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Abstract. This paper presents the concept of enriched Chatterjea-Suzuki-(C) type nonexpansive mappings in real
Banach spaces. For this class, strong and weak convergence theorems are derived using a modified ECM-iterative
scheme. To illustrate the theoretical findings, a numerical example is presented, with convergence comparisons against
existing schemes supported by graphical and tabular evidence. Furthermore, the practical relevance of the results is
demonstrated by applying them to a delay differential equation and a nonlinear fractional integro-differential equation,

where the existence and uniqueness of solutions are also addressed.

1. INTRODUCTION

Fixed point theory is a core mathematical concept with broad applications in various fields of
sciences and technologies. Over recent decades, mathematicians have focused on establishing
the existence and approximation of fixed points for various classes of nonexpansive mappings,
following the foundational works of Browder [9], Gohde [20] and Kirk [29]. Many eminent math-
ematicians came up with novel notions and enriched this discipline with massive contributions

(see, [1,21,23,48,49] and references therein). Now, we recall the following definitions.

Definition 1.1. Suppose Z is a Banach space with 0 # S C Z. For all c,d,e € S, a mapping ) : S — S is
defined as
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(a) nonexpansive if
102 — Q| < lc —d|l.
(b) quasinonexpansive if F(Q)) is nonempty and the inequality
1O —ell < [lc —ell,

holds for e € F(Q)).

In 1972, Chatterjea [17] considered mappings () : S — S satisfying
10 — Q|| < K[lle — )l + 14 — Qcll|  forallc,d €,

for some k € [0, %), a condition that is independent of the Banach contraction condition and
does not require continuity. In 2008, Suzuki [42] introduced a class of mappings wider than the

nonexpansive ones, defined by condition (C):
%Hc = Q|| < llc—d|| implies [|Qc—Qd|| <|lc—4]l,

and obtained existence and convergence results for it. Combining these two ideas, Karapinar and
Tas [31] introduced the Chatterjea-Suzuki-(C) condition, in which the right-hand side of condition
(C) is replaced by %[HQC —d|| + llc - Qd||]. Fixed point results for these and related classes of
nonexpansive type mappings have since been obtained by many authors (see [13, 14,28, 30, 38, 40,
48]).

A major breakthrough came in 2019 when Berinde [8] put forward the concept of enriched nonex-
pansive mappings. In 2021, Berinde and Pacurar [12] introduced enriched Chatterjea contractions
and approximated their fixed points by the Krasnoselskij iteration. This work was further devel-
oped in 2022 by Ullah et al. [51], who formulated enriched Suzuki nonexpansive (ESN) mappings
and examined fixed point existence along with convergence behavior in Hilbert spaces. Around
the same period, Shukla and Pant [44] generalized this direction by presenting Suzuki enriched
nonexpansive and enriched quasinonexpansive mappings within the Banach space framework,
along with associated convergence results. In 2023, Ali and Jubair [2] put forward a broader
class known as enriched Berinde nonexpansive mappings. Recently, Bera et al. [15] introduced
enriched contractions in pair, established common fixed point results for them, and applied these
results to a pair of nonlinear matrix equations. Motivated by these developments, we introduced
enriched Reich-Suzuki type nonexpansive mappings in [11] in 2024, and in the present work, we
put forward a new class of enriched Chatterjea-Suzuki-(C) type nonexpansive mappings in Banach
spaces.

Throughout this work, let Z denote a Banach space with a nonempty subset S, and let c; € S
be a given starting point. A number of iterative schemes have been developed in the literature to

approximate fixed points of a mapping () : S — S, some of which are presented below.

(1) Picard iteration (Picard, 1890) [37]:

1 = Qcy, VYmnelN. (1.1)
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(2) Mann iteration (Mann, 1953) [34]:
1 = (1=Ap)en + A, Qcyy, ¥YnelN. (1.2)
(3) Ishikawa iteration (Ishikawa, 1974) [27]:

dy = (1 - Hn)cn + ,UnQCn/
cnp1 = (1= Ap)en + 1,Qdy, Y1 e N.

(1.3)

(4) Noor iteration (Noor, 2000) [35]:

en = (1=vy)en +vuQeyp,
dy = (1 - Hn)cn + ,UnQen/ (1.4)
cnp1 = (1= Ap)en + 1,Qdy, Y n e N

(5) S-iteration (Agarwal et al., 2007) [4]:

dy = (1 - [Un)cn + HnQCn/
cne1 = (1= A,)Qcy + A,Qdyy, Y1 e IN.

(1.5)

which satisfy the condition Y, A,y (1— py) = .
n=1
(6) Abbas-Nazir iteration (Abbas and Nazir, 2014) [3]:

en - (1 _VVI)CTZ +VnQCn,
dy = (1 - [vln)QCn + PnQen/ (16)
cnt1 = (1-2A,)Qdy + A,Qey, ¥ ne N

(7) Picard-S iteration (Gursoy and Karakaya, 2014) [22]:
n = (1 - Hn)cn + ‘UnQan

dy = (1 - An>an + A Qey, (17)
cpa1 = Qd,, ¥YnelN.

(8) Vatan two-step iteration (Karakaya et al., 2015) [32]:

dn = Q((1 = pn)en + 1aQcn),
cnr1 = Q1= An)dy + A, Qdy), ¥ neN.

(1.8)

(9) Thakur iteration (Thakur et al., 2016) [46]:

en = (1 - [Jn)cn + ,UnQCn/
dy = Q((1 = Ap)en + Auer), (1.9)
cpa1 =Qd,, ¥YnelN.
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(10) M-iteration (Ullah and Arshad, 2018) [47]:

en = Q((1 = pn)cn + 1 Qen),
dy = Q((1-Ap)en + 1,Qey), (1.10)
cpi1 =Qd,, ¥YnelN.

(11) Piri iteration (Piri et al., 2019) [39]:

en = Q((1 = pn)en + 1 Qen),
dn = Qen’ (111)
cnr1 = (1=Ay)Qey + A,Qdy, Y1 e N

(12) Garodia-Uddin iteration (Garodia and Uddin, 2020) [24]:

en — Q[(]. - ‘Lln)Cn + HnQCn],
d?’l == Q[(]. - /\YZ)QCW + /\nQen], (1.12)
Cn+1 == an, V ne N

(13) Z-iteration (Temir and Korkut, 2022) [45]:

en = Q[(1 = pn)cn + unQlenl,
d?’l = Qen/ (1.13)
cne1 = Q[(1=A,)Qc, + 1,Qdy], Y neN.

