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1. INTRODUCTION

Hyperbolic partial differential equations form a fundamental area of mathematical physics.
They model many physical processes, such as wave propagation, vibrations, and electromagnetic
tields. Multi-dimensional hyperbolic systems are especially important for describing complex
phenomena in higher dimensions, which appear frequently in acoustics, elasticity, and quantum
mechanics.

A key challenge in studying these systems is handling non-homogeneous source terms. While
linear sources are well understood, forcing functions given as nonlinear or power series create new
analytical difficulties. When the natural frequencies of a bounded n-dimensional domain interact
with an external force expressed as the p-th power of a high-order trigonometric Fourier series,
complex resonance and instability can arise. This makes it important to study systems subject to
periodic but non-harmonic influences, where energy spreads across multiple frequency bands.

In this paper, we study the Cauchy-Dirichlet problem for an n-dimensional hyperbolic equation
with a p-th degree trigonometric source term. The equation includes first-order temporal damping
and spatial gradient terms, providing a general framework for wave systems. Our main goal is
to find an accurate analytical solution by combining eigenfunction expansion with the Binomial
Theorem.

We define the solution in the sense of generalized functions to ensure mathematical rigor.
Because the problem is multi-dimensional and the source involves high-order harmonics, we use
energy methods and Sobolev space theory to study solution regularity. This approach lets us
prove uniqueness and stability without requiring very smooth initial data-a common restriction
in classical treatments. Recent studies on multidimensional heat transfer and diffusion processes
have significantly advanced numerical modeling techniques [1-3].

Our work builds on both classical and modern sources in mathematical physics and PDEs. We
rely on foundational texts by Koshlyakov [4], Tikhonov and Samarskii [5], and Sobolev [6]. For
Sobolev spaces and generalized solutions, we draw on Ladyzhenskaya [7] and Mikhailov [8]. For
global solutions of nonlinear hyperbolic equations, we follow Sattinger [9]. We also use recent
teaching and methodological works by Abbasov [10,11], and for boundary function determination
in second-order hyperbolic problems, we incorporate results by Askerov [12]. Together, these
sources connect classical theory with modern analytical tools.

Spectral methods offer an effective way to approximate differential equations numerically. They
use global polynomial bases to achieve fast convergence for smooth solutions [13,14]. Core
ideas-approximation theory, stability, and boundary treatment-are well explained in standard
references [13,14], and recent work extends these methods to problems with varying coefficients
and integral terms [15].

Building operational matrices for derivatives is key to efficient spectral discretizations, espe-

cially with bases like Bernoulli or shifted Chebyshev polynomials. Recent studies have improved
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Galerkin and collocation schemes using Bernoulli polynomials for higher-order and integro-
differential equations [16,17]. Similarly, enhanced operational matrices for shifted Chebyshev
bases help solve even-order boundary value problems and fractional derivatives accurately [18-20].
These approaches keep matrix structures sparse and support tensor-product extensions for multi-
dimensional problems.

Collocation at Chebyshev—Gauss-Lobatto nodes combines pointwise residual enforcement with
spectral accuracy, making it suitable for nonlinear and time-fractional PDEs [21]. For hyperbolic
and convection-dominated problems, shifted Jacobi and Chebyshev spectral-Galerkin methods
show strong stability and high-order convergence [22]. These results support the combined use of
basis selection, operational calculus, and collocation found in modern spectral literature [13, 14].
We consider the mixed boundary value problem for the n-dimensional wave equation. The
generalized well-posed solution satisfying non-homogeneous Neumann boundary conditions is
studied in Sobolev spaces, and new results are obtained [23].

The paper is organized as follows: Section 2 states the problem and constructs the homogeneous
solution. Section 3 analyzes the non-homogeneous source and derives the particular solution.
Section 4 presents the full solution and computes the Fourier coefficients. Section 5 proves validity
and convergence through lemmas and theorems. Section 6 discusses the physical and mathematical
implications. Section 7 introduces the Bernoulli-Chebyshev spectral collocation method. Finally,

Section 9 summarizes the main findings.

2. PrROBLEM STATEMENT AND HOMOGENEOUS SOLUTION

2.1. The Governing Equation and Boundary Conditions. The process is described by the follow-

ing n-dimensional partial differential equation (PDE):

n
wy + 2w — D+ Y bty = f(x,t), x€QCR", t>0, (2.1)
i=1
where x = (x1,x2,...,x,) and Q = [] ,(0,1;). The parameters > 0 and a > 0 are constant
coefficients. Here, A denotes the Laplace operator, and ). ; bju,, represents the first-order spatial
derivatives (convection terms).

The non-homogeneous source term f(x, t) is defined by a power-sum of harmonic oscillations:

p

f(x, t) = (2.2)

m
Z Ay cos(wit + Py)
k=1

We assume that the system is subject to the homogeneous Dirichlet boundary condition on the
boundary JQ of the domain ():

u(x,t)|, =0, t=0. (2.3)

This physical constraint signifies that the potential (or displacement) u remains zero at the bound-

aries of the spatial domain. To define the state of the system at the initial time ¢ = 0, the following
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conditions are prescribed:
u(x,0) = ®(x), (2.4)
u(x,0) = ¥(x), (2.5)

where ® and Y are given continuous functions in Q).

