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GROWTH AND ZEROS OF MEROMORPHIC SOLUTIONS TO SECOND-ORDER
LINEAR DIFFERENTIAL EQUATIONS

MAAMAR ANDASMAS AND BENHARRAT BELAIDI*

ABSTRACT. The main purpose of this article is to investigate the growth of meromorphic solutions
to homogeneous and non-homogeneous second order linear differential equations f”’ +Af' + Bf = F,
where A (z), B(z) and F (z) are meromorphic functions with finite order having only finitely many
poles. We show that, if there exist a positive constants o > 0, o > 0 such that |A (z)] > e®l=l”
as |z| = 400, z € H, where dens{|z| : z€ H} > 0 and p = max{p(B), p(F)} < o, then every
transcendental meromorphic solution f has an infinite order. Further, we give some estimates of their
hyper-order, exponent and hyper-exponent of convergence of distinct zeros.

1. INTRODUCTION AND STATEMENT OF RESULTS

We will assume that the reader is familiar with the fundamental results and the standard notations
of Nevanlinna theory of meromorphic functions (see [11], [14], [16]). In addition, for a meromorphic
function f in the complex plane C, we will use the notations A (f) and A (f) to denote respectively
the exponent of convergence of the zeros and the distinct zeros of a meromorphic function f, p (f) to
denote the order of growth of f.

In order to estimate the rate of growth of meromorphic function of infinite order more precisely,
we recall the following definition.

Definition 1.1 ([13,16]). Let f be a meromorphic function. Then the hyper-order ps (f) of f (z) is
defined by

. loglogT (r,
po () = limsup EE L)
r—+oo ogr

where T (r, f) is the Nevanlinna characteristic function of f. If f is an entire function, then the
hyper-order py (f) of f(z) is defined by

loglog T log log log M
p2 (f) =lim supw = lim sup ogloglog M (r, f)
e logr r—+00 logr

)

where M (7, f) = max|,—, | f (2)].

Definition 1.2 ([7]). Let f be a meromorphic function. Then the hyper-exponent of convergence of
the sequence of zeros of f (z) is defined by

loglog N (7“, %)
A2 (f) =limsup—————=
r—-+o0 IOg T

b

2010 Mathematics Subject Classification. 34M10, 34MO05, 30D35.
Key words and phrases. linear differential equation; meromorphic function; order of growth; hyper order; exponent
of convergence of zeros; hyper-exponent of convergence of zeros.

(©2016 Authors retain the copyrights of
their papers, and all open access articles are distributed under the terms of the Creative Commons Attribution License.

11



12 ANDASMAS AND BELAIDI

where N (r, %) is the integrated counting function of zeros of f(z) in {z:|z| <r}. Similarly, the

hyper-exponent of convergence of the sequence of distinct zeros of f (z) is defined by

loglog N (r, %)
A2 (f) =limsuyp—————=
r—+00 lOg r

where N (r, %) is the integrated counting function of distinct zeros of f (z) in {z : |z| < r}.

The linear measure of a set E C (0,400) is defined as m (F) = O+°O XEg (t) dt. The logarithmic

measure of a set E C (1,+00) is defined by im (E) = f;roo XET(t)dt, where x g (¢) is the characteristic
function of the set E. The upper density of a set E C (0, +00) is defined by

densE = lim sup M
r—s 400 r

Consider the second-order linear differential equation
(1.1) I"+AR)f +B(2) f=F,

where A (z), B(z) and F' (z) are meromorphic functions of finite order having only finitely many poles.
Several authors have investigated the growth of solutions of the corresponding homogeneous equation

(1.2) JUEAG) B () f =0

From the works of Gundersen (see [10]) and Hellerstein et al. (see [12]), we know that if A(z) and
B (z) are entire functions with p (A) < p(B), or A (z) is a polynomial, and B (z) is transcendental, or
p(A) < p(B) < %, then every solution f # 0 of (1.2) is of infinite order. For entire solutions of infinite
order more precise estimates for their rate of growth would be an important achievement. Kwon (see

[13]) and Chen and Yang (see [7]) have investigated the hyper-order ps (f) of solutions of (1.2), and
obtained the following results.

