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1. INTRODUCTION

Convex functions have a unique history that begins in the early nineteenth century. Convex
analysis is greatly advanced by the widely read and well-known book "Inequalities," written by
Polya et al. [1]. This book, which only discusses inequality, quickly gained popularity among
mathematicians and is a great starting point for learning about this fascinating topic. Focusing
on a wide range of applied scientific issues is made possible by convex theory. Convex theory
provides us with the appropriate guidelines and techniques to focus on a range of applied scientific
problems. For the literature, see [2-14].

Atangana-Baleanu (AB) operators have been utilized to define Hadamard-Mercer inequalities
in the sense of Katugampola, and these inequalities have been applied to probability theory and
special functions. These fractional operators are among the Simpson-Mercer type inequalities
that have been successfully derived and applied to numerical integration schemes and error
estimation techniques. They are currently being tested and validated in numerical integration and
error estimation procedures and software. In order to study superquadratic functions, Atangana-
Baleanu operators have been investigated. This has resulted in new fractional integral inequalities
that are used in variational analysis and optimization. Furthermore, in the larger framework of
AB fractional integral operators, new variants and enhancements of classical integral inequalities
continue to be developed; integrations of Raina functions and preinvexity mapping yield complex
inequalities with useful applications in entropy analysis and information theory. For the literature,
see [15-20].

This significant body of work demonstrates the versatility and mathematical strength of
Atangana-Baleanu fractional integrals in the derivation and generalization of integral inequali-
ties. The current study would be pertinent in this quickly developing trend to investigate new
types of functions, create new inequalities that would generalize the previously established find-
ings, and offer fresh theoretical perspectives on the relationship between the idea of fractional
calculus and conventional theory.

Motivated by the rapidly growing body of literature in this domain, the paper is structured
as follows. Section 2 lays the essential groundwork, assembling the key definitions, remarks,
corollaries, and foundational theorems that underpin all subsequent developments. In Section
3, we explore the H-H results with support of improved version of Holder and power mean

inequality. Finally, Section 4 represents the conclusion.

2. PRELIMINARIES
Definition 2.1 ( [21]). Suppose V is real-valued function, then V is convex, if
V(rugx+ (1-r)uy) <rV(u)+ (1-1r)V(uy), 2.1)
holds for all ug,uy € Iand r € [0, 1].

The well-known inequality via convex functions is the H-H inequality [22] given as:
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Theorem 2.1. Suppose V : [ug, uy] — R is a convex function, then

ux +u 1 ty V(ug) +V(uy)
fv( - y)suy_uxfu V(x)dx < e (2.2)

X

For the literature, see [23-34].
Raina [35] introduced a family of functions, given by
+o00
0(0), (1), ()
RD,(2) = ROV (@) = ) e, 23)
k=0
where p = (9(0),...,9(x),...) and u,v > 0,]z] < R. Equation (2.3) is the extension of classical

Mittag-Leffler function.

Ifu=1v=0and p(x) = % fork=0,1,2,..., where a, f and y are parameters which can

take arbitrary real or complex values (provided that y # 0,-1,-2,...), and the symbol a) denotes
the quantity

I'(a+k)
(@) = W
and restricts its domain to |z| < 1 (with z € C), then we have the classical hypergeometric function,
that is

=ala+1)...(a+k-1), k=0,1,2,...,

Moreover, if p = (1,1,...) with y = a, (Re(a) > 0),v =1, then

k

+00
z
8a<Z> = Z m (24)

k=0
Building upon this rich legacy, Cortez made a significant contribution by introducing the gen-
eralized convex set and the convex mapping within the framework of Raina’s function [36,37] —
a development that opened new and fertile directions at the intersection of convexity theory and
special functions.

Definition 2.2 ([37]). Suppose p = (9(0),...,9(%),...)and u,v > 0. Aset X # (0 is generalized convex,
if

Uy +r Rﬁ/v (uy —ux) € X, (2.5)
forall ug,uy € Xandr € [0,1].

Definition 2.3 ( [37]). Suppose ¢ represent a bounded sequence then 9 = (9(0),...,9(%),...) and
u,v > 0. If V is generalized convex function, then

Vs + 7 R (0~ ) ) < xVi(wy) + (1= 1)V (w), 26)
hold for all ug, uy € X, where uy < uy and r € [0, 1].

