International Journal of Analysis and Applications
ISSN 2291-8639

Volume 9, Number 2 (2015), 129-141
http://www.etamaths.com

ITERATIVE SOLUTIONS OF NONLINEAR INTEGRAL
EQUATIONS OF HAMMERSTEIN TYPE

ABEBE R. TUFA, H. ZEGEYE* AND M. THUTO

ABSTRACT. Let H be a real Hilbert space. Let F,K : H — H be Lipschitz
monotone mappings with Lipschtiz constants L and La, respectively. Suppose
that the Hammerstein type equation v + K Fu = 0 has a solution in H. It
is our purpose in this paper to construct a new explicit iterative sequence
and prove strong convergence of the sequence to a solution of the generalized
Hammerstein type equation. The results obtained in this paper improve and
extend known results in the literature.

1. INTRODUCTION

Let H be a real Hilbert space. A mapping A : D(A) C H — H is said to be
L— Lipschitz if there exists L > 0 such that

(1.1) [|Ax — Ay|| < L||z — yl|, for all x,y € D(A).

A is called nonexpansive mapping if L = 1 and it is called contraction mapping if
L < 1. Tt is easy to observe that the class of Lipschitz mappings includes the class
of nonexpansive and hence the class of contraction mappings.

A mapping A : D(A) C H — H is said to be y— inverse strongly monotone if there
exists a positive real number v such that

(1.2) (x —y, Ar — Ay) > ~||Ax — Ayl|?, for all z,y € D(A).

If A is y—inverse strongly monotone, then it is Lipschitz continuous with Lipschitz
constant % A is said to be a-strongly monotone if for each x,y € D(A) there exists
o > 0 such that

(1.3) (x —y, Az — Ay) > allz — y||*.

A mapping A : D(A) C H — H is called monotone if for each z,y € D(A), the
following inequality holds:

(1.4) (x —y, Az — Ay) > 0.

Evidently the set of y-inverse strongly monotone and the set of a-strongly mono-
tone mappings are included in the set of monotone mappings.
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A monotone mapping A : H — H is said to be maximal monotone if R(I + AA),
the range of (I + AA), is H for every A > 0, where I is the identity mapping on
H. This is equivalent to saying that, a monotone mapping A is said to be maximal
monotone if it is not properly contained in any other monotone mapping.

For a maximal monotone mapping A and r > 0, a mapping J, : R(I+rA) — D(A)
given by J,. = (I + rA)~! is called the resolvent of A. It is well known that the
resolvent operator, J,., is single valued and nonexpansive mapping.

The class of monotone mappings is one of the most important classes of mappings
among nonlinear mappings. Interests in monotone mappings stems mainly from
the fact that many physically significant problems (see e.g [20]) can be modelled
by initial value problems of the form:

(1.5) z'(t) + Az(t) = 0,2(0) = zo,
where A is a monotone mapping in an Hilbert space H. Such evolution equation

can be found in the heat, wave and Schrédinger equations. If x(t) is independent
of t, the equation (1.5) reduces to

(1.6) Au =0,

whose solutions correspond to the equilibrium points of the system (1.5). A variety
of problems, for example, convex optimization, linear programming, and elliptic
differential equations can be formulated as finding a zero of maximal monotone
mappings. Consequently, many research efforts (see, e.g., Zarantonello [16], Minty
[11], Kacurovskii [9] and Vainberg and Kacurovskii [14]) have been devoted to
methods of finding appropriate solutions, if it exists, of equation (1.6) and then

(1.7) u+ Au=0.

One important generalization of equation (1.7) is the so-called equation of Ham-
merstein type (see e.g., [8]), where a nonlinear integral equation of Hammerstein
type is one of the form:

(1) (o) + [ Ko u(w))dy = o),

Q
where dy is a o-finite measure on the measure space €2, the real kernel k is defined
on ) x ), f is a real-valued function defined on 2 x R and is, in general, nonlinear
and h is a given function on €. If we now define a mapping K by

Ko(w)i= [ Kr.puwdy: o € 9
Q
and the so-called superposition or Nemytskii mapping by Fu(y) := f(y, u(y)) then,
the integral equation (1.8) can be put in operator theoretic form as follows:

(1.9) u+ KFu =0,

where, without loss of generality, we have taken h = 0. Given h in the function s-
pace H, the integral equation then asks for some w in H such that (I +KF)(u) = h.
We note that if K and F' are monotone, then A := I + K F need not be necessarily
monotone.
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Equations of Hammerstein type play a crucial role in the theory that arise in differ-
ential equations, for instance, elliptic boundary value problems whose linear parts
possess Greens functions can, as a rule, be transformed into the form (1.9) (see e.g.,
[12], Chapter IV).

