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ON | C,1 |y INTEGRABILITY OF IMPROPER INTEGRALS

H. N. OZGEN*

ABSTRACT. In this paper, we introduce the concept of | C,1 |g,k > 1, integrability of improper
integrals and we prove a known theorem of Mazhar [3] by using this definition.

1. INTRODUCTION

Throughout this paper we assume that f is a real valued function which is continuous on [0, c0)
and s(z) = [ f(t)dt. The Cesaro mean of s(z) is defined by

o(x) = 1 /Ow s(t)dt.

T

The integral fooo f(t)dt is said to be integrable | C,1 |,k > 1, in the sense of Flett [2], if

(1.1) /OOO 21 o/ (z) |F dx

is convergent. The Kronecker identity (see [1]): s(z) — o(z) = v(z), where v(z) = L [Ftf(t)dt is
well-known and will be used in the various steps of proofs.

Since o’(x) = Lv(x), condition (1.1) can also be written as

(1.2) /000 1 | v(z) |F de

xT

is convergent.

We note that for infinite series, an analogous definition was introduced by Flett [2]. Using this
definition, Mazhar [3] established the following theorem for | C,1 |, summability factors of infinite
series.

Given any functions f, g, it is customary to write g(z) = O(f(z)), if there exist n and N, for every

x> N,| 455 1< .

Theorem 1.1. If (X,,) is a positive monotonic non-decreasing sequence such that

(1.3) AmXm = O(1) as m — oo,
(1.4) D nX, | A%, |=0(1),
n=1
m 1 .
(1.5) ;ﬁ |t |F= O(X,n) as m — oo,

then the series > anA, is summable | C,1 |, k > 1.
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2. THE MAIN RESULT

The aim of this paper is to prove Mazhar’s theorem for | C,1 | integrability of improper integrals.
Now, we shall state the following theorem.

Theorem 2.1. If y(z) is a positive monotonic non-decreasing function such that

(2.1) Ax)y(z) = 0(1) as x — oo,
(22 |13 = o)

T v(u) |F
(2.3) /0 %du = O0(y(z)) as z — oo,

then the integral [;° f(t)dt is integrable | C,1 [, k > 1.
We need the following lemma for the proof of our theorem.

Lemma 2.2. Under the conditions of the theorem we have that

(2.4) / () | N(t) | dt is convergent,
0

(2.5) zy(z) | N(z) |= O(1) as x — .

Proof. Since X (t) = fot N'(u), we have

[ oixwia = [ 5w [ X

< [ /Otu"(undudt
_ /0w|)\”(u)|du/um'y(t)dt
< /Oz wy(u) | N'(w) | du = O(1) as & — oo

by (2.2).
Since zy(x) is a non decreasing function, we get

H@) | X@) | = )| [ "N (u)du |

o) | )X w) | du

IN

_ /O wy(u) | N'(w) | du=O(1)
< [ w0 V@ di=0) ass o0

This completes the proof of Lemma 2.2. O
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3. PROOF OF THE THEOREM

Let A(x) be the function of (C, 1) means of the integral fo t)dt. Then, by definition, we have

Alz) = // w)dudt
- ;/OA()f()du/udt

_ l/m(x — WA () f(u)du

T Jo

/O (1- ) Awf(w)du

Differentiating the function A(z) and later integrating by parts, we obtain

Al(z) = % Oxu)\(u)f(u)du
_ U(ILA($) _% OI)\/(U)U’U(U)dU

= Ai(z) + A2(2), say.

To complete the proof of the theorem, it is sufficient to show that
€T
(3.1) / th=1 | A (t) |F dt = O(1) as 2 — oo, forr=1,2.
0

First, applying Holder’s inequality, we have

T T k k
/ tkfl | Al(t) |lc dt = / tkfl | ’U(t) ‘ | )‘(t) ‘ dt
0 0

tk

— /% [ w(e) [ M) 1 A@) | dt
0

< /w'”(“‘ A | dt

SR e y MECTY

A@) | () - / N (E) | (t)dt

= O(l)asz—

by virtue of the hypotheses of Theorem 2.1 and Lemma 2.2.
Now, as in A;(z), we have that

/ 1| Ap(t) |t = / . |/ aN (w)o(u)du | dt
0 0 t
k—1

/0252{/0 |X(u)|kukv(u)|kdu}x{1/0tdu} dt

-/ " N () P X ) | o) [ [

2
_ /OI N () || o(u) [* (i - i) du
< /Ox | u) (u) | %du

u
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Integrating by parts,we get

LT A L LWy R CA LG L
[ et e = o )@ | [ [y [

|
0

— [N 1)~ [ (] X )
=:wwwwm—éﬂmw7wm3fuwwﬂwwu

0
= O(l)asz — ©

by virtue of the hypotheses of Theorem 2.1 and Lemma 2.2.
Thus, we obtain
/ th=1 ] A'(t) |F dt = O(1) as © — oo.
0
This completes the proof of the theorem.
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