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Abstract. This paper presents the concept of enriched Chatterjea-Suzuki-(C) type nonexpansive mappings in real

Banach spaces. For this class, strong and weak convergence theorems are derived using a modified ECM-iterative

scheme. To illustrate the theoretical findings, a numerical example is presented, with convergence comparisons against

existing schemes supported by graphical and tabular evidence. Furthermore, the practical relevance of the results is

demonstrated by applying them to a delay differential equation and a nonlinear fractional integro-differential equation,

where the existence and uniqueness of solutions are also addressed.

1. Introduction

Fixed point theory is a core mathematical concept with broad applications in various fields of

sciences and technologies. Over recent decades, mathematicians have focused on establishing

the existence and approximation of fixed points for various classes of nonexpansive mappings,

following the foundational works of Browder [9], Göhde [20] and Kirk [29]. Many eminent math-

ematicians came up with novel notions and enriched this discipline with massive contributions

(see, [1, 21, 23, 48, 49] and references therein). Now, we recall the following definitions.

Definition 1.1. Suppose Z is a Banach space with ∅ , S ⊂ Z. For all c, d, e ∈ S, a mapping Ω : S→ S is
defined as
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(a) nonexpansive if

∥Ωc−Ωd∥ ≤ ∥c− d∥.

(b) quasinonexpansive if F(Ω) is nonempty and the inequality

∥Ωc− e∥ ≤ ∥c− e∥,

holds for e ∈ F(Ω).

In 1972, Chatterjea [17] considered mappings Ω : S→ S satisfying

∥Ωc−Ωd∥ ≤ k
[︂
∥c−Ωd∥+ ∥d−Ωc∥

]︂
for all c, d ∈ S,

for some k ∈
[︂
0, 1

2

)︂
, a condition that is independent of the Banach contraction condition and

does not require continuity. In 2008, Suzuki [42] introduced a class of mappings wider than the

nonexpansive ones, defined by condition (C):

1
2∥c−Ωc∥ ≤ ∥c− d∥ implies ∥Ωc−Ωd∥ ≤ ∥c− d∥,

and obtained existence and convergence results for it. Combining these two ideas, Karapınar and

Taş [31] introduced the Chatterjea-Suzuki-(C) condition, in which the right-hand side of condition

(C) is replaced by 1
2

[︂
∥Ωc − d∥ + ∥c −Ωd∥

]︂
. Fixed point results for these and related classes of

nonexpansive type mappings have since been obtained by many authors (see [13, 14, 28, 30, 38, 40,

48]).

A major breakthrough came in 2019 when Berinde [8] put forward the concept of enriched nonex-

pansive mappings. In 2021, Berinde and Păcurar [12] introduced enriched Chatterjea contractions

and approximated their fixed points by the Krasnoselskij iteration. This work was further devel-

oped in 2022 by Ullah et al. [51], who formulated enriched Suzuki nonexpansive (ESN) mappings

and examined fixed point existence along with convergence behavior in Hilbert spaces. Around

the same period, Shukla and Pant [44] generalized this direction by presenting Suzuki enriched

nonexpansive and enriched quasinonexpansive mappings within the Banach space framework,

along with associated convergence results. In 2023, Ali and Jubair [2] put forward a broader

class known as enriched Berinde nonexpansive mappings. Recently, Bera et al. [15] introduced

enriched contractions in pair, established common fixed point results for them, and applied these

results to a pair of nonlinear matrix equations. Motivated by these developments, we introduced

enriched Reich-Suzuki type nonexpansive mappings in [11] in 2024, and in the present work, we

put forward a new class of enriched Chatterjea-Suzuki-(C) type nonexpansive mappings in Banach

spaces.

Throughout this work, let Z denote a Banach space with a nonempty subset S, and let c1 ∈ S
be a given starting point. A number of iterative schemes have been developed in the literature to

approximate fixed points of a mapping Ω : S→ S, some of which are presented below.

(1) Picard iteration (Picard, 1890) [37]:

cn+1 = Ωcn, ∀ n ∈N. (1.1)
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(2) Mann iteration (Mann, 1953) [34]:

cn+1 = (1− λn)cn + λnΩcn, ∀ n ∈N. (1.2)

(3) Ishikawa iteration (Ishikawa, 1974) [27]:⎧⎪⎪⎪⎨⎪⎪⎪⎩dn = (1− µn)cn + µnΩcn,

cn+1 = (1− λn)cn + λnΩdn, ∀ n ∈N.
(1.3)

(4) Noor iteration (Noor, 2000) [35]:⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩
en = (1− νn)cn + νnΩcn,

dn = (1− µn)cn + µnΩen,

cn+1 = (1− λn)cn + λnΩdn, ∀ n ∈N.

(1.4)

(5) S-iteration (Agarwal et al., 2007) [4]:⎧⎪⎪⎪⎨⎪⎪⎪⎩dn = (1− µn)cn + µnΩcn,

cn+1 = (1− λn)Ωcn + λnΩdn, ∀ n ∈N.
(1.5)

which satisfy the condition
∞∑︁

n=1
λnµn(1− µn) = ∞.

(6) Abbas-Nazir iteration (Abbas and Nazir, 2014) [3]:⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩
en = (1− νn)cn + νnΩcn,

dn = (1− µn)Ωcn + µnΩen,

cn+1 = (1− λn)Ωdn + λnΩen, ∀ n ∈N.

(1.6)

(7) Picard–S iteration (Gursoy and Karakaya, 2014) [22]:⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩
en = (1− µn)cn + µnΩcn,

dn = (1− λn)Ωcn + λnΩen,

cn+1 = Ωdn, ∀ n ∈N.

(1.7)

(8) Vatan two-step iteration (Karakaya et al., 2015) [32]:⎧⎪⎪⎪⎨⎪⎪⎪⎩dn = Ω((1− µn)cn + µnΩcn),

cn+1 = Ω((1− λn)dn + λnΩdn), ∀ n ∈N.
(1.8)

(9) Thakur iteration (Thakur et al., 2016) [46]:⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩
en = (1− µn)cn + µnΩcn,

dn = Ω((1− λn)cn + λnen),

cn+1 = Ωdn, ∀ n ∈N.

(1.9)
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(10) M-iteration (Ullah and Arshad, 2018) [47]:⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩
en = Ω((1− µn)cn + µnΩcn),

dn = Ω((1− λn)en + λnΩen),

cn+1 = Ωdn, ∀ n ∈N.

(1.10)

(11) Piri iteration (Piri et al., 2019) [39]:⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩
en = Ω((1− µn)cn + µnΩcn),

dn = Ωen,

cn+1 = (1− λn)Ωen + λnΩdn, ∀ n ∈N.

(1.11)

(12) Garodia-Uddin iteration (Garodia and Uddin, 2020) [24]:⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩
en = Ω[(1− µn)cn + µnΩcn],

dn = Ω[(1− λn)Ωcn + λnΩen],

cn+1 = Ωdn, ∀ n ∈N.

(1.12)

(13) Z-iteration (Temir and Korkut, 2022) [45]:⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩
en = Ω[(1− µn)cn + µnΩcn],

dn = Ωen,

cn+1 = Ω[(1− λn)Ωcn + λnΩdn], ∀ n ∈N.

(1.13)

(14) PV algorithm (Gautam and Vineet, 2024) [25]:⎧⎪⎪⎪⎨⎪⎪⎪⎩dn = Ω((1− λn)Ω2cn + λnΩcn),

cn+1 = Ωdn.
(1.14)

(15) ECM iteration (Nour-Eddine et al., 2024) [26]:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

fn = (1− νn)cn + νnΩcn

en = Ω(µnΩ fn + (1− µn)Ωcn),

dn = Ωen,

cn+1 = Ω(λnΩdn + (1− λn)Ωen), ∀ n ∈N.

(1.15)

where {λn}, {µn} and {νn} ∈ [0, 1].