Several existence and uniqueness theorems have been proved for equations of Ham-
merstein type (see e.g., [1, 2, 3, 4, 7]). In general, equations of Hammerstein type
(1.9) are nonlinear and there is no known standard method to find solutions for
them. Consequently, methods of approximating solutions of such equations are of
interest.

In 2004, Chidume and Zegeye [6] used an auxiliary operator (in their proof), defined
in a real Hilbert space in terms of K and F' that is monotone whenever K and F'
are, and constructed an iterative procedure that converges strongly to the solution
of Equation (1.9). In fact, they proved the following theorem.

Theorem 1.1. ([6]) Let H be a real Hilbert space. Let F : D(F) C H — H, K :
D(K) Cc H — H be bounded monotone mappings with R(F) C D(K) where D(F)
and D(K) are closed convex subsets of H salisfying certain condition. Suppose the
equation 0 = u+ K Fu has a solution in D(F'). Let {\,} and {0,} be real sequences
in (0,1] satisfying the following conditions:
On
. e Y o Gt = 1)

(i) n]l_}n(’)lo 0, =0, (i) Y, 1 Abn = oo,nh_)rr;o 5. = 0, (i) nh_)n;O S 0.
Let sequences {u,} C D(F) and {v,} C D(K) be generated from ug € D(F) and
vg € D(K), respectively by
(1 10) Up+1 = PD(F) Up — )\n(Fun — Up + en(un - ’U)l))),

' Un+1 :PD(K) Un _)\n(KUn+un+9n(vn_w2)))
where w1 € D(F) and we € D(K) are arbitrary but fized. Then, there exists d > 0
such that if A\, < d and g‘—: < d? for all n > 0, the sequences {u,} and {v,} con-

verge strongly to u* and v*, respectively in H, where u* is a solution of the equation
0=u+ KFu and v* = Fu*.

In 2012, Chidume and Djitte [5] introduced an iterative scheme and proved the
following Theorem.

Theorem 1.2. ([5]) Let H be a real Hilbert space. Let F, K : H — H be a bounded,
monotone mapping and satisfy the range condition. Let {u,} and {v,} be sequences
i H defined iteratively from arbitrary ui,v1 € H by

{ Upt1 = Up — An(Fup — vy) — Xl (un, —up),n >1

(11]‘) Un+1 :Un—An(KUn_Fun)_Anen(vn_’Ul)’nz 1

where {A\n,} and {0,} are sequences in (0, 1) satisfying the following conditions.

971,71
(-1

(i) nlLII;O 0, =0, (i) Y, Anbn =00, Ay = 0(0,), (iit) nl;rr;o SN 0.
Suppose that u+ K Fu = 0 has a solution in H. Then, there exists a constant dg > 0
such that if A, < doby, for all n > ng for some ng > 1, then the sequence {u,}

converges to u*, a solution of u+ KFu = 0.
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More recently, Zegeye and Malonza [17] introduced a method which contains an
auxiliary operator, defined in an Hilbert space in terms of K and F' which, under
certain conditions, is monotone whenever K and F' are, and whose zeros are solu-
tions of equation (1.9). They proved the following Theorem.

Theorem 1.3. ([17]) Let H be a real Hilbert space. Let F: H — H and K : H —
H be continuous and bounded monotone operators. Let E := H x H with norm
112113 = [|ull3 + ||v||%, for 2 = (u,v) € E and let a map T : E — E defined by
Tz =T(u,v) := (Fu—v,u+ Kv) be y—inverse strongly monotone. Let a sequence
{zn} be generated by:

xg = w € E chosen arbitrarily,
(1.12) Wy = Tp — YT T,
Tntl = QW + 577,(571 + /\nwn7

where &, Bry Yny A € (0,1) satisfy o + Bn + A = 1 and lim, o0, = 0,
Yoo an =00; 0 < B < BuyAn, foralln >0 and 0 < ag < 7, < 7, for some
ag, B € R. Then the sequence {x,} converges strongly to x* = [u*,v*] € E, where

*

u* is a solution of the equation 0 = u+ KFu and v* = Fu*.