(14) PV algorithm (Gautam and Vineet, 2024) [25]:

dy = Q((1-21,)Q%, + 1,Qcy),

(1.14)
cn1 = Qd,.
(15) ECM iteration (Nour-Eddine et al., 2024) [26]:
fo = (1 =vn)en +vuQey
en = Q(UunQfy + (1= pn)Qcy), (L.15)

dn = Qey,
cnr1 = QA Qdy + (1= 1,)Qey), Y1 eN.

where {A,}, {tn} and {v,,} € [0,1].
Motivated by recent developments, we propose a modified ECM iteration for approximating
fixed points of an enriched class of mappings. Set (), : S — S as Oyc = (1 -y)c+ yQc. The

modified ECM-iteration is formulated as follows:
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fo =1 =vu)en +vaOyey

en = Oy (1nQy fro + (1= ) Q)

dn = Qyey,

eni1 = Oy (A Qydy + (1 - A4)Qye), YneN
K%l, k > 0and {A,}, {t} and {v,,} € [0,1].

Beyond the development of generalized contractive mappings and iterative schemes, fixed

(1.16)

where, y =

point theory remains a cornerstone for addressing nonlinear problems in applied mathematics.
Specifically, modified Ciri¢-Reich-Rus type contractions have been utilized to establish existence
and uniqueness results for variational inequality problems [5]. Furthermore, the advancement of
implicit iterative techniques, such as Jungck-type schemes, has significantly improved stability,
data dependency analysis, and convergence behavior, particularly in the study of nonlinear func-
tional integral equations with delays [33]. From an application perspective, recent studies have
demonstrated that fixed point approaches can be effectively combined with Green’s function tech-
niques to analyze fractional differential equations [52]. In particular, fractional Volterra-Fredholm
integro-differential equations involving Caputo derivatives have been employed to model com-
plex phenomena such as blood flow dynamics, where iterative schemes ensure convergence to the
unique solution [6].

This paper focuses on approximating the fixed point of an enriched Chatterjea-Suzuki-(C) type
nonexpansive mapping within a Banach space. We support our findings with computational
results through a numerical example. In particular, we analyze the convergence patterns of
various well established iterative schemes, comparing their performance using a table and a
graphical illustration. Our study demonstrates that the modified ECM-iterative scheme achieves
faster convergence. Furthermore, the theoretical results are applied to study the convergence
of the ECM-iterative scheme for a delay differential equation and to establish the existence and

uniqueness of solutions for a nonlinear fractional integro-differential equation.

2. PRELIMINARIES

This section highlights some essential definitions and theorems that provide the necessary
foundation for our results. We begin with the concept of fixed points in normed linear spaces,
followed by key geometric properties that play a crucial role in our analysis.

In a normed linear space Z, a point ¢ € Z is a fixed point of a mapping () : Z — Z if Q¢ = c. The

set of all fixed points is denoted by F(Q}).

Definition 2.1. [16] A Banach space Z is uniformly convex if, for every 0 < € < 2 there exists a 6 > 0
such that
c+d

<1-9,

whenever c,d € Z satisfy ||c|| = [|d|| = 1 and ||c — d|| > €.
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Definition 2.2. [36] A Banach space Z is said to satisfy the Opial property if, for every sequence {c,} in Z
that converges weakly to ¢ € Z,

liminf|lc, — ¢|| < liminfllc, — ¢*|| forall ¢* € Zwith ¢* # ¢.
n—oo n—o0

Definition 2.3. [19] Suppose Z is a Banach space with O # S C Z and {c,} is a bounded sequence in Z.
Define:
(i) Asymptotic radius of {c,} at c:
r(c, {cu}) == limsup ||, —cll.
n—oo
(ii) Asymptotic radius of {c,} relative to S:
(S, {cu}) :=inf{r(c, {c,}) : c € S}.
(iii) Asymptotic centre of {c,} relative to S:

A(S,{cn}) :={ceS:r(c fcu}) = r(S, {cu})}-

Definition 2.4. [7] Consider a self-mapping () on a Banach space Z. A y-Krasnoselskii (averaged) mapping
is defined as

Oyc=(1-y)c+yQc, VceZ,
where y € (0,1].
Remark 2.1. The fixed point set of the y-Krasnoselskii mapping (), is identical to that of (); that is,
F(Q,) = F(Q)).

Berinde and Pacurar coined the term ‘enriched’ to describe an enlargement of the traditional

classes of contraction and nonexpansive mappings.

Definition 2.5. [10] Consider a normed linear space denoted as (S, || -||). A mapping Q) : S — S is termed

as an enriched contraction provided there exist constants « € [0, 00) and 6 € [0,k + 1) such that
llx(c—d) +Qc—Qd|| < Ollc—d||,VYc,deS. (2.1)
Definition 2.6. [8] Consider a normed linear space (S, || - ||) and a mapping Q) : S — S is known as an
enriched nonexpansive mapping provided there exists x € [0, o) such that
lc(c—d) + Qc—Qd|| < (k +1)llc—d|l, Vc,deS. 2.2)
Substituting k = 0 in equation (2.2) yields nonexpansive mappings, which are a subset of

enriched nonexpansive mappings (but not vice versa, as shown in [8]). According to [8], enriched

nonexpansive and quasinonexpansive mappings are entirely unrelated.

Theorem 2.1. [43] Consider a sequence {c,} € R™ that satisfies the inequality:

cnt1 < (1—vp)cy.
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where {v,} € (0,1) and Y, v, = co. Then lim ¢, = 0.
n=0 n—oo

Definition 2.7. [31] Let Z be a Banach space with a nonempty subset S. A mapping () : S — S satisfies
the Chatterjea-Suzuki-(C) condition if, for all c,d € S

1 . . 1
EHC — Q|| < |lc —d|| implies ||Qc — Qd]| < 5 [[1Qc —d|| + |lc = Qd|]] . (2.3)

Theorem 2.2. [50] If Q) satisfies Chatterjea-Suzuki-(C) condition with a fixed point, then ) is a quasi-

nonexpansive mapping.

