z—(ul—g)/muQ(w)dF Mz/ z(2,1) u(z)dl’ - /\VU )|*dz

o {2%(x,1) (1 =7 (t))dl — gT /FN/ (z, p)dpdl,

I'n

from which, using Cauchy-Schwarz’s, Poincaré’s inequality and (1.10), it follows that

<A<t>U,U>t<( S T B )/F W2 ()T

Wi-d C,
(2.17) + (‘”2 ”Q_d - g (1— d)) /FN 2% (2, 1)dl + k(t)(U, U)y,
where
(2.18) wty = O+ D

Now, observe that from (2.12),

¢ H2 <o, pev1—d €

—pn s+ —2(1—d)<o.
K1 oWi—d- B 9 ( ) <
Then
which means that the operator A(t) = A(t) — x(t)I is dissipative.
Moreover,
()7’ (t) /() (7 (1) + 1)?

R = 2 (t)(T2(t) + 1)F 27(t)2 ’

1
3
is bounded on [0,T] for all T > 0 (by (1.6) and (1.7)) and we have

d 0
@A(t)UZ T (Orp=r (O (p=1)
Zp

7(t)?

with T”(t)T(t)p;z;gg)(T/(t)pfl) bounded on [0, 7. Thus

d -
(2.20) AW € LE([0,T], B(D(A(0)), H)),
the space of equivalence classes of essentially bounded, strongly measurable functions from [0, 7] into

B(D(A(0)), H).
Now, we show that A\l — A(t) is surjective for fixed t > 0 and A > 0. Given (g9,h)” € H, we seek

U = (u, 2)T € D(A(t)) solution of
or-am (1) = (7).
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that is verifying

2.21 !
(2.21) Az 4 1 :(f;)”zp = h.
Suppose that we have found w with the appropriate regularity. We can then determine z, indeed z
satisfies the differential equation,

1—7'(t)p

7 (1)

{ Au— Au =g,

Az(x, p) + zp(x, p) = h(z,p), forx e, pe (0,1),

and the boundary condition
(2.22) z(z,0) = u(z), for x € I'y.
Therefore z is explicitly given by

P
z(x, p) = u(x)ew\pr(t) + T(t)e—Apr(t)/ h(x’o.)e)\a‘r(t)do,’
0

if 7/(t) =0, and

2O n1—q
2(z, p) = u(z)e 7@ ' (1-7'(t)p)

T (t , P T(t ’
N A (1= (t)p)/ h(z, O)T(t)e—,\%(g) (1= (1) g
o 1L—7'(t)o

otherwise. This means that once w is found with the appropriate properties, we can find z.
In particular, if 7/(t) = 0,

(2.23) 2(2,1) = u(z)e ™™ 4 z(x), €Ty,
with 29 € L?(T'y) defined by

1

(2.24) zo(x) = 7(t)e MW / h(z,0)er ™ Odo, © e Ty,
0
and, if 7/(¢) # 0,
T(t) _7_/
(2.25) 2z, 1) = u(x)e 7@ T (@), 2 e Ty,
with 29 € L?(I'y) defined by
T(t) ’ 1 T(t) ’
(2.26) 20(z) = A FH MO ®) / Me‘“’w (1= (1) g
o 1—"(t)o

for x € I'y. Then, we have to find u. In view of the equation
(2.27) Au— Au = g.

Multiplying this identity by a test function ¢ and integrating in space

(2.28) /Q (Aug — Aug) de = /ngSdm, Vo € HY

using Green’s formula, we obtain

/ (Aug — Aug) dzx
Q

ou
/Q (Aug + VuV o) dx — / aqﬁdF

I'n

/ (Aug + VuVe) dz + / (pru + p2z (z,1)) ¢dr.
Q 'y
By (2.23), we obtain

/ (Aug — Aug) dx = / (Aug + VuVo) dx
Q Q

+ /FN (Mu + 2 (uef’\T(t) + Zo)) pdl’,
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if 7/(t) =0, and by (2.25)