Remark 2.1. If Rfjﬂ,(uy —Uyx) = uy — ug > 0, then achieve Definition 2.1.
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Definition 2.4 ( [38]). Two functions V1 and V, are said to be similarly ordered if
(Vi(ux) = Va(uy))(Va(ux) = Va(uy)) =0, VYuyuy €R.

Theorem 2.2. [39] If V and V, are real functions defined on [uy, uy| and |V1|P,|Va|T are integrable
functions on |ug, uy|, then for p > 1 and % + % = 1, we have

fu Vi) Valwld < - 1 - {( f (uy - ) Vi (x>|vdx)'l’( f (uy - x)I(Vz(x)lqu)q

N ( fu“V (x = u)lVy (x)|de)%( fuuy (x - ux)l‘Vz(x)qux)q }

Theorem 2.3. [40] If Vy and V', are real functions defined on [ux,uy] and |V1|7,|Va|7 are integrable

functions on |ug, uy|, then for g > 1, we have

f [V1(x) V2 (x)ldx
uy i Ux {( fu“ (=9 'dx)l_%( fu jy (uy — x)[V1(x) ||(Vz(x)|qazx)E
H( [ (x)ldx)l_% ([ e (x)”%(x)lqu)%}‘

Throughout the manuscript, B(a) is a normalization function. The definition of ABFO will be

<

given as follows:

Definition 2.5. [41] Let f € H'(a,b), b > a, a € [0,1) then, new fmctzonal derivative is given:

ABRDa[ £ —x)*
DIf(B) = 1 f F(x [ )]dx. 2.7)
Definition 2.6. [41] Let f € H'(a,b), b > a, a € [0,1) then, new fractzonal derivative is given:
ABR pya x)*
DIf(H)] = 1= adtff [ a)]dx. (2.8)

Equations (2.7) and (2.8) have a non-local kernel.
With the help of Laplace transform and convolution theorem, Atangana-Baleanu described the

fractional integral operator as follows.

Definition 2.7. [41] Let V € H'(ug, uy), ¥ € (0,1] and ux < uy. The ABFIO in the left mode is given as

(ABIV‘V)( ) = u(V(r) PR - fr(r —x)7 1V (x)dx.
B(y) BO)T(y) Ju,

Abdeljawad and Baleanu [42] introduced right hand side of integral operator as following. The

right fractional new integral with ML kernel of order a € (0,1] is defined by Similarly, the right

ABFIO is given as

(1,9) () = v + gt [ v
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Definition 2.8. [43] The following inequality is n-polynomial generalized m-convex involving Raina’s
mapping i.e., PGnCRM, if

n
V(muy + rRY, (uy —muy)) < % Z (1 - rc)(V (ux) + % Z(l —(1-1)9)V (uy), (2.9)

holds for every ug,uy € X, r € [0,1], m€ (0,1], and n € IN.

The following Condition-A investigated by Tariq et al. [43].

Condition A: Let X be generalized convex subset w.r.t. R{‘Z’V( -). For any ug,uy € Xand r € [0,1],

Rﬁv(mux - (mux +r Rﬁrv (uy — mux))) = —Tr REIV (uy — mux>,

R‘ffﬂ,(uy - (muX +r Rﬁv(uy - mux))) = (1 — r) Rﬁ,v(uy — mux).

Note that, for every uy, uy € X and for all rq, r; € [0, 1] from Condition-A, we have

Rﬁv(mux + 12 R, (uy — ) — (mug + 19 RY, (uy — mux))) = (-r) R, (uy—my).  (210)

3. New ReriNnemEenTs oF H-H INEQUALITIES UsING HOLDER IscAN AND IMPROVED POWER MEAN
IneQuALITY INvOLVING ABFIO via PG,CRM

In this section, we obtain the some refinements of H-H Inequalities via ABFIO involving
PGRCRM with the support of Holder Iscan and Improved Power Mean Inequality.