Theorem A ([13]). Let H be a set of complex numbers satisfying dens{|z| : z € H} > 0, and let
A(2) and B (2) be entire functions such that for real constants (> 0), 8 (> 0),

4(2)] < exp {o (1) 27}
and
1B () = exp {(1+0(1) a2’}
as z — +oo for z € H. Then every solution f Z 0 of equation (1.2) has infinite order and ps (f) > S.

Theorem B ([7]). Let H be a set of complex numbers satisfying dens{|z| : z € H} > 0, and let A(z)
and B (z) be entire functions with p (A) < p(B) = p < 400 such that for real constant C (> 0) and
for any given € > 0,

A < exp{o(1) 27
and
1B ()] = exp {(1+0(1) C 2"}

as z — oo for z € H. Then every solution f # 0 of equation (1.2) has infinite order and p2 (f) =
p(B).

These results were improved by Belaidi in [2, 3] by considering more general conditions to higher order
linear differential equations with entire coefficients. Recently in [8] Chen extended the previous results
by studying the zeros and the growth of meromorphic solutions of equation (1.1) when A (z), B(z),
F (z) are meromorphic functions.

There exists a natural question: How about the growth of (1.1) when A (2), B (z) and F (z) are
meromorphic functions of finite order having only finitely many poles and the dominant coefficient is
A (z) instead of B (z)?
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In this paper, we answer the above question and obtain the following results.

Theorem 1.1 Let H C [0,400) be a set with a positive upper density, and let A(z), B(z) and
F (2) be meromorphic functions of finite order having only finitely many poles. Suppose there exist
positive constants o > 0, a > 0 such that |A(z)| > e*" as |2| = r € H, r — 400, and p =
max {p (B), p(F)} < 0. Then every transcendental meromorphic solution f of equation (1.1) satisfies

p(f) =+00 and pa(f) < p(A).

Furthermore, if F (z) #£0 then every transcendental meromorphic solution f of equation (1.1) satisfies

A =X()=p(f) = +oo
and
A2 (f) =X (f) = p2(f) < p(4).
Remark 1.1 It is clear that p(A) = 8 > ¢ in Theorem 1.1. Indeed, suppose that p(4) = 8 < o.

Then, by using Lemma 2.2 of this paper, there exists a set E2 C (1,4+00) that has finite linear measure
such that when |z| =r ¢ [0,1] U Ea, r — 400, we have for any given ¢ (0 < e < o — )

+e

(1.3) 1A(z)] < e’

On the other hand, by the hypotheses of Theorem 1.1, there exist positive constants ¢ > 0, a > 0 such
that

(1.4) |A (2)] > e’

as |z| =r € H, r — 400, where H is a set with m (H) = co. From (1.3) and (1.4), we obtain for
|z| =r e H\[0,1]U Eq, r — 400
e <|A() < e

and by ¢ (0 < e < o — ) this is a contradiction as r — 4+00. Hence p (4) = 8 > 0.

Corollary 1.1 Let A(z), B(z), F(z) be meromorphic functions of finite order having only finitely
many poles such that p = max{p (B), p(F)} < p(A) = o < 1. Then every transcendental meromor-
phic solution f of equation (1.1) satisfies

p(f) = +00 and ps (f) < p(4) = 0.

Furthermore, if F (z) # 0 then every transcendental meromorphic solution f of equation (1.1) satisfies

M) =) =p(f) = +oo and Xz (f) = A2 (f) = p2 (f) < p(4) = 0.

2. LEMMAS FOR THE PROOFS OF THEOREMS

Our results depend mainly on the following lemmas.

Lemma 2.1 ([9]). Let f (z) be a transcendental meromorphic function of finite order p, and let € > 0
be a given constant. Then, there exists a set Eg C (1,400) that has finite logarithmic measure, such
that for all z satisfying |z| ¢ Fo U0,1], and for all k, j, 0 < j < k, we have

™ (2)
70 (2)
Similarly, there exists a set By C [0,27) that has linear measure zero such that for all z = re®® with
|z| sufficiently large and 6 € [0,2x) \ E1, and for all k, j, 0 < j < k, the inequality (2.1) holds.

