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Abstract. Let ﬂéhéz,y = x(xD + pll) + &I + &D be a first-order differential raising operator, where (&1,&2) €
C2\{(0,0)}, D = d/dx, and T is the identity operator on the polynomial space. We characterize all monic orthog-
onal polynomial sequences for which the normalized sequence generated by Ay, ¢, , is also orthogonal. Under the
appropriate regularity conditions, the resulting sequences are scaled Bessel polynomials when &; = 0 and scaled Jacobi
polynomials when &, # 0, with the Gegenbauer polynomials arising precisely in the subcase £ = 0. Some structural

properties and connection relations are also established.

1. INTRODUCTION

An orthogonal polynomial sequence {p;,},>0 is said to be D-classical when it satisfies the criterion
established by Hahn: the derived sequence {Dp,}.>0 is itself orthogonal [16,25]. As shown in
[19,20], the Hermite, Laguerre, Bessel, and Jacobi families constitute the complete list of orthogonal
polynomial sequences with this property.

More generally, consider a linear operator O acting on the space of polynomials such that a
polynomial of degree n is mapped to a polynomial of degree n + 1y, where ng is a fixed integer
(withn > 0if ng > 0, and n > ng if ngp < 0). A sequence {p,}.>0 of orthogonal polynomials will be
called O-classical whenever the transformed sequence {Op,},>0 preserves orthogonality.

In the present work, our analysis identifies two well-known classical families: the Bessel and
Jacobi polynomials, with the Gegenbauer polynomials arising as the symmetric Jacobi subcase.
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These families play a prominent role in several branches of physics, particularly in problems
involving spherical or rotational symmetry, as well as in quantum mechanics, where they arise in
the study of angular momentum and wave functions on spherical domains [18,21,24]. Then, we
consider the raising operator, Ay, ¢, ;, := x(xD + ull) + &1+ ED, where &1, & and p are nonzero
parameters and I represents the identity operator. We describe all the Ay, ¢, ,,-classical orthogonal

polynomial sequences.

Indeed, if &, = 0, we proved that the scaled Bessel polynomial sequence {a‘”B,&gH) ((ax)}uso0,
where a = (‘5—21)‘1, p/2 # —nand p # —n—1forn > 1, is the unique Ay, o -classical orthogonal
polynomial sequence.

If &> # 0, we proved that the scaled Jacobi polynomial sequence
poady ptaby .
a‘”]ﬁ P )(ux) where a* = -&1, (”_ggl, % # —n, 4 # —n—1,n > 1), is the unique

Ag, &, u-classical orthoggzrgal polynomial sequence. Here the parameters are assumed to satisfy the
appropriate regularity conditions. The Gegenbauer family is recovered precisely when &; = 0, for
which A = B.

The concept of O-classical orthogonal polynomials has been studied by many authors in the
literature; see [1-14,17,22,23].

The paper is organized as follows. Section 2 introduces the notation and preliminary results
used throughout the paper. Section 3 defines Ay, , ,-classical orthogonal polynomial sequences,
establishes their structural relations and classification, and derives the associated second-order
differential eigenoperator. Finally, Section 4 summarizes the main results and outlines directions

for future research.

2. PRELIMINARIES

Let IP be the linear space of polynomials in one variable with complex coefficients. The algebraic
dual space of IP will be represented by IP’. We denote by (u,p) the action of u € P’ onp € P and
by (1), := (u,x"), n > 0, the sequence of moments of u with respect to the polynomial sequence
{x"} 0.

Let us define the following operations in IP’ [19]. For a linear functional u, any polynomial
¢, and any (a,b) € C\{0} X C, let Du = u’, gu, 1_pu and h,u be the linear functionals defined by
duality

<M,,f> = _<u1f/>/ <gu/f> = <u/gf>/
Chau, £y := (u, by f) = (u, f(ax)), (t_pu, f):=u, 1pf) =u, f(x—-D0)).

