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Abstract. In this paper, we introduce and investigate neutrosophic fuzzy hyper h-ideals in hyper BCK-algebras. The
notions of neutrosophic fuzzy weak, ordinary, strong, and reflexive hyper h-ideals are also defined and studied. We show
that every neutrosophic fuzzy weak, ordinary, strong, and reflexive hyper h-ideal is a corresponding neutrosophic fuzzy
weak, ordinary, strong, and reflexive hyper BCK-ideal, respectively. Moreover, we examine the relationships among
these classes of ideals and provide characterizations in terms of level subsets. Finally, we study hyper homomorphic
preimages and product structures of neutrosophic fuzzy hyper h-ideals. In particular, we prove that the product of two

neutrosophic fuzzy hyper h-ideals is again a neutrosophic fuzzy hyper h-ideal.

1. INTRODUCTION

Set operations such as union, intersection, and set difference play important roles in algebra and
are closely related to several algebraic structures, including Boolean algebras, distributive lattices,

and semirings. While union and intersection have been widely studied in many algebraic systems,
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set difference also gives rise to important algebraic structures. In 1966, Imai and Iséki [9] introduced
BCK-algebras as algebraic systems related to BCK logic and the behavior of set difference. The
corresponding implicational axiom schemes of BCK logic may be written as follows:

e AxiomB: (C>G)> ((L>C)> (L>G));
e AxiomC: (C>(GDL))>(G>(CDL));
e AxiomK:C > (G> ().

Here C, G, and L denote propositional formulae. Later, BCIl-algebras were introduced as a gener-
alization of BCK-algebras. These algebras have close connections with their corresponding logical
systems and have been studied from both algebraic and logical points of view.

Hyperstructure theory was introduced by Marty [16] in 1934. In a hyperstructure, the product
of two elements is a nonempty subset rather than a single element. This idea provides a natural
extension of ordinary algebraic operations and has been applied to several areas of pure and
applied mathematics. Imai and Iséki [9] introduced BCK-algebras, and Jun et al. [10,11] later
applied hyperstructures to BCK-algebras and introduced hyper BCK-algebras. Borzooei et al. [7]
applied related ideas to K-algebras. Jun et al. [12] studied fuzzy strong HBCKIs. Fuzzy set
theory, introduced by Zadeh [22], is a useful tool for describing uncertainty. Jun and Xin [13]
applied fuzzy sets to hyper BCK-algebras. Tougeer and Cagman [19] introduced fuzzy hyper
h-ideals in hyper BCK-algebras. Khademan et al. [15] introduced fuzzy soft positive implicative
HBCKIs. Smarandache [18] introduced neutrosophic sets as a generalization of fuzzy-type
structures. Anjaneyulu Naik et al. [3,4] studied intuitionistic fuzzy hyper h-ideals and p-ideals
in hyper BCK-algebras. Anjum et al. [21] studied ordered h-regular semirings. Bhattacharya and
Mukherjee [5] introduced fuzzy relations and fuzzy groups.

Several variations of neutrosophic structures have been introduced to describe uncertainty and
indeterminacy in algebraic systems. Borzooei et al. [8] studied a new concept of polarity of gen-
eralized neutrosophic subalgebras in BCK/BCl-algebras. Alsubie and Masarwah [1] introduced
MBJ-neutrosophic HBCK s in hyper BCK-algebras by using interval-valued membership func-
tions. Kaviyarasu et al. [14] recently studied fermatean neutrosophic soft structures and their
ideals in hyper BCK-algebras. Satyanarayana and Anjaneyulu Naik et al. [2,6,17,20] explored
related classes of neutrosophic fuzzy H-ideals in BCK-algebras. In general, a neutrosophic fuzzy
set is described by truth-membership, indeterminacy-membership, and falsity-membership func-
tions. This framework is suitable for studying algebraic structures in which uncertainty and
indeterminacy are considered simultaneously.