We observe that in Theorem 1.1 and Theorem 1.2, the convergence of the Schemes
to the solution of the equation u+ K F'u = 0 is granted by the existence of a constant
which is not clear how it is calculated. In Theorem 1.3, the auxiliary operator T is
used in the iteration scheme and the condition imposed on T', which is y—inverse
strongly monotone, is strong. These lead us to the following question.

Question: Is it possible to construct an iterative scheme which converges strongly
to a solution of Hammerstein type equation (1.9) which does not require the exis-
tence of a constant and does not involve an auxiliary operator?

It is our purpose in this paper to construct a new explicit iterative sequence and
prove strong convergence of the sequence to a solution of the generalized Hammer-
stein type equation (1.9). Our theorems provide an affirmative answer to the above
question in Hilbert spaces. The results obtained in this paper improve and extend
the results in this direction.

2. PRELIMINARIES

Let H be a real Hilbert space and C' be a nonempty, closed and convex subset of
H. Tt is well known that for every point « € H, there exists a unique nearest point
in C, denoted by Pox, i.e,

(2.1) [l — Pox|| < ||z —y|| for all y € C.

The mapping P¢ is called the metric projection of H onto C' and characterized by
the following property (see, e.g., [13]):

(2.2) PexeCand (x — Pox,Pcx —y) >0, forallz € H,y € C.

In the sequel we shall make use of the following lemmas.
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Lemma 2.1. [13] Let H be a real Hilbert space and A : H — H be a monotone
mapping. Then, A is mazimal monotone if and only if R(I +rA) = H for some
r > 0.

Lemma 2.2. [20] Let H be a real Hilbert space. If A: H — H is monotone and
continuous, then A is mazimal monotone.

Lemma 2.3. [18] Let H be a real Hilbert space. Then for all x; € H and o € [0,1]
fori=20,1,2,3,....n such that ag + a1 + as + ... + a, = 1 the following equality
holds:

n
ooz + cnzy + o+ omaa | =D aillwl® = Y cioyllzi — ]
i=1 1<i,j<n
Lemma 2.4. Let H be a real Hilbert space. Then, for any given x,y € H, the
following inequality holds:

llz +yll* < llzl* +2(y, z + ).

Lemma 2.5. [15] Let {a,} be a sequence of nonnegative real numbers satisfying
the following relation:
Ap41 S (1 - an)an + anénvn Z no,
where {ay,} C (0,1) and {6,} C R satisfying the following conditions:
o0
lim a, =0, Zan = o0, and limsup é, < 0. Then, lim a, = 0.
n—oo n—oo n—oo

n=1

Lemma 2.6. [19] Let H be a real Hilbert space and let A : H — H be a continuous
monotone mapping. Then, N(A) = {z € H : Az = 0} is closed and convez.

Lemma 2.7. [10] Let {a,} be sequences of real numbers such that there exists a
subsequence {n;} of {n} such that an, < an,+1, for all i € N. Then, there exists a
nondecreasing sequence {my} C N such that my — oo and the following properties
are satisfied by all (sufficiently large) numbers k € N:

Ay, < Q1 ond ag < Q1
In fact, mp = max{j < k:a; <aji1}.
Lemma 2.8. [6] Let H be a real Hilbert space. Let E = H x H with norm
I1211% = ||ull? + ||v||% for z = (u,v) € E. Then, E is a real Hilbert space and for
wy = (uy,v1),ws = (ug,v2) € E, we have that (w,ws) = {uy,us) + (v, va).
Lemma 2.9. [6] Let C and D be nonempty subsets of a real Hilbert space H. Let
F:C — H, K:D — H be monotone mappings. Let E = H x H with norm
12112 = |Jull% + ||v||% for z = (u,v) € E. Define a mapping T : C x D — E by
Tz=T(u,v) = (Fu—v,Kv+u). Then, T is monotone mapping.

3. MAIN RESULT

We first prove the following lemma which will be used in the sequel.

