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ON CHLODOWSKY VARIANT OF (p,q) KANTOROVICH-STANCU-SCHURER
OPERATORS

VISHNU NARAYAN MISHRAL2* AND SHIKHA PANDEY!

ABSTRACT. In the present paper, we introduce the Chlodowsky variant of (p, ¢) Kantorovich-Stancu-
Schurer operators on the unbounded domain which is a generalization of (p,q) Bernstein-Stancu-
Kantorovich operators. We have also derived its Korovkin type approximation properties and rate
of convergence.

1. INTRODUCTION AND PRELIMINARIES

Approximation theory has an important role in mathematical research because of its great potential
for applications. Korovkin gave his famous approximation theorem in 1950, since then the study of the
linear methods of approximation given by sequences of positive and linear operators became a deep-
rooted part of approximation theory. Considering it, various operators as Bernstein, Szész, Baskakov
etc. and their generalizations are being studied. In recent years, many results about the generalization
of positive linear operators have been obtained by several mathematicians ([6], [8]-[12], [21]). In last
two decades, the applications of g-calculus has played an important role in the area of approximation
theory, number theory and theoretical physics. In 1987, Lupas and in 1997, Phillips introduced a
sequence of Bernstein polynomials based on g-integers and investigated its approximation properties.
Several researchers obtained various other generalizations of operators based on g-calculus(See [3],
[17]-[19]).

Recently, Mursaleen et al. applied (p, ¢)-calculus in approximation theory and introduced first (p, ¢)-
analogue of Bernstein operators. They investigated uniform convergence of the operators and order
of convergence, obtained Voronovskaja theorem as well. Also, (p,q)-analogue of Bernstein opera-
tors, Bernstein-Stancu operators and Bernstein-Schurer operators, Kontorovich Bernstein Schurer,
and Bleimann-Butzer-Hahn operators were introduced in ([13]-[16]), respectively. Further, Acar [1]
have studied recently, (p, ¢)-Generalization of SzdszMirakyan operators.

In the present paper, we introduce the Chlodowsky variant of (p,q) Kantorovich-Stancu-Schurer op-
erators on the unbounded domain. We begin by recalling certain notations of (p, ¢)-calculus.

For 0 < ¢ < p <1, the (p, q) integer [n], 4 is defined by

(]pq == Pt —q"
p—q
(p, q) factorial is expressed as
[M]p,q! = [nlp,gln — pgn = 2lp,q- .- 1.

(p, q) binomial coefficient is expressed as
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(p, q) binomial expansion as

(az +by), Z [ ] ARk gk gk
=0 X
(@ +y)pg = (@ +y)pr+aqy)(P*r +¢%y) ... (0" +q"Ty).
The definite integrals of the function f are given by

k

/ f(@)dy,qx = (g —p)a quJrlf(qurla’)? s <1,

and

k
/f dpgx = (p— q)a Z g+1f<pz+1a>a §>1'

Further (p, ¢) analysis can be found in [2].
In 1932, Chlodowsky [7] presented a generalization of Bernstein polynomials on an unbounded set,
known as Bernstein-Chlodowsky polynomials given by,

(1) Bt =31 () (2) (-5) ozesh

where b, is an increasing sequence of positive terms with the properties b, — oo and %” — 0 as
n — 0o.

In 2015, Vedi and Ozarslan [20] investigated Chlodowsky-type g-Bernstein-Stancu-Kantorovich opera-
tors, and Wafi and Rao investigated (p, ¢) form of Kantorovich type Bernstein-Stancu-Schurer operator.
Mursaleen and Khan [15] defined the Kantorovich type (p, ¢)-Bernstein-Schurer Operators, given by

n+m n+m—k—1 1 _
e Sl e S ) (e B e
p.q

o 0 n+1pq
k=0,1,2,....n=1,2,3,...

where
Lemma 1. (See [15]) For the Operators T,(L 29 we have

Tn,m(]-;l'vpa ) = 1
(pr+ 1 —2)pi™  (p+2g— V)ln+m,,

Tm(t;7,p,q) = ;
2]p,q[n + 1]p,q [2]p.gln + 1]pg
(PPx+1—z)pm 2g ¢ -1\ [n+m]
Tn,m(t2§ z,p, q) — p,q 4 1 + + p,q (px + 1— x)n-&-m 1$
[3]1041[” + 1]%,(1 [2]1)41 [3]19,11 [n+ 1]12;,