Motivated by the above studies, this paper introduces the concept of neutrosophic fuzzy hyper
h-ideals in hyper BCK-algebras. We also define neutrosophic fuzzy weak, ordinary, strong, and
reflexive hyper h-ideals and investigate their basic properties. We show that every neutrosophic

fuzzy weak, ordinary, strong, and reflexive hyper h-ideal is a corresponding neutrosophic fuzzy
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weak, ordinary, strong, and reflexive hyper BCK-ideal, respectively. Moreover, we examine the re-
lationships among these classes of ideals, study their characterizations by level subsets, and discuss
product structures, strongest neutrosophic fuzzy relations, and hyper homomorphic preimages.

ACRONYMS

Hyper BCK-algebra: HBCKA;

Hyper BCK-ideal: HBCKI;

Neutrosophic fuzzy set: NF'S;

Hyper h-ideal: HHI;

Neutrosophic fuzzy hyper h-ideal: NFHHI;

Neutrosophic fuzzy weak hyper h-ideal: NF WHHI;

Neutrosophic fuzzy strong hyper h-ideal: NF SHHI;

Neutrosophic fuzzy reflexive hyper h-ideal: NFRHHI;

e Neutrosophic fuzzy weak, strong, and reflexive hyper BCK-ideal: N¥ (W, S, R)HBCKI.

2. PRELIMINARIES

In this section, we recall some basic notions and results that are needed in this paper.
Let K be a nonempty set endowed with a hyperoperation *, that is, * is a mapping from K x K
to P*(K), where P*(K) = P(K) \ {0}. For any nonempty subsets € and ® of K, we define
CEx G = U (m ).

meC, ne®
For simplicity, we write f % § instead of {f} % {§}, f * (&}, or {f} * § whenever no confusion can
occur.

The relation < on K is defined by
f< g ifandonlyif 0€ f*g.

For nonempty subsets € and ® of K, we write € <« © if, for every m € €, there exists n € ® such
that m < 1. The relation < is called the hyperorder on K.

Definition 2.1. Following [11], a hyper BCK-algebra, briefly an HBCKA, is a triple (K, x,0), where K
is a nonempty set, x is a hyperoperation on K, and 0 is a constant of K satisfying the following axioms:
(HBCKAL) f* (§%xh) < f*§

(HBCKA2) (fx§) xh=(fxh)x &

(HBCKA3) f* K < {f};

(HBCKAL) f < gand § < fimply f = g,

forall f, 8,1 e K.

Clearly, every BCK-algebra (K, o,0) becomes an HBCKA under the hyperoperation defined
by

v

frg=1{fo3
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forall f,§ € K.
A standard example of an HBCK A is the set of nonnegative real numbers K = [0, o) with the

hyperoperation x defined by

Proposition 2.1 ( [11]). In every HBCKA K, the following properties hold:
(Pr) fx g < 1)

(Py) f%0 < { f

(P3)

(Py) 0 < f

(P5) €< €

(Pe)€CC B zmplzes € < G
(P7)
(Ps)
(Pg) € {0} implies € = {0};

(Plo) IS h zmplzes fxh<fxg,

forall f,§,h € K and for any nonempty subsets € and ® of K.

O*f 0};

For the basic theory of hyper BCK-subalgebras and weak, strong, and reflexive HBCK s, we

refer to [11]. From now on, K will denote an HBCK A unless otherwise stated.

Lemma 2.1 ( [11,12]). The following statements hold:

(i) Every HBCK I of K is a weak HBCKI of K.

(ii) Every reflexive HBCK I of K is a strong HBCKI of K.
(iii) Every strong HBCKI of K is an HBCK I of K.

Lemma 2.2 ([12]). Let 3 be a reflexive HBCKI of K. If f x NI # 0, then f x § < I forall f,§ € K.
Proposition 2.2 ([10]). Let € be a subset of K and let I be an HBCKI of K. If € < T, then € C 3.

Definition 2.2. Let 3 be a nonempty subset of K containing 0. Following [19], 3 is called:
(i) a weak HHI of K if, forall f,$,h € K,

fx(gxh)cSandgeS imply fxhcCS;

~

(ii) an HHI of K if, for all f,§,h € K,
fx(gxh) <JandgeI imply fxhcCS;
(iii) a strong HHI of K if, for all f,§,1 € K,

fx(@*xh)NI#0and eI imply fxhcCS;
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(iv) a reflexive HHT of K if I is a strong HHIT of K and
fxfcs
forall f e K.