Theorem 2.3. [41] Suppose Z is a Banach space with uniform convexity, and let {u,} be a sequence such
that for alln € N,

O<A<u, <v<l
Suppose that {c,} and {d,} are sequences in Z satisfying
limsup |lcqll < €, limsup ||d,|l < € and lm |[(1 — pn)dy + pncull = €
n—00 n—00 n—0eo

for some € > 0, then lim ||d,, — c,|| = 0.
n—oo

Theorem 2.4. [31] Assume that Z is a Banach space which contains a nonempty subset S. If a mapping
Q) : S — S satisfies Chatterjea-Suzuki-(C) condition, then ||c — Qd|| < 5|lc — Qcl| + |lc —d||.

3. CoNVERGENCE ANALYSIS OF ENRICHED TYPE NONEXPANSIVE MAPPING
This section presents the class of enriched Chatterjea-Suzuki-(C) type nonexpansive mappings.
Definition 3.1. Consider a normed linear space (S, || - ||) and if there exists x € [0, 00) such that
licc~d) + Q= Ol < 5[k + 1)(d =) +e~ Ol +i(x + (e —d) +d-Odl]  3)

VY c,d €S, then a mapping Q) © S — S is called an enriched Chatterjea-Suzuki-(C) type nonexpansive
mapping.

Lemma 3.1. Let S be a nonempty convex subset of Z and () : S — S be an enriched Chatterjea-Suzuki-(C)
type nonexpansive mapping, then the y-Krasnoselskii mapping Q),, : Z — Z with y = KLH satisfies

1€Y)c — Oy d|| < %[Ild - Qycl| + [le - dell] forallc,d € Z. (3.2)

In particular, (), satisfies the Chatterjea-Suzuki-(C) condition.

Proof. Puty =

1 1
€ (0,1],sothatk = ——1land x +1 = —. For all c,d € Z we have
k+1 Y y

1 1
k(c—d)+Qc—-Qd = )—/[(1 —y)(c—d)+y(Qc—- Qd)] = ;(ch - de),

1 1
(k+1)(d=c)+c—Qc= )—/[(d—c)—m/(c—ﬂc)] = ;(d—ch),
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(K+1)(c—d)+d—m:% (c—d)+y(d—Qd)] = %(C—de).

Substituting these three identities in (3.1) and multiplying by ), we obtain (3.2). Since (3.2)
holds for all ¢,d € S, it holds in particular whenever %Ilc = Q| < llc—d||. Thus ), satisfies the
Chatterjea-Suzuki-(C) condition. m|

Theorem 3.1. Let S be a nonempty bounded convex subset of a Banach space Z, and let () : S — S be an
enriched Chatterjea-Suzuki-(C) type nonexpansive mapping with y = #1 and define a sequence {c,} in S
by c; € Sand

cnt1 = vQey + (1=y)c,, nelN.

Then nh_r)ro\o [|Qc;, — cull = 0.
Proof. From Lemma 3.1,
HQM—%@NK%WMrQWwHW—%@MW (3.3)
Since, we have
Cnr1 = Oy = yQen + (1=y)cn,

and hence we get [|c,11 — Q) ¢yll = 0. Applying triangular inequality in (3.3),

1
19 e = Qyenall < 5 [llen = Qpenll + 1960 = Qyuiall]

Hence, [|Q)cy — Qycnpall < lley — cuyall- Thus, writing s, = [lcu11 — cull, we have s,,41 < s, for all
n € N, so {s,} converges to some s > 0. For k > 0 put D, = |lc,1x — cull. Applying Lemma 3.1 with
c=cyand d = ¢, 4k, where k > 1, we get
1 1
Dn+1,k = ”chn - Q)/Cn+k|| < E[ch—i—k = Cpp1ll + e — Cn+k+1||] = E(Dn—l—l,k—l + Dn,k—i—l)/
and therefore D, x+1 > 2D, 1k — Dyy+1 k1. We claim that lim D, = ks for every k > 0. This is clear
n—oo
fork = 0and k = 1, because D,y = 0 and D,,; = s,,. If the claim holds for k — 1 and k, where k > 1,
then the last inequality yields lim inf D, y 1 > 2ks — (k—1)s = (k+ 1)s, while the triangle inequality
n—00
k
and the monotonicity of {s,} give D, y+1 < ‘Z Sn+i < (k+1)s,, and hence limsup D, 11 < (k+1)s.

i=0 n—oo

Consequently lim D, x1 = (k+1)s, and the claim follows by induction. Since S is bounded,

D, < diam(S) < oo for all n and k, so ks < diam(S) for every k > 0, which is possible only if s = 0.

Therefore
lim |y, — cyll = lim s, = 0.
n—00 n—oo
Since Oy, — ¢ = y(Qcy — ¢y) and y > 0, it follows that lim [|Qc;, — c,ll = 0. O
n—oo

Theorem 3.2. Let Z be a Banach space that contains a compact convex subset S, and let () be an enriched
Chatterjea-Suzuki-(C) type nonexpansive mapping defined on S. Construct a sequence {c,} in S by choosing

an initial point ¢1 € S and setting

cnt1 = yQen + (1=y)cn, n €N,
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1

wherey = .

Then {c,} converges strongly to a fixed point of ().

Proof. Since a compact set is bounded, Theorem 3.1 gives lim [|Qc, — c,|| = 0. Multiplying on both
n—oo

sides by y, we obtain
lim [|€))¢;, — cull = 0.
n—oo

Since S is compact, any sequence within it has a convergent subsequence. Hence a subsequence

{cn,} of {c,} converges to a point ¢ € S. According to Theorem 2.4 we have,
llew, — ¢l < Sllew, — Qyenll + llew, —cll, ¥V k € IN.