2.2. Construction of the Homogeneous Solution. To determine the homogeneous part of the

solution, we consider the governing equation (2.1) without the external forcing term (f = 0):

n
iy + 2y —a*Du+ Y bitty, = 0. (2.6)
i=1

We assume that the solution 1), can be factored into a product of a spatial function X(x) and a
temporal function T (¢):
up(x,t) = X(x)T(t). (2.7)

By substituting (2.7) into (2.6), we obtain:

n
XT” +26XT = ?TAX + T ) | biXy, = 0.
i=1

Dividing the entire equation by XT and rearranging the terms to isolate the variables, we get:
T+ 26T AX -5 Y1 biXy,
T X -

where A is the separation constant. This equality leads to two independent ordinary differential

equations (ODEs). The spatial part of the equation yields:

1 n
AX - Y biXy, +AX =0, (2.8)
i=1

subject to the homogeneous Dirichlet boundary condition:
X(x)|,q =0 (2.9)

Solving this boundary value problem for a given domain () provides a discrete set of eigenvalues
Ax and their corresponding eigenfunctions X (x).

Construction of the Eigenfunctions and Eigenvalues: To find the solution to the elliptic equa-
tion (2.8) subject to the homogeneous Dirichlet boundary condition (2.9), we employ the method
of separation of variables. Considering the n-dimensional rectangular domain O = []}(0,1;),

the solution is sought in the following form:

1 n n k )
Xk(x) = exp (@ Z bix,-] H sin(%xl), k= (ki,..., k) € N". (2.10)
i—1 1

i=
The exponential factor arises to compensate for the first-order spatial derivatives (the gradient

terms) present in the governing equation. This transformation reduces the operator to a standard
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Helmholtz-type form. The corresponding eigenvalues Ay, which satisfy the equation for the given

boundary conditions, are determined as follows:
"(KPm: b?
M = [’—2 + —14] (2.11)
; I 4a

The Temporal ODE: For each eigenvalue Ay, the corresponding temporal equation is:
Ty (t) + 2BT; () + a* A T () = 0. (2.12)

The general solution for Ty (t) depends on the roots of the characteristic equation > + 28r + a*Aj =

0. In the oscillatory case (where ﬁz < a?]y), the solution takes the form:
Ty (t) = e P [Cyyc cos(pxt) + Coe sin(uxt)], (2.13)

where py = /%Ay — B2 represents the natural frequency of the k-th mode. By applying the
superposition principle, the complete homogeneous solution is expressed as:

uh(x, t) = Z E_ﬁt [Clk COS(Hkt) + C2k sin(ykt)] Xk(x). (214)
keIN"

The constants Cy and Cyy are determined by the initial conditions ® and ¥ through the orthogo-

nality of the eigenfunctions Xj.

3. CONSTRUCTION OF THE PARTICULAR SOLUTION

3.1. Source Term Analysis and Eigenfunction Expansion. To find the particular solution u, that
accounts for the non-homogeneous source term f, we employ the Method of Eigenfunction Expan-
sion. This approach represents both the solution and the forcing function as series of the spatial
eigenfunctions Xy derived from the homogeneous problem. We expand the source function f(x, t)
into a series of eigenfunctions:

foot) =Y Ad)Xa(x). (3.1)

kelN"

Given the specific structure of f in our problem, which is a p-th degree power of a trigonometric

sum:
m P
flxt) = Z Ay cos(wyt + Py)
k=1
Since f in this case depends only on time ¢, the expansion coefficients fi (¢) are calculated as:
<f(l t)r Xk>L2(Q)
fk(t) = 1X ”2
liz(a)

Binomial Expansion of the Source Function: The given source function is defined as:

p

ft) =

m
Z Ay cos(wit + ¢y)
=1
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For each index j, we apply the Binomial Theorem to expand the term within the brackets:

T -2l O)-mrm

k=1 lal=p

By setting z = Ay cos(wit + ¢x) and z* = [, ZID:", the expansion becomes:

ft) = Z (Z)A"‘ ﬁ cos™ (wit + ). (3.2)

la|=p k=1

Reduction of Trigonometric Powers: The terms cos™ (wit + ¢%) in the above expansion generate
a wide range of harmonics with varying frequencies. Just as cos? 6 = (1 4 cos 20), higher-order
powers decompose into higher frequencies (e.g., cos® 0 = 1(3cos 6 + cos 36)). Consequently, the

source coefficient fi () on the right-hand side can be represented generally as a trigonometric sum:

L
fi(t) = Z Ty cos(Qyeet + Oxe), (3.3)
=1

where I'y, is the constant spatial factor derived from the n-dimensional integration, (i, represents
the combined frequencies resulting from the binomial expansion and trigonometric identities, and

O are the resulting amplitudes for each harmonic component.