Lemma 3.1. Let V : I = [muy, muy + Rfjﬂ,(uy —muy)] — R be a differentiable mapping on 1°, muy <
muy + Rﬁv(uy —mug). If V' € Lmuy, muy + Rﬁv(uy —muy)], then
[Ry, (uy —muy)]”
2
1-yIQ)
VIRG (vy = muy) Y
—V(muy) + V(muy + Rfjlv(uy —muy))
B 2
BO)I(y+1)
2y Ry (uy —muy )7

where y € (0,1].

1
f(: (1-2r)r" 1V’ (muy + erf,V(uy —muy ) )dr

2muy + Rﬁ/v(uy — muy )
2

[ﬁﬁxl7’(V(muX + Rg,v (uy —muy)) +4B 1 (V(mux)] ,

muy +Rﬁ,l’ (uy—muy)

Proof. Using integration by parts, we have

1
f (1-2r)r” 1V’ (muy + rRY, (uy —muy) )dr
0

1

1
= (1 -20)r" "V (mug + TR? , (uy — muy ]
Rg,V(Uy—mux) [( r)r (mu T (uy m ))’0

1 1 © d y—1
—m‘[ov (V(mux+rRHIV(uy—muX))d—r[(1—2r)r) ]dr
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—V(muy) + V(muy + R, (uy —muy))

Rﬁv (uy — muy)

1
-t f V(muy + R, (uy —muy))[-2r" + (1 -2r)(y - 1) %dr
uy —muy) Jo ’

Ry (
—V(muy) + V(muy + R, (uy —muy 7 1
= > ( o (ty ) + = f 1Y (muy + TR, (uy —muy) )dr
Rp,v (U.y - muX) Rp,v (u)’ - muX) 0
-1 1
- W(V—) f (1-2r)r" 2V (muy + rRﬁ/v(uy —muy ) )dr.
R,u,v (uy - muX) 0

Now, we compute:

1 1 MUy +sz,v (uy—muy)
f 7V (muy + R, (uy —muy ) )dr = — - f (x —muy )1V (x)dx,
0 [R[.l,v (uy - mux)]) muy

and
1
f(; (1-1)"" 'V (muy + rRﬁV(uy —muy) )dr

1 mux+RfZ’V(uy—mux) 0 .
= muy +RY . (uy —muy) —x)7V(x)dx.
ol e (i Ty ~omie) =27 V1E)

s . oo VIRE (uy—mug) 2(1-y)T 2muy +RY, (uy—muy)
Multiplying both sides with W ( B)(/;)/) Wy =

fication and using the definition of AB-FIO, we obtain the desired result. m|

and adding ), after simpli-

Theorem 3.1. Let V : I = [muy, muy +RY , (uy —muy )] — R be a differentiable mapping on 1°, with muy <
muy + R, (uy —muy), g > 1, rl—] + % = 1and suppose that V' € Llmuy, muy 4R}, (uy —muy)]. If V|7 is
PGCRM on [muy, muy + R*ff/v(uy —muy)], then

_“V(mux)—|—‘V(mux—i—Rﬁv(uy—mux))_ (1-9)C(y) (V(2mux—|—Rﬁv(uy—mux)]

2 YIRS, (uy —muy) |7 2
BTGy +1) AB 1y % ABYY
2,)/ [Rﬁv (uy _mux)]y [(muxl (V) (muX + Ry,v (uy - mux)) + ( Imux+Rﬁ,V (uy_mux)(V) (mux)]

[Rff,v(uy—mux)]y( 1 )% I(V’(mux)lqi C(yC4+y+3) |(v'(uy)|4i C .

- 2 2(p+1) N EH20+y)(i+2y) n E200+2y)

+[Rff,v<uy—mux>1y( 1 ) rmmwi COC+y+3) Vi ¢
2 2(p+1) no E20C+y)(e+2y) o H200+2y)

where y € (0,1], and x € [muy, muy + R}, (uy —muy)].

Proof. Using Lemma 3.1, we have

‘ ~ V(muy) + V(muy + Rffrv(uy —muy)) (1-9)T(p) (V[Zmux + Rﬁrv(uy - mux)]

2 ~ y[RY, (uy —mu,)] 2
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B(y)I'(y +1) [(
)

V) e R (y — ) + (BT V) ()|
e AU/ ) V)teuo

9
mux+Ry, , (uy—muy

3 [Rfj’v(uy — muy
- 2

Y el
) f(; 11— 2r|r” 1YV’ (muy, + rRﬁ/V(uy —muy))|dr.