Therefore, {c,,} — Q,¢, which implies
Consider,

1

19 €0 = Qycll < 5 [lle = Qpeall +llew = Qyell]

Using triangular inequality and by (3.4), we have

1

10y e =l < 5 [lle = Qyeall + llew = <ll]
Given that, ¢,+1 = yQcy, + (1 — y)c, and thus we have
llen+1 —cll < llew — cll, for n € IN. (3.5)

By (3.5), the sequence {||c; — ¢ll} is nonincreasing, so nh_r)n llc, — ¢l| exists. Since ||, —¢ll — 0 as
k — oo, this limit is 0. Hence {c,} converges strongly to ¢, and ¢ € F(Q) by (3.4) and Remark
2.1 m|

Theorem 3.3. Suppose Z is a Banach space and Q) : Z — Z represents an enriched Chatterjea-Suzuki-(C)
type nonexpansive mapping. If () possesses a fixed point, then y-krasnoselskii mapping )y, : Z — Zisa
quasinonexpansive mapping.

Proof. By Lemma 3.1, for all ¢, d € Z,

10y = Oyl < {14 = el + lle = Ol

NI —

Letd € F(Q)). By Remark 2.1, O),d = d, so the inequality becomes

1
1y c —dl| < > lld = Qyell + llc — dll],
that is, ||€2,c —d|| < [lc —d|| for all ¢ € Z. Hence (), is a quasinonexpansive mapping. |

Theorem 3.4. Let Z be a Banach space satisfying Opial’s condition, let S be a nonempty closed convex
subset of Z, and let (3 : S — S be an enriched Chatterjea-Suzuki-(C) type nonexpansive mapping. Then the
mapping I — () is demiclosed at zero.
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Proof. Using Lemma 3.1, (), satisfies Chatterjea-Suzuki-(C) condition for y = KLH Consider a

sequence {c,} that weakly converges to ¢ € S, and the sequence {(I — Q)c,} converges strongly to
0, it follows that lim ||c, — Qcy|| = 0. We aim to prove that (I — (0)c = 0. Consider,
n—oo

llcn = Qyenll = llew = (1 =y )en — yQeull = Yllen — Qenll.
Asn — oo, we get
lim flew = Qyeull =y lim [l — Qe = 0.

Then by Theorem 2.4, we have

llew — Oyl < Sllen — Qyenll + llen = <ll-
Taking lirrlr_1) glf on the above inequality, we get

liminfllc, — (¢l < lim inflle, — .
If Q)¢ # ¢, applying Opial’s condition gives

liminf|le, —cll < li,ggglf llen — Qycll,

which contradicts the previous inequality. Thus, (), ¢ = ¢, since {c,} weakly converges to ¢. Hence,

y(¢ —Q¢) = 0. Since y € (0, 1], we obtain, Q¢ — ¢ = 0. Therefore, I — () is demiclosed at zero. O

4. CoNVERGENCE REesurts via MobpiriED ECM-ITERATION

This section establishes both strong and weak convergence results through the modified ECM-

iteration.

Theorem 4.1. Let S be a closed, convex subset of a uniformly convex Banach space Z, and Q) : S — S an
enriched Chatterjea-Suzuki-(C) type nonexpansive mapping with F(Q) # 0. If ¢ € S is arbitrarily chosen,
{cn} is the sequence constructed by the modified ECM-iterative scheme (1.16), then, for every ¢ € F(Q)),
nlgrolo llc,, — || exists.

Proof. Suppose ¢ € F(Q)), we have ¢ € F((),). By Lemma 3.1, (), : S — S satisfies Chatterjea-
Suzuki-(C) condition, where y = KLH By (3.1),

llk(c—d) + Qc—Qd| < % (k+1)(d=c)+c—Qell+ll(k +1)(c—d) +d—-OQdl],

forallc,d € S. Using (1.16) and Theorem 2.2 we have,

[ =cll = 111 =va) (cn =€) +va(Qycn =)
< (1 —Vn)”Cn —cll+ VnHQnd |
< (T=va)llen = cll + vallen =<l

= ||C1’l - C”/

lew = cll = 10 [1n €y fi + (1 = 1) Q| = <l
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<Ny fu + (1= ) Qe =<l

= lun(Qy fu = ) + (1 = ) (e = )l
< unllQy fu = cll + (1 = w19 e — <l

< tinllf = cll + (1 = pn)llen = <l

< iallen = cll + (1 = pn)llen — <l

= llen —<ll.
lldn = cll = 11y en = cll < llen = <l < flew —<ll,

lewsr = cll = 10 [AnQydn + (1= An)Qyen| - <l
<A Qydn + (1= 2A,) e, — |
= A (Qydd =€) + (1= Au) (Qpen =)
< Aall Qi = cll + (1= An)lIQyen — <l
< Aullds = cll+ (1= A)llew = cll
< Anllen = cll + (1= An)llen — <l

= llen —<ll
From this,
I1fre = cll < llewn =<l (4.1)
llen — <l < llen — <l (4.2)
lidn = cll < llew =<l (4.3)
llen1 —<cll < llew —<ll (4.4)
we get, {|lc, — ¢ll} is bounded and nonincreasing. Thus, 7}1_{1&10 llen, — || exists for each ¢ € F(Q)). O

Theorem 4.2. Let S be a nonempty closed convex subset of a uniformly convex Banach space Z and let
Q) : S — S be an enriched Chatterjea-Suzuki-(C) type nonexpansive mapping. Let {c,} be generated by

(1.16) with y = where {A,} C [0, 1] and there exist constants a, b such that

1
x+17
0<a<u, <1 and 0<a<v,<b<1l forallneN.

Then F(Q)) # 0 if and only if {c,} is bounded and lim ||c, — Q,c,l| = 0.

n—oo
Proof. Suppose that F(Q)) # 0 and let ¢ € F(Q)). By Theorem 4.1, {c,} is bounded and

€:= lim ||c,, — ¢l|

n—oo

exists. Since (), is quasinonexpansive by Theorem 3.3, [|(),.c, — ¢ < |lc, — ¢l|, and therefore

limsup ||, ¢, — ¢l < e.

n—-oo



12 Int. ]. Anal. Appl. (2026), 24:335

Since d, = ()¢, the last line of (1.16) gives ¢, 11 = Qy(/\nﬂydn +(1- An)dn). Hence, using the

quasinonexpansiveness of (2,

llcys1 —cll < |Mn(ﬂydn - C) + (1 - /\n)(dn - C)”
<Al dn —cll 4+ (1= Al =<l

<y —cll = 1y en —cll < llen —<ll.