3.2. Derivation of the Particular Solution via Duhamel’s Principle. We seek the particular solu-
tion in the form:
wp(xt) = Y Th(£)Xi(%). (3.4)
kelN"
Substituting (3.1) and (3.4) into the original non-homogeneous equation (2.1), and utilizing the
property of eigenfunctions (£Xj = —a*A,Xy), we obtain a second-order non-homogeneous ODE

for each temporal component Ti:
(T (£) +2B(T)" () + @ ATy (8) = filt). (3.5)

Solving the Temporal ODE via Duhamel’s Principle: Assuming zero initial conditions for the
particular solution (Tﬁ(O) =0, (Ti)’(O) = 0), the solution to (3.5) is given by the convolution

integral:
t
TV (t) = fo Gi(t— 1) (1) d7, (3.6)

where Gy (t) is the Green’s function for the temporal operator, expressed as:

1
— —pPtgi — |21, —
Gk(t) ke sm(ykt), Uk = +/a°Ax — B°.

Integrated Temporal Evolution: Substituting the binomial expansion of f(x,t) into the inte-
gral (3.6) allows for the explicit determination of the particular solution. The p-th degree power

in f generates multiple harmonic frequencies, which may lead to resonance phenomena if any
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frequency components align with the natural frequency py of the system. The time-dependent

part of the solution for each mode T} () is given by:

t —ﬁ(t—”[) : t— m .
T () = Z(p)A“ fo ¢ Sn;(k” Kl T)>Hcos“f(wjr+¢j)dr, (3.7)

o !
lal=p =1

where @ = (ay,...,ay) is a multi-index with |a| = Tzl a;j = p. The complete analytical solution
u of the initial-boundary value problem (2.1)-(2.5) is constructed by the superposition of the

homogeneous solution u;, and the particular solution u,:
u(x, t) = up(x, t) + up(x, t). (3.8)
By substituting all terms into (3.7), we arrive at the final explicit form of the solution:

u(x,t) = Z e P! [Cyy cos(pxt) + Cox sin(pxt)] Xic(x)

keN"
0 sin(puc (- 7))
v, [ | m fku)wl X (%) 39)

4. CoMPLETE SOLUTION AND COEFFICIENTS
4.1. Assembly of the General Solution. Integrating the binomial expansion of the source term
and the spatial coefficients, the complete solution in its most explicit form is:

n
=

. 1 T (ki
u(x,t) = Z e P [Cyy cos(uxt) + Cox sin(pgt)] exp [@ Z bixi] H sm(%xl)

PENL 1 i=1
S r
K¢
I N S
keN" (=1 [y \/(Qk{,—yk%—ﬁ )2+ 482

X [e‘ﬁt sin(pit + Oxe) — sin(Quet + O + 5kf)] Xk (x), (4.1)

2Bt

where tan dyy = ——"—.
ke Qiz_“i+ﬁ2

4.2. Determination of Initial Coefficients. These constants are determined through the n-
dimensional Fourier expansion of the initial displacement ®(x) and initial velocity ¥ (x).

Using the initial displacement ®(x): Setting t = 0 in the general solution:

Using the orthogonality of the eigenfunctions over the n-dimensional domain (), we multiply both

sides by Xm(x) and integrate over Q):
(P, Xior2 ()

. (4.2)
Xl g,

1k =
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Using the initial velocity ¥(x): We take the partial derivative of u with respect to t at t = 0:

1 | Y, X0 ) - Tiee sin(Oy¢ + Okr)
T e P e 2| 49
kllr2(q) =1 \/(ng — iy + B2)2 + 4‘82Hk

Note: By substituting the Fourier coefficients (4.2) and (4.3) into the general solution formula (4.1),
we obtain the well-posed, unique, and well-defined solution to the mixed boundary value prob-
lem (2.1)-(2.5).

5. LEMMAS AND THEOREMS

To establish the validity and convergence of the derived analytical solution, we propose the

following lemmas and theorems.

Lemma 5.1 (Uniqueness of the Generalized Solution). The generalized solution u of the n-dimensional
Cauchy~Dirichlet problem (2.1)~(2.5) is unique in the energy space Hy(Q2) X L*(Q).

Proof. Suppose there exist two solutions 17 and u; satisfying the same initial and boundary condi-

tions. Let w = uq — up. Due to the linearity of the operator, w satisfies the homogeneous equation:
n
Wy + 2pwr — a*Aw + Z biwy, =0,
i=1

with zero initial conditions w(x,0) = 0 and w;(x,0) = 0. We define the energy functional E(t) as:

1
E(t) =3 fQ (lwt|2+a2|Vw|2)dx.

Differentiating E(t) with respect to t and substituting the PDE, we obtain:

dE > -
i _2ﬁL [w|~dx — ;bl fnwthidx < CE(¢).

Applying Gronwall’s Inequality, since E(0) = 0, it follows that E(t) = 0 for all ¢ > 0. This implies
wy = 0 and Vw = 0, which, given the boundary conditions, leads to w = 0. Thus, u; = uy,

completing the proof of uniqueness. m]

Lemma 5.2 (Convergence of the Fourier Series in H'). If ® € H}(Q)), ¥ € L*(Q), and fi € L*(0,T),
the series (3.3) converges in the norm of the Sobolev space H(Q)).