Implementing Holder-Iscan inequality, we have

~ V(muy ) + V(muy + R‘fflv(uy —muy) ) (- YT (y) (V(Zmux + Rfflv(uy - mux)]

2 7[RY , (uy —muy )] 2
B()T(y+1) [ AB "
2 ') (muy + R, (Uy — mux +(ABIV ) (v) ]
Zy[Rfj,v(uy —mux)]V ( x )(mu s (uy nu )) mux-i-R:',,v(uy—mux) (mu )

1
[R},, (uy — muy )] 7

1
1 5 1
< 5 (f (1—r)rP(V—1)|1—2r|Pdr) (f (1—T)H"(mux+rRﬁV(uy—ux))lqdr)
0 0

1
(R}, (uy — muy)]” d

1
1 vl
+ — 5 (j; rp7|1—2r|pdr) (jo‘ rl(V’(mux—I—rRﬁrv(uy—mux))Wdr) .

Now, we compute the integrals. For the first integral in the Holder-Iscan inequality:

1 1/2
f (1-r)e?=I)1 - 2rpPdr = f (1-r)rD (1 - 2r)Pdr
0 0

1
+ 1-r)r?0" D (2r — 1)Pdr = .
J ey = s

For the second integral:

1
f V|1 - 2rfPdr = L .
0 2(p+1)
Employing PG,CRM of |'V’|7, we have

1
f (1-1)|V'(muyx + rRﬁV(uy —muy))|7dr
0

T IR I N L A GOl 1 1= (1 — 2V
S_T_;ﬁ“ (1 - x4 Y, [ a=n-a-n

n

Computing these integrals:

. G 1 1 1 1 1 CC+3)
foﬂ—r)(l—rC)dr_fo (1_r)dr_fo (1_r)rcdr_§‘[c+1_c+z]_2(<:+1)(C+2)'

Similarly:

C
2(C+2)

1
\fo‘ (1-r)(1-(1-r)%)dr =

And for the second set:

1 . C
j(: r(l1-r%)dr = 200+
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1r —(1-r)%dr = ce+3)
J, =a-a=m RIS (&)}

Note: For the Atangana-Baleanu operator, when we have the kernel r’~! in the integral, the
above formulas need to be adjusted by replacing C with yC + y — 1 in the integral computations.
This gives us the modified forms shown in the theorem statement.

Combining all results, we obtain:

YV (muy) +(V(muX+Rﬁ,v(uy—mux)) (1-»)T(y)

2muy + Rﬁv (uy —muy) ]

“ Y[R} (uy —muy)]” 2
B(y)I'(y+1) [ AB ,
+ mu. v X +Rg v Tz (ABIV (V) X ]
27/[R‘ﬁ,v(uy—mux)]7/ ( x )(mu 1, (uy mu ))+ ST (u)

1
q

g [Ryv(uyz mu, )| (2(191+ 1))%

[V ()l g5 COCHy+3) IVl Ns ¢
n ;{2(VC+V)(VC+27/)+ n Z_"(VC+2V)

"I(V’(uy)lqi C(yC+y+3) |fv' )| Z
n 200 0T+ = 27/C+27/

==

[Rﬁ,v (uy —muy)]” 1

i 2 (2(P+1>)

This is the required proof.

O

Remark 3.1. Implementing Theorem 3.1, we analyze the following interesting H-H inequality version via
the CMLF involving ABFIO if we set 9 = (1,1,...) withy =aandv = 1:

’_(V(mux)+(V(mux+8a(uy—mux))_ (1-9)T(y) (V(Zmux+8a(uy—mux))
2 7[Ea(uy —muyx)]” 2

BOOT(r+1)  [/ae "
+ 2y[8a(uy _mux)]y [(muxIV(V) (mux +8a (uy_mux)) +( I)I;ux—s-é‘ (uy—mux)(v) (mux)]

e

[V (mu)l? 5 C(yC+y+3) W’(uy)lqi ¢ Y
N & 20+y)(e+2y) U 2(yC+2y)

1
q

_|_

[aa<uy;mux>]>' (2(p1+ 1))%

I‘V’(uy)lqz’]v‘ CC+y+3) | 1V(mu)fi v C
no =200+ y)(yC+2y) no E2(0C+2y)