2(g—1 —1)2 —1
1y (¢g—1) i (g— 1) | [n+mlpqln +2m Ip.a 2
[2]P7q [3]107(1 [n + 1]p,q
2. CONSTRUCTION OF THE OPERATORS

We construct the Chlodowsky variant of (p, q) Kontorovich-Stancu-Schurer operators as
(2.1)

n+m n+m—k—1 k 1
(o, 8) n+m s s T T (1 = t)[k]p,q + [k + 1]p,qt + o
Ko (f32,0,9) = [ } P’ —q°— (*) / f( by, | dp,qt,
( : 1;) k p,q 51;[0 ( bn : bn 0 [n + 1]1)#1 +8 e

where n € N, m,a,6 e Ngwith0<a<3,0<2<b,,0<qg<p<1.
Obviously, K,(La,f ) is a linear and positive operator. To begin with, we obtain the following important
lemma.
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Lemma 2. Let K (f, x,p,q) be given by (2.1). The first few moments of the operators are
(2) Kfﬁi’f)(l;fv,n q) =1,

1 £+1—in+nl 2 — 1
() mﬁwm@@=<><wwﬁ“n Ly, v >W+WMQ,

[+ 1]pq+ 8 2]p,q 2]p,q

2 r T \n+m
J+-&M<fr+1 x) L it 5/ ¥
[2]17"1 bn bn P,q [3]}7#

(i) K9 (#2%2,p,q)

B [+ 1pq + 8

20 —1 n+m—1
+<[2]m(p+2q—l)+{ [ }( +1—>pq )[”er]p,qbna;
(‘1—1) (q—1)? 2
+{1+ 2]p.q Blp.q }[”+m]pq[n+m—1]pqx]
‘ £ ooy = Bt 0 1= 20 ((p 29— D+ mlg
e bn+<[ﬂmKM+1hq+ﬂ)_l>x
(U) Kf(t?éfnﬁ)((t*I)Q;x,p,q)

o? 20 m (p2 +1- l;l)g:gm 2
—|— 1-— b b

[t Upg + B2 Rlpg(n+ 1pg + B2 \P .y  Bla( T Ty + 7

B 2 n+m—1
20(p + 2q 1)[n+m]p7q+{1+[2q L4 1}([ [n+m]p.q (pbx-l-l—;)

_|_

2]p,q([n + 1p,g + B)? 2lpq  Blpag n+1]pq+5)? P.a
e 2eEi-gpr]
(n+1pg+8)  Rlpg(ln+1pe+8) |
20¢—-1)  (@=1D* | [n+mlpgn+m—1,, _ (p+29—1)[n+mpg 22
! {1 i 2]p.q - [3lp.q } ([n+1lpq +B8)? ? 2]p,q([n+ 1p,q + B) o

Proof. From operator 2.1,

n—+m n+m—k—1 k 1 u
a,8) ,u + T 1—t)[klpq+[k+1pqet+
KD (5 0p,0) = Y [ "km} [ @ - —)( ) /0 (( Wpg 2 e lnag bn) dp.qt

k=0 Pa 5=0 bn n+1pq+8
nin TL+’H’L :| n+’m1:[kfl( . . ) ( x )k [’I'L+ 1]11 bu
= p—q — T T
P4 s=0 bn” \bn ([n+1p,q +B)*

ey

gy "i” n+m ] (1>M+7ﬁk_l(p3—qsi)i( v ) < a )“‘i
(In+1pq + 8" = k p.q \bn 0 e AN [n+1]p,q
1 _ u

N
n u u u o U=t n4+m
(["[+J;]iz f;)“ Z ( ) <[”+ 1]1)41) ;

[ (O Uv+1]p,qt)ldp,qt

[n+1]p,q

(@,8) (yu. [n+ 17, - ( ) a o iz
(2.2) K % 2,p,q) = CES + B -> TR Tn,m (t" 5P Q).