Motivated by recent developments, we propose a modified ECM iteration for approximating

fixed points of an enriched class of mappings. Set Ωγ : S → S as Ωγc = (1 − γ)c + γΩc. The

modified ECM-iteration is formulated as follows:
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⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

fn = (1− νn)cn + νnΩγcn

en = Ωγ(µnΩγ fn + (1− µn)Ωγcn),

dn = Ωγen,

cn+1 = Ωγ(λnΩγdn + (1− λn)Ωγen), ∀ n ∈N

(1.16)

where, γ = 1
κ+1 , κ ≥ 0 and {λn}, {µn} and {νn} ∈ [0, 1].

Beyond the development of generalized contractive mappings and iterative schemes, fixed

point theory remains a cornerstone for addressing nonlinear problems in applied mathematics.

Specifically, modified Ćirić-Reich-Rus type contractions have been utilized to establish existence

and uniqueness results for variational inequality problems [5]. Furthermore, the advancement of

implicit iterative techniques, such as Jungck-type schemes, has significantly improved stability,

data dependency analysis, and convergence behavior, particularly in the study of nonlinear func-

tional integral equations with delays [33]. From an application perspective, recent studies have

demonstrated that fixed point approaches can be effectively combined with Green’s function tech-

niques to analyze fractional differential equations [52]. In particular, fractional Volterra-Fredholm

integro-differential equations involving Caputo derivatives have been employed to model com-

plex phenomena such as blood flow dynamics, where iterative schemes ensure convergence to the

unique solution [6].

This paper focuses on approximating the fixed point of an enriched Chatterjea-Suzuki-(C) type

nonexpansive mapping within a Banach space. We support our findings with computational

results through a numerical example. In particular, we analyze the convergence patterns of

various well established iterative schemes, comparing their performance using a table and a

graphical illustration. Our study demonstrates that the modified ECM-iterative scheme achieves

faster convergence. Furthermore, the theoretical results are applied to study the convergence

of the ECM-iterative scheme for a delay differential equation and to establish the existence and

uniqueness of solutions for a nonlinear fractional integro-differential equation.

2. Preliminaries

This section highlights some essential definitions and theorems that provide the necessary

foundation for our results. We begin with the concept of fixed points in normed linear spaces,

followed by key geometric properties that play a crucial role in our analysis.

In a normed linear space Z, a point c ∈ Z is a fixed point of a mapping Ω : Z→ Z if Ωc = c. The

set of all fixed points is denoted by F(Ω).

Definition 2.1. [16] A Banach space Z is uniformly convex if, for every 0 < ϵ ≤ 2 there exists a δ > 0

such that ⃦⃦⃦⃦⃦
c + d

2

⃦⃦⃦⃦⃦
≤ 1− δ,

whenever c, d ∈ Z satisfy ∥c∥ = ∥d∥ = 1 and ∥c− d∥ > ϵ.
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Definition 2.2. [36] A Banach space Z is said to satisfy the Opial property if, for every sequence {cn} in Z
that converges weakly to ς ∈ Z,

lim inf
n→∞

∥cn − ς∥ < lim inf
n→∞

∥cn − ς
∗
∥ for all ς∗ ∈ Z with ς∗ , ς.

Definition 2.3. [19] Suppose Z is a Banach space with ∅ , S ⊂ Z and {cn} is a bounded sequence in Z.
Define:

(i) Asymptotic radius of {cn} at c:

r(c, {cn}) := lim sup
n→∞

∥cn − c∥.

(ii) Asymptotic radius of {cn} relative to S:

r(S, {cn}) := inf
{︁
r(c, {cn}) : c ∈ S

}︁
.

(iii) Asymptotic centre of {cn} relative to S:

A(S, {cn}) :=
{︁
c ∈ S : r(c, {cn}) = r(S, {cn})

}︁
.

Definition 2.4. [7] Consider a self-mapping Ω on a Banach space Z. A γ-Krasnoselskii (averaged) mapping
is defined as

Ωγc = (1− γ)c + γΩc, ∀ c ∈ Z,

where γ ∈ (0, 1].

Remark 2.1. The fixed point set of the γ-Krasnoselskii mapping Ωγ is identical to that of Ω; that is,

F(Ωγ) = F(Ω).

Berinde and Păcurar coined the term ‘enriched’ to describe an enlargement of the traditional

classes of contraction and nonexpansive mappings.

Definition 2.5. [10] Consider a normed linear space denoted as (S, ∥ · ∥). A mapping Ω : S→ S is termed
as an enriched contraction provided there exist constants κ ∈ [0,∞) and θ ∈ [0,κ+ 1) such that

∥κ(c− d) + Ωc−Ωd∥ ≤ θ∥c− d∥,∀ c, d ∈ S. (2.1)

Definition 2.6. [8] Consider a normed linear space (S, ∥ · ∥) and a mapping Ω : S → S is known as an
enriched nonexpansive mapping provided there exists κ ∈ [0,∞) such that

∥κ(c− d) + Ωc−Ωd∥ ≤ (κ+ 1)∥c− d∥, ∀ c, d ∈ S. (2.2)

Substituting κ = 0 in equation (2.2) yields nonexpansive mappings, which are a subset of

enriched nonexpansive mappings (but not vice versa, as shown in [8]). According to [8], enriched

nonexpansive and quasinonexpansive mappings are entirely unrelated.

Theorem 2.1. [43] Consider a sequence {cn} ∈ R+ that satisfies the inequality:

cn+1 ≤ (1− υn)cn.
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where {υn} ∈ (0, 1) and
∞∑︁

n=0
υn = ∞. Then lim

n→∞
cn = 0.

Definition 2.7. [31] Let Z be a Banach space with a nonempty subset S. A mapping Ω : S→ S satisfies
the Chatterjea-Suzuki-(C) condition if, for all c, d ∈ S

1
2
∥c−Ωc∥ ≤ ∥c− d∥ implies ∥Ωc−Ωd∥ ≤

1
2
[∥Ωc− d∥+ ∥c−Ωd∥] . (2.3)

Theorem 2.2. [50] If Ω satisfies Chatterjea-Suzuki-(C) condition with a fixed point, then Ω is a quasi-
nonexpansive mapping.

Theorem 2.3. [41] Suppose Z is a Banach space with uniform convexity, and let {µn} be a sequence such
that for all n ∈N,

0 < λ ≤ µn ≤ ν < 1.

Suppose that {cn} and {dn} are sequences in Z satisfying

lim sup
n→∞

∥cn∥ ≤ ϵ, lim sup
n→∞

∥dn∥ ≤ ϵ and lim
n→∞
∥(1− µn)dn + µncn∥ = ϵ

for some ϵ ≥ 0, then lim
n→∞
∥dn − cn∥ = 0.

Theorem 2.4. [31] Assume that Z is a Banach space which contains a nonempty subset S. If a mapping
Ω : S→ S satisfies Chatterjea-Suzuki-(C) condition, then ∥c−Ωd∥ ≤ 5∥c−Ωc∥+ ∥c− d∥.

3. Convergence Analysis of Enriched Type NonexpansiveMapping

This section presents the class of enriched Chatterjea-Suzuki-(C) type nonexpansive mappings.

Definition 3.1. Consider a normed linear space (S, ∥ · ∥) and if there exists κ ∈ [0,∞) such that

∥κ(c− d) + Ωc−Ωd∥ ≤
1
2

[︂
∥(κ+ 1)(d− c) + c−Ωc∥+ ∥(κ+ 1)(c− d) + d−Ωd∥

]︂
(3.1)

∀ c, d ∈ S, then a mapping Ω : S → S is called an enriched Chatterjea-Suzuki-(C) type nonexpansive
mapping.

Lemma 3.1. Let S be a nonempty convex subset of Z and Ω : S→ S be an enriched Chatterjea-Suzuki-(C)
type nonexpansive mapping, then the γ-Krasnoselskii mapping Ωγ : Z→ Z with γ = 1

κ+1 satisfies

∥Ωγc−Ωγd∥ ≤
1
2

[︃
∥d−Ωγc∥+ ∥c−Ωγd∥

]︃
for all c, d ∈ Z. (3.2)

In particular, Ωγ satisfies the Chatterjea-Suzuki-(C) condition.