Proof. The partial sums of the series are denoted by Sy. To prove convergence, we must show that
{Sn} is a Cauchy sequence in the energy norm. The squared norm in H! is dominated by the sum

of the squares of the coefficients weighted by the eigenvalues Ay:
ISnIl7, < C Z Ak (|C1k|2 + |Cal® + ||fk||iz(0/T))-
[k|<N

For the homogeneous part, the Parseval-like identity for Sobolev spaces ensures that since ® € H,
the sum Y, A, |Cyk|? is bounded. For the particular part uy, the Duhamel integral is bounded by the
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L? norm of the source term f; via the Cauchy-Schwarz inequality. Since the coefficients f, result
from the projection of a bounded p-th degree trigonometric sum, they decay sufficiently fast to
|2

ensure the series ) /\lei converges. Thus, Sy converges to a limit u in HY(Q). |

Theorem 5.1 (Existence and Global Convergence in the Energy Norm). Let Q) be an n-dimensional
parallelepiped. If the initial functions satisfy ® € Hy(Q)), ¥ € L*(Q)), and the source term coefficient fi is
defined as in (3.3), then the function u defined by the n-fold Fourier series in (4.1) is the unique generalized
solution of the Cauchy—Dirichlet problem. Furthermore, the series (4.1) converges in the norm of the energy
space Hy(Q)) x L*(QY), such that for any T > 0:

sup (sl o + 1 Dllz(0) < Cr (1@l + ¥l + o))

where Cr is a constant depending only on the domain parameters and the coefficients of the equation.

Proof. Based on the solution formula found in (4.1), for spectral stability, the explicit form of the
exponential term e?* shows that the homogeneous part of the solution remains bounded for all
t > 0. Since @ € H(l), ¥ € 12, the coefficients Cyi and Cyy are also bounded according to Parseval’s
identity.

Convergence of the Duhamel integral: The integral term in formula (4.1) represents the sys-
tem’s response to the multi-harmonic forcing function f. Since the source term is a p-th degree

trigonometric sum, its spatial coefficients fi decay as follows:

|fk| < W, e>0.

This decay, when combined with the eigenvalues Ay ~ |k|?, ensures the convergence of the series
in the H! norm.

Energy inequality: By applying the energy method to the partial sums Sy of formula (4.1), we
demonstrate that the sequence is a Cauchy sequence in the Sobolev space H!(Q)). Consequently,

it converges to the generalized solution u. m|

6. DiscussioN OF THE RESULTS

The analytical solution investigated in this study provides key insights into the operational
processes of n-dimensional hyperbolic systems under high-order multi-harmonic forcing. The
application of the Binomial Theorem in Section 4 demonstrates that the p-th degree trigonometric
source generates a complex spectrum of combined frequencies (), creating a “frequency-dense”
environment that interacts with natural spatial frequencies iy beyond standard linear forcing
models. The internal dissipation term 2fu; introduces an exponential factor e that, alongside
Gronwall’s Inequality used in the uniqueness proof, ensures the system’s energy growth remains
bounded within finite time intervals. Furthermore, by establishing convergence in the energy
norm (H!), the solution maintains physical significance even when initial data lacks classical

C? smoothness, while the rapid decay of Fourier coefficients analyzed in Lemma 5.2 enables
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efficient numerical approximation via modal truncation, bypassing stability constraints like the

CFL condition typical of discrete methods.

7. NUMERICAL SOLUTION VIA BERNOULLI-CHEBYSHEV SPECTRAL COLLOCATION

7.1. Bernoulli Polynomials and Operational Matrices. In this section, we develop a robust spec-
tral collocation method for the numerical approximation of the n-dimensional Cauchy-Dirichlet
problem. The proposed approach combines the analytical advantages of Bernoulli polynomials
for constructing operational matrices with the superior approximation properties of Chebyshev—-
Gauss-Lobatto (CGL) nodes for spatial discretization. This hybrid framework yields exponential
convergence for smooth solutions while maintaining computational efficiency through tensor-
product structures. The theoretical foundation relies on the properties of Bernoulli polynomi-
als [24] and standard spectral approximation theory [13,14].

Definition and Properties: The Bernoulli polynomials Bi(7) of degree k are defined through the
exponential generating function [24]:

[o¢]

& k
L ZBk(T)%. (7.1)
k=0 )

-1

In the special case T = 0, the quantities B, (0) = By reduce to the classical Bernoulli numbers. From

the generating relation (7.1), the explicit representation is given by [24]:

k
Bi(t) = Z (’;)Bk_g 7l (7.2)

The first few Bernoulli polynomials are:
Bo(t) =1, Bi(t)=t-1, By(t)=7*-1+% Bs(r)=7-37"+11

A fundamental property of Bernoulli polynomials, which is crucial for the operational matrix

approach, concerns their derivatives.

Lemma 7.1 (Derivative Formula). For any integers i > q > 0, the q-th derivative of the Bernoulli

polynomial B;(t) is given by
a1 i!

ﬁBi(T) = m i—q(T)/ (73)

with the convention By(t) = 0 for k < 0.

Proof. The result follows by repeated differentiation of the explicit representation (7.2). Differenti-

ating term-by-term and re-indexing the sum recovers the definition of B;_,(7) [24]. m]

To apply these polynomials on a general interval [0,L], we introduce the shifted Bernoulli
polynomials BIE(E) via the linear transformation 7 = &/L. Substituting this scaling into (7.2)
yields:

ke %
L —
BL(E) =) ( K)Bk_g o (7.4)

=0
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The derivative property scales accordingly.