A linear functional u is said to be normalized when its zeroth moment satisfies (u)o = 1.

For convenience, we recall several fundamental notions that will be used throughout this work:
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¢ A monic polynomial sequence (MPS) is a sequence of polynomials {P,},>¢ in which each
polynomial P, has leading coefficient equal to 1; equivalently, the coefficient of x" in P, (x)
is 1.

e The dual sequence {u,},>0 associated with a given MPS {P,},>¢ is the unique family of

linear functionals on the polynomial space IP satisfying the biorthogonality conditions
<un; Pm> = 671,"1/ nmz2 O/

where 6, ,, denotes the Kronecker delta.
e The first element 1 of the dual sequence is referred to as the canonical form attached to the
monic sequence {P,},>o. This functional determines the entire dual sequence and encodes

the orthogonality (or quasi-orthogonality) properties of the polynomials.

Lemma 2.1. [19,20] Let {P,},,0 be a MPS, for any u € P’ and any integer m > 1, the following statements

are equivalent:

(l) <u/Pm—1> :/t O/ <u/P1/l> - 0/ n Z m.

m—1
(i) dA, € C,0<k<m—1, Ay_1 # Osuch that u = Ay
k=0

1]

As a consequence, the dual sequence {u,[}] tns0 of {P,,"}>0 where
P;[}] (x) :==(n+ 1)_1P,’1+1 (x), n > 0, satisfies [19]

Du,[f} =—-(n+1)uy41, n>0.

Similarly, the dual sequence {il;} 0 of {Py,}ns0, where Py, (x) := a™"P,(ax + b) with (a,b) € C\{0} XC,
is given by [19]
iiy = a"(hy-1 0 T_p)uy, n>0.

A linear functional u is said to be regular [19] if there exists a polynomial sequence {P,},~0, with

deg P,, = n, such that
(U, PyPp) = 110n,m, n,m>0,
where r, # 0 for every n > 0. The polynomials may be normalized to be monic, in which case
{Pu}n>0 is called the monic orthogonal polynomial sequence (MOPS) associated with u. Since
Py = 1, regularity implies
(u)o :==(u, 1y =ry #0.

Hence u can be written as

u = (u)ouo,

-1
0

Moreover, a regular functional has no nonzero polynomial annihilator: if F € IP satisfies Fu = 0,

where ug := (1) u is the corresponding normalized regular functional, satisfying (uo, 1) = 1.

then necessarily F = 0 [19].

Proposition 2.1. [19] Let {Py,},>0 be a MOPS with degP, = n, n > 0, and let {u,},>0 be its dual
sequence. The following statements are equivalent.
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(i) {Pnlnzo0 is orthogonal with respect to uy.
(ii) u, = (uo, P2)"'Pyug, n > 0.
(iii) {Pn}nso satisfies the third-order linear recurrence relation

{Po( x) =1, Pi(x)=x-po, (2.1)
o .

(x = Bn+1)Pus1(x) = yui1Pu(x), n 20,

where By = (uo, xP2)(ug, P2)™, n > 0 and y, 11 = (uo, Piﬂ)(uo,Pﬁ)‘l +#0, n>0.

n+2(

If {Py}n>0 is a MOPS with respect to the regular form ug, then {P}ns0 is a MOPS with respect to
the regular form ifp = (h,-1 o T_p)up, and satisfies [19,20]

Po(x) = 1, Pl( ) = X—Bo,
Puya(x) = (x = Pug1)Pus1(x) = PusaPu(x), n >0,

where B, =a (B, —b) and 7,41 = a 2y,41.

An orthogonal polynomial sequence {P,},>0 is called D-classical, if {PLN }n=0 is also orthogonal
(Hermite, Laguerre, Bessel or Jacobi), [16,19]. A second characterization of these polynomials, which
will play the leading role in the sequel, is that they are the only polynomial solutions of the

second-order differential equation (Bochner [15])

P(X) Py 41 (%) =P (X) P} 14 (%) = AnPrya(x), n 20, (22)

where ¢, 1) are polynomials, ¢ monic, deg¢ =t < 2, degy = 1land A, = (n+ 1)(%9{)”(0)11 —
gb’(O)) #0, n >0 (see also [19]).