Theorem 2.1 ( [19]). Every weak, strong, and reflexive HH I of K is a corresponding weak, strong, and
reflexive HBCK I of K, respectively.

Theorem 2.2 ([19]). For any HBCKA K, the following statements hold:
(i) Every HHI of K is a weak HHI of K.

(ii) Every strong HHI of K is an HHIT of K.

(iii) Every reflexive HHI of K is a strong HHI of K.

Remark. In general, the converses of the implications in Theorem 2.2 do not hold; see [19].
For a detailed study of fuzzy weak, strong, and reflexive HBCK s, we refer to [13].

Theorem 2.3 ([13]). For any HBCKA K, the following statements hold:
(i) Every fuzzy HBCKI of K is a fuzzy weak HBCK I of K.

(ii) Every fuzzy strong HBCKI of K is a fuzzy HBCKI of K.

(iii) Every fuzzy reflexive HBCKI of K is a fuzzy strong HBCKI of K.

Definition 2.3. Let (K, *1,01) and (K, *2,02) be HBCKAs and let K = Ky X K,. For subsets
F C K and G C Ky, put

(F,G) ={(f.§)| feF, §€G)
Define a hyperoperation % on K by
(f,8) * (i1,0) = (f *11l, & *2 )

for all (f,3),(i1,0) € K, where the right-hand side is understood in the above sense for subsets. Let
0 = (01,02), and define a hyperorder < on K by

(f, &) < (i,9) ifandonlyif f<iiand § < 7.

Then (K, %,0) is an HBCKA.
Let & and @ be fuzzy sets on Ky and Ky, respectively. The product & X @ is the fuzzy set on K = K X Kz
defined by

(Ex@)(f,&) = min{&(f), ®(&)}-

In the sequel, K and K, will denote HBCKAs and K = T X Kz [71].
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3. Basic PROPERTIES AND CHARACTERIZATIONS OF NEUTROSOPHIC Fuzzy HYPER h-IDEALS

In this section, we introduce neutrosophic fuzzy weak, ordinary, strong, and reflexive hyper
h-ideals in hyper BCK-algebras and investigate their basic properties.

Definition 3.1. Let K be an HBCKA. A neutrosophic fuzzy set, briefly an NFS, in K is a triple
M= (&,C, @), where &, (@ : K — [0,1].
(i) The NFS M = (&,C, @) is called a neutrosophic fuzzy weak hyper h-ideal, briefly an NFWHHI,
of K if

£0)2&(f), C0)2c(f), @(0) <a(f)
forall f e K,and, forall f,§,heKandalliie f*h,

E(t) >min{ inf &(m),&(9)),
mefx(gkh)

C(11) 2min{ inf C(m), ()},
mefx(gkh)

@(if) <max{ sup @(m), (%)}
mefx(gxh)
(ii) The NF S M = (&,C, @) is called a neutrosophic fuzzy hyper h-ideal, briefly an N HHI, of K if

f<g implies &(f)2&(8), C(f) 20, o(f) <a(g)
forall f,$ € K, and, forall f,§,h € Kandallii € f % h,

&(it) zmin{ inf (), £(Z)),
mefx(gxh)

C(#) =min{ inf C(m), ()},
mefx(gxh)
@(if) <max{ sup o(m),o(g)}.
me fx (g*h)
(iii) The NFS M = (&,C, @) is called a neutrosophic fuzzy strong hyper h-ideal, briefly an NF SHHI,
of K if

inf ()= &(f), inf Cm)=C(f),  sup @(m) < a(f)
mefkf mefxf mefxf

forall f € K,and, forall f,§,heKandalliie f*h,

() >min{ sup &(m),&E(9)),
me fx(gxh)

C(it) >min{ sup C(m),C(Q)},
me fx (gxh)

o(if) <max{ inf o(m),o(g)}.
mefx($xh)

(iv) The NFS M = (&, C, @) is called a neutrosophic fuzzy reflexive hyper h-ideal, briefly an NFRHHI,
of K if

inf &(m)>¢&(8), inf C(m)>C(8), sup o(m) <ao(g)
mefxf mefxf mefxf
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forall f,$ € K, and, forall f,§,h € Kandallii € f % h,
() =min{ sup &(m),E(9)),

me fx(gxh)
C(it) 2min{ sup C(m), ()},

me f (§xh)

@(if) <max{ inf o(m),o(g)}.
me fx(§x/h)

Theorem 3.1. Every neutrosophic fuzzy weak, ordinary, strong, and reflexive hyper h-ideal of K is a
corresponding neutrosophic fuzzy weak, ordinary, strong, and reflexive hyper BCK-ideal of K, respectively.