1=

n+m z kn+m—k—1 =
VLG e

s=0

Thus for u=0,1,2 we get

KD (12,p,q) = T (1 bim,q)?
n
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N 1—i
+1],4b 1 o ST
l( (a"B) t; = 7[71 pa-n . — Tn m tl' —_—
n,m (t;2,p,q) [t 1]+ 5 ;:0 i n+1],., m (1 bnapv q)

— [n+1pq o LT
- <[n+ 1p.q +6>b” { [+ 1 T Lt bn’p’Q)}’

2—1
n+12 .02 S/ 2 a o
P((a’ﬂ) t2' _ [ p,q°n E - Tnm tz,
n,m ( 7$7p?q) ([ ]p7q 5 ( 7bn7p7q>

n4llpg+B)? =\ 1 [n+1
_ p,g”n

2
@ > . 2, T
- ([n + ]-]p,q + ﬁ)Z ([n + ]-]p,q) +2<[n + 1]p7q>Tn,m(tv bn » Dy Q) + Tn,m(t ) bnvpa Q)‘| .

Using Lemma 1 and in view of the above relations we get the statements (i), (ii) and (iii).
Using linear property of operators, we have

KD ((t —2);2,p,9) = K% (t2,p,q) — 2K%5P (1;2,p,q)

_ T \n+m
2lpgo+ (p5- +1 - 52 ))p,q b, + ((p +2¢—1n+mlpg 1) .

[n+1]2 b2

2lp.g([n+ 14 + [2lp,q([n+ 1]p,q + B)

Hence, we get (iv).
Similar calculations give

K&t —2)%2,p,q) = KD (5 2,p,q) — 22 KD (2, p,q) + 2 KS%D (1, p, q).

n,m n,

Then we obtain,

KD ((t—2)%2,p,9)

n,m

o 20 x e\ L |,
(fn + 1]”"1 +8)? [Z]P’q([n + 1]1041 + B)? bn by, P.q [3]p,q([n + ”p,q +B)
|20+ 20— D+ mly +{1+ 2 q2—1} I+ ml., ( xﬂ_x)nm_l
2p.o([n+ 1pq +5)? 2o Blog J [+ 1pg + 82 \Ubn  ba/,,
2 2pE +1 — £ n+m
« . (pbn b )pvq bnx

(It Upg+8)  2lpelln+1pq+5)

{1 L1  (a- 1>2}[n+m1p,q[n+m— Upy _o(p+2¢—Dln+mly,

2y | Bl Wt g+ B2 Dpant gt 8) |

This proves (v). O

2

+

3. KOROVKIN-TYPE APPROXIMATION THEOREM
Assume C, is the space of all continuous functions f such that
|f(z)] < Mp(z), —oo <z < oo.

Then C, is a Banach space with the norm

1fl, = sup J;(””)'

—oco<r <00 (33)

The subsequent results are used for proving Korovkin approximation theorem on unbounded sets.

Theorem 1. (See [5]) There exists a sequence of positive linear operators Uy, acting from C, to C,,,
satisfying the conditions

(1) limp o0 [Un(12) — 1Hp =0,

(3) limy, o0 HUn((ﬁz; r) — ‘i)z”p =0,
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where ¢(x) is a continuous and increasing function on (—o0,00) such that limg 10 ¢(z) = o0 and
p(x) =1+ ¢%, and there exists a function f* € C, for which lim,_,o ||[U,f* — f*||, > 0.
Theorem 2. (See [5]) Conditions (1),(2),(3) of above theorem implies that
Tim [Unf = fl, =0

for any function f belonging to the subset Cg ={feC,:limy |£E§§| is finite} .

Consider the weight function p(z) = 1 + 2? and operators:
Ko (fiwpoq) if € [0,b4],

a,f3 ‘T =
Un7m(f7 P, Q) {f(if) if € [07 OO)/[Oa bn}

Thus for f € Cyy .2, we have

U (f;2,p,9)| /()]
Ul (frop )| < sup DB
Ul < sup s ozroe L+
U8 (1+ %52, p,q)]
< su - +11.
< flhtaz xe[O,lZO) 1+ a2

Now, using Lemma 2, we will obtain,

||U%ng(f; S0 Q) |1422 < M| fll1422

lim, o0 g = N, N < 00 and lim,_, f’ﬁ =0.

Theorem 3. For all f € C?+I2, we have

i ([URT (f5 5 Pas @) = F(lleaz = 0

provided that p := (p)n,q := (@)n with 0 < ¢n < pp < 1,1iMp00 P = 1, 1My 00 g = 1,limy, 00 plt =
lim, 00 gy = N, N < 00 and lim,_, E’Tn] =0.