If {P,}u>0 is a D-classical sequence satisfying (2.2), then {P}ns0 is also a D-classical sequence and
satisfies (see [19])

G()P; 1 (x) = P(x)P) 1 (x) = APy (x), n 20, (2.3)
where ¢(x) = a~'¢p(ax +b), ¥(x) = a' ¢ (ax +b) and A, = a>7A,,.

We now recall some basic properties of D-classical orthogonal polynomials, focusing on two

families: the Bessel polynomials (C1) and the Jacobi polynomials (C2).

Bessel Orthogonal Polynomials (C1): For n > 0 and a # —7, the Bessel orthogonal polynomials
are denoted by P,(x) = B,(f) (x), with ug = B@. The coefficients are given by:
1 l1-a
Po=—3 b= e Dnra)
n(n+2a-2)

= — 7 Zl
T T nt2a-3)(nta-12@2n+2a-1)

n>0,

The polynomials ¢ and 1 are x? and —2(ax + 1), respectively, and A, are (n+ 1)(n + 2a) for
n > 0.[19,20].

Jacobi Orthogonal Polynomials (C2): Forn > 0and o, # —n, a + # —n—1, n > 1, the Jacobi
orthogonal polynomials are denoted by P,(x) = ],(1“’5 ) (x), with ug = J@F). The coefficients are
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given by [19,20]
B a—pf B az—ﬁ2
5O_a+ﬁ+2’ 5”_(2n+a+ﬁ)(2n+a+ﬁ+2)’
_ dn(n+a+p)(n+a)(n+p)
I ntatp-D@ntatpR@ntatprl) o

P(x)=x>-1,¢(x) =—(a+B+2)x+a-B, Ay = (n+1)(n+a+p+2) forn >0[19,20].

Remark 2.1. There are some special cases of Jacobi polynomials. When o = B, the Jacobi polynomials

reduce to the Gegenbauer (or ultraspherical) polynomials.

3. TuE Ay, ¢, y-CrassicaL ORTHOGONAL POLYNOMIALS

In this section, we introduce the notion of Ag, ¢, ,-classical orthogonal polynomial sequences
and derive the main relations connecting the original and transformed sequences. These relations
are then used to classify all such sequences and to establish the associated differential eigenvalue
equation.

Recall the operator
ﬂél/ézl,u . ]].—) g ]I),
fo Agau(f) = (F+&)f + (px + &) f.

Since Ag, ¢, raises the degree of a polynomial by one, it naturally generates a new polynomial

sequence from a given one. This observation motivates the following definition.

Definition 3.1. We call a sequence {Py},>0 of orthogonal polynomials Ag, ¢, ~classical if there exists a

p, =P u>o.

sequence {P,LH tn=0 of orthogonal polynomials such that A a1’

E1,82,1
For any MPS {P,},>0 we define the MPS {P,[}]}nzo, given by

A Py, (x)
1]  bu
Pn+1<x) = 7; nz0,
or equivalently
(n+ )P (x) := (& + &) P)(x) + (ux + &)Pu(x), n >0, (3.1)

with initial value P([)H (x) =1.

Our next goal is to describe all the A, ¢, ,-classical polynomial sequences. Note that we need
&= (&,&) # (0,0) to ensure that {P,Ll} }n=0 is an orthogonal sequence. Indeed, if we suppose that
& = (&1,&2) = (0,0), the relation (3.1) becomes, for x = 0, PEJ]FI(O) =0, n > 0, which contradicts
the orthogonality of {PE] bnz0-

The operator Ay, ¢, , raises the degree of any polynomial. Such an operator is called a raising

operator. By transposition of the operator Az, we get

A eou = —Ae, a2 (3.2)
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To prove this, let f € P and u € P’. Then