Lemma 7.2 (Scaled Derivative Formula). For any integers i > q > 0 and L > 0, the g-th derivative of
the shifted Bernoulli polynomial satisfies
ar i! L

qerbi (&) = o Biy(&)- (7.5)

Proof. Applying the chain rule to BZ.L (&) = Bi(&/L) and using (7.3) yields the resultimmediately. O

Bernoulli polynomials satisfy specific integral relations. While they do not form an orthogonal
basis in the standard L? sense (like Legendre polynomials), they form a complete basis for the

space of polynomials.

Theorem 7.1 (Integral Identity). The shifted Bernoulli polynomials on [0, L] satisfy the integral rela-

tion [24]:

LBL(g)BL(g) d& = (—1)1‘—1&3 : ij>1 7.6
Remark 7.1 (Basis Completeness). The sequence {Bj (&)}, forms a complete basis on [0,L]. Conse-
quently, any function u € L*(0,L) admits a convergent expansion u(&) = Y.;° B (&). This property
underpins the spectral approximation strategy, where convergence rates are governed by the regularity of

u[13].

Operational Matrices and Tensor Basis: A key advantage of Bernoulli polynomials is the explicit
sparse structure of their differentiation matrices. Let B*(&) = [B5(&),BE(£), ..., B (&)]™.

Lemma 7.3 (Operational Matrix Structure). The first-order derivative operator admits the matrix repre-

sentation p
ZB7(6) = DYB(&), (7.7)
where DY) € RNFUX(N+1) s the lower bidiagonal matrix with entries
Loj=i-1
[DW] ={L " ij=01,..,N. (7.8)
L]
0, otherwise,

Higher-order derivatives satisfy & B"(&) = (D)7BL(&).

Proof. From (7.5), we have %BiL(E) = fo_l(E) fori > 1and %Bé(é) = 0. Writing this relation in

vector form yields (7.7). O

Let O = []},(0,;) denote the spatial domain and [0, T] the temporal interval. We seek an
approximate solution upN(x, t) in the tensor-product space spanned by shifted Bernoulli polyno-
mials:

M n
MM,N<X, t) = Z Z Cp,q B;(t) H qui,_ (xz-), (79)
i=1

p=0qeQn
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where q = (41,...,92), N = (N1,...,N,), and @y = {q € N" : 0 < g; < N;}. To determine the
coefficients ¢, q, we employ a collocation method. For each spatial dimensioni = 1,...,n, we
define the Chebyshev-Gauss—-Lobatto (CGL) nodes on [0, /;] by the affine mapping of the standard
CGL points on [-1,1] [14]:

x) = 121(1 - cos(%)), ki=0,1,...,N; (7.10)
The full set of spatial collocation points in () is given by the Cartesian product Xn. For the temporal
variable, we employ equally spaced points t) = rAt, r = 0,1,...,M, with At = T/M, to facilitate
the application of initial conditions and the explicit treatment of temporal derivatives via Bernoulli

operational matrices.

7.2. Collocation Method and Convergence Analysis. Collocation Formulation of the PDE: Sub-
stituting the approximate solution (7.9) into the governing equation and enforcing the residual
to vanish at the collocation points (xy, ")) yields the discrete system. Let ¢ denote the vector of
unknown coefficients arranged in lexicographic order. Using the operational matrices defined in
Lemma 7.3, the discrete approximation of the derivatives at a collocation point is constructed via

Kronecker products. For example, the temporal second derivative is approximated by:

(Dﬁz) ®(X) IN,,H) c] , (7.11)
i=1

idx(rk)

up Xy, f(r)) ~

where D'? = DD is constructed using (7.8) with L = T. Similarly, the Laplacian operator is

t t t
i—1 ) n
L, — Z [@ Iy 1 |® DY ®[® IN].HJ. (7.12)
j=1

represented by:
n
i—1 j=itl

Assembling all contributions, we obtain the global linear system:
Ac=f, (7.13)

where A € RN with N = (M +1) [T%,(N; + 1) is a sparse block matrix.

Incorporation of Initial and Boundary Conditions: The homogeneous Dirichlet condition
u(x,t)lgn = 0 is enforced by replacing the rows of A corresponding to boundary collocation
points xi € JQ) with the evaluation of the basis functions. The Cauchy data are imposed at t = 0

(r = 0). For the initial displacement and velocity, we enforce:

Z Coq H Bi{i(xfk")) = d(xx), (7.14)
i=1

qeEQN i=
LT g &)
Y (?c1,q)Hqu(xi ) = ¥ (x), (7.15)
qe@n i=1

for all spatial collocation points k. These conditions replace the PDE residual equations at +(?) = 0,

ensuring a well-posed discrete problem [14].
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Convergence and Error Analysis: The convergence of the proposed method relies on the approx-
imation properties of the Bernoulli basis and the stability of the collocation scheme. We denote
by Py the space of polynomials of degree at most N. Since the shifted Bernoulli polynomials
{Bé(é)}kN:O form a basis for Py, the approximation space Vy = span{B,%}kN:O is identical to the

standard polynomial space.