Proof. Put γ =
1

κ+ 1
∈ (0, 1], so that κ =

1
γ
− 1 and κ+ 1 =

1
γ

. For all c, d ∈ Z we have

κ(c− d) + Ωc−Ωd =
1
γ

[︃
(1− γ)(c− d) + γ(Ωc−Ωd)

]︃
=

1
γ

(︂
Ωγc−Ωγd

)︂
,

(κ+ 1)(d− c) + c−Ωc =
1
γ

[︃
(d− c) + γ(c−Ωc)

]︃
=

1
γ

(︂
d−Ωγc

)︂
,
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(κ+ 1)(c− d) + d−Ωd =
1
γ

[︃
(c− d) + γ(d−Ωd)

]︃
=

1
γ

(︂
c−Ωγd

)︂
.

Substituting these three identities in (3.1) and multiplying by γ, we obtain (3.2). Since (3.2)

holds for all c, d ∈ S, it holds in particular whenever 1
2∥c −Ωγc∥ ≤ ∥c − d∥. Thus Ωγ satisfies the

Chatterjea-Suzuki-(C) condition. □

Theorem 3.1. Let S be a nonempty bounded convex subset of a Banach space Z, and let Ω : S → S be an
enriched Chatterjea-Suzuki-(C) type nonexpansive mapping with γ = 1

κ+1 and define a sequence {cn} in S
by c1 ∈ S and

cn+1 = γΩcn + (1− γ)cn, n ∈N.

Then lim
n→∞
∥Ωcn − cn∥ = 0.

Proof. From Lemma 3.1,

∥Ωγcn −Ωγcn+1∥ ≤
1
2

[︂
∥cn+1 −Ωγcn∥+ ∥cn −Ωγcn+1∥

]︂
. (3.3)

Since, we have

cn+1 = Ωγcn = γΩcn + (1− γ)cn,

and hence we get ∥cn+1 −Ωγcn∥ = 0. Applying triangular inequality in (3.3),

∥Ωγcn −Ωγcn+1∥ ≤
1
2

[︂
∥cn −Ωγcn∥+ ∥Ωγcn −Ωγcn+1∥

]︂
.

Hence, ∥Ωγcn −Ωγcn+1∥ ≤ ∥cn − cn+1∥. Thus, writing sn = ∥cn+1 − cn∥, we have sn+1 ≤ sn for all

n ∈N, so {sn} converges to some s ≥ 0. For k ≥ 0 put Dn,k = ∥cn+k − cn∥. Applying Lemma 3.1 with

c = cn and d = cn+k, where k ≥ 1, we get

Dn+1,k = ∥Ωγcn −Ωγcn+k∥ ≤
1
2

[︃
∥cn+k − cn+1∥+ ∥cn − cn+k+1∥

]︃
=

1
2

(︂
Dn+1,k−1 + Dn,k+1

)︂
,

and therefore Dn,k+1 ≥ 2Dn+1,k −Dn+1,k−1. We claim that lim
n→∞

Dn,k = ks for every k ≥ 0. This is clear

for k = 0 and k = 1, because Dn,0 = 0 and Dn,1 = sn. If the claim holds for k− 1 and k, where k ≥ 1,

then the last inequality yields lim inf
n→∞

Dn,k+1 ≥ 2ks− (k− 1)s = (k+ 1)s, while the triangle inequality

and the monotonicity of {sn} give Dn,k+1 ≤
k∑︁

i=0
sn+i ≤ (k + 1)sn, and hence lim sup

n→∞
Dn,k+1 ≤ (k + 1)s.

Consequently lim
n→∞

Dn,k+1 = (k + 1)s, and the claim follows by induction. Since S is bounded,

Dn,k ≤ diam(S) < ∞ for all n and k, so ks ≤ diam(S) for every k ≥ 0, which is possible only if s = 0.

Therefore

lim
n→∞
∥Ωγcn − cn∥ = lim

n→∞
sn = 0.

Since Ωγcn − cn = γ(Ωcn − cn) and γ > 0, it follows that lim
n→∞
∥Ωcn − cn∥ = 0. □

Theorem 3.2. Let Z be a Banach space that contains a compact convex subset S, and let Ω be an enriched
Chatterjea-Suzuki-(C) type nonexpansive mapping defined on S. Construct a sequence {cn} in S by choosing
an initial point c1 ∈ S and setting

cn+1 = γΩcn + (1− γ)cn, n ∈N,
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where γ = 1
κ+1 . Then {cn} converges strongly to a fixed point of Ω.

Proof. Since a compact set is bounded, Theorem 3.1 gives lim
n→∞
∥Ωcn − cn∥ = 0. Multiplying on both

sides by γ, we obtain

lim
n→∞
∥Ωγcn − cn∥ = 0.

Since S is compact, any sequence within it has a convergent subsequence. Hence a subsequence

{cnk} of {cn} converges to a point ς ∈ S. According to Theorem 2.4 we have,

∥cnk −Ωγς∥ ≤ 5∥cnk −Ωγcnk∥+ ∥cnk − ς∥, ∀ k ∈N.

Therefore, {cnk} → Ωγς, which implies

Ωγς = ς. (3.4)

Consider,

∥Ωγcn −Ωγς∥ ≤
1
2

[︂
∥ς−Ωγcn∥+ ∥cn −Ωγς∥

]︂
.

Using triangular inequality and by (3.4), we have

∥Ωγcn − ς∥ ≤
1
2

[︂
∥ς−Ωγcn∥+ ∥cn − ς∥

]︂
.

Given that, cn+1 = γΩcn + (1− γ)cn and thus we have

∥cn+1 − ς∥ ≤ ∥cn − ς∥, for n ∈N. (3.5)

By (3.5), the sequence {∥cn − ς∥} is nonincreasing, so lim
n→∞
∥cn − ς∥ exists. Since ∥cnk − ς∥ → 0 as

k → ∞, this limit is 0. Hence {cn} converges strongly to ς, and ς ∈ F(Ω) by (3.4) and Remark

2.1. □

Theorem 3.3. Suppose Z is a Banach space and Ω : Z→ Z represents an enriched Chatterjea-Suzuki-(C)
type nonexpansive mapping. If Ω possesses a fixed point, then γ-krasnoselskii mapping Ωγ : Z → Z is a
quasinonexpansive mapping.

Proof. By Lemma 3.1, for all c, d ∈ Z,

∥Ωγc−Ωγd∥ ≤
1
2

[︃
∥d−Ωγc∥+ ∥c−Ωγd∥

]︃
.

Let d ∈ F(Ω). By Remark 2.1, Ωγd = d, so the inequality becomes

∥Ωγc− d∥ ≤
1
2

[︃
∥d−Ωγc∥+ ∥c− d∥

]︃
,

that is, ∥Ωγc− d∥ ≤ ∥c− d∥ for all c ∈ Z. Hence Ωγ is a quasinonexpansive mapping. □

Theorem 3.4. Let Z be a Banach space satisfying Opial’s condition, let S be a nonempty closed convex
subset of Z, and let Ω : S→ S be an enriched Chatterjea-Suzuki-(C) type nonexpansive mapping. Then the
mapping I −Ω is demiclosed at zero.
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Proof. Using Lemma 3.1, Ωγ satisfies Chatterjea-Suzuki-(C) condition for γ = 1
κ+1 . Consider a

sequence {cn} that weakly converges to ς ∈ S, and the sequence {(I −Ω)cn} converges strongly to

0, it follows that lim
n→∞
∥cn −Ωcn∥ = 0. We aim to prove that (I −Ω)ς = 0. Consider,

∥cn −Ωγcn∥ = ∥cn − (1− γ)cn − γΩcn∥ = γ∥cn −Ωcn∥.

As n→∞, we get

lim
n→∞
∥cn −Ωγcn∥ = γ lim

n→∞
∥cn −Ωcn∥ = 0.

Then by Theorem 2.4, we have

∥cn −Ωγς∥ ≤ 5∥cn −Ωγcn∥+ ∥cn − ς∥.