Theorem 3.2. Let V : I = [muy, muy + Rfjﬂ,(uy —muy )] — R be a differentiable function on 1°, with muy <
muy + R, (wy —muy), g > 1 and assume that V' € L[muy, muy + RY, (uy —muy)]. If [V'|7 is PGaCRM
on [muy, muy 4 R, (uy —muy )], then

~ V(muy) + V(muy 4 RE , (uy —muy)) (- (V(Zmux + R, (uy - mux)]
2 YIRE, (uy —muy)” 2
B()L(y+1)
2V[Rﬁ,v(uy — muy )|

[(I‘:‘IEXIV(V) (muy + R, (uy —muy)) + (ABly )(V) (mux)]

mux+R“ o (uy—muy
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n

RY ,(uy —muy)]” - -1\175 " (muy )9 o ' (uy
e (g 0

= =1

_|_

0y (uy —muy - N\ (1 (mu ! '(u . %
Mty o (-1 1) {'W X)'quzw,cHMZIl(m},

2 2(y +1) no = o=

where y € (0,1], x € [muy, muy + R}, (uy —muy)], and

1
I1(y,C) = f(; (1- r)rV_lll —-2r|(1- rc)dr,

1
I(y, Q) = f(; (1-r)r 1 -2r|(1-(1-r)%)dr.

Proof. For g > 1. From Lemma 3.1, we have

_ V(muy) + V(muy + R‘fjlv(uy —muy)) _ (1-9)T(y) W 2muy + Rfl’,v(uy —muy)
2 VIR (uy — muy )] 2

B(y)I'(y +1) [(

AB 1y 9 _ ABYY
2y [Rg,v (uy - mux)]V muxl (V) (mux + RW’ (uy mux)) + ( : (V) (mux)] ‘

mux +R‘;’Z/V (uy—muy )

[Rﬁ,v (uy — muy )]
= 2

1
fo 11— 20V (mu + TRY, (1, — muy ) dr.

Employing improved power mean inequality, we have

_ V(muy) + V(muy + R‘*ﬂv(uy —muy)) _ (1-9)C(y) W 2muy + Rﬂv(uy — muy)
2 Y[R (uy — muy )] 2

B(y)L'(y +1)
2y [Rﬁ,v (uy — muy )]

[(ggxwv) (g + RS, (0 —mu)) + (ABIV )(V) (mux)] ‘

9
M +RY , (Uy —i

1-1

RV, (uy —muy)]” [ (1 g
< R y2 ) (f (1—r)ry_1|1—2r|dr)
0

1
q

1
X (f (1—r)r’ 1 = 20|V’ (muy, + erf/V(uy - muX))Wdr)
0

RY ,(uy —muy)]” [ !
+ R ( y2 ) (f r7/|l—2r|dr)
0

1-1 1
q
(f r’|1 = 2r||V’ (muy + erj,v(uy —muy))|7dr
0

1
q

Now, we compute the first integral. For the improved power mean inequality with AB operator:

1 1/2 1
f (1-1)r’ Y1 -2rldr = f (1-r)r’ (1 -2r)dr + f (1-r)r1(2r - 1)dr.
0 0 1

/2

Computing these integrals:

1/2 1/2
f (1-r)r’'(1-2r)dr = f (£ = 3r7 + 27 dr
0 0
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r¥  3prtl . opre2V2 3 2
- — _ + .
y v+l y+2), 2 (y+1)2F 0 (p+2)2+2
Similarly:

1

1 y+1 y y-1
f (1-r)r’(2r—1)dr = [Zr _ = ]
1/2 y+1 v y-1},
2 3 1 2 3 1
e e e
y+1 y y=1 [(y+D2rth »y2r (y-1)2

After simplification:

1 _ -1
f (1-1)r’ 1 - 2rldr = yr1-(y+12
0 2(y+1)

Similarly:

1 1- 1)21
f V|1 - 2r|dr = rt v+1) .
0 2(y+1)