Lemma 3.1. Let C' and D be nonempty subsets of a real Hilbert space H. Let
F:C — H, K:D — H be monotone mappings. Let E = H x H with norm
12112 = |Jull?% + ||v||% for z = (u,v) € E. Define a mapping T : C x D — E by
Tz=T(u,v) := (Fu—v,Kv+u). Then we have the following.
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(a) If F and K are Lipschitz, then T is Lipschitz.
(b) If F and K are mazimal monotone, then T is mazimal monotone.
Proof. Since F' and K are monotone, by Lemma 2.9, T is monotone mapping.
(a) Let z1 = (u1,v1),22 = (ug,v3) € C x D and let L; and Ly be Lipschitz
constants of F' and K, respectively. Then, we have
HTZlfTZQHQ = ||(F’U,1*U1,K"U1 +U1)7(F’UJ27’U2,KU2+U2)||2
= ||FU1—FU2—(Ul—'UQ)H2+HK’()1—KU2+(’LL1—U2)||2
< [Fur = Fug|? + 2| Fuy — Fugll[[or — va|| + [[or — va|?
H[Kv1 = Kva|[* +2||[Kvi — Kva|[[[ur — usl| + [Jur — ual|?

< ||Fuy = Fus|” + ||[Fur — Fua|® + [for — v2|[* + [Jor — va|[?

[ Ko = Kool |* + [[Kv1 — Koo |* + [fur — ual|* + [Jur — ugl[?
< 2[|Fuy — Fu||* + 2||v1 — va||* + 2[| Koy — Kval|? + 2[[ur — uo|?
< 2LF|Jur — wsl[? + 2[jor — v[* 4 2L3| o1 — va||* + 2[Jur — o[
< 2(LF + D)lJur — ul[* +2(L3 + 1)[[or — o[
< LP(Jlur — | * + [Jor — val?),

where L = v2max{+/L} + 1,\/L% + 1}. Thus ||T2 — T2|| < L||z1 — 22]|
and hence T is Lipschitz mapping.

(b) Let 0 < r < 1. Then, since F and K are maximal monotone we have
that R(I +7F) = H and R(I + rK) = H. Moreover, the resolvent J!' =
(I +rF)~t of F and JK = (I + rK)™! of K are nonexpansive. Now, let
h = (h1,hs) € E. Define G := E — E by Gw = (JF (hy +rv), JK (ha —1u))
for all w = (u,v) € E. By the nonexpansiveness of J!" and JX, we have
[|Gw; — Gws|| < r|jwy —wsl| , for all wy,ws € E. Thus, G is a contraction
mapping. Then, by the Banach contraction principle, G has a unique fixed
point say w* = (u*,v*) € E. That is, Gw* = w*, where u* = JF' (hy +rv*)
and v* = JE(hy — ru*). Thus, for every h = (hy,hy) € E, there exists
w* = (u*,v*) € E such that (I +rT)(w*) = h. Hence, R(I +rT) = E.
Therefore, by Lemma 2.1, T' is maximal monotone.

O

Now, consider the sequences {u,}, {v,} C H and let u}, = F(up — Y (Fu, —
Un)), V), = K(vy — v (Kvy 4+ ty)). Then through out the rest of the paper, we use
the following notations.

1) lp =Un —Yn [u;l —Up + P)’n(K'Un + un)}a

i) $p=vn—Vn [U;L + Uy — Y (Fu, — vn)]
We now prove the following theorem.

Theorem 3.2. Let H be a real Hilbert space. Let F, K : H — H be Lipschitz
monotone mappings with Lipschtiz constants L1 and Lo, respectively. Suppose that
the equation 0 = u + K Fu has a solution in H. Let u,v € H and the sequences
{un}, {vn} C H be generated from arbitrary ug, vo € H by

(31) { Unt1 = Qpt + (1 - an)(anun + (]. - an)tn),

Vg1 = an® + (1 — ap)(anvy + (1 — an)sy),
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where v, C [a,b] C (0, %), for L := v2max{\/L?+1,\/L2+1}, {a,} C (0,7] C

(0,1) and {an} C (0,c] C (0,1) for all m > 0 satisfies lim oy, =0 and )" o, = o0.
n— oo

Then, the sequences {u,} and {v,} converge strongly to u* and v* respectively, in

H, where u* is the solution of 0 = u+ KFu and v* = Fu*.