Taking lim inf
n→∞

on the above inequality, we get

lim inf
n→∞

∥cn −Ωγς∥ ≤ lim inf
n→∞

∥cn − ς∥.

If Ωγς , ς, applying Opial’s condition gives

lim inf
n→∞

∥cn − ς∥ < lim inf
n→∞

∥cn −Ωγς∥,

which contradicts the previous inequality. Thus, Ωγς = ς, since {cn}weakly converges to ς. Hence,

γ(ς−Ως) = 0. Since γ ∈ (0, 1], we obtain, Ως− ς = 0. Therefore, I −Ω is demiclosed at zero. □

4. Convergence Results viaModified ECM-Iteration

This section establishes both strong and weak convergence results through the modified ECM-

iteration.

Theorem 4.1. Let S be a closed, convex subset of a uniformly convex Banach space Z, and Ω : S → S an
enriched Chatterjea-Suzuki-(C) type nonexpansive mapping with F(Ω) , ∅. If c1 ∈ S is arbitrarily chosen,
{cn} is the sequence constructed by the modified ECM-iterative scheme (1.16), then, for every ς ∈ F(Ω),
lim
n→∞
∥cn − ς∥ exists.

Proof. Suppose ς ∈ F(Ω), we have ς ∈ F(Ωγ). By Lemma 3.1, Ωγ : S → S satisfies Chatterjea-

Suzuki-(C) condition, where γ = 1
κ+1 . By (3.1),

∥κ(c− d) + Ωc−Ωd∥ ≤
1
2
[∥(κ+ 1)(d− c) + c−Ωc∥+ ∥(κ+ 1)(c− d) + d−Ωd∥] ,

for all c, d ∈ S. Using (1.16) and Theorem 2.2 we have,

∥ fn − ς∥ = ∥(1− νn)(cn − ς) + νn(Ωγcn − ς)∥

≤ (1− νn)∥cn − ς∥+ νn∥Ωγcn − ς∥

≤ (1− νn)∥cn − ς∥+ νn∥cn − ς∥

= ∥cn − ς∥,

∥en − ς∥ = ∥Ωγ

[︂
µnΩγ fn + (1− µn)Ωγcn

]︂
− ς∥
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≤ ∥µnΩγ fn + (1− µn)Ωγcn − ς∥

= ∥µn(Ωγ fn − ς) + (1− µn)(Ωγcn − ς)∥

≤ µn∥Ωγ fn − ς∥+ (1− µn)∥Ωγcn − ς∥

≤ µn∥ fn − ς∥+ (1− µn)∥cn − ς∥

≤ µn∥cn − ς∥+ (1− µn)∥cn − ς∥

= ∥cn − ς∥.

∥dn − ς∥ = ∥Ωγen − ς∥ ≤ ∥en − ς∥ ≤ ∥cn − ς∥,

∥cn+1 − ς∥ = ∥Ωγ

[︂
λnΩγdn + (1− λn)Ωγen

]︂
− ς∥

≤ ∥λnΩγdn + (1− λn)Ωγen − ς∥

= ∥λn(Ωγdn − ς) + (1− λn)(Ωγen − ς)∥

≤ λn∥Ωγdn − ς∥+ (1− λn)∥Ωγen − ς∥

≤ λn∥dn − ς∥+ (1− λn)∥en − ς∥

≤ λn∥cn − ς∥+ (1− λn)∥cn − ς∥

= ∥cn − ς∥

From this,

∥ fn − ς∥ ≤ ∥cn − ς∥ (4.1)

∥en − ς∥ ≤ ∥cn − ς∥ (4.2)

∥dn − ς∥ ≤ ∥cn − ς∥ (4.3)

∥cn+1 − ς∥ ≤ ∥cn − ς∥ (4.4)

we get, {∥cn − ς∥} is bounded and nonincreasing. Thus, lim
n→∞
∥cn − ς∥ exists for each ς ∈ F(Ω). □

Theorem 4.2. Let S be a nonempty closed convex subset of a uniformly convex Banach space Z and let
Ω : S → S be an enriched Chatterjea-Suzuki-(C) type nonexpansive mapping. Let {cn} be generated by
(1.16) with γ = 1

κ+1 , where {λn} ⊂ [0, 1] and there exist constants a, b such that

0 < a ≤ µn ≤ 1 and 0 < a ≤ νn ≤ b < 1 for all n ∈N.

Then F(Ω) , ∅ if and only if {cn} is bounded and lim
n→∞
∥cn −Ωγcn∥ = 0.

Proof. Suppose that F(Ω) , ∅ and let ς ∈ F(Ω). By Theorem 4.1, {cn} is bounded and

ϵ := lim
n→∞
∥cn − ς∥

exists. Since Ωγ is quasinonexpansive by Theorem 3.3, ∥Ωγcn − ς∥ ≤ ∥cn − ς∥, and therefore

lim sup
n→∞

∥Ωγcn − ς∥ ≤ ϵ.
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Since dn = Ωγen, the last line of (1.16) gives cn+1 = Ωγ

(︂
λnΩγdn + (1 − λn)dn

)︂
. Hence, using the

quasinonexpansiveness of Ωγ,

∥cn+1 − ς∥ ≤ ∥λn(Ωγdn − ς) + (1− λn)(dn − ς)∥

≤ λn∥Ωγdn − ς∥+ (1− λn)∥dn − ς∥

≤ ∥dn − ς∥ = ∥Ωγen − ς∥ ≤ ∥en − ς∥.

From the proof of Theorem 4.1, ∥en − ς∥ ≤ µn∥ fn − ς∥+ (1 − µn)∥cn − ς∥. Combining the last two

estimates,

∥cn+1 − ς∥ ≤ µn∥ fn − ς∥+ (1− µn)∥cn − ς∥,

that is, µn
(︂
∥cn − ς∥ − ∥ fn − ς∥

)︂
≤ ∥cn − ς∥ − ∥cn+1 − ς∥. Since ∥ fn − ς∥ ≤ ∥cn − ς∥ by (4.1) and µn ≥ a > 0,

0 ≤ ∥cn − ς∥ − ∥ fn − ς∥ ≤
1
a

(︂
∥cn − ς∥ − ∥cn+1 − ς∥

)︂
−→ 0 as n→∞.

Hence lim
n→∞
∥ fn − ς∥ = ϵ, that is,

lim
n→∞
∥(1− νn)(cn − ς) + νn(Ωγcn − ς)∥ = ϵ.

Applying Theorem 2.3 to the sequences {Ωγcn − ς}, {cn − ς} and {νn}, we conclude that

lim
n→∞
∥cn −Ωγcn∥ = 0.

On the other hand, assume {cn} is bounded and lim
n→∞
∥cn −Ωγcn∥ = 0. Since Z is uniformly convex

and S is nonempty, closed and convex, the asymptotic centre A(S, {cn}) is a singleton (see [19]), say

A(S, {cn}) = {ς}. By Lemma 3.1, Ωγ satisfies the Chatterjea-Suzuki-(C) condition, so Theorem 2.4

gives

r(Ωγς, {cn}) = lim sup
n→∞

∥cn −Ωγς∥

≤ 5 lim sup
n→∞

∥cn −Ωγcn∥+ lim sup
n→∞

∥cn − ς∥

= lim sup
n→∞

∥cn − ς∥ = r(ς, {cn}).

Since Ωγς ∈ S, it follows that Ωγς ∈ A(S, {cn}), and so Ωγς = ς. By Remark 2.1, ς ∈ F(Ωγ) = F(Ω).

Hence F(Ω) , ∅. □

Theorem 4.3. Suppose that Ω is an enriched Chatterjea-Suzuki-(C) type nonexpansive mapping on a
nonempty compact convex subset S of a uniformly convex Banach space Z, with a nonempty fixed point set
F(Ω). Then the sequence {cn} defined by (1.16), where {λn} ⊂ [0, 1], 0 < a ≤ µn ≤ 1 and 0 < a ≤ νn ≤ b < 1

for all n ∈N, converges strongly to a point in F(Ω).