S Z|(k_j)(P_1+5) .

(2.1)

Lemma 2.2 ([6]). Let f(z) be a meromorphic function of order p(f) = p < +oo. Then for any
given € > 0, there exists a set Fy C (1,400) that has finite linear measure and finite logarithmic
measure such that when |z| =r ¢ [0,1] U Ea, r — 400, we have

|f (2)] <exp {r’”s} )



14 ANDASMAS AND BELAIDI

Lemma 2.3 ([14]). Let P (2) = ap2" + apn—12"" '+ + a1z + ap with a, #0 (n > 1 is an integer)
be a non constant polynomial. Then for every € > 0, there exists R = R(g) > 0 such that for all
z, |z =r > R, we have

(1=¢)lan|r™ < [P(2)] < (1 +€)[an|r".
Lemma 2.4 ([1]). Suppose that k > 2 and Ag, A1, As, -+ ,Ap_1 ( for at least As # 0, s €
{0,1,--- ,k — 1}) are meromorphic functions that have finitely many poles.
Let p = max{p (4;) (j=0,1,--- ,k—=1), p(F)} < 400 and let f(z) be a meromorphic solution of
infinite order of equation

PO+ Ay fEV 4k S+ Aof = F.
Then p2 (f) < p-

Lemma 2.5 ([1]). Let f(z) be a meromorphic function having only finitely many poles, and suppose

that
log™ |9 (2)]
a Ells

G(z):

, (s>1 is an integer)

is unbounded on some ray argz = 6 with constant p > 0. Then there exists an infinite sequence of
points z, = r,e?? (n=1,2,---) tending to infinity such that G (z,) — oo and

9 () -

F& (zn) |~ (s =)
Lemma 2.6 ([15]). Let f (z) be an entire function with p (f) < +oo. Suppose that there exists a set
E3 C [0,2n] which has linear measure zero, such that log* |f (re'®)| < Mr? for any ray arg (z) = 6 €

[0,27] \E5, where M is a positive constant depending on 0, while o is a positive constant independent
of 0. Then p(f) <o.

(1 + 0(1)) |Zn|s_j (.] = 07 .S — 1) as n — +0oo.

Lemma 2.7 ([4]). Let f(z) be an entire function of order p where 0 < p(f) =p < 3, and let € > 0

be a given constant. Then there exists a set H C [0,+00) with densH > 1 — 2p such that for all z
satisfying |z| = r € H, we have

|f ()] > exp {r"~}.
Lemma 2.8 ([5]). Let A; (j =0,1,--- ,k—1), F #0 be finite order meromorphic functions. If f(z)
s an infinite order meromorphic solution of the equation

4 A fOY b A Aof = T,
then f satisfies X (f) = A(f) = p (f) = +oo.

3. PrRoOOF OF THEOREM 1.1

Assume that f is a transcendental (f’ # 0) meromorphic solution of (1.1) with p(f) < o. It follows
from (1.1) that

/" S F()

(3.1) ~FoBE 5+
Since p = max{p (B), p(F)} < o, then the order of growth of the left side of equation (3.1) is p; =
max {p (B), p(F),p(f)} < o,hence p(A) < p;. By Lemma 2.2, for any givene (0 < ¢ < 0 — p1), there
exists a set Foy C (1,+00) with a finite linear measure and finite logarithmic measure such that

(3.2) [A(z)| <e
holds for all z satisfying |z| = r ¢ [0,1] U Ea, r — +00. From hypotheses of Theorem 1.1, there exist
a set H with densH > 0 and positive constants o > 0, @ > 0 such that

(3.3) |A(2)] > e

holds for all z satisfying |z| =r € H, r — 400. By (3.2) and (3.3), we conclude that

=A(z).

rP1 +e

4 p1te
ea'r S er
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that is,

6(170(1))047’” <1
for all z satisfying |z| = » € H\ [0,1] U Ey, r — 00, this contradicts the fact el 5 4oo,
Consequently, any transcendental meromorphic solution f of (1.1) is of p (f) > 0.