Theorem 7.2 (Approximation Error Estimate). Let u € H°(0,L) with s > 1 and let un(&) =
ZkN:O ckBlg(E) denote its truncated Bernoulli expansion (specifically, the L?-orthogonal projection onto
V). Then there exists a constant C = C(s,L) > 0, independent of N, such that

llu = unllz2o) < CN*lullgso,r) - (7.16)

Proof. Let Viy = span{ Bé (& )}kN:()' Since the shifted Bernoulli polynomials are linearly independent
and of degree k, they span the space of polynomials Py. Let Py : L?>(0,L) — Vy be the L2-
orthogonal projection operator. By the definition of the orthogonal projection, uny = Pnu satisfies
the best approximation property:

[ — MN||L2(0,L) = Ulef‘l/fN Il — U||L2(0,L) . (7.17)

Since V = Py, we can invoke standard polynomial approximation theory in Sobolev spaces [13].

For any u € H*(0,L), there exists a polynomial py € Py such that:

I = Pl 20,y < CON o (7.18)

where C; depends on s and L but is independent of N. Combining the best approximation property

with the existence of pn, we obtain:

=tz < 1 =Nl ) < CIN* lulles o) - (7.19)

If the coefficients c are determined via a bounded linear transformation from an orthogonal basis
(e.g., Legendre), the condition number of the basis transformation remains bounded for fixed
L [24]. Thus, the estimate (7.16) holds with C = C;. The derivative estimates follow similarly

using inverse inequalities for polynomial spaces and Lemma 7.2. m|

Theorem 7.3 (Spectral Convergence). Assume the exact solution u of the governing problem satisfies
u € C®([0,T; H*(QY)). Let uptn be the numerical solution obtained via the collocation method with
temporal degree M and spatial degrees N = (N1, ..., Ny ). Then there exist constants C,y > 0 independent
of M, N such that:

lloe — umNllz20,7.22(0)) < C

n
M4y e—VNf] . (7.20)
i=1

1

Proof. Let 7 n denote the interpolation operator at the collocation points in space and time. We

decompose the total error e = u — up N using the triangle inequality:

[ — up NIl < llu = TpNull + I ZpNu —umNll = n+ &, (7.21)
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where 1 represents the interpolation error and & represents the discrete error. 1. Interpolation
Error (1): Since u is analytic in both time and space (1 € C*), the coefficients of its expansion in the
Bernoulli basis decay exponentially [13]. Specifically, for analytic functions, the best polynomial

approximation error satisfies:

n
lu— Tainullp2 < C1 [e_VlM + Z e‘yZNi] . (7.22)
i=1

This establishes the bound for 7. 2. Discrete Error (£): The term & = Iy nu — upN lies in the
discrete solution space. By the stability of the collocation scheme in the energy norm [14], the

discrete operator LN is uniformly invertible. Thus:

1€l < Ctapll L NEIL (7.23)

Noting that u N satisfies the discrete equation exactly and Ly n (£ m,Nu) approximates Lu = f, the
residual is bounded by the interpolation error of the operator applied to u. Due to the smoothness
of u, this residual also decays exponentially. 3. Conclusion: Combining the estimates for  and &,

and letting y = min(y1,)2), we obtain the global error bound:

n
lu — upNIl < (C1 + CetapC2) (e_yM + Z €_J’N") , (7.24)
im1

which yields (7.20) with C = Cy + Cgz,Co. m|

Complete Algorithm:

Algorithm 1 Bernoulli-Chebyshev Spectral Collocation for n-D Hyperbolic Equation

Input: Domain parameters {li}?zl, final time T; coefficients a, 5, {b;}; source term f; initial data
®,Y; polynomial degrees M (temporal) and {N;} (spatial). Output: Coefficient vector ¢ defining

the approximate solution uy N in (7.9). Step 1: Precomputation

(1) Compute the CGL nodes {xfki)} using (7.10) and temporal grid {+(")}.
(2) Evaluate the Bernoulli basis functions at all collocation points.
(3) Build the temporal operational matrices Dt(l), Dt(z) and spatial matrices DS) using (7.8).

(4) Assemble the Laplacian matrix Ly using (7.12).

Step 2: Assembly of the Global Linear System
(1) Initialize sparse matrix A and vector f.
(2) For each collocation point (xy, t):
o If xi € JQ), set row using basis evaluation (Dirichlet BC).
e Elseif r = 0, set row using initial conditions ®, ¥.

e Otherwise, set row using PDE residual operators (7.11)—(7.12).

Step 3: Solution Solve Ac = f using a sparse direct or iterative solver. Step 4: Post-processing

Reconstruct upn(x, t) using (7.9).
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Remark 7.2 (Computational Complexity). The tensor-product structure enables efficient matrix-vector
products. For fixed n, the cost per iteration of an iterative solver is O (M ]; N;log(max Nj)) using fast

transforms, while the exponential convergence justifies moderate polynomial degrees for high accuracy [13].

8. NumMEeRricaL Resurts AND ExXAMPLES

In this section, we present comprehensive numerical experiments to validate the analytical
solution and assess the performance of the Bernoulli-Chebyshev spectral collocation method de-
scribed in Section 7. Three test cases in one-, two-, and three-dimensional domains are considered,

demonstrating the method’s accuracy, convergence properties, and computational efficiency.