Proof. Since F(Ω) , ∅, Theorem 4.2 gives lim
n→∞
∥Ωγcn − cn∥ = 0. Since S is compact, there exist a

subsequence {cnk} of {cn} and a point ς ∈ S such that cnk → ς as k→∞. By Theorem 2.4,

∥cnk −Ωγς∥ ≤ 5∥Ωγcnk − cnk∥+ ∥cnk − ς∥ −→ 0 as k→∞.
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Thus cnk → Ωγς, and by uniqueness of the limit Ωγς = ς. By Remark 2.1, ς ∈ F(Ω). By Theorem

4.1, lim
n→∞
∥cn − ς∥ exists, and since ∥cnk − ς∥ → 0. Hence {cn} converges strongly to the fixed point ς

of Ω. □

Theorem 4.4. Assume Z is a real uniformly convex Banach space with Opial’s property, and let S be a
nonempty, closed, convex subset of Z. If Ω is an enriched Chatterjea-Suzuki-(C) type nonexpansive mapping
on S with F(Ω) , ∅ and {cn} is the sequence defined by (1.16), where {λn} ⊂ [0, 1], 0 < a ≤ µn ≤ 1 and
0 < a ≤ νn ≤ b < 1 for all n ∈N, then {cn} converges weakly to a fixed point of Ω.

Proof. By Theorem 4.1, {cn} is bounded, and by Theorem 4.2,

lim
n→∞
∥cn −Ωγcn∥ = 0, so lim

n→∞
∥cn −Ωcn∥ =

1
γ

lim
n→∞
∥cn −Ωγcn∥ = 0.

Since Z is uniformly convex, it is reflexive, so the bounded sequence {cn} has weakly convergent

subsequences, and their limits lie in S because S is closed and convex. Let ς1 and ς2 be weak limits

of subsequences {cnk} and {cnl} of {cn}, respectively. By Theorem 3.4, I −Ω is demiclosed at zero, so

(I −Ω)ς1 = 0, showing ς1 ∈ F(Ω). A similar argument shows that ς2 ∈ F(Ω). Our next step is to

prove that ς1 = ς2. Let if possible, ς1 , ς2. Then we obtain,

lim
n→∞
∥cn − ς1∥ = lim inf

k→∞
∥cnk − ς1∥

< lim inf
k→∞

∥cnk − ς2∥

= lim
n→∞
∥cn − ς2∥

= lim inf
l→∞

∥cnl − ς2∥

< lim inf
l→∞

∥cnl − ς1∥

= lim
n→∞
∥cn − ς1∥,

which leads to a contradiction. Thus ς1 = ς2. Hence all weakly convergent subsequences of {cn}

have the same limit, which lies in F(Ω), and so {cn} converges weakly to an element of F(Ω). □

5. Numerical Results

In this section, we show by an example that the modified ECM-iterative scheme (1.16) converges

faster than several existing iterations for an enriched Chatterjea-Suzuki-(C) type nonexpansive

mapping.

Example 5.1. Let S = [−3, 3] and suppose, Ω : S→ S defined as follows:

Ω(c) =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
c−5

3 when c = 2
4−c

7 when c , 2

Then Ω is an enriched Chatterjea-Suzuki-(C) type nonexpansive mapping, but not a nonexpansive
mapping.
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Verification: First let us show that Ω is not nonexpansive mapping. Now let us consider, c = 2 and d , 2.

∥Ωc−Ωd∥ =
⃓⃓⃓⃓⃓
c− 5

3
−

4− d
7

⃓⃓⃓⃓⃓
=

⃓⃓⃓⃓⃓
3d− 33

21

⃓⃓⃓⃓⃓
, |c− d| = |2− d|

Let us take d = 3
2 , then

∥Ωc−Ωd∥ =

⃓⃓⃓⃓⃓
⃓ 32 − 11

7

⃓⃓⃓⃓⃓
⃓ =
⃓⃓⃓⃓⃓
19
14

⃓⃓⃓⃓⃓
> |c− d| = |2− d| =

⃓⃓⃓⃓⃓
1
2

⃓⃓⃓⃓⃓
From this, we can say that Ω is not a nonexpansive mapping.

We set κ = 1 and proceed to verify that Ω satisfies the enriched Chatterjea-Suzuki-(C) type nonexpansive
condition. For this purpose, we analyze the following three cases:

Case 1: Consider, c = d = 2,

∥κ(c− d) + Ωc−Ωd∥ =
⃓⃓⃓⃓⃓
c− d +

c− 5
3
−

d− 5
3

⃓⃓⃓⃓⃓
= 0 (5.1)

Now, consider

1
2
[∥(κ+ 1)(d− c) + c−Ωc∥+ ∥(κ+ 1)(c− d) + d−Ωd∥] =

1
2
[∥c−Ωc∥+ ∥d−Ωd∥]

=
1
2

[︄⃓⃓⃓⃓⃓
c−

c− 5
3

⃓⃓⃓⃓⃓
+

⃓⃓⃓⃓⃓
d−

d− 5
3

⃓⃓⃓⃓⃓]︄
= 3 (5.2)

From (5.1) and (5.2),

∥κ(c− d) + Ωc−Ωd∥ <
1
2

[︃
∥(κ+ 1)(d− c) + c−Ωc∥+ ∥(κ+ 1)(c− d) + d−Ωd∥

]︃
holds, for c = d = 2.

Case 2: Consider c, d , 2

∥κ(c− d) + Ωc−Ωd∥ =
⃓⃓⃓⃓⃓
c− d +

4− c
7
−

4− d
7

⃓⃓⃓⃓⃓
=

6
7
|c− d| (5.3)

Now, consider

1
2

[︃
∥(κ+ 1)(d− c) + c−Ωc∥+ ∥(κ+ 1)(c− d) + d−Ωd∥

]︃
=

1
2

[︄⃓⃓⃓⃓⃓
2(d− c) + c−

4− c
7

⃓⃓⃓⃓⃓
+

⃓⃓⃓⃓⃓
2(c− d) + d−

4− d
7

⃓⃓⃓⃓⃓]︄
=

1
2

[︄⃓⃓⃓⃓⃓
14c− 6d− 4

7

⃓⃓⃓⃓⃓
+

⃓⃓⃓⃓⃓
14d− 6c− 4

7

⃓⃓⃓⃓⃓]︄
(5.4)

Subcase 1: If c = d, then we have

∥κ(c− d) + Ωc−Ωd∥ =
6
7
|c− d| = 0.

Now, consider

1
2

[︃
∥(κ+ 1)(d− c) + c−Ωc∥+ ∥(κ+ 1)(c− d) + d−Ωd∥

]︃
=

1
2

[︄⃓⃓⃓⃓⃓
14c− 6d− 4

7

⃓⃓⃓⃓⃓
+

⃓⃓⃓⃓⃓
14d− 6c− 4

7

⃓⃓⃓⃓⃓]︄
≥ 0.
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Hence, we get

∥κ(c− d) + Ωc−Ωd∥ ≤
1
2

[︃
∥(κ+ 1)(d− c) + c−Ωc∥+ ∥(κ+ 1)(c− d) + d−Ωd∥

]︃
for all c, d ∈ S \ {2} with c = d.