(u, ﬂ&,éz,,uf) = <tﬂ§1,§2,pu/ f)
It holds that

W, Agy gpuf) = U, (C+E&)f + (ux+&)f)
=, (C+ &) )+, (px+ &) )
= (P +&)u f)y+ ((ux+ &), f)
= (@ +&)u], f+ (e + &), f
= —@uu+ (4 &), fy +((ux+ E)u, )
= (P4 &) - (2-pwx—&)u, f) = (~A_g, 041, -

Denote by {u,},>0 and {v,;},>0 the dual sequences corresponding to {P},,>0 and {PE] }n>0, respec-

tively. Then

@ust, PY ) = Oy, m,m 2 0.
Hence,
(Oni1, Aey ey uPm) = (M A+ 1) 00,m, n,m > 0.
Using (3.2), we obtain

<tﬂ£1,52,yvn+1/ Pm> = (m + ﬂ)én,mz n,mz 0.
According to Lemma 2.1 and (3.2), we obtain that
(x* + &)vy g+ (2= p)x=&1)vuyr = —(n+wuy, n=0. (3.3)

Assume that {P,},>¢ and {PL” }n=0 are MOPS satisfying

Po(x) :1, Pl(x) :x—ﬁo, (34)
Ppia(x) = (x = But1) Pus1 (x) = Yns1Pu(x), yni1 #0, 120,
P([)l] (x) =1, PE” (x) = x—po, (3.5)
Pola(x) = (x = pus1) Py (%) = 001 Py (%), G %0, > 0.
Next, a first result will be deduced as a consequence of the relations (3.1), (3.4) and (3.5).
Proposition 3.1. The sequences {Py},>0 and {P,[ql] tns0 satisfy the following finite type relation
(2% + &2)Pu(x) = P (x) + 0,P (x) + @,P (x), n >0, (3.6)

where
On = (n+ H)(ﬁn - pn+1), n>0,
@ = (m+p=1)yn—(n+u)on+1, 120,

with the convention yo = 0.
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Proof. By differentiating (3.4), we obtain

Plin(0) = (X = Bus1) Py oy (X) = Ynsa Py (x) + Puga (x), n 2 0.

Multiply the last equation by x* + &; and the relation (3.4) by ux + &, take the sum of the two

resulting equations, and substitute (3.1). Then, we obtain
(1424 @P15(x) = (04 14+ ) (= Bus1) P, ()

—(n+ y)ynHPEJ]rl(x) + (6 + &)Ppya(x), n 2 0.

Using the three-term recurrence relation (3.5), we get

(2 +&)Pusa(x) = P00+ (04 1) (Brst = prea)P, Ly ()

(1 + W) yuer = (1 + 1+ )gns2) P (x), n20.

In fact, this result is valid for n 4 1 replaced by n. More precisely, we have for n > 0

(2 + E2)Pu(x) = Py (0) + (14 ) (B = pusr )P,y () (00 = 14 go)yn = (2 ) )Py (),
with the convention yg = 0. Hence the desired result. m]

Now we establish, in the next lemma, an algebraic relation between the forms 1 and vy.

Lemma 3.1. The forms ug and vy satisfy the following relation

(%% + &2)vo = —portho.
Proof. According to Proposition 3.1, we obtain

((+ &)oo, Py) =0, n 2 1. (3.7)
On the other hand, by (3.6) with n = 0, we have
X = P[ZH + u(Bo - P1)P£1] — uo1,
and then
<(x2 + 52)UO,P0> = <Uo, P[zl} + u(Bo - p1)P£”> = uo1(vo)o
. (338)

since {PL”}nzo is orthogonal with respect to the form vy, where vy is assumed to be normalized.