Now, we prove that p (f) = +oc0. Let f be a transcendental meromorphic solution of (1.1). We assume
that f is of finite order and p (f) = d. Then, we have p (f) = ¢ > o. It follows from (1.1) that

f//
I
By Lemma 2.1, there exists a set Ey C [0,27) that has linear measure zero such that if 6 € [0, 27) \ Ey,
then there is a constant Ry = Ro () > 1 such that for all z satisfying arg z = 6 and |z| = r > Ry, we

have

(3.4) |A] <

ol

F
+ 7|

" (2) 2§
3.5 .
(32 raelk
We now proceed to show that
log" |/ (2)|
=

is bounded on the ray arg z = 6. Supposing that this is not the case, then by Lemma 2.5, there exists
an infinite sequence of points z,, = r,e? (m =1,2,---) tending to infinity such that

f (zm)
(3.6) ‘f’ (Zm)‘ <(1+4+0(1))|zm| as m— +oo
and
(3.7) log™ |f' (2m)] N

|Zm |p+e

From (3.7) for any positive constant number M > 0, we have

(3.8) 1 (zm)| > €M7 as m— 400,
Since F'(z) is a meromorphic function with only finitely many poles, then by Hadamard factorization
theorem, we can write F'(z) = 1:((;)) where 7 (2) is a polynomial, H (z) is an entire function with
p(H) = p(F). From (3.8), for m sufficiently large (r,,, —+o0), we have
[ (zm) 7 (zm) [’ (2m) crs eMlzm|?Te | T eMlzm |7t
where ¢ > 0 is a constant and s = degm > 1 is an integer. Since p (H) = p (F') < p, then we have
H (zm) [H (2m)|

. < .

(3.9) T (zm) f' (zm) | = eMIzml?** —0 asm — 4+

By Lemma 2.2, for any given ¢ (0 < e < o — p), there exists a set Fy C (1,400) with a finite linear
measure and a finite logarithmic measure such that

(3.10) IB(2)| < e

holds for all z satisfying |z| = r ¢ [0,1] U E3, r — +o00. Also by the hypotheses of Theorem 1.1, there
exists a set H with densH > 0, such that for all z satisfying |z| = r € H, r — 400, we have

(3.11) |A(2)] > e

Using (3.5), (3.6), (3.9), (3.10) and (3.11), we conclude from (3.4) that for all z,, = r,,e" satisfying
0 €[0,2r)\ Fy and 7., € H\ [0,1] U Es, 7, — 400, we have

e <20 L e (14 0(1)) +0(1) < 3r2tlern

m

that is,
604(170(1))r;’n < 37,127;5+1
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L. L. . log+‘f’(z)| . .
which is a contradiction for m is large enough. Therefore, e I8 bounded on the ray arg (z) = 6,
then there exists a bounded constant M; > 0 such that

|/ (2)] < el

|pte

on the ray arg (z) = 0. Then
(3.12) 1f ()] < (L+o)r|f ()] <™

on the ray arg (z) = 6. Since A , B and F' are meromorphic functions having only finitely many poles

and the poles of f can only occur at the poles of A, B and F, then f (z) must have only finitely many

poles. Therefore, by Hadamard factorization theorem, we can write f as f(z) = flgg where d (2) is a

polynomial and g (z) is an entire function with p(g) = p (f) > o. From (3.12), we have

‘g (2)
d(2)

MyrPt2e

on the ray arg (z) = 6. Then
l9(2)] < 1d ()] 77 < Akt
on the ray arg (z) = 0, where A > 0 is a constant and k = degd > 1 is an integer. Hence

(3.13) lg ()] < M

on the ray arg(z) = 6. Therefore, for any given 6 € [0,2x)\E;, where E; C [0,27) is a set of
linear measure zero, we have (3.13) holds, for sufficiently large |z| = r. Then by Lemma 2.6, we get
p(g9) < p+ 3e < o for a small positive ¢, a contradiction with p (¢) > 0. Hence, every transcendental
meromorphic solution f of (1.1) must be of infinite order. By Remark 1.1 we have p (A) > o and since
p=max{p(B), p(F)} < o, then by using Lemma 2.4, we obtain

(3.14) p2 (f) < p(A).
Suppose that F' # 0. Then, by Lemma 2.8, we obtain
M) =A(f)=p(f) = +o0.