Proof. Using the results of Theorem 1 and Lemma 2(i),(ii) and (iii), we will achieve the following
assessments, respectively:

(U2E (L2, pn, gn) — 1 K22 (12, pny gn) — 1
sup 5 = sup 5 =0
x€[0,00) 1+x 0<z<bn 1+x
sup |U237ﬁn(t, T, Pny qn) — — sup |Ks,’7€z(t; T, Py Gn) —
2€[0,00) 1+ 22 0<z<b, 1+ 22

[2]p,q0 + (pb%, +1- b%)ﬁmb I (p+29—1)[n+mlp, — 1)
[2}19711([” + 1]1}41 +8) " [ﬂnq([n + 1]p7q +B)
< sup
0<w<bn 14 22
[2]p,q0 + (P + 1 — 45 )p0™
< by +
[2]p7q([n + 1]1}7(1 + )

(p+29—1)[n+mlp,

[Q]nq([” + 1]10711 +8) !

— 0

and

(U8, (425 2, Py ) — 2] |5 (1252, pr,y gn) — 22
sup 5 = sup 5
z€[0,00) 1+x 0<z<bp 1+x

2 n+m 2 @ _ =z yn+tm
a 2a x ) (PP3=+1-35)pa
P.a

1 T
=0 ®,, T+ ( ("t 1pa + B2 | Ploa(n+ lpg £ B)2 (pa g, Blpa((n + p.g + 5)

20(p +2q — 1)[n+ mlp,q {1 2 @ - 1} [n+mlp.q ( T - i)n+7n—1
*[ Rloa(n+Upa 182 U Bl Bloe S Gt e +82 om0 ),

b2

n
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2(pb +1- )Hm]b .
( +1}pq+5) [z]p,q([nJFl]p,quﬁ) "

(‘1 —1)? | [nt+mlpgln+m—1pe _(p+2¢—1)[n+mp, 22
+H o i } I+ g B2 Rlogin+ g +5) “} )
a? 2« 2 \"tm (PP 11— *);ﬁm 2
< ([n 4 1]p,q + B)? * [2lp,q([n 4 1]p,q + B)? ( o by )pq [3]p,q([n+1]pyq+ﬁ)2

2a(p+2q — 1)[n +mlp,q 29 -1\ [n+mlpyg RPN A Y
N Rlpa(n + 1pg + B)2 +{”[21pq+ [31p,q}([n+11p,q+6>2 <pbn“ bn>pq
>—>0

2 2 1"
whenever n — 0o, because we have lim,, oo pp, = lim, o0 ¢, = [nﬁz o= 0 as n — 0. O

(n+1pg+8)  Epa(ln+1pq+8)

n {1+2(q—1) +(9—1)2}[n+m]p,q[n+m_1]p,q _2(P+2q—1)[”+m]p,q 11

(2lp,q [Blp.q ([n 4 1]p,q + B)? [2]p,q([n + 1p,q + B)

Theorem 4. Assuming C as a positive and real number independent of n and f as a continuous
function which vanishes on [C,00). Let p := (pn),q := (qn) wzth 0 < Gn < pp < Llimy, oo pn =

lim, oo gn =1, limp oo P = limy o0 gy = N < 00 and limy, o e ] = 0. Then we have

lim sup ’Kyo;:'rﬁn(f7 xapTHQn) - f(x)‘ =0.

n—=0 0<x<b,

Proof. From the hypothesis on f, it is bounded i.e. |f(z)| < M (M > 0). For any € > 0, we have

(L= )[Klpg + [k + Upgt + 2M (1= t)[Klpq + [k + Upgt + @ ’
’f< [n+1]p,q+6 bn>f(> <€+52< [n+1]p7q+5 bn$> ’

where z € [0,b,,] and 6 = 6(¢) are independent of n. Now since we know,

n+m nt+m—k—1 k p1 2
(@,B) 2 _ n+m z z (1 =)[klp,q + [k + 1p,qt +
Ky (t—2)% @, pn, gn) = [ } p°—q° — (—) / ( by | dt.
( : : k; k P,q sEIO v bn : bn 0 [n+1p,q + B8
we can conclude by Theorem 3,
sup  |[Kf (f2pnsaa) = ()]
0<x<by,
2 n+m + 1 — L)TH’WL
§€+¥bi a 4 2 2( r1- x) (p? P,q
5 (In+ 1)p,q + B8) 2lp,q([n+ 1]p,q + B) bn/ p g [3]p,q([n+1]p,q+5)