From the proof of Theorem 4.1, |le, — cll < pallfn — cll + (1 — pn)llcn — ¢ll. Combining the last two

estimates,
llen1 —cll < Ivln”fn —cll+ (1 - #n)”cn —dll,
thatis, [Jn(”Cn —cll=Ilfn— C||) < llew = ¢ll = llen+1 = cll. Since || f, = ¢ll < llcw — ¢lIby (4.1) and p,, > a > 0,

1
0 < llew=cll = llfu = <l < ~(llew = cll = llews1 = cll) — 0 as 11— 0.

Hence lim ||f, — ¢|| = €, that s,
n—oo

Lim [[(1=v,)(cn —¢) +va(Qyen =)l = €.

n—oo

Applying Theorem 2.3 to the sequences {(), ¢, — ¢}, {c;, — ¢} and {v,,}, we conclude that
lim [lc;, — Qycull = 0.
n—oo

On the other hand, assume {c;, } isbounded and lim ||c,, — Q)y,c,|| = 0. Since Z is uniformly convex
n—oo
and S is nonempty, closed and convex, the asymptotic centre A(S, {c,}) is a singleton (see [19]), say
A(S, {cn}) = {¢}. By Lemma 3.1, (), satisfies the Chatterjea-Suzuki-(C) condition, so Theorem 2.4
gives
r(Qy¢, {cn}) = limsup I, — Q) ¢l
n—oo

< 5limsup |lc;, — Qycpll + limsup |lc;, — |

n—oo n—0o0

= limsup |lc, — ¢ll = r(c, {cn})-

n—00

Since )¢ € S, it follows that O),,c € A(S, {c4}), and so Q, ¢ = ¢. By Remark 2.1, ¢ € F(Q),) = F(Q).
Hence F(Q) # 0. o

Theorem 4.3. Suppose that Q) is an enriched Chatterjea-Suzuki-(C) type nonexpansive mapping on a
nonempty compact convex subset S of a uniformly convex Banach space Z, with a nonempty fixed point set
F(Q). Then the sequence {c,} defined by (1.16), where {A,} € [0,1],0<a <y, <1land0 <a<v, <b<1
for all n € N, converges strongly to a point in F(Q}).

Proof. Since F(Q)) # 0, Theorem 4.2 gives lim ||(),,c, — cull = 0. Since S is compact, there exist a
n—o0

subsequence {cy, } of {c,} and a point ¢ € S such that ¢,, — ¢ as k — co. By Theorem 2.4,

”an - QyC” < 5||chnk — |l + “an —¢cl|—0 ask— oo.
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Thus ¢, — €),¢, and by uniqueness of the limit 0O,¢c =c¢. By Remark 2.1,c € F (Q). By Theorem
41, 1}1_r}n |lc, — ¢l exists, and since [|c,, — ¢l| — 0. Hence {c,} converges strongly to the fixed point ¢
of Q). O

Theorem 4.4. Assume Z is a real uniformly convex Banach space with Opial’s property, and let S be a
nonempty, closed, convex subset of Z. If () is an enriched Chatterjea-Suzuki-(C) type nonexpansive mapping
on S with F(Q)) # 0 and {c,} is the sequence defined by (1.16), where {A,} € [0,1],0 <a < y, <1 and
0<a<v,<b<1foralln €N, then {c,} converges weakly to a fixed point of ).

Proof. By Theorem 4.1, {c,} is bounded, and by Theorem 4.2,
1
lim |lc, = Qyeull =0, so  lim [l — Qcyll = = lim |lc, — Q]| = 0.
n—00 n—oo y n—oo

Since Z is uniformly convex, it is reflexive, so the bounded sequence {c,} has weakly convergent
subsequences, and their limits lie in S because S is closed and convex. Let ¢; and ¢, be weak limits
of subsequences {c,, } and {c,,} of {c,}, respectively. By Theorem 3.4, I — () is demiclosed at zero, so
(I-Q)c1 = 0, showing ¢1 € F(Q)). A similar argument shows that ¢, € F(Q). Our next step is to
prove that ¢; = ¢;. Let if possible, ¢1 # ¢». Then we obtain,

lim ||c, — ¢1l| = liminf||c;,, — ¢l
n—oo k— o0
< liminf|lc,, — coll
k— o0
= lim ||, — cal|
n—0oo
= liminf|lc,, — col|
>0
< liminf||c,, — c1l|
[—00
= lim |lc;, — c1ll,
n—oo

which leads to a contradiction. Thus ¢; = ¢>. Hence all weakly convergent subsequences of {c,}
have the same limit, which lies in F(Q}), and so {c,} converges weakly to an element of F(Q)). O

5. NuMericaL ResuLts

In this section, we show by an example that the modified ECM-iterative scheme (1.16) converges
faster than several existing iterations for an enriched Chatterjea-Suzuki-(C) type nonexpansive

mapping.
Example 5.1. Let S = [-3,3] and suppose, Q) : S — S defined as follows:

=S whenc=2

'S
| W

=t whenc#2

Then ) is an enriched Chatterjea-Suzuki-(C) type nonexpansive mapping, but not a nonexpansive

mapping.
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Verification: First let us show that () is not nonexpansive mapping. Now let us consider, c = 2 and d # 2.

c—5_4—d‘_ 3d - 33

[|Qc — Qd|| = 3 7 7

/ lc—d| =12-4|

Let us take d = %, then

12 — Qdl| =

3
-1
7

19 1
_‘ﬁ >|c—d|—|2—d|—‘§‘

From this, we can say that ) is not a nonexpansive mapping.
We set k = 1 and proceed to verify that Q) satisfies the enriched Chatterjea-Suzuki-(C) type nonexpansive

condition. For this purpose, we analyze the following three cases:

Case 1: Consider,c =d = 2,

c—d+ 22423 (5.1)

—d) +Qc-Qd|| =
Ie(c = d) + Qe = | =5

Now, consider

% (10 +1)(d = c) +c = Qcll + I(x + 1) (c = d) +d - Qdll] = 5 [lle = Qcll + [ld — Qd]]]

|

lIc(c —d) 4+ Qc — Qd|| < % [||(1<+ 1(d=c)+c—Qcl+I(x+1)(c—d) +d—Qd||]

c-5 d-5
—— |+ d-—]| = 2
c 3 +‘ 3 ] 3 (5.2)

NI~ NI+~

From (5.1) and (5.2),

holds, for c =d = 2.