According to Lemma 2.1 and using (3.7) and (3.8), we obtain the desired result. O

It is clear that the formula (3.1) is a first-order differential equation satisfied by {P;},>0. Based

on the last lemma, we obtain a first-order differential equation satisfied by {P,[}] }is0.
Proposition 3.2. The following fundamental relation holds

(P Y (x) = (n+1)Pu(x), n > 0. (3.9)



8 Int. J. Anal. Appl. (2026), 24:351

Proof. According to Proposition 2.1 (ii), the relation (3.3) can be written as follows
(@ + &) Py, (ool + (2= p)x = £1) P, o0 = AuPu(x)uo, 1120,

where A, := —(n + p)(vo, (PLJ]FI) Wuo, P2y~ n > 0.

Using the fact that (fu)’ = f'u + fu’ forall f € P, u € IP’, the last equation becomes
(22 + &) [(PM ) (x)oo + P (x)op] + (2 - w)x = &) P oo = AuPu(x)up, n2 0. (3.10)

Taking n = 0 in (3.10), we get (x* + &)v) = ((u—2)x+&1) v, (Ao = —po1). Substituting this
relation in (3.10), we obtain
(AaPu+ por (P)],) Jitg = 0.

Using Lemma 3.1 and the fact that A\g = —p; and taking into account the regularity of ug, we
finally obtain AO(PLJrl)’(x) = AyPy(x), n = 0. By comparing the degrees in the last equation, we
get A, = (n+1)Ag, n >0, and then, (Piﬂl)’(x) = (n+1)Py(x), n>0. m]

According to Proposition 3.2, and based on the Bochner characterization, we get the Ag, ¢, .-
classical orthogonal sequence. Now, we will describe all of the Ay, «, ,-classical polynomial

sequences.

Theorem 3.1. Each of the following assertions is valid:

Casel. If& =0.
The orthogonal polynomial sets which are also Ag, o ,~classical, up to affine transformations, are the set

H
of the Bessel polynomials {B,S2 )}
n=0

¢
(5 # -n, u# -n—1,n>1). More precisely, P,(x) = a‘”B,(q2 H)(ax) and
u
P,[}] (x) = a‘"B,(f)(ax) where a = (él)
Case 2. If &, # 0.
The orthogonal polynomial sequences which are also Ag, s, y~classical, up to affine transformations, are
o

(,u a&q pta&q )
the sequence of Jacobi polynomials {a " A, (ax)
n>0

(== ;51 HH” #-n, u#-n—1,n>1). More precisely, P,(x) = a‘”ﬂgl ’ )

u—aéq -1, ,u+a51 1)

(ax) and

PE]( ) = a‘”ﬂ( (ax) where a* = -&;.

Proof. We will analyze each of the two cases separately.

Casel.If & = 0.
Differentiating (3.1) and using Proposition 3.2, we obtain the following second-order differential

equation satisfied by {P,},>0,

PP (x) = (=(24 w)x — &)PL(x) = n(n+ p+1)Py(x), n 2 0. (3.11)
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Applying the operator h,-1, witha = (‘52—1)‘1, to the last equation and using the fact that 1,1 (fg) =
(hy-1f)(hy1g) for all f, g € P, we obtain

— 77 El él — ‘Ll-|-2 Y
($P(5)22Pr, (1) +22((2) M+ )P, ()
+2
— i+ 1)(n+ 2“7)13”+1 (x), n>0. (3.12)
Taking into account (2.3), we observe that (3.12) essentially corresponds to the scaled Bessel

pt2
2

polynomial sequence {u‘”B,(1 )(ax)} , Where a = (%)‘1. In a similar manner, inserting (3.9)
n>0

into (3.1), and taking into account (2.3), we conclude that the sequence {P,[,l” }ns0 coincides with the
scaled Bessel polynomial sequence {a‘”B,g%) (ax)} " where a = (%)‘1.
nz
Case 2. If & # 0.
Differentiating (3.1) and using Proposition 3.2, we obtain the following second-order differential

equation satisfied by {P,,},.>0
(P +E)P)(x) + (2 4+ wx+ &) P,(x) =n(n+ u+1)Py(x), n>0. (3.13)