2a(p+29—1)[n+mlp,q 29 -1 [+ mlp,q x @\t
N Rlaln + Ty + 5)2 +{1+ 2o | Blos } (In + 1lp.a + 52 ( e b)

2a 2(pb +1- L)n+m
Since [nﬁ" =0 as n — 0o, we have the desired result. O
pP,q

Tt Upa+B8) 2pa(ln+ Upg +8)

{H 2%a 1) <q1)2}{n+m1p,q[n+m1]p,q (p+29 = Din + g

* (n+ pg + A2 o7+ g + )

* 2oe | Bl

+1

4. RATE OF CONVERGENCE

We will find the rate of convergence in terms of the Lipschitz class Lipas (), for 0 < v < 1. Assume
that Cg[0, 00) denote the space of bounded continuous functions on [0, 00). A function f € Cg[0, c0)
belongs to Lipas () if

|f(t) 7f(33)| < M|t71'|7, t,l’ € [0,00)

is satisfied.
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Theorem 5. Let f € Lippy (), then
Kg:ri(f; z,p, q) é M(unaP’Q(x))V/zv
where IJ’TMDJZ(Q:) = Krolé,”réz((t - .'L')2, Z,P, q)

Proof. Since f € Lipps(7), and the operator K;fffl(f, Z,p,q) is linear and monotone,

[Kpom(fi2,,) = f ()]

n+m

] v ()

k=0 5=0 n

[ () )

n+m

ST e ()
(e
] e (6]

s=0 n
X /
0

(1 = t)[klp,g + [k +1]pqt +
Applying Holder’s inequality with the values p = £ and q= %, we get following inequality,

[n + }pq"‘ﬂ
/ (1 =) [Klp,g + [k +1pqet +
0 n+1]pq+ 6

L (=) o)

(= )]y + [k gt o A
= by — x| dpgt
0 [n+1]pq+ 8 ’
Using this, we get

(Koo (fi2,0,0) = f(@)]

< M% { nm ] n%ﬁkil(ps qubi) (;)k

dp.qt

b)) - 1@

¥
dp.qt -

b, —x

5
dp.qt

b, —x

(M=)
[V
|
<2

p,q s=0 n
1_ 2 3
O)[k]p,g + [k + 1]pq t+abn—x> byt
n+1]pq+ﬁ 7
1_t Mklp,g + [k + 1pqt + >2 :
: ’ bn_x d R t Wn,k\P,4,T),
0{ n+1}pq+5 P,q ( )

[

k
where w,, k(p, ¢; x) = i }p’q [t pe - ) (ﬁ) . Again using Holder’s inequality with

2 2

p=3 and q = 5
|Kg,’7€1(f;x7pv q) - f(l')‘

n+m 2
“u Z/ ( + [k + 1pqt +abn—x> dp,qt Wnk(p,q; @
}p,q+5

, we have

2—v

n+m 2
{ > walp g }

w2
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n+m 1 . 2 %
o [ (Ut Y )

k=0
= M(.un,p,q (CC))V/Q
where (u,L7p7q(1‘))W/2 Kf; 7%(( )25 Z,P, Q) O

In order to obtain rate of convergence in terms of modulus of continuity w(f;0), we assume that for
any uniformly continuous f € Cg[0,00) and > 0, modulus of continuity of f is given by

(4.1) w(f;0) = A £ (t) = f(2)].

t,xe[0,00)

Thus it implies for any § > 0

(4.2 @) - sl <w(r0) (258 41),

is satisfied.

Theorem 6. If f € C[0,00), we have

(K (Fi2,0,0) = F(@)] < 20(fi/Hnp.q(2)),
where w(f;-) is modulus of continuity of f and A, 4(x) be the same as in Theorem 5.

Proof. Using triangular inequality, we get

|Kg,’rél(f;x7pv q) - f(l')‘

T[] T o (1= thtsen))
< :gm [ ] <;>’”’ﬁ“@ | (U Tty

Now using (4.2) and Holder’s inequality, we get

n+m + x kn+m—k—1 z |(I*t)[k]p,qJF[kJrl]p,qH”O‘bn _ SC‘
= { o ] <b> I - [”“]p’q;ﬁ 1| w(f;0)
k=0 p.q s=0 n
n+m n+m z kn+m—k—1 T
swtr > [ (E) I w-e
k=0 p,g N 5=0 n
w(f;0) ’“[ n+m] (m)“*m’“ ' (1= )[Klpg + [k + gt +
+ T - : b, — x
0 k=0 k D,q bn 51;[() W= b”) [+ 1pg+ 8
f,6 n+m n+m z kn+m—k—1 . Lz
o)+ LGS e | (E) T gt )
k=0 g N s=0 n
% <(1_t)[k’]p7q+ [k+1]p,qt+0‘b —x>2 :
[+ 1]pq + 8 "
0) 1/2
=w(f;d) + f {Kﬁ’fl t—2)%z,9)} "

Now choosing § = un%q(w) as in Theorem 5, we have

|Ks,7rét(f;$7p7Q)_f(x)| §2W(f, ,U/n’p’q(flf)).