Case 2: Consider ¢, d + 2

4 — 4 —
c—d+7c——d S (5.3)

llc(c —d) + Qc — Qd|| = —|==

Now, consider
1
E[H(K +1)(d-c)+c—-Qcl+I(k+1)(c—d) +d- Qd||]

Hz(d_c)“‘?’+‘2(c—d)+d—¥]

NI~ NI

(5.4)

‘14c—6d—4‘+‘14d—6c—4‘
7 7
Subcase 1: If c = d, then we have

lI(c = d) + Qc — Qd|| = §|c—d| = 0.

Now, consider

1 1 [|14c—6d—4| |14d—6c—4
E[II(K+1)(d—c)+c—Qc||+||(1<+1)(c—d)+d—0dll]:EH ¢ '+‘ < Hzo.

7 7
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Hence, we get

lic(c = d) + O — O] < [||(1< +1)(d—c) +c—Qcll + (x + 1)(c—d) +d - an]

N —

forallc,d € S\ {2} with ¢ = d.
Subcase 3: If c # d, then we have

lc(c—d) +Qc—Qd|| = |c—d+ — — ——| = 2 |c—d|. (5.5)

Now, consider

%[”(K-{— 1)(d—c)+c—Qcll+I(x+1)(c—d) +d—Qd||]

1 4—¢ 4—d
_E[‘Z(d—C)+C—7'+‘2(C-d>+d—?”
11|14c—6d -4 14d — 6c— 4
_5” : ‘+‘ . H (5.6)
By the triangle inequality,
14c—6d -4 14d — 6c -4 (14c—6d —4) — (14d — 6¢ — 4) 20
+ > = —lc—d|,
7 7 7 7
and thus, from (5.5) and (5.6),
lk(c—d) + Qc—Qd|| = §|c—d|
< $|C—d|
1 [‘14C—6d—4' ‘14d—6c—4H
<= +
2 7 7
1
:E[||(1<+1)(d—c)+c—Qc||+||(1<+1)(c—d)+d—Qd||]
forallc,d € S\ {2} with ¢ # d.
Case 2: Consider,c = 2; d # 2
B c—5 4-d| |28c-18d-47| [9-18d 3 .
Ik(c—=d)+Qc—Qd|| = |c—d+ 3 7 ‘—‘ 7 ‘— T 7|2d 1 (5.7)
Now, consider
1
5 ll(c+1)(d=c) +c—Qcll + I(x + 1) (c —d) +d — Qd]|]
1 c—5 4—d
= E Hz(d—C)‘i‘C—T“” 2(C—d)+d—7:|
1 ||6d—4c+5 14c—6d -4 1 12 -3d
> H 3 "f“ 7 ’] = §|2d— 1]+ (5.8)

From (5.7) and (5.8),
lk(c—d) + Qc—Qd|| = ;lZd -1
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1

=2d -1
<2pd-1

1 12 -

:% ||(K+1)(d—c)+C—QCI|+||(K+1)(c—d)+d—Qd||]
forc=2andalld € S\ {2}.

Thus, ) is an enriched Chatterjea-Suzuki-(C) type nonexpansive mapping.

Now, we will explore the comparison of convergence among several recent iterations. Suppose

that the sequences {A,}, {1}, (vi} given by

o=t = 25 vp =
n—zf‘un—SrVn—lo
where {A,}, {ttn}, {va} € (0,1) and initial value is 1.

1 Convergence Analysis of Various Iteration Methods
I T T

T T T
Vatan two-step iteration
Thakur et al. iteration
M iteration
Piri et al. iteration
0.9 Garodia and Uddin iteration | _|
Z-iteration
PV algorithm
ECM-iteration
Iterations 3 to 4
0.8 - -
0.510
<= 0.7 - -
© 0.505
0.500 —————
0.6 - \ / 3 4 |
0.4 I I I I I I I
2 4 6 8 10 12 14

Number of iterations

Ficure 1. A comparative illustration of selective iterative schemes with initial

value c; = 1.

Table 1 and Figure 1 compare the modified ECM-iteration with the Vatan, Thakur, M, Piri,
Garodia-Uddin, Z and PV iterations, where () is replaced by (), in each of these schemes. We
take x = 1, so that y = %, with A, = %, Un = %, Vv, = 19—0 and c; = 1. All the sequences converge
to the fixed point 0.5. The modified ECM-iteration is the first to agree with 0.5 to eight decimal
places, at n = 6; the M-iteration needs n = 7, and the remaining schemes need more than seven
iterations. The enlarged view of iterations 3 to 4 in Figure 1 shows that the curve of the modified
ECM-iteration lies below all the others and is closest to 0.5. Hence, for this example, the modified

ECM-iteration converges faster than the other schemes.
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=

Vatan

Thakur

M

Piri

Garodia
& Uddin

PV

ECM

NN G WO N =

1.00000000
0.55060392
0.50512151
0.50051834
0.50005246
0.50000531
0.50000054

1.00000000
0.58134111
0.51323275
0.50215273
0.50035021
0.50005697
0.50000927

1.00000000
0.52168739
0.50094069
0.50004080
0.50000177
0.50000008
0.50000000

1.00000000
0.55060392
0.50512151
0.50051834
0.50005246
0.50000531
0.50000054

1.00000000
0.52618552
0.50137136
0.50007182
0.50000376
0.50000020
0.50000001

1.00000000
0.55242458
0.50549667
0.50057632
0.50006043
0.50000634
0.50000066

1.00000000
0.52811329
0.50158071
0.50008888
0.50000500
0.50000028
0.50000002

1.00000000
0.50956999
0.50018317
0.50000351
0.50000007
0.50000000
0.50000000

TaBLE 1. Iterative comparison of successive approximations toward the fixed

point 0.5.

6. APPLICATIONS

In this section, we utilize our principal results to analyze the convergence behavior of the ECM-

iterative scheme for a nonlinear delay differential equation and to establish the existence and

uniqueness of solutions to a nonlinear fractional integro-differential equation.

6.1. Application to a Delay Differential Equation. We examine a nonlinear delay differential

equation and apply our main result to study the convergence of the ECM-iterative scheme.