Employing PG,CRM of ['V’|1, we have

1
f (1-r)r’ Y1 = 2|V’ (muy, + erf,V (uy —muy ) )|7dr
0
[V ()l g5 (! - ¢
S—Z (1-r)r’ 1 -2r[(1-r")dr
n =10
’ q i 1
+ V(o)1 Z f (1-1)r’ 1 -2r(1- (1 -r)%)dr
n =10

(V/ X q n (V/ q 1
- M Z[1(%C) + M ZIZ(V/C)~
77 =1 r[ (=1

Similarly, for the second part:

1
f |1 = 2r||V’ (muy + rR , (uy — muy))|7dr
0

V' (mug )7 o ([ A V' ()l ¢
SMZI rV|1_2r|(1—rC)dr+MZf r’[1-2r|(1~ (1-r)%)dr.
n S =

Note that by symmetry:
1
f r’[1-2r|(1- rc)dr = I5(y,0),
0

1
f r’|[1-2r|(1-(1-r)%dr = I1(y,0).
0
Combining all results, we obtain:
V(muy) + V(muy + Rfj/v(uy —muy)) (1-9)T(y) ” 2muy + Rfj/l,(uy — Muy )

2 Y [Rﬁ,v (uy —muy)]” 2
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B(y)L(y +1)
2y [Rﬁ,v (uy — muy)]”

[(QﬁXIV”V) (muy + Rf‘j’v(uy —mug)) + (ABIy )(V) (mux)] ‘

©
mux +R}; , (uymug

[Rﬁvw—mux)]y(”1—@“)2_1)1_% [V (u)l? [V (uy)lF - !
< * ——2 N (5, 0+ —22 ) Iy, C
> 25T ; CZ] 10,0+ — CZ 2(,0)
Ry (ty —ma)) (V+1—<y+1>2‘1)1_% [V ) ] V)l %
n Ly, 0+ —2=Y 1,(0,0)| .
> TSy ; ; 20,0+ — CZ 1(7,0)
This is the required proof. o

Remark 3.2. Implementing Theorem 3.2, we analyze the following interesting H-H inequality version via
the CMLF involving ABFIO if we set 9 = (1,1,...) withy =aand v = 1:

‘ _ V(muy) + V(mug + Ey (uy —muy)) ~ (1-9)T(y) (V(Zmux + Ea(uy —mux))

2 V[Sa(uy —mux)])/ 2
BONT(y+1)  [/a 5
+ 2)/ [Sa (uy _ mux)]y [(muxIY(V) (Hqu + 8a (uy - mU.x)) + ( IzuerSa(uy—mux)(v) (mux)]

==

Ea(uy —mug)]” (7 +1—=(y+ 12\ (19 (mu)f V()7 &
< Sl (LS )[ Z ;Il(V’CHT;W’Q)

+

[ty —mu,)]” (y +1-(y+1)271 ) (w'<mux>w d [V (uy)l i

Ir(y,C) +

4. CONCLUSIONS

Researchers and academics from a wide range of scientific fields have been fascinated with
fractional calculus, and for good reason. Because of its exceptional capacity to model complex
events and offer solutions to difficult problems, it is one of the most significant and dynamic
areas of modern mathematics. Furthermore, statistical theory, physics, functional analysis, and
optimization are all greatly impacted by integral inequalities, and the combination of convexity
and inequality analysis continues to provide a flourishing stream of advancements, applications,
and improvements. Given this dynamic framework, the current manuscript makes the following

original and significant contributions:

1) We establish a fresh mathematical approach on the H-H inequalities via PG,CRM within
the framework of the ABFIO.

2) A new fractional lemma is introduced, serving as a cornerstone from which a series of
powerful results via ABFIO are systematically derived.

3) Leveraging the improved power mean, and Holder-Iscan inequalities, we present refined
and sharpened developments of the H-H inequality — significantly elevating both the
depth and scholarly value of the results.
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4) A rich collection of remarks and corollaries are provided, validating connections with

existing literature and illuminating the role of Mittag-Leffler and Raina-type functions.

The innovative framework and methods given in this paper offer intriguing new avenues for
research, particularly in interval analysis and quantum calculus, bringing fresh perspectives and
intriguing avenues for more study.

The solution to these unsolved questions will increase the field of applicability of multiplicative
calculus and will help make further progress in generalized convexity, inequalities of multiplicative

integrals and their applications in mathematics.
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