We know that if f has a zero at zy of order I (I >2), and A(z), B(z) are analytic at zp, then
F (z) must have a zero at zg of order [ — 2. Therefore, we get by F # 0 that

1 — 1 1
(315) N(’I",f> §2N (T, f) +N<’I"7F> +N(7‘,A)+N(T,B)
On the other hand, (1.1) may be rewritten as follows
1 f// f‘/ }
+ A=
fF [ f f
So

(3.16) m<r7]10)<m( ;)—i—m(rA)—i-m(rB +Zm(rf;]))+0()

j=1
Hence, by the lemma of logarithmic derivative [11], there exists a set E having finite linear measure
such that for all r ¢ E, we have

©)
(3.17) m (7’, ff) =0 (log(rT (r, f)) (H=1,2).

By (3.15), (3.16) and (3.17), we obtain

T(r,f):T<r,})+0() N( ) <1>+N(T,A)+N(T,B)

1
f

+m< ;)+m(7‘A)—|—mrB 22: (f(])> 0(1)§2N<T,ch)

j=1

(3.18) T(r,F)+T(r,A)+T(r,B)+ Clog(rT (r,f)),



SECOND-ORDER LINEAR DIFFERENTIAL EQUATIONS 17

where C is a positive constant. Set 8 = p(A) = max{p, p(A)}. Then, for any given ¢ > 0 and
sufficiently large r, we have

(3.19) Clog (rT (r, f)) < %T (r,f), T(ryA)< rbre T(r,B) < rbre, T(r,F) < rfte.

Then for r ¢ E and r sufficiently large, by using (3.18) and (3.19), we conclude that

T(r,f) <2N (r,}) + 3rfte 4 %T(r, ),

that is,

(3.20) T (r, f) <4N (r, ;) + 6r07e.
Hence, by (3.20), we get pa (f) < X2 (f) . It follows that

(3:21) X2 (f) =X (f) = p2 (f)-
We have N (r, f) < N (r, f) < T (r, f), then

(3.22) Ao (f) < Ao (f) < p2(f)-

Therefore, by (3.21) and (3.22) , we obtain Ay (f) = A2 (f) = p2 (f) . From (3.14), we get
A2 (f) =X (f) = p2(f) < p(A4).

4. PROOF OF COROLLARY 1.1

Since A is a meromorphic function having only finitely many poles and p(A) = o, then by Hadamard
factorization theorem, we can write A to A(z) = %, where K (z) is an entire function with p(A4) =
p(K) = o and P(z) is a polynomial. Hence, by Lemma 2.7, for any € (0 < & < o), there exists a set

H C [0, 400) with densH > 1 — 20 > 0 such that

(4.1) K (z)| e

holds for all z, |z| = r € H and r — +o00. Also, by Lemma 2.3, there exist positive constants ¢ > 0,
m > 1 such that

(4.2) [P (2)] <er™.

Hence from (4.1) and (4.2), we have

ro—e

e o —2¢

(1.3 46 = |5

Z o =
Since p = max {p(B), p(F)} < o, then for any given ¢ with 0 < 2¢ < o — p, we have (4.3) and
(4.4) p=max{p(B), p(F)} <o —2e.

By using Theorem 1.1 for equation (1.1), we find that every transcendental meromorphic solution f of
equation (1.1) satisfies

(4.5) p(f)=+oc and py(f) <p(4) =0

Furthermore, by using (4.5) and the fact F' # 0, we conclude from Theorem 1.1 that every transcen-
dental meromorphic solution f of equation (1.1) with F' # 0 satisfies

A =A(f) =p(f) =+o0

and
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