Subcase 3: If c , d, then we have

∥κ(c− d) + Ωc−Ωd∥ =
⃓⃓⃓⃓⃓
c− d +

4− c
7
−

4− d
7

⃓⃓⃓⃓⃓
=

6
7
|c− d| . (5.5)

Now, consider
1
2

[︃
∥(κ+ 1)(d− c) + c−Ωc∥+ ∥(κ+ 1)(c− d) + d−Ωd∥

]︃
=

1
2

[︄⃓⃓⃓⃓⃓
2(d− c) + c−

4− c
7

⃓⃓⃓⃓⃓
+

⃓⃓⃓⃓⃓
2(c− d) + d−

4− d
7

⃓⃓⃓⃓⃓]︄
=

1
2

[︄⃓⃓⃓⃓⃓
14c− 6d− 4

7

⃓⃓⃓⃓⃓
+

⃓⃓⃓⃓⃓
14d− 6c− 4

7

⃓⃓⃓⃓⃓]︄
. (5.6)

By the triangle inequality,⃓⃓⃓⃓⃓
14c− 6d− 4

7

⃓⃓⃓⃓⃓
+

⃓⃓⃓⃓⃓
14d− 6c− 4

7

⃓⃓⃓⃓⃓
≥

⃓⃓⃓⃓⃓
⃓ (14c− 6d− 4) − (14d− 6c− 4)

7

⃓⃓⃓⃓⃓
⃓ = 20

7
|c− d|,

and thus, from (5.5) and (5.6),

∥κ(c− d) + Ωc−Ωd∥ =
6
7
|c− d|

<
10
7
|c− d|

<
1
2

[︄⃓⃓⃓⃓⃓
14c− 6d− 4

7

⃓⃓⃓⃓⃓
+

⃓⃓⃓⃓⃓
14d− 6c− 4

7

⃓⃓⃓⃓⃓]︄
=

1
2

[︃
∥(κ+ 1)(d− c) + c−Ωc∥+ ∥(κ+ 1)(c− d) + d−Ωd∥

]︃
for all c, d ∈ S \ {2} with c , d.

Case 2: Consider, c = 2; d , 2

∥κ(c− d) + Ωc−Ωd∥ =
⃓⃓⃓⃓⃓
c− d +

c− 5
3
−

4− d
7

⃓⃓⃓⃓⃓
=

⃓⃓⃓⃓⃓
28c− 18d− 47

21

⃓⃓⃓⃓⃓
=
|9− 18d|

21
=

3
7
|2d− 1| (5.7)

Now, consider
1
2
[∥(κ+ 1)(d− c) + c−Ωc∥+ ∥(κ+ 1)(c− d) + d−Ωd∥]

=
1
2

[︄⃓⃓⃓⃓⃓
2(d− c) + c−

c− 5
3

⃓⃓⃓⃓⃓
+

⃓⃓⃓⃓⃓
2(c− d) + d−

4− d
7

⃓⃓⃓⃓⃓]︄
=

1
2

[︄⃓⃓⃓⃓⃓
6d− 4c + 5

3

⃓⃓⃓⃓⃓
+

⃓⃓⃓⃓⃓
14c− 6d− 4

7

⃓⃓⃓⃓⃓]︄
=

1
2
|2d− 1|+

12− 3d
7

(5.8)

From (5.7) and (5.8),

∥κ(c− d) + Ωc−Ωd∥ =
3
7
|2d− 1|
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<
1
2
|2d− 1|

<
1
2
|2d− 1|+

12− 3d
7

=
1
2

[︃
∥(κ+ 1)(d− c) + c−Ωc∥+ ∥(κ+ 1)(c− d) + d−Ωd∥

]︃
for c = 2 and all d ∈ S \ {2}.

Thus, Ω is an enriched Chatterjea-Suzuki-(C) type nonexpansive mapping.

Now, we will explore the comparison of convergence among several recent iterations. Suppose

that the sequences {λn}, {µn}, {νn} given by

λn =
1
2

; µn =
2
5

; νn =
9
10

where {λn}, {µn}, {νn} ∈ (0, 1) and initial value is 1.

Number of iterations
2 4 6 8 10 12 14

c n

0.4

0.5

0.6

0.7

0.8

0.9

1 Convergence Analysis of Various Iteration Methods

Vatan two-step iteration
Thakur et al. iteration
M iteration
Piri et al. iteration
Garodia and Uddin iteration
Z-iteration
PV algorithm
ECM-iteration

3 4
0.500

0.505

0.510

Iterations 3 to 4

Figure 1. A comparative illustration of selective iterative schemes with initial

value c1 = 1.

Table 1 and Figure 1 compare the modified ECM-iteration with the Vatan, Thakur, M, Piri,

Garodia–Uddin, Z and PV iterations, where Ω is replaced by Ωγ in each of these schemes. We

take κ = 1, so that γ = 1
2 , with λn = 1

2 , µn = 2
5 , νn = 9

10 and c1 = 1. All the sequences converge

to the fixed point 0.5. The modified ECM-iteration is the first to agree with 0.5 to eight decimal

places, at n = 6; the M-iteration needs n = 7, and the remaining schemes need more than seven

iterations. The enlarged view of iterations 3 to 4 in Figure 1 shows that the curve of the modified

ECM-iteration lies below all the others and is closest to 0.5. Hence, for this example, the modified

ECM-iteration converges faster than the other schemes.



Int. J. Anal. Appl. (2026), 24:335 17

n Vatan Thakur M Piri
Garodia

& Uddin
Z PV ECM

1 1.00000000 1.00000000 1.00000000 1.00000000 1.00000000 1.00000000 1.00000000 1.00000000
2 0.55060392 0.58134111 0.52168739 0.55060392 0.52618552 0.55242458 0.52811329 0.50956999
3 0.50512151 0.51323275 0.50094069 0.50512151 0.50137136 0.50549667 0.50158071 0.50018317
4 0.50051834 0.50215273 0.50004080 0.50051834 0.50007182 0.50057632 0.50008888 0.50000351
5 0.50005246 0.50035021 0.50000177 0.50005246 0.50000376 0.50006043 0.50000500 0.50000007
6 0.50000531 0.50005697 0.50000008 0.50000531 0.50000020 0.50000634 0.50000028 0.50000000
7 0.50000054 0.50000927 0.50000000 0.50000054 0.50000001 0.50000066 0.50000002 0.50000000

Table 1. Iterative comparison of successive approximations toward the fixed

point 0.5.

6. Applications

In this section, we utilize our principal results to analyze the convergence behavior of the ECM-

iterative scheme for a nonlinear delay differential equation and to establish the existence and

uniqueness of solutions to a nonlinear fractional integro-differential equation.

6.1. Application to a Delay Differential Equation. We examine a nonlinear delay differential

equation and apply our main result to study the convergence of the ECM-iterative scheme.

Consider a delay differential equation

c′(t) = f (t, c(t), c(t− ξ)), ∀ t ∈ [t0, b], (6.1)

with initial condition

c(t) = Υ(t), t ∈ [t0 − ξ, t0]. (6.2)

Assume the following conditions hold:

(D1) t0, b ∈ R with t0 < b, and ξ > 0;

(D2) f ∈ C([t0, b] ×R2, R);

(D3) Υ ∈ C([t0 − ξ, t0], R);

(D4) there exists L f > 0 such that

| f (t, p1, p2) − f (t, q1, q2)| ≤ L f (|p1 − q1|+ |p2 − q2|),

for all pψ, qψ ∈ R, ψ = 1, 2; t ∈ [t0, b];
(D5) 2L f (b− t0) < 1.

An equivalent formulation of the problem (6.1)-(6.2) is given by the integral equation below:

c(t) =

⎧⎪⎪⎪⎨⎪⎪⎪⎩Υ(t), t ∈ [t0 − ξ, t0],

Υ(t0) +
∫︁ t

t0
f (p, c(p), c(p− ξ))dp, t ∈ [t0, b].
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The existence and uniqueness of a solution to problem (6.1)-(6.2) were established by Coman et

al. [18] via the Picard iterative scheme. We extend this analysis by establishing the convergence of

the ECM-iterative scheme to the same solution.

Theorem 6.1. [18] Under the given conditions (D1)-(D5), the problem (6.1)-(6.2) possesses a unique
solution say ς ∈ C([t0 − ξ, b], R) ∩C1([t0, b], R). Moreover, the Picard iterative scheme converges to ς for
any c0 ∈ C([t0 − ξ, b], R).

Building upon the above existence result, we now establish that the ECM-iteration (1.15) con-

verges to the unique solution ς for an arbitrary initial function, thus confirming the practical

effectiveness of ECM-iterative framework.

Theorem 6.2. When conditions (D1)-(D5) are satisfied, the sequence {cn} generated by iterative scheme
(1.15) converges to the solution of problem (6.1)-(6.2), say ς ∈ C([t0 − ξ, b], R) ∩ C1([t0, b], R) for any
c0 ∈ C([t0 − ξ, b], R).