Proof. This follows from Theorem 2.1. Indeed, every weak, ordinary, strong, and reflexive hyper
h-ideal of K is a corresponding weak, ordinary, strong, and reflexive hyper BCK-ideal of K,
respectively. Therefore, the defining conditions of a neutrosophic fuzzy weak, ordinary, strong,
and reflexive hyper h-ideal imply the corresponding defining conditions of a neutrosophic fuzzy

weak, ordinary, strong, and reflexive hyper BCK-ideal. m]

Theorem 3.2. For any HBCKA K, the following statements hold.
(i) Every NFHHI of K is an NFWHHI of K.

(ii) Every NFSHHI of K is an NFHHI of K.

(iii) Every NFRHHI of K is an NFSHHI of K.

Proof. (i) Let M = (£,(,@) be an NFHHI of K. By Proposition 2.1(P,), we have 0 < f for all
f € K. Hence, by Definition 3.1(ii),

.

£0)2&(f), C0)2c(f), @(0) <a(f)

for all f € K. The remaining inequalities required in Definition 3.1(i) are exactly the same as those
in Definition 3.1(ii). Therefore, M is an NF WHH I of K.

(ii) Let M = (&,C, @) be an NF SHHT of K. By Theorem 3.1, M is a neutrosophic fuzzy strong

hyper BCK-ideal of K. Hence, by Theorem 2.3(ii), M is a neutrosophic fuzzy hyper BCK-ideal of

K. Therefore, the order condition in Definition 3.1(ii) is satisfied.
Let f,§,h € K and let ii € f  hi. Since M is an NF SHH I, we have

E(t) >min{ sup &(m),E(9))

me fx (gxh)
Since
inf  &(m) < sup  &(m),
mefx(gxh) me fx (§*h)
we get
E() =min{ inf  &(m),E(9))
me f (§xh)
Similarly,

C(i1) zmin{ inf C(m),T(g)}
me fx(g*h)
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Moreover,

max{ inf @®(m),o(g)}<max{ sup @(m), o(g)}.
mefx(gxh) me fx ($xh)

Thus

@) <max{ sup o(m),o($)}.
me fr (gxh)

Therefore, M is an NFHHIT of K.
(i) Let M = (&,(, @) be an NFRHHI of K. By Definition 3.1(iv), putting § = f gives

inf &(m)=&(f), inf C(m)=C(f), sup @(m)<a(f)
mefxf mefxf mefxf

for all f € K. The remaining inequalities in Definition 3.1(iii) are the same as those in Definition

3.1(iv). Hence M is an NF SHHIT of K. m]

Remark. In general, none of the converses of the implications in Theorem 3.2 holds, as shown in

the following examples.

Example 3.1. Let K = {0, f, g} be an HBCK A with the hyperoperation % given by the following Cayley
table:

*
0
f it {0} {0}
g

Definean NFS M = (&,(, @) in K by
£(0) =£&(9) =06, &(f)=0.03,
C(0) =C(g) =0.25, C(f)=0.01,
@(0) =w(g) =02, a(f) =04

It is straightforward to check that M is an NF WHHI of K. However, M is not an NFHHI of ‘K.
Indeed, since f % g = {0}, we have f < g. If M were an NF HHI of K, then the order condition in
Definition 3.1(ii) would imply

But
E(f) =0.03<0.6=¢&(9),
C(f) =0.01 <0.25 = C(g),
@(f) =04>02=a(g).
This contradiction shows that M is not an NFHHI of K.

Example 3.2. Let K = {0, f, g} be an HBCK A with the hyperoperation % given by the following Cayley
table:
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*‘ 0 f g
01|{0} {0} {0}
f Uy {0,/ {0, f}
g | {g {f.¢0 10.1,8

Definean NFS M = (&,(, @) in K by

£(0) = &(f) = 04, &(g) = 0.04,

C(0) = C(f) =03, C(g)=0.11,
@(0) =o(f) =02, @(g)=0.5.