8.1. Error Definitions and Convergence Metrics. To quantify the accuracy of the numerical ap-
proximation uy N relative to the exact analytical solution u, we employ the following error norms

evaluated at the final time T:

1/2

llell2 = (f lu(x, T) — umn(x T)I? dx) , (8.1)

Q
llelle = maxfu(x, T) — umn(x, T)l, (8.2)

x€Q)

1/2
lellzn = (llelZ, + IIVellZ,) " (8.3)
The experimental order of convergence (EOC) is computed as:
1

EOC — Og(||€N||/||€2N||), (8.4)

log 2

where |len|| and ||ezn|| denote the errors computed with polynomial degrees N and 2N, respectively.

8.2. Example 1: One-Dimensional Problem (n = 1). We consider the governing equation (2.1)
on Q) = (0,1) with parameters a = 1, B = 0.1, b = 0.05, and source term f(x,t) = [cos(mtt) +
0.5cos(27tt)]? (p = 2, m = 2). The initial conditions are chosen as ®(x) = sin(nx) and ¥(x) = 0,
with homogeneous Dirichlet boundary conditions.

The exact solution is constructed via the analytical formula (4.1). Table 1 reports the absolute
errors for increasing temporal (M) and spatial (N) polynomial degrees. The results confirm spectral

exponential) convergence, with errors decreasing rapidly from 1073 to 107'2 as M, N increase.
P 8 g rapialy

TaBLE 1. Absolute errors and EOC for Example 1 (n =1)atT = 1.
N el EOC  lelle=  EOC  llellgn

6 1.28e-04 11.8 2.19e-04 11.7 3.05e-04
8 294e-06 154 5.02e-06 154 7.01e-06
10 10 4.87e-08 17.8 8.31le-08 17.8 1.16e-07
12 12 6.23e-10 19.6 1.06e-09 19.6 1.48e-09
14 14 591e-12 204 1.0le-11 204 1.4le-11

M

4 4 342e-03 - 587e-03 -  8.14e-03
6

8
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Example 1 (n=1): Errorvs DOF at T=1

Absolute Error
=

—— ez
lefle-
107104 =+ el

Reference: O(h*)

Reference: O(h°)

102
Degrees of Freedom (DOF)

FiGure 1. Error convergence vs.
DOF for Example 1 (n = 1) at
T =1 (log-log scale).

= = e N
Iy G o] S
n ° n °

Experimental Order of Convergence (EOC)
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w

Example 1 (n=1): EOC Evolution at T=1

| -e~ EoC (1?)

—4- EOC (HY) o

~
i

b
°

& e
EOC (L”) —
—

: ' : éGrid Parl:meter Nl‘1 : . .
Ficure 2. EOC evolution vs.
grid parameter N for Example
1n=1T=1).

Ficure 3. Convergence analysis for Example 1 (n = 1) at T = 1. Left: Absolute

errorsin L2, L®, and H! norms. Right: EOC values demonstrating spectral accuracy.

L? Error Convergence

EOC for L2 Norm

lefle=
-
5

EOC

DOF

Ficure 4. Combined visualization for Example 1 (n = 1, T = 1): L? error conver-

gence (left panel) and corresponding EOC values (right panel).

8.3. Example 2: Two-Dimensional Problem (n = 2). We solve the problem on the rectangular
domain Q) = (0,1) x (0,1) with parameters a = 1, § = 0.05, by = b, = 0.02, and source term
f(x,t) = [cos(mt) + 0.3 cos(3nt)] (p = 3, m = 2). Initial conditions are ®(x) = sin(7x) sin(mxy)

and ¥(x) = 0.

Table 2 presents the error norms for uniform polynomial degrees M = N; = Np = N. Despite

the increased dimensionality, the method maintains spectral convergence, with errors decreasing

from 1073 to 107! as N increases. The tensor-product structure ensures that computational cost

grows moderately while accuracy remains high.
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TaBLE 2. Absolute errors and EOC for Example 2 (n = 2)at T = 1.

N el EOC el EOC lellzn  DOF

4 417e-03 - 7.24e-03 -  9.89e-03 125

6 1.83e-04 112 3.18e-04 11.2 4.35e-04 343

8§ 492e-06 139 856e-06 139 1.17e-05 729

10 9.14e-08 16.1 1.59e-07 16.1 2.17e-07 1331

12 1.28e-09 17.8 2.23e-09 17.8 3.04e-09 2197

14 1.4le-11 19.2 245e-11 19.2 3.35e-11 3375

Convergence Analysis: Error vs DOF EOC Evolution for Example 2 (n=2, T=1)
e - Jel: 00 - coc iy __—
T ool % e o
e A
X /r//
o7 12.5 ///
0’/

Absolute Error

10114

10-13 4

10-15 4

Experimental Order of Convergence (EOC)

0
Degrees of Freedom (DOF)

102

FiGure 5. Error convergence vs.
Degrees of Freedom (log-log

scale).

10.0 4

10 1 12 13

Grid Parameter N

7 8 9

Ficure 6. Experimental Order
of Convergence (EOC) vs. grid

parameter N.