Proof. Consider the sequence {cn} that is generated using the iterative scheme (1.15) for the operator,

Ωc(t) =

⎧⎪⎪⎪⎨⎪⎪⎪⎩Υ(t), t ∈ [t0 − ξ, t0],

Υ(t0) +
∫︁ t

t0
f (p, c(p), c(p− ξ)) dp, t ∈ [t0, b].

where {λn}, {µn} ∈ (0, 1) for all n ∈ N with
∞∑︁

n=0
λn = ∞. Let ς denote the fixed point of Ω, so that

Ως = ς. We now show that cn → ς as n→∞.

For t ∈ [t0 − ξ, t0], convergence follows immediately from the definition of Ω. We therefore focus

on t ∈ [t0, b]. Using (1.15) and condition (D4),

∥ fn − ς∥∞ = ∥(1− νn)cn + νnΩcn − ς∥∞

≤ (1− νn)∥cn − ς∥∞ + νn∥Ωcn −Ως∥∞

= (1− νn)∥cn − ς∥∞ + νn max
t∈[t0−ξ,b]

⃓⃓⃓
Ωcn(t) −Ως(t)

⃓⃓⃓
= (1− νn)∥cn − ς∥∞ + νn max

t∈[t0−ξ,b]

⃓⃓⃓⃓⃓
⃓
∫︂ t

t0

f (p, cn(p), cn(p− ξ)) − f (p, ς(p), ς(p− ξ))dp

⃓⃓⃓⃓⃓
⃓

≤ (1− νn)∥cn − ς∥∞ + νn max
t∈[t0−ξ,b]

∫︂ t

t0

⃓⃓⃓
f (p, cn(p), cn(p− ξ)) − f (p, ς(p), ς(p− ξ))

⃓⃓⃓
dp

≤ (1− νn)∥cn − ς∥∞ + νn max
t∈[t0−ξ,b]

∫︂ t

t0

L f

(︂⃓⃓⃓
cn(p) − ς(p)

⃓⃓⃓
+
⃓⃓⃓
cn(p− ξ) − ς(p− ξ)

⃓⃓⃓)︂
dp

≤ (1− νn)∥cn − ς∥∞ + νn

∫︂ t

t0

L f (∥cn − ς∥∞ + ∥cn − ς∥∞) dp

≤ (1− νn)∥cn − ς∥∞ + 2νnL f (b− t0)∥cn − ς∥∞

=
(︂
1− (1− 2L f (b− t0))νn

)︂
∥cn − ς∥∞



Int. J. Anal. Appl. (2026), 24:335 19

Therefore,

∥ fn − ς∥∞ ≤
(︂
1− (1− 2L f (b− t0))νn

)︂
∥cn − ς∥∞ (6.3)

Let gn = µnΩ fn + (1− µn)Ωcn, so that en = Ωgn. Then

∥gn − ς∥∞ ≤ ∥µnΩ fn + (1− µn)Ωcn − ς∥∞

≤ µn∥Ω fn − ς∥∞ + (1− µn)∥Ωcn − ς∥∞ (6.4)

Using condition (D4) and by (6.3),

∥Ω fn − ς∥∞ = max
t∈[t0−ξ,b]

⃓⃓⃓
Ω fn(t) −Ως(t)

⃓⃓⃓
= max

t∈[t0−ξ,b]

⃓⃓⃓⃓⃓
⃓
∫︂ t

t0

f (p, fn(p), fn(p− ξ))dp−
∫︂ t

t0

f (p, ς(p), ς(p− ξ))dp

⃓⃓⃓⃓⃓
⃓

≤ max
t∈[t0−ξ,b]

∫︂ t

t0

⃓⃓⃓
f (p, fn(p), fn(p− ξ)) − f (p, ς(p), ς(p− ξ))

⃓⃓⃓
dp

≤ max
t∈[t0−ξ,b]

∫︂ t

t0

L f

(︂⃓⃓⃓
fn(p) − ς(p)

⃓⃓⃓
+
⃓⃓⃓
fn(p− ξ) − ς(p− ξ)

⃓⃓⃓)︂
dp

≤

∫︂ t

t0

L f

(︃
max

t∈[t0−ξ,b]

⃓⃓⃓
fn(p) − ς(p)

⃓⃓⃓
+ max

t∈[t0−ξ,b]

⃓⃓⃓
fn(p− ξ) − ς(p− ξ)

⃓⃓⃓ )︃
dp

=

∫︂ t

t0

L f (∥ fn − ς∥∞ + ∥ fn − ς∥∞) dp

≤ 2L f (b− t0)∥ fn − ς∥∞

≤

(︂
1− (1− 2L f (b− t0))νn

)︂
∥cn − ς∥∞

Using condition (D5),

∥Ω fn − ς∥∞ ≤
(︂
1− (1− 2L f (b− t0))νn

)︂
∥cn − ς∥∞ (6.5)

Again by condition (D4),

∥Ωcn − ς∥∞ = max
t∈[t0−ξ,b]

⃓⃓⃓
Ωcn(t) −Ως(t)

⃓⃓⃓
= max

t∈[t0−ξ,b]

⃓⃓⃓⃓⃓
⃓
∫︂ t

t0

f (p, cn(p), cn(p− ξ))dp−
∫︂ t

t0

f (p, ς(p), ς(p− ξ))dp

⃓⃓⃓⃓⃓
⃓

≤ max
t∈[t0−ξ,b]

∫︂ t

t0

⃓⃓⃓
f (p, cn(p), cn(p− ξ))dp− f (p, ς(p), ς(p− ξ))

⃓⃓⃓
dp

≤ max
t∈[t0−ξ,b]

∫︂ t

t0

L f

(︂⃓⃓⃓
cn(p) − ς(p)

⃓⃓⃓
+
⃓⃓⃓
cn(p− ξ) − ς(p− ξ)

⃓⃓⃓)︂
dp

≤

∫︂ t

t0

L f max
t∈[t0−ξ,b]

(︃ ⃓⃓⃓
cn(p) − ς(p)

⃓⃓⃓
+
⃓⃓⃓
cn(p− ξ) − ς(p− ξ)

⃓⃓⃓ )︃
dp

=

∫︂ t

t0

L f (∥cn − ς∥∞ + ∥cn − ς∥∞) dp
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≤ 2L f (b− t0)∥cn − ς∥∞.

So, by condition (D5), we get

∥Ωcn − ς∥∞ ≤ ∥cn − ς∥∞. (6.6)

Substituting (6.5) and (6.6) in (6.4), we get

∥gn − ς∥∞ ≤ µn
(︂
1− (1− 2L f (b− t0))νn

)︂
∥cn − ς∥∞ + (1− µn)∥cn − ς∥∞

≤

(︂
1− (1− 2L f (b− t0))µnνn

)︂
∥cn − ς∥∞.

Similar to the above inequality (6.5), we obtain, ∥Ωgn − ς∥∞ ≤ ∥gn − ς∥∞ implies,

∥en − ς∥∞ = ∥Ωgn − ς∥∞

≤

(︂
1− (1− 2L f (b− t0))µnνn

)︂
∥cn − ς∥∞. (6.7)

Similar to the above inequality (6.5), we obtain, ∥Ωen − ς∥∞ ≤ ∥en − ς∥∞ implies,

∥dn − ς∥∞ = ∥Ωen − ς∥∞ ≤ ∥en − ς∥∞ ≤
(︂
1− (1− 2L f (b− t0))µnνn

)︂
∥cn − ς∥∞. (6.8)

Similar to the above inequality (6.5), we obtain, ∥Ωdn − ς∥∞ ≤ ∥dn − ς∥∞ implies,

∥Ωdn − ς∥∞ ≤ ∥dn − ς∥∞ ≤
(︂
1− (1− 2L f (b− t0))µnνn

)︂
∥cn − ς∥∞. (6.9)

Let hn = λnΩdn + (1− λn)Ωen, so that cn+1 = Ωhn. Then

∥hn − ς∥∞ = ∥λnΩdn + (1− λn)Ωen − ς∥∞ ≤ λn∥Ωdn − ς∥∞ + (1− λn)∥Ωen − ς∥∞. (6.10)