Proof. F and K are maximal monotone by Lemma 2.2. Now, let £ := H x H
be endowed with the norm ||z]|% = ||u|l%} + ||[v||%, for 2 = (u,v) € E. Define
T:E — EbyT(z) =T(u,v) = (Fu—v,Kv+wu). Then, by Lemma 3.1, T is
Lipschtiz and maximal monotone mapping. we also observe that u* is the solution
of 0 = u + KFu if and only if 2* = (u*,v*) is a solution of 0 = Tz for v* = Fu*.
Thus, N(T) = {z € E : Tz = 0} # 0. Now, for initial point zo = (ug,v) € E,
define the sequence {z,} by

Zny1 = apw + (1 — an)[an'zn +(1—an)(zn — 'YnTxn)]a

). Observe that we have z, = [uy,v,], where {u,} and {v,} are

where w = (@,
(3.1). Let yp, = 2 —ynTx, and p € N(T'). Then, by the monotonicity

sequences in
of T, we have

||yn _p||2 = ||Zn — Tz, _pH2 - Hzn — Yu Ty — yn||2
= ||Zn—p||2_||Zn_yn”2+27n<Txmp_yn>
= ||Zn*p||2*||Zn*yn‘|2+2’7n(<Txn*Tp,p*xn>
H(Tp,p — &n) + (T, Ty — Yn))
< ||Zn_p||2_||Zn_yn‘|2+27n<T-rnvxn_yn>
= ||Zn_p||2_||zn_xn||2_2<zn_$mxn_yn>
||z — yn||2 + 29 (TTp, Tn — Yn)
= lzn = pII* = llza = @all* = ll2n — yall?
(3.3) +2(zp, = YT Tp, — T, Yn — Tn)-

But since x,, = z,, — v» Tz, and T is Lipschitzian we obtain

<Zn - ’YnTxn —TnyYn — {En>
= <Zn - ’YnTZn - xna Yn — xn> + <"YnTZn - "YnTxna yn - $n>
(34) S <’YTLTZ77, - rYnTJ%u yn - xn> S 77LLHZ7L - anHyn - xn”

Thus, from (3.3) and (3.4) we have that

lyn = plI? < Nza = pl* = ll2n = 20l = [l2n = yal* + 2L7nll20 — zallllyn — @nl|
< ||zn_p||2_||zn_xn||2_||$n_yn||2
L (|20 = 2l + [z — yall?)
(35) < Alzn = oI + (L = Dllza = @al1? + (3L = Dl — yal[*.
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Thus, from (3.2), Lemma 2.3, and (3.5) we have the following;:

||Zn+1 —p||2 = |lopw + (1 — an)[anzn + (1 — an)ys] _pH2
< agllw —p|P + (1 = an)llan(zn = p) + (1 = an)(yn — p)II?
< agllw = pl[* + (1 = an) [anllzn = pI* + (1 = an)llya — plI?]
< apllw =p|P + (1 = an)an|lzn = pl1* + (1 = an) (1 = an)[[|z0 — pl®
+(YnL — 1)||2n — zn”z + (YL = 1)|[2n — yn||2]
(3.6) = aglw—pl* + (1 = an)llzn — Pl + (1 — @) (1 — an)

X('YnL - 1)[||Zn - mnHz + ||mn - yn||2]

Now, since from the hypotheses, we have v, < % for all n > 1, the inequality (3.6)
implies that
(3.7) l2ne1 = plP < anllw —pl[* + (1 = an)||z — pl %
Therefore, by induction we get that
|21 =l < max{||z0 — %, [lw — p[[*},¥n > 0,

which implies that {z,}, {,}, and {y,} are bounded.

Let z* = Py(ryw. Then, using (3.2), Lemma 2.4, Lemma 2.3, (3.5), (3.6) and the
fact that v, < %, we obtain the following;:
lzns1 = 27IF = flan(w = 2*) + (1 = o) [anzn + (1 = an)yn — 2°] |

< (L= an)llanza + (1= an)yn — 2*[?

2o (w — 2%, 2py1 — 27)

< (1= an)anllzn — 217 + (1= an) (1 = an)llyn — 27|
2o (w — 2%, 21 — 2°)
< (- O‘n)<an||zn -2 P+ (1 - an)[llzn — P 4 (L = (|20 — @[

Hln =yl D)) + 2w = 2, 2041 - 2)
(38) = (I —an)llzn — Z*||2 + (1 = an)(1 = an) (L — 1)(||zn — xn||2
|2y — yn||2) + 20w — 2%, 2np1 — 27)
< (1 —an)|lzn — 2|12 + 20 (w — 2%, 241 — 2%)
(3.9) < (1 —an)|lzn — 2||? + 200w — 2%, 2, — 2*) + 200 || 2ng1 — Zn||||w — 27]|.