Consider a delay differential equation

with initial condition

c(t) = f(tc(t),c(t=&)), Y telt,D],

c(t)

Assume the following conditions hold:

(Dl) to,b € Rwithtg <b,and & > 0;

D f € C([to,b] XIRZ, IR>;

(D2)
(Ds)
(D4)

Y € C([to — E,, to],]R);

Dy) there exists Ly > 0 such that

|f(t,p1,p2) — f(t,91,92)1 < Ls(lp1 — g1l + Ip2 — q2),

forallpy,qy €R, 1 =1,2; t € [to, b];
(D5) 2Lf(b— to) <1.

Y(t), te [to —¢, to].

6.1)

(6.2)

An equivalent formulation of the problem (6.1)-(6.2) is given by the integral equation below:

c(t)

Y(t),

t e [to — E,,to},
Y(to) + [, f(pc(p).c(p-£))dp, € [to,b].
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The existence and uniqueness of a solution to problem (6.1)-(6.2) were established by Coman et
al. [18] via the Picard iterative scheme. We extend this analysis by establishing the convergence of
the ECM-iterative scheme to the same solution.

Theorem 6.1. [18] Under the given conditions (D1)-(Ds), the problem (6.1)-(6.2) possesses a unique
solution say ¢ € C([to — &,b],R) N C([to, b], R). Moreover, the Picard iterative scheme converges to ¢ for
any ¢ € C([to — &,b], R).

Building upon the above existence result, we now establish that the ECM-iteration (1.15) con-
verges to the unique solution ¢ for an arbitrary initial function, thus confirming the practical

effectiveness of ECM-iterative framework.

Theorem 6.2. When conditions (D1)-(Ds) are satisfied, the sequence {c,} generated by iterative scheme
(1.15) converges to the solution of problem (6.1)-(6.2), say ¢ € C([to — &,b],R) N C([to,b],R) for any
Co € C([to - E,,b],]R).

Proof. Consider the sequence {c,} thatis generated using the iterative scheme (1.15) for the operator,

Y(t), te [to—a,to],
t
o)+ J, f(p.c(p) c(p—&))dp,  teto,b].
where {A,}, {un} € (0,1) for all n € N with E An = oo. Let ¢ denote the fixed point of ), so that

n=0
Q¢ = ¢. We now show thatc, —» casn — oo.

Fort € [tg — &, ty], convergence follows immediately from the definition of (). We therefore focus
on t € [ty, b]. Using (1.15) and condition (Dy),

lfr = clleo = I1(1 = vi)cn + v Qen — Clloo
< (1 - Vn)”Cn = Glloo + vullQen — Oclloo
= (L= v)llen = cllo vy max |Qcn () = Qc(t)|

:(1_Vn)||cn Clloo +Vn max
[to—E&,b)]

< (1 =vp)llen = clloo 4 Vi magb]fﬂfp,cn sen(p=8)) = f(p.c(p),c(p-€))|dp

[ 5000000000 1600 <t )

< (1=vn)llen = clleo + va ter[{(}g?b]ft L (|lealp) = <(p)] + Jen(p - &) = c(p - £)|)dp

t
< (1 _Vn)”Cn —Clloo + Vi f Lf (”Cn = Clloo + llcn — CHOO) dp
to

< (1 - Vn)“Cn —Clleo + ZVan<b - tO)”Cn —Clloo
= (1= (1=2Ls (b~ to))va) llcw = cllew
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Therefore,

Ifir = clleo < (1= (1= 2L (b~ t0) )va) llcw = Clleo 6.3)
Let ¢n = tnQfy + (1 — pn)Qcy, so that e, = Qg,,. Then
”gn —Clleo < ”Hann + (1 - Hn)QCn = Clloo
< Hnllen_glloo+ (1_Hn)||an_g”oo (64)
Using condition (Dy4) and by (6.3),
192 = cllo = max [C2fs(1) - ()]
:tmax ffp,fn ) fu(p—&))dp — ffpf c(p- 5))5117'
€[to—E,b]
< max f £ fulp), fup = £) = F(prc(p), (p = £))] dp
< o [ L) - <ol + -0 -co- )
fto Lf(teﬂnai(b [futp) |+teﬁla2{b [fulp =) = c(p- £)|)dp
¢
- f Ly (1fy = clle + 1fy = cll) dp
to
< 2Lg(b—to)llfu = clleo
< (1= (1=2Ls (b~ to))va) llew = clles
Using condition (Ds),
I fn = clleo < (1 —(1-2L¢(b~- to))Vn) llen = clloo (6.5)

Again by condition (Dy),

106, — cllos = max | Qi () — Qc(t)]
te(to—&,b]

t

= max
te[to—&,b]

f(P, cn(p), en(p—&))dp - f(P, c(p),clp - Q)dp‘

< max f F(p,cu(p), cnp — £))dp — f(p,<(p), c(p - £))|dp

l‘E t() E,b]

< max f L ([en(p) = cp)] + |enlp = &) = <(p = £)]) dp

te [to - E,,b] tO

IA

tE[to 5 b]

t
= f Lf (”Cn — Glloo + llcn — C”OO) dp
to

[ 1 max, (lente) =<0+ lentp-£) =<t &)
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< 2L¢(b - to)llen = clloo-

So, by condition (Ds), we get
102, — clloo < llen = Glloo-

Substituting (6.5) and (6.6) in (6.4), we get
g = clloo < gt (1= (1 =2Ls(b = to))va)llew = clloo + (1 = p)llen = cllo
< (1= (1= 2Lp(b — o)) v llew — clls.
Similar to the above inequality (6.5), we obtain, [|2g, — ¢lle < |lg# — ¢lleo implies,
llen = clleo = 119281 = ¢l
< (1= (1=2Lp(b—to))puvn) llcn = cll.
Similar to the above inequality (6.5), we obtain, ||QQe, — ¢lle < llen — ¢l implies,
I = clleo = 102 = clleo < llen = Clleo < (1= (1= 2L (b= t0) ) tavn) llcw = cllo-
Similar to the above inequality (6.5), we obtain, [|Qd,, — ¢lle < [|d) — ¢l implies,
104, = clloo < lldn = cllos < (1= (1= 2L (b = t0)) v llcw = leo-
Let h, = A,Qd, + (1 - A,)Qey, so that ¢, 11 = Qhy,. Then
Iy = clleo = 1A Qédy + (1 = A1) Qen = Clloo < AullQédy = clloo + (1 = An)1Qen = Clloo.
Applying (6.8) and (6.9) in (6.10) we get
W = clleo < AullOy — clloo + (1= )1 — clloo < (1= (1= 2L (b~ b)) v lew — cllo-
Consider,