/ (Augp — Aug) dx = / (Aug + VuVo) dz
Q Q

@) n(l—7'
—|—/ (ulu + s (ue’\ﬂt) In(1=7(t)) + z0>) ¢dl’,
I'n

otherwise. Therefore, (2.28) can be rewritten as

(2.29) /Q (Aug + VuVe)dx + / (ulu + 2 (ue”\T(t) + zo)) odl' = /di>dx,

I'n
it 7/(£) = 0, and

/Q (Aug + VuVo) dx + /

T(t) ’
(Mw + p2 <U€/\"<‘> Q) 4 Zo)) pdl’
I'n

(2.30) = /Q gbdz,

otherwise. As the left-hand side of (2.29) or (2.30) is coercive on H{_(£2), the Lax-Milgram lemma
guarantees the existence and uniqueness of a solution u € Hf. () of (2.29), (2.30).

If we consider ¢ € D(Q) in (2.29), (2.30), we have that u solves (2.27) in D’(Q2) and thus u €
E(A,L?(Q)).

Using Green’s formula (2.10) in (2.29) and using (2.27), we obtain, if 7/(t) =0

0
[ (b e ) wodr o+ (52 Gy = a2 [ 2004,
Ty v

I'n
from which follows

0
0% + (Nl + ﬂzef’\T(t)) u = —pazp on I'y,
which imply that
Ju
Ov
where we have used (2.23) and (2.27).
We find the same result if 7/(¢) # 0.
In conclusion, we have found (u,2)” € D(A), which verifies (2.21), and thus AI — A(t) is surjective
for some A > 0 and ¢ > 0. Again as x(t) > 0, this proves that

(2.31) M — A(t) = (A + k(t))I — A(t) is surjective,
for any A > 0 and ¢t > 0. - B

Then, (2.14), (2.19) and (2.31) imply that the family A = {A(t) : ¢ € [0,T]} is a stable family
of generators in H with stability constants independent of ¢, by [6, Proposition 1.1]. Therefore, the

assumptions (i)-(iv) of Theorem 1 are satisfied by (2.11), (2.14), (2.19), (2.31), (2.20) and Lemma 1,
and thus, the problem

= —pu— pez (1) on Ty,

U(0) = U,

has a unique solution U € C([0, +00), D(A(0))) N C*([0, +00),H) for Uy € D(A(0)). The requested
solution of (2.8) is then given by

{ U’ = At)U,

U(t) = ePDU(1),
with 8(t) = fot k(s)ds, because
U'POT(t) + POT (1)
= k(t)PDT(t) + LD AU (1)
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This concludes the proof. O

3. THE DECAY OF THE ENERGY

Let us choose the following energy

(3.1) E(t):%/ﬂu (z,8)d /FN/ (z,t — 7 (t) p) dpdT,

where £ is a suitable positive constant.

Proposition 1. Let (1.9) and (1.10) be satisfied. Then for all reqular solution of problem (2.8), the
energy is decreasing and satisfies

(3.2) B ()< —C (/FN W2 () dT + /FN W2 (2t — 7 () dF) .

Proof. Differentiating (3.1), we get

+er (e /FN/ (L=7"(t) p)u(z,t —7(t) p)ug (x,t — 7 (t) p) dpdl,

E’(t):/QuAud:U—i—&;@)/PN/;uz(x,t—T(t)p)dde’

1
+§T(t)/r /o (1—7"(t)p)u(x,t —7(t) p)ug (x,t — 7 (t) p) dpdl.

(x,t —7(t) p) dpdl

then

By Green’s formula and integrating by parts in p, we obtain

E' (t):—/ |Vu|2dx+/ u%df
Q 'y v
_& u2(uv,t—7'(t))(1—7'())dlﬂ—l—5

u? (z,t)dr,
2 FN I‘lN

and by (1.3), we obtain

E'(t) = 7/9 \Vu|® dz — /F (p1v® (z,) + pou (z,t)u (2, t — 7 (t))] dT

S i) -7 @yar+ S

u? (z,t)dl.
2 FN 1—‘N

By Cauchy-Schwarz’s and Poincaré’s inequality, we get,

/ 1 ¢ 2 2
E'(t) < <_Cp_ﬂl+2+m>/ﬂvu (z,t)dl

= (5(12‘1)#‘2\/;7‘1) /FNu2(x,tT(t))dr.