Now, we consider two cases.

Case 1. Suppose that there exists ng € N such that {||z, — z*||} is decreasing for
all n > ng. Then, we get that, {||z, — z*||)} is convergent. Thus, from (3.8), the
fact that v, < b < % for all n > 0 and a,, — 0 as n — oo, we have that

(3.10) Yn — Tp — 0,2, — 2, — 0 as n — oo.
Moreover, from (3.2), (3.10) and letting n — oo, we get
(3.11) Zngl —2n = p(w—2zp) + (1 —an)(l —an)(Yn — 2n) — 0.

Furthermore, since {z,} is bounded subset of H, which is reflexive, we can choose

a subsequence {z,;} of {z,} such that z,, — 2 and limsup(w — 2%, z, — 2*) =
n—oo
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lim (w— 2", z,; —2"). This together with (3.10) implies that y,, — 2 and z,,;, — 2.
j—o0o
Now, we show that 2 € N(T'). But, since T is Lipschitz continuous, we have
| TYn, — Tp,|| — 0 as j — oo.

Let (s,t) € G(T). Then, we have t —T's = 0 and hence we get (s —z,t—T's) = 0, for
all z € E. On the other hand, since Yn; = Zn; — Vn; T Tn;, we have <zn]. —Vn; TTp; —
Yn;»Yn; — 8) = 0, and hence, (s — yn,, (Yn; — 2n;)/n; + Tpn;) = 0. Thus, we get
<S - ynj’t> = <S - ynj>T5> = <S - ynj7T5> - <8 - ynja (ynj - an)/lynj +Txnj>

= <S - ynjst - Tynj> + <5 - ynjaTynj - Tl'nj>

7(‘9 — Yny> (ynj - an)/’ynj>

2 <S — Yny> Tynj - Txnj> - <5 — Yny> (ynj - an)/7nj>'
This implies that (s — 2,¢) > 0, as j — oo. Then, maximality of T gives that
2 € N(T). Thus, from (2.2), we immediately obtain that

limsup(w — 2%, 2, — 2") = lim (w— 2", 2,, — 2%)
n—00 J—0
(3.12) = (w—2"%2-2% <0.

Hence, it follows from (3.9), (3.11), (3.
n — oo. Consequently, z, — z* = (u*,

and Lemma 2.5 that ||z, — z*|| = 0 as

12)
’U*) = PN(T)’LU.

Case 2. Suppose that there exists a subsequence {n;} of {n} such that
zn; = 27| < llzni41 — 271,
for all ¢ € N. Then, by Lemma 2.7, there exist a nondecreasing sequence {my} C N
such that m; — oo, and
B-13)  lzmy, = 2|l < lzmy1 = 27| and ||z — 2" < [[zmy 41 — 271,

for all k € N. Now, from (3.8), the fact that v, < 1 for all n > 0 and a,, — 0 as
n — oo, we get that yp,, — Tm, = 0,2, — Tm, — 0 as k — oco. Thus, following
the method in Case 1, we obtain
(3.14) lim sup(w — 2%, 2z, — 2*) < 0.
k—o00

Now, replacing z, by zm, in (3.9), we have that

||ka+1iz*”2 < (1iamk||zmk 7Z*||2+2amk<w72*vzmk 7Z*>7
(3.15) 20, llzmys — zmg [l — 2],

and hence (3.13) and (3.15) imply that

amk”’zmk - $*||2 < 2amk<w - Z*’ka - Z*> +2amk||zmk+1 - ka||‘||w - Z*H

But the fact that ay,, > 0 implies that

lzme = 2117 < 20w — 2%, 2, — 2%) + 2 zmper1 = 2m |- [Jw = 27]].
Thus, using (3.14) and (3.11) we get that ||z, —2*|| = 0 as k — oco. This together
with (3.15) implies that ||z, +1—2*|| = 0as k — oo. But ||z —2*|| < ||zmy+1—2%|
for all £k € N gives that zp — z*. Therefore, from the above two cases, we can
conclude that {z,} converges strongly to a point z* = (u*,v*) = Py(ryw, where u*

is the solution of 0 = v + K Fu and v* = Fu*. The proof is complete.
O
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If, in Theorem 3.2, we assume that F' is 7;-inverse strongly monotone and K is
~o-inverse strongly monotone, then both F' and K are Lipschitz with Lipschitz con-

stant L' = max{%, %} and hence we get the following corollary.