llen+1 = clloo = 11O = clloo
= max |th(t) - Qg(t)|

tG[t(]—E,b]
t t
= Jnax | | fp, ha(p), i (p =€) )dp — t f(pfg(p),c(r?—ri))dp‘
t
< x| [Fphlp) o =)o £, (), clp= )] dp
t
< Jnax, fto Lf( [a(p) = <(p)| + | (p— €) = c(p~ €)] )dp

gfthumax (|hn(P)—G(P)|+’hn(P_a)_C(P_‘iﬂ)dp

E[to—&,h]

t
:fLf(”hn_C||oo+||hn_gl|oo)dp

fo

< 2L (b~ o)y — cllo

(6.6)

(6.7)

(6.8)

(6.9)

(6.10)

(6.11)



Int. ]. Anal. Appl. (2026), 24:335 21

< i = clleo-

Since 0 < (1 -2Lg(b—ty))unvy < 1, inequality (6.11) gives [, — cllo < llcw — clleo. Hence, with
0:= ZLf(b - t()),
llcis1 — Clloo < Ollcy — ¢l forallm € N,
and by induction |lc; 1 = ¢lleo < 0"[lc1 = ¢llwo- Since 6 < 1 by (Ds), we obtain lim [lc;, —¢lle =0. O
n—oo
6.2. Application to a Fractional Integro-Differential Equation. Now, we apply our main results

to study a class of nonlinear fractional integro-differential equations.
Let S = C([0,1],R) be the Banach space endowed with the norm

llcll = sup lc(t)].
te[0,1]

Consider the nonlinear fractional integro—differential equation

¢ 1
Dfc(t) :f(t,c(t))+f Kl(t,s,c(s))ds+f Ky(t,s,c(s))ds, tel0,1], (6.12)
0 0
subject to the initial condition
c(0) = co,

where 0 < a < 1and Df denotes the Caputo fractional derivative.

Assume that the functions
f:[0,1]xR—->R, K;:[0,1]x[0,1]]xR—>R,i=1,2,

are continuous.
Using the properties of the Caputo fractional derivative, equation (6.12) is equivalent to the

integral equation

(1) = o+ s | (1ot [f<s,c<s>>+ [ Kals, 7o) dr + | 1K2(SIYIC(V))dV]dS~ (613)

Define the operator () : S — S by

t S 1
(Qc)(t):co—kﬁ‘fo‘(i—s)o‘_1 [f(s,c(s))+f0 I<1(s,r,c(r))dr+‘f0 Kz(s,r,c(r))dr]ds. (6.14)

Theorem 6.3. Let (2 : S — S be the operator defined by (6.14). Suppose the following conditions hold:
(F1) There exists L > 0 such that

f(t,¢) = f(t,d)] < Llc —d]

forallt € ]0,1] and c,d e R.
(F2) There exist My, My > 0 such that

|Ki(t,S,C) —Ki(t,S,d)l <Mc-d|, i=1,2.
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(F3) The constants satisfy

L+ M+ M,
I'(a+1)
Then the operator () : S — S is an enriched Chatterjea-Suzuki-(C) type nonexpansive mapping.

< 1.

Proof. Letc,d € S. Using (F,) in (6.14),

|Qc(t) — Qd(t)] < ﬁ fot(t —8)% 1 [Lie(s) — d(s)| + Mile(s) — d(s)| + Malc(s) — d(s)|] ds.

Thus,
L+M;+ M

0c(t) - (1) < =5

‘fot(t —5)%Yc(s) = d(s)|ds.

Since [c(s) —d(s)| < |lc — d||, we obtain

t
IQc(t)—Qd(t)lswllc—dllf(t—s)“‘lds.
0

I'(a)
Using
t a
f (t—s5)"lds = —,
0 o
we obtain
L+ M;+ M,
Qc(t) = Qd(t)| < ————=||c ||
10c(t) - ()] < ==l -l
Taking supremum,
L
10c = Od)l < Alle — dil, where A = =M1+ M2
I'(a+1)

Using triangle inequality,

Il (c — d) + Qc — Qdl| < xllc — | + [|Qc — O]l

Hence
llc(c —d) + Qc - Qd|| < (x4 A)llc —d|I. (6.15)
Using triangle inequality,
l( +1)(d = ¢) + c = Qcll > |(x + 1)llc = dl| = llc — QcllI. (6.16)
Similarly,
l(x +1)(c—d) +d—Qdll > |(x + 1)llc — dll - lId — Qdll. (6.17)

Adding (6.16) and (6.17), we obtain
1
{1+ 1@ =0y + - ol + i+ 1) e - ) +d—Qd||]

1
> (k+1)llc—dll - E(”C — Q|| + ||d — Qd])).
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Using (F3), we have
1
(x + Mlle—dll < (x + Dlle —dll - E(HC — Qcl| + [ld — Qd|l)

< %[||(1<+ (d-c)+c—Qcl+l(x+1)(c—4d) +d—0d||].

Thus, by using (6.15)

llk(c—d) + Qc—Qd|l < %[H(K-F D@d=c)+c—Qcl+l(k+1)(c—4d) —I—d—QdH].

Hence () satisfies the enriched Chatterjea-Suzuki-(C) type nonexpansive. m|
Theorem 6.4. The fractional integro-differential equation (6.12) admits a unique solution in C([0,1], R).

Proof. From the previous theorem, the operator () is an enriched Chatterjea-Suzuki-(C) type non-
expansive mapping on the Banach space S.

Since S is complete and () is a self-map satisfying the enriched Chatterjea-Suzuki-(C) condition,
all the assumptions of our main fixed point theorem are satisfied.

Hence () has a unique fixed point ¢ € S, that is

Qc =c.

Therefore, the fractional integro-differential equation (6.12) possesses a unique solution.
O
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