Since the condition (2.12), we deduce that

1
_7_m+f+ 142

<0.
Cy

2v1—d

which concludes the proof. O
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4. EXPONENTIAL STABILITY

In this section, we will give an exponential stability result for the problem (1.1)—(1.5) by using the
following Lyapunov functional

(4.1) E(t)=E ) +~E 1),

where v > 0 is a parameter that will be fixed small enough later on, E is the standard energy defined
by (3.1) and E is defined by

1
(4.2) E(t)=¢7(t) / / e 27WPy2 (xt — 7 () p) dpdr.
T J0
Note that, the functional E is equivalent to the energy F, that is there exist two positive constant d,
ds such that
(4.3) diE(t) <E(t) <daE ().

Theorem 3. Assume (1.6) and (1.7). Then, there exist positive constants Cy, Co such that for any
solution of problem (1.1)-(1.5),

E(t) < C1E(0)e~ %2 vt > 0.
Proof. First, we differentiate £ (t) to have

d~ T A
B ="21E()

)
1
wer@) [ [ 2 00O it =7 (1)) dpdr 4 0,

where
J =27 () /F /1 e Op (1 — 7' (t) p)ug (z,t — 7 (t) p)u (z,t — 7 (t) p) dpdT.
Moreover, by noticing onengre time that
z(z,p,t) =u(x,t—7(t)p), €N, pe(0,1), t >0,
and by integrating by parts in p, we have

1
;= ) | e = 0)0) 5 o)) dpr

_ 16—27(t)p —9r —T/ _7_/ 22 T
- g// =27 (t) (1 — 7 () p) — 7 (8)] 2% (&, p, 1) dpdT

—& | e (A7 (1) (@, 1,)dD+ & | 27 (2,0,¢)dT

= 16727(0” —27 —7 — 7 O (z,t — 7
= €/FN/O [—27 () (1 (t)p) )] u” (z,t — 7 (t) p) dpdl’

~& [ O AT (W)u (2t —T ()0 +& [ ¥ (a,t)dl.
'y T

Therefore, we have

d -~ T/
YEw) =
T E®

(tt;E (t)+¢ /F ) /O e O [_or (t) — 7' (t)]u® (x,t — 7 (t) p) dpdD’

7 (

e WA (@)@ (@t —T@)dD+€ | P (x,t)dD

I'n I'n

= 2E(t)—¢ : e O (1 =7 () u? (z,t — 7 (t)dT + £ : u? (x,t) dr.
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As 7' (t) < 1, we obtain

(4.4) j By< 2Bt +¢ [ w?(at)dr.
t I'n
Consequently, gathering (3.2), (4.1) and (4.4), we obtain
d d d ~
et =2pwmrren
< —2E(t) +~4¢ | w?(x,t)dD

I'n
_ u2 T ’u,2 X — T .
Cl;( (e,0) + 2 (2,1 — 7 (1)) dT

Then, for v sufficiently small, we can estimate

(4.5) %g )< —299E@t)—C | (u?(x,t) +u®(z,t — 7 (1)) d.
FN
Now, observe that by assumption (1.6) on 7 (£), we can deduce
E(t) > / / ~2Py? (2t — 7 (t) p) dpdl
I'n
(4.6) > kT () / / u? (z,t — 7 (t) p) dpdT,
2 Iy Jo

for some positive constant k. Therefore, from (4.5) and (4.6),

%S(t) —2vE (t) C’/FN (u? (z,t) +u? (x,t — 7 (t))) dT
< —kE(t) < —KE(t).

for suitable positive constants k, K; where we used also the first inequality in (4.3). This clearly
implies

IN

E(t) <e Ktg(0),
and so, using (4.3),
E(t) < Cie”2'E(0),
for suitable constants Cq,Cy > 0. O
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