Applying (6.8) and (6.9) in (6.10) we get

∥hn − ς∥∞ ≤ λn∥Ωdn − ς∥∞ + (1− λn)∥Ωen − ς∥∞ ≤
(︂
1− (1− 2L f (b− t0))µnνn

)︂
∥cn − ς∥∞. (6.11)

Consider,

∥cn+1 − ς∥∞ = ∥Ωhn − ς∥∞

= max
t∈[t0−ξ,b]

⃓⃓⃓
Ωhn(t) −Ως(t)

⃓⃓⃓
= max

t∈[t0−ξ,b]

⃓⃓⃓⃓⃓
⃓
∫︂ t

t0

f (p, hn(p), hn(p− ξ))dp−
∫︂ t

t0

f (p, ς(p), ς(p− ξ))dp

⃓⃓⃓⃓⃓
⃓

≤ max
t∈[t0−ξ,b]

∫︂ t

t0

⃓⃓⃓
f (p, hn(p), hn(p− ξ))dp− f (p, ς(p), ς(p− ξ))

⃓⃓⃓
dp

≤ max
t∈[t0−ξ,b]

∫︂ t

t0

L f

(︃ ⃓⃓⃓
hn(p) − ς(p)

⃓⃓⃓
+
⃓⃓⃓
hn(p− ξ) − ς(p− ξ)

⃓⃓⃓ )︃
dp

≤

∫︂ t

t0

L f max
u∈[t0−ξ,b]

(︃ ⃓⃓⃓
hn(p) − ς(p)

⃓⃓⃓
+
⃓⃓⃓
hn(p− ξ) − ς(p− ξ)

⃓⃓⃓ )︃
dp

=

∫︂ t

t0

L f (∥hn − ς∥∞ + ∥hn − ς∥∞) dp

≤ 2L f (b− t0)∥hn − ς∥∞
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≤ ∥hn − ς∥∞.

Since 0 ≤ (1 − 2L f (b − t0))µnνn ≤ 1, inequality (6.11) gives ∥hn − ς∥∞ ≤ ∥cn − ς∥∞. Hence, with

θ := 2L f (b− t0),

∥cn+1 − ς∥∞ ≤ θ∥cn − ς∥∞ for all n ∈N,

and by induction ∥cn+1 − ς∥∞ ≤ θn
∥c1 − ς∥∞. Since θ < 1 by (D5), we obtain lim

n→∞
∥cn − ς∥∞ = 0. □

6.2. Application to a Fractional Integro–Differential Equation. Now, we apply our main results

to study a class of nonlinear fractional integro-differential equations.

Let S = C([0, 1], R) be the Banach space endowed with the norm

∥c∥ = sup
t∈[0,1]

|c(t)|.

Consider the nonlinear fractional integro–differential equation

Dα
t c(t) = f (t, c(t)) +

∫︂ t

0
K1(t, s, c(s)) ds +

∫︂ 1

0
K2(t, s, c(s)) ds, t ∈ [0, 1], (6.12)

subject to the initial condition

c(0) = c0,

where 0 < α < 1 and Dα
t denotes the Caputo fractional derivative.

Assume that the functions

f : [0, 1] ×R→ R, Ki : [0, 1] × [0, 1] ×R→ R, i = 1, 2,

are continuous.

Using the properties of the Caputo fractional derivative, equation (6.12) is equivalent to the

integral equation

c(t) = c0 +
1

Γ(α)

∫︂ t

0
(t− s)α−1

[︄
f (s, c(s)) +

∫︂ s

0
K1(s, r, c(r)) dr +

∫︂ 1

0
K2(s, r, c(r)) dr

]︄
ds. (6.13)

Define the operator Ω : S→ S by

(Ωc)(t) = c0 +
1

Γ(α)

∫︂ t

0
(t− s)α−1

[︄
f (s, c(s)) +

∫︂ s

0
K1(s, r, c(r)) dr +

∫︂ 1

0
K2(s, r, c(r)) dr

]︄
ds. (6.14)

Theorem 6.3. Let Ω : S→ S be the operator defined by (6.14). Suppose the following conditions hold:

(F1) There exists L > 0 such that

| f (t, c) − f (t, d)| ≤ L|c− d|

for all t ∈ [0, 1] and c, d ∈ R.
(F2) There exist M1, M2 > 0 such that

|Ki(t, s, c) −Ki(t, s, d)| ≤Mi|c− d|, i = 1, 2.
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(F3) The constants satisfy

L + M1 + M2

Γ(α+ 1)
< 1.

Then the operator Ω : S→ S is an enriched Chatterjea-Suzuki-(C) type nonexpansive mapping.

Proof. Let c, d ∈ S. Using (F2) in (6.14),

|Ωc(t) −Ωd(t)| ≤
1

Γ(α)

∫︂ t

0
(t− s)α−1 [L|c(s) − d(s)|+ M1|c(s) − d(s)|+ M2|c(s) − d(s)|] ds.

Thus,

|Ωc(t) −Ωd(t)| ≤
L + M1 + M2

Γ(α)

∫︂ t

0
(t− s)α−1

|c(s) − d(s)|ds.

Since |c(s) − d(s)| ≤ ∥c− d∥, we obtain

|Ωc(t) −Ωd(t)| ≤
L + M1 + M2

Γ(α)
∥c− d∥

∫︂ t

0
(t− s)α−1ds.

Using ∫︂ t

0
(t− s)α−1ds =

tα

α
,

we obtain

|Ωc(t) −Ωd(t)| ≤
L + M1 + M2

Γ(α+ 1)
∥c− d∥.

Taking supremum,

∥Ωc−Ωd∥ ≤ λ∥c− d∥, where λ =
L + M1 + M2

Γ(α+ 1)
.

Using triangle inequality,

∥κ(c− d) + Ωc−Ωd∥ ≤ κ∥c− d∥+ ∥Ωc−Ωd∥.

Hence

∥κ(c− d) + Ωc−Ωd∥ ≤ (κ+ λ)∥c− d∥. (6.15)

Using triangle inequality,

∥(κ+ 1)(d− c) + c−Ωc∥ ≥ |(κ+ 1)∥c− d∥ − ∥c−Ωc∥|. (6.16)

Similarly,

∥(κ+ 1)(c− d) + d−Ωd∥ ≥ |(κ+ 1)∥c− d∥ − ∥d−Ωd∥|. (6.17)

Adding (6.16) and (6.17), we obtain

1
2

[︃
∥(κ+ 1)(d− c) + c−Ωc∥+ ∥(κ+ 1)(c− d) + d−Ωd∥

]︃
≥ (κ+ 1)∥c− d∥ −

1
2
(∥c−Ωc∥+ ∥d−Ωd∥).
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Using (F3), we have

(κ+ λ)∥c− d∥ ≤ (κ+ 1)∥c− d∥ −
1
2
(∥c−Ωc∥+ ∥d−Ωd∥)

≤
1
2

[︃
∥(κ+ 1)(d− c) + c−Ωc∥+ ∥(κ+ 1)(c− d) + d−Ωd∥

]︃
.

Thus, by using (6.15)

∥κ(c− d) + Ωc−Ωd∥ ≤
1
2

[︃
∥(κ+ 1)(d− c) + c−Ωc∥+ ∥(κ+ 1)(c− d) + d−Ωd∥

]︃
.

Hence Ω satisfies the enriched Chatterjea-Suzuki-(C) type nonexpansive. □

Theorem 6.4. The fractional integro-differential equation (6.12) admits a unique solution in C([0, 1], R).

Proof. From the previous theorem, the operator Ω is an enriched Chatterjea-Suzuki-(C) type non-

expansive mapping on the Banach space S.

Since S is complete and Ω is a self-map satisfying the enriched Chatterjea-Suzuki-(C) condition,

all the assumptions of our main fixed point theorem are satisfied.

Hence Ω has a unique fixed point ς ∈ S, that is

Ως = ς.

Therefore, the fractional integro-differential equation (6.12) possesses a unique solution.

□
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