Applying the operator /1,-1, with a? = —&;%, to the last equation and using the fact that 1, (fg) =
(hy-1 f)(hy1g) for all f, g € P, we obtain

—&a( = 1)(hPy)(x) —at (=(2+ p)x - &1a) (P (%)
= n(n+p+1)(hPy)(x), n20. (3.14)

Taking into account (2.3), we observe that (3.14) essentially corresponds to the scaled Jacobi
Eae)

polynomial sequence {a™"A, e ax)y , witha? = =&

>0
In a similar manner, inserting (3.9) into (371), we obtain
(2 + &) (Py)" () + (ux + &) () () = (n+ D+ )Py (x), n20.
Applying the operator h,-1, with a? = —&31, to this equation, we get

—&(x2 = 1) (B (P))(x) + a7 (px + a&1) (1 (P ) (x) = (1 + 1) (n + ) (B P ) (), m 2 0.
(3.15)
Taking into account (2.3), we conclude that the sequence {P,L” }n>0 coincides with the scaled Jacobi
(m_

2

1,—“*;’51—1)
polynomial sequence {a™"A, (ax)t , witha? = =&
n>0
m]
The raising operator Ag, ¢, ., combined with the differentiation operator D, gives rise to a

second-order differential operator. The following theorem shows that every polynomial in a

Az, &, u-classical sequence is an eigenfunction of this operator.
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Theorem 3.2. There exists a differential linear operator L of order two, for which the Ag, «, ,~classical

polynomial P, (x), n > 0, is an eigenfunction. More precisely, we have:
L(Py) = wyPy, n>0, (3.16)
where w, = (n+ 1)(n + p) are the corresponding eigenvalues, and where
L :=a1(x)D? + ay(x)D + az(x)1I

with

a(x) = x>+ &, ax(x) = (24 p)x+&, as(x) = p.
Proof. By applying the Ay, ¢, ,, operator, and according to (3.1), we get
Do Ag, e, u(Pu)(x) = (n+1)(n+ u)Py(x), n=0.
This gives, after a simple calculation, the desired result with £ = D o A ¢, 4- m|
Note that by applying the L operator to X", n > 0, we obtain
L(X") = 0, X"+ nE X 4 n(n-1)56X"2, n>0.

So, the matrix of the endomorphism L in the canonical basis {X"},>o of IP is given by

wp &1 2&% 00 0
0 w1 2&
M, = w, n& nn-1)& 0
’ 0
0

Using the relation (3.16), we can write the matrix Mz in the basis {P;},>0 as follows:

wg 0 o - 0
0 w :
L=
w, 0
0 0
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4. CONCLUSION

We have characterized the Ay ¢, -classical orthogonal polynomial sequences through the
second-order differential equations satisfied by the polynomials and the Pearson equations satis-
tied by their corresponding canonical functionals.

If & = 0, then &; # 0, and we have proved that the unique Ay, o ,-classical MOPS is

Pu(x) =a"B¥*Vax), >0,
and that its companion MOPS is
P,[}] (x) = a'”B,(f/z) (ax), n>0,

where u ¢ Z.
If &> # 0, we have proved that the unique Ay, ¢, ,-classical MOPS is the scaled Jacobi sequence

Py(x)=a™" ,SA’B) (ax), n>0,
and that its companion MOPS is

PLH (x)=a™" (A_l’B_l)(ax), n>0,

n

under the regularity conditions u,A,B ¢ Z<p. In particular, the Gegenbauer case is recovered
precisely when &; = 0.

Moreover, we have derived several structural and spectral properties of these polynomial se-
quences.

As a direction for future work, we propose studying the analogous classification problem for

the following two g-difference operators [13,22]:
He, = x(xHy + pll) + &I,
He, o := X(xHg + ull) + &1 + E,Hy,
where H; denotes the Hahn g-difference operator. The objective is to characterize the orthogonal

polynomial sequences for which the normalized sequences generated by these operators remain

orthogonal.
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