36 MISHRA AND PANDEY

Now let us denote by C'%[0, 00) the space of all functions f € C[0, 00) such that f/, f” € Cg[0,0).
Let ||f|| denote the usual supremum norm of f . The classical Peetre’s K-functional and the second
modulus of smoothness of the function f € Cp[0,00) are defined respectively as

K(f,6):= inf — gl + dllg”
(8= _int [If ~al+ 314"
and
wy(f,0) = sup [f(x+2h) = 2f(x+ h) + f(x)],
0<h<s,
z,x+hel
where 6 > 0. Tt is known that [see [4], p. 177] there exists a constant A > 0 such that

Theorem 7. Let x € [0,b,] and f € Cp[0,00). Then, for fized p € Ny, we have

‘ngﬁ@(f; z,p,q) — f(z)] < Cwalf,\/np,q(2)) + W(f, Bnpqe())

for some positive constant C, where

= 2¢-1) , @-1*, (p+2-1D*| [tmp,  +20-Dhtmpg |,
) = {1 T2y T Blea 212, } [+ U+ 07 Byt pa +8)
[ -1 _(p+2¢-1) [n +mlp,q k2 @\
*_{Hmm* e 0 2R, } T (5 +1- bn)
+4a(p+2qf Dn+mlp,q (P +1— 3= )n+m . ey ]b .
2]p.q([n + 1p,q + B8)? (2], q([n+1]p,q +8) ([n +1p,q + B) "

(0?52 L tl- *);’H@;m (g, +1— ¢ v " a ntm 2 by

(44 T Bl * 22, gL P T R 2 e

and

Rl + (g +1- 255", ((p+2q— Din+mly, 1>x>

4 Pl = ( Bloallr + 1 +5). 2l + T+ 5)

Proof. Consider an auxiliary operator Ky, (f;z,p,q) : Cg[0,00) = Cp[0, 00) by

2lpqa+ (g +1 = Z)55™  (p+2¢—1)[n+m )
. ;T =Ky 5 x n P9y x
(48) Knm(fi2:p4) := Knim(fi2,P,q) = < o+ g + B et pg 1 8) ") T

Then by Lemma 2 we get
K:L,m(]-?xap,q) =1,
K:L,m((t - m)?%?» q) =0.

For given g € Cg[0,00), it follows by the Taylor formula that
y

9(y) — glz) = (y — 2)g'(2) + / (y — w)g" (u) du.

x

(4.7)

Taking into account 4.6 and using 4.7, we get

K m(gi2,p,q) —9(2)| = K, (9(y) — g(x);2,p,q)|
g(@)K, . ((y — x);2,p,q) + K, (/ (y —u)g" (u) du; z,p, q) ’

= | ([ 0"t )

|K:L,m(g’ z,p, Q) - g(lL’)|

Then by 4.6

[Z]p,qa+(pb“7+1——>;‘tm (p+2q—1)[ntm]p q )

Y ( B a(nF il g th)  ont 2l ot ilp g +5)
* 1 . pP;q pP;q p,q P,q
= ‘Kn,m (/ (y_u)g (u) dua%PaQ) _/
xr x
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et Tyt B) " el t Uy 8)

Y
< |Kpm (/ (y —u)g" (u) du; z, p, q)
xT

[2]1)7(10‘ + (pb% +1- ﬁ)g;mb + (p+2q—1)[n+ m]p,q
2]p,q([n +1lpq + B) " 2]p,q([n + 1lp,q + B)

L _ Z\n+
( 2pgat (P +1- £ (2 Dintml, u) () du

([zlp qa+(pb +1— b'n. V’,Z b, +(P+2q 1)[n+mlp,q >
[2]p, q([”+1]p q+8) 2lp,q(In+1]p,q+85)

“/

x

x— u) g" (u) dul.