Corollary 3.3. Let H be a real Hilbert space. Let F : H — H be ~vyi-inverse
strongly monotone and K : H — H be yy-inverse strongly monotone mappings.
Suppose that the equation 0 = u + K Fu has a solution in H. Let u,v € H and the
sequences {un},{vn} C H be generated from arbitrary ug and vy in H by

Unt+1 = Qpt + (1 — ) (anun, + (1 — an)ts),
(3.16) { vnill = a0+ (1 — an)[anvn + (1 — an)sn),
where v, C la,b] C (0,1), for L := \/2((L')>+1), {an} C (0,7] € (0,1) and

{an} C (0,¢] C (0,1) for all n > 0 satisfies li_>m an =0 and Y a, = co. Then,
n—oo

the sequences {u,} and {v,} converge strongly to u* and v* respectively, where u*
is the solution of the equation 0 = u+ K Fu and v* = Fu®*.

If, in Theorem 3.2, we assume that F' is Lipschitz a;-strongly monotone with Lips-
chitz constant L; and K is Lipschitz as-strongly monotone with Lipschitz constant
[P

Ly, then one can show that F'is Z3-inverse strongly monotone and K is $3-inverse
1 2

strongly monotone and hence we get the following corollary.

Corollary 3.4. Let H be a real Hilbert space. Let F': H — H be Lipschitz aq-
strongly monotone and K : H — H be Lipschitz as-strongly monotone mappings.
Suppose that the equation 0 = u + K Fu has a solution in H. Let u,v € H and the
sequences {un},{v,} C H be generated from arbitrary uo and vy in H by

{ Unt+1 = Qpt + (1 — ) (anun, + (1 — an)ty),

(3.17) Unt1 = an® + (1 — ap)[anvy + (1 — an)sn),

where 7y, C [a,b] C (0, 1), for L:=\/2((L")?+1) and L" = max{%, %}, {an} C
(0,7] € (0,1) and {an} C (0,c] C (0,1) for all n > 0 satisfies 1i_>m a, =0 and
>, = 0o. Then, the sequences {u,} and {v,} converge strongly to u* and v*
respectively, where u* is the solution of the equation 0 = u+ KFu and v* = Fu*.

If, in Theorem 3.2, we assume that F' = I, an identity mapping on H, then F' is
Lipschitz monotone with Lipschitz constant L; = 1 and the sequences {t,} and
{sn} reduce to:

D) 1, = (1= v)un + (1 = Y) V0 — V2 Ko,

ii) s, = (1 =720 + (90 — 1)¥nttn — Yn,
where v], = K(vy, — Yn(Kvy, + u,,)) and hence we get the following corollary.

Corollary 3.5. Let H be a real Hilbert space. Let K : H — H be Lipschitz
monotone mapping with Lipschtiz constant Ls. Suppose that the equation 0 =
u~+ Ku has a solution in H. Let u,7 € H and the sequences {u,},{v,} C H be
generated from arbitrary ug and vy in H by

{ Unt1 = @pl+ (1 — o) (apun + (1 — an)th),

(3.18) U1 = ap® + (1 — ay)|anvn + (1 — ay)sh,),
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where v, C [a,b] C (0,%1), for L := v2max{v2, /L2 +1}, {a,} C (0,7] C (0,1)

and {an} C (0,c] C (0,1) for all n > 0 satisfies lim o, = 0 and Y a, = oo.
n— oo

Then, the sequences {u,} and {v,} both converge strongly to u*, where u* is the

solution of the equation 0 = u 4+ Ku.

If, in Theorem 3.2, we assume that K = I, an identity mapping on H, then K is
Lipschitz monotone with Lipschitz constant Ly = 1 and the sequences {t,} and
{sn} reduce to:

i) t, =1~ ’Y?L)un + (1 = Y)¥nVn — Ynty,

11) Z = (1 - ’Yn)vn + (771 - ]-)'Ynun + 'YZFuna
where u], = F(u, — vn(Fu, —v,)) and hence we get the following corollary.