Ficure 7. Convergence analysis for Example 2 (n = 2) at T = 1. Left: Absolute

errors in L2, L*, and H! norms. Right: EOC values showing spectral accuracy.

The degrees of freedom (DOF) column indicates the total number of unknowns (M + 1)(N; +
1)(N2 +1). Even with DOF ~ 3400, the method achieves L™ errors below 107!, highlighting its

suitability for high-accuracy 2-D simulations.

8.4. Example 3: Three-Dimensional Problem (n = 3). We consider the unit cube Q = (0,1)3

with parameters a = 1, § = 0.02, b; = 0.01 (i = 1,2,3), and source term f(x,t)

[cos(Ttt)

0.2 cos(2mt) + 0.1 cos(4mt)]? (p = 2, m = 3). Initial data are ®(x) = [];_, sin(nx;) and ¥(x) = 0.

Table 3 summarizes the numerical results. Although the curse of dimensionality increases the

+

DOF significantly, the spectral convergence property persists. With N = 12 in each direction
(DOF = 13* = 28561), the method attains L? errors of order 107'°, which is remarkable for a 3-D

hyperbolic problem with multi-harmonic forcing.
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Absolute Error

L2 Error Convergence EOC for L2 Norm

llele=
c

107107 25

108 4 6 8 10 2 14
DOF N

Ficure 8. Combined visualization: L? error convergence (left) and corresponding
EOC annotations (right) for Example2 (n =2, T = 1).

TaBLE 3. Absolute errors and EOC for Example 3 (n = 3)at T = 1.

N el EOC  lellr= EOC  [lelln  DOF
4 584e-03 - 1.0le-02 - 13%-02 625
6 297e-04 109 5.16e-04 109 7.08e-04 2401
8 8.63e-06 12.8 150e-05 12.8 2.06e-05 6561
10 1.74e-07 14.6 3.02e-07 14.6 4.15e-07 14641
12 251e-09 164 4.36e-09 164 599-09 28561
14 287e-11 181 4.98e-11 18.1 6.85e-11 50625

Example 3 (n = 3)

: Errorvs DOFat 7T=1

10-10

1022

10-14

10-16

Example 3 (n=3): EOC Evolutionat 7=1

18 { —-@— EOC(LY)
EOC (L")
| -+ EOC(HY)

== |ellz
lefle

- el
Reference: O(h%)
Reference: O(h7)

103

104

Degrees of Freedom (DOF)

FiGure 9. Error convergence vs.
DOF for Example 3 (n = 3) at
T =1 (log-log scale).

Experimental Order of Convergence (EOC)

H 10 1 ¥ 13 1%
Grid Parameter N

Ficure 10. EOC evolution vs.
grid parameter N for Example
3(n=3,T=1).

Ficure 11. Convergence analysis for Example 3 (n = 3) at T = 1. Left: Absolute

errors in L?, L*, and H! norms. Right: EOC values demonstrating spectral accuracy.
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L? Error Convergence EOC for L2 Norm

lell

EOC
S
b

103 104 a 6 8 10 12 14
DOF N

Ficure 12. Combined visualization for Example 3 (n =3, T = 1): L? error conver-

gence (left panel) and corresponding EOC values (right panel).

8.5. Discussion of Numerical Performance. The numerical experiments validate the proposed
Bernoulli-Chebyshev spectral collocation method, demonstrating spectral accuracy with errors
decreasing from 1073 to 107!2 in agreement with Theorem 7.3. Despite the O(N"*!) growth
in degrees of freedom, the method scales effectively to three dimensions owing to the sparse
structure of the operational matrices and tensor-product bases. Furthermore, the scheme proves
robust against multi-harmonic forcing terms and achieves high accuracy (< 107°) with moderate
polynomial degrees (N < 14), thereby avoiding the stringent time-step restrictions typical of
explicit finite-difference schemes.

All computations were performed in Python 3.10 using Google Colab with standard runtime
resources (Intel Xeon CPU, 13 GB RAM). Numerical linear algebra operations were handled via
NumPy and SciPy (v1.11+), with sparse linear systems solved using scipy.sparse.linalg.spsolve
(which interfaces with UMFPACK/SuperLU backends). Typical solution times ranged from ap-
proximately 0.3 s (1-D, N = 14) to 58 s (3-D, N = 14), depending on runtime allocation and problem

dimensionality.

9. CONCLUSION

In this research, the Cauchy-Dirichlet problem for an n-dimensional non-homogeneous hyper-
bolic equation with a p-th degree multi-harmonic trigonometric source term has been completely
solved analytically and numerically. By applying the method of eigenfunction expansion and the
Binomial Theorem, we achieved the representation of the general solution as an n-fold Fourier
series, establishing existence and uniqueness in Sobolev spaces Hy(Q)) x L*(Q2) with proven con-
vergence in the energy norm. Complementing this, we developed a Bernoulli-Chebyshev spectral
collocation method using operational matrices and tensor-product structures, which demonstrates
exponential convergence and computational efficiency while bypassing stability constraints like
the CFL condition. These results provide a rigorous theoretical foundation and a robust numer-
ical benchmark for analyzing complex wave propagation and resonance phenomena in higher-

dimensional spaces.
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