Since,
w2 ([ - 0g" 0 dua) [< 1" @) K- 20,0

and

[2]p,qa+(pﬁ+1—ﬁ)p iy +i7 (P+2q Dintmlpg
/ 12]p,q ((n+1lp,q+58) 2lp,q(In+1lp,q+8)
xr

[2]p,q0 + (P +1— *)Z,—gmb n (p+2¢—Dn+mlp,
2]p,q([n + 1pq + B) " [2]p,q([n + 1p,q + B)

[P+ 2 +1= 2 (2Dt ) ]
= lo ”l Doar et 5) *( el + g +5) 1” |

- u) 9" (u) du

we get

+
|
s
)
+
3

2]p,q0 + (pb%
[

K o (gi2,p,0) — g(x)] < (lg"IKSE ((y — 2)%52,p.9) + 19" 5
[ ]p7q( n

N <<p+zq—1>[n+m1p,q_1>xr_

2]p,q([n + 1]p,q + B)

Hence Lemma 2 implies that
(4.8) |Ky (g5 2,p,0) — g(2)]

< lg" « 2c x 1 z \tm ( 2 1 +1_L)n+m
= llo 'K([n+np,q+ﬁ>2 T e + 1y + 9 <pﬁ+ *a>m Y Bt Ty 1 B ) "

<2a(p+2q1)[n+m]p,q+{ L2 q271}( [n+ mlp.q ( m)n+m—1
p,q

2lp,q([n +1lp,q + 8)? (2lp,q - [3]p,q [n+ 1p,q + B)? Py, T b

B 2a ( +1- *);ﬁm b
([n+1p,q + 5) [ﬂp;q([” +1lp,q +8) "

N {Hz(q—l) (q—1)2}[n+m1p,q[n+m—1]p,q (p+2q—1)[n+m1p,q+1>m2

(2]p,q * [3lp,q ([n+ 1]p,q + B)? B 2lp,q([n + 1]p,q + B)

P
19) +<[2]p,q0( + ((pbin 1 Ephm - <(p +29— Dintmlpg 1) x) 2].
)

2lp,q([n + 1]p,q + B) [2]p,q([n + 1p,q + B)

Since Ky . (f;2,p,q) < 3||f||, considering 4.4 and 4.5,for all f € Cp[0,00) and g € C3[0,00), we may
write from 4.8 that

|Kg,7'r€b(f;x D, q ) - (SL’)‘ < |K* (f —9:%,p, q) - (f _g)(x” + |K;:m(g?x7p7q) _g(l.)‘
(mma ORI 2" (2 - Dlnt "”) ~ (@)

+|f bn +

[ﬂzxq([n + p,q + B) 2]p,q([n + 1pq + B)
2)p,qx b 1_£;Hq-m — )T Mpg
ot BT EED  oe)

<A|f = gll + o p g (@)l + W, Brp.a(2)),
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which yields that

|Kﬁ‘,’ffl(f;$,p, q) — f(z)] < 4K(f, O‘n,p,q(x)) +w(f, betan,p,q(m))

< Cw?(fa O‘n,p,q(x)) +w(f, ﬁn,p,q(l‘))a
where
([ 2a-1)  (@-1>  (+20-1)2] [+m}, (p+ 29— 1)[n +mlpg )
n = 1+ + + 4 4 4 42
() { 2o | Bl 212, }({n+ Tra + B2 " Bloat Ty +8) )"
[ 2¢ -1, _(p+2¢-1) [n+mpq ( z z )"+m
+ [d1+ + +2 — 41— —
{ 2log | Blra 22, } (n+ g +8)2 \"bn bn)
n 4a(p+2q—l)[n+m}p,q74(Pﬁ+1—ﬁ)$$m7 a b
(2]p,q([n + 1]p,q + B)? [2]p,q([n + 1]p,q + B) ([n+1lp,qg + B) "
-(szi +1- %)Zﬁm Pz +1— %)3@“’" el T x b2
+ n n n n +4 R A
Bl 22, Blog Pon T 8P T Gk U )2
and
2p g+ (piE +1— &)™ 2¢ — 1
Brpa() = 2lp.q + (Py, b )t b, + (P+2¢—1)[n+mlpg 1)z
[2]1)41([” + 1]p,q +B) [2]1),11([” + 1]p,q +B)
Hence we get the result. O
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