Corollary 3.6. Let H be a real Hilbert space. Let ' : H — H be Lipschitz
monotone mapping with Lipschtiz constant Ly. Suppose that the equation 0 = u+Fu
has a solution in H. Let 4,0 € H and the sequences {uy}, {vn} C H be generated
from arbitrary ug and vg in H by

Unt1 = Ant + (1 — ay)(anun + (1 — an)tl),
Upt1 = an® + (1 — ap)[anvy + (1 — ay)sl),
where v, C [a,b] C (0, 1), for L == v2max{Vv2,\/L? + 1}, {a,} C (0,7] C (0,1)
and {a,} C (0,c] € (0,1) for all n > O satisfies li_)m anp =0 and Y o, = .
n oo

Then, the sequences {u,} and {v,} converge strongly to u* and —u*, respectively,
where u* is the solution of the equation 0 = u + Ku.

(3.19)

We note that the method of proof of Theorem 3.2 provides the following theorem
for approximating the unique minimum norm point of solution of the Hammerstein
type equation.

Theorem 3.7. Let H be a real Hilbert space. Let F, K : H — H be Lipschitz
monotone mappings with Lipschtiz constants Ly and Lo, respectively. Suppose that
the equation 0 = u + K Fu has a solution in H. Let the sequences {un},{v,} C H
be generated from arbitrary uy and vy in H by

Unt+1 = (1 — ap)(anun + (1 — ap)ty),
(3.20) { vnil = (1 — ap)(apvy + (1 — an)sn),

where v, C [a,b] C (0,1), for L :== v2max{\/L? +1,\/L3 + 1}, {a,} C (0,r] C

(0,1) and {an} C (0,c] C (0,1) for all n > 0 satisfies hm an =0 and Y a,, = o0.

Then, the sequence {z b= {(un,vn)} converges strongly to the unique minimum
norm point z* = (u*,v*) in H x H, where u* is a solution of 0 = u+ KFu and
v* = Fu*.

Remark 3.8. Theorem 3.2 improves Theorem 3.4 of Chidume and Zegeye [6] and
Theorem 3.1 of Chidume and Djitte [5] in the sense that the convergence of our
scheme does not require the existence of a constant number.

Remark 3.9. Theorem 3.2 extends Theorem 8.4 of Zegeye and Malonza [17] in
the sense that our scheme, which does not involve the auxiliary mapping, provides
strong convergence to a solution of Hammerstein type equation for a more general
class of monotone mappings. QOur theorems provide an affirmative answer to the
above question in Hilbert spaces.



140 TUFA, ZEGEYE AND THUTO

4. NUMERICAL EXAMPLE

Now, we give an example of Lipschitz monotone mappings satisfying conditions of
Theorem 3.2 and some numerical experiment result to explain the conclusion of the
theorem.

Let H = R with absolute value norm. Let F, K : R — R be defined by
(4.1) Fzx =3z and Kz =2z — 14.

Clearly, F' and K are Lipschitz maximal monotone mappings with constants 3 and

2, respectively. Furthermore, we observe that u* = 2 is the solution of u+ K Fu = 0.
; 1 1 1

Now if we take, an = 7555, Y = 77500 + 001, an = ;755 +0.01, and w =

(u,7) = (1,0), we observe that the conditions of Theorem 3.2 are satisfied and

Scheme (3.1) reduces to

{ Upt1 = Qpt + (1 — an)(anun, + (1 — an)ty),

(4.2) Unt1 = an® + (1 — ap)(anvn + (1 — an)sn),

where t,, = (1 — 37, + 87v2)upn + (1 — 5Yn)Ynvn + 1492,
and s, = (372 — 2y, + Vv, + (57m — D) yntn — 2872 + 147,.

Thus, for (ug,vg) = (1,3), (un,v,) converges strongly to (u*,v*) = (2,6) =
Py (ry(w), where 2 is the solution of v + KFu = 0 and 6 = F(2). See the fol-
lowing Table and Figure.

n 1 101 1001 2001 3001 4001 5001 6001 7001 7901
up | 1.0000 | 1.5552 | 1.9025 | 1.9470 | 1.9636 | 1.9723 | 1.9776 | 1.9812 || 1.9838 | 1.9856
vy, | 3.0000 | 5.0504 | 5.7888 | 5.8853 | 5.9213 | 5.9400 | 5.9516 | 5.9594 || 5.9650 | 5.9689

6
5 i
4 u0:1, u, ]
>C v0:3, Vo
- . |
2 K/
1t i
0 L L L L L L L
0 1000 2000 3000 4000 5000 6000 7000 8000

iterations, n

Figure 1
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