It is straightforward to check that M is an NFHHI of K. However, M is not an NF SHHI of K.
Indeed, take f = ¢, § = f,and h = g. Since g € g * gand f x ¢ = {0, f}, we obtain

gx(fxg)=gx{0,fl=(g*x0)U(gxf)=1{gtUlf gt =1{f gt

Thus
sup &(m) =04
megx(fxg)
and hence
min{ sup &(m),E(f)} =04
megH (f*g)
But
&(g) =0.04 <04.
Similarly,
min{ sup {(m),l(f)} =03
megk(f*g)
and
C(g) =0.11<03.
Moreover,
inf  @(m) =02
meg*(fxg)
and so
max{ inf @(m),o(f)}=0.2.
meg*(f*g)
But

@(g) =05>0.2.

Therefore, the defining condition of an NF SHH I is not satisfied. Hence M is not an N SHHIT of K.
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Example 3.3. Let K = {0, f, g} be the HBCK A defined in Example 3.2. Definean NFS M = (,(, @)
in K by
5, &(f) = &(g) = 0.0,
C(f) = C(g) = 0.04,
@(0) =0, o(f) =a(g) =0.6.
It is straightforward to check that M is an NF SHH I of K. However, M is not an NFRHHI of ‘K.

Indeed, since

g*xg=1{0,f,gl

we have
inf &(m) = 0.03 < 0.5 = £(0),
megkg
mlerggC(m) =0.04 < 0.2 = ((0),
sup @(m) =0.6>0=®(0).
megxg

Thus, the reflexive condition in Definition 3.1(iv) is not satisfied. Therefore, M is not an NFRHHI of
K.

For s,t,v € [0, 1], define the level subsets of an NFS M = (&,(, @) in K by

E={feKIE(f) =5,

G={feKIC(f) =1,

@y = {f e K |a(f) <v).
Theorem 3.3. Let M = (§,0,@) be an NFS in K. Then M is an NFHHI of K if and only if, for
every s,t,v € [0,1], the nonempty level subsets &, Ct, and @, are HHI's of K.

Proof. Assume that M = (&,(, @) isan NFHHI of K.
First, let & # 0 and choose i € &,. Since 0 < d, Definition 3.1(ii) gives

E(0) = &(d) = s.
Hence 0 € &;. Now suppose that
fx(g*h) <& and ge&..
For each m € f % (§ % h), there exists 1t € & such that m < 1. By Definition 3.1(ii), we get
E(m) > &(n) > 6.
Thus

inf  &(m) >s.
mefx(Fxh)

Since § € &, we also have &(¢) > s. Hence, for all if € f* I,

&) =min{ inf &(m),&(3)) = s.
mef*(gxh)
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Therefore, f % /1 C &, and so &, is an HHT of K.
By the same argument, every nonempty level subset C; is an HHT of K.
Next, let @, # 0 and choose i € @,. Since 0 < d, Definition 3.1(ii) gives

@(0) < @(d) < v.
Hence 0 € @,. Suppose that
fx(§gxh) <@, and §€ @,
For each m € f % (§ % I), there exists 11 € @, such that m < 1. By Definition 3.1(ii), we get
@(m) <o(n) <.

Thus

sup @(m) <.
mefx(gxh)

Since § € @,, we also have ®(¢) < ». Hence, for all i € f* I,
@(i1) <max{ sup @(m),o(g)}<0.
me fx (gx/h)
Therefore, f * I C @y, and so0 @, is an HHI of K.
Conversely, assume that every nonempty level subset &, (i, and @, is an HHI of K. Let f < §.
Put s = &£(g). Then ¢ € &, and hence &, # 0. Since &, is an HHIT of K, it is an HBCK I of K by
Theorem 2.1. Since f < ¢and ¢ € &, we have { f } < &s. By Proposition 2.2, f € &. Therefore,

&(f) 25 =&(3).

Similarly, putting t = {(¢) and v = ®(§), we obtain

C(f)zc(g) and o(f) < ().
It remains to prove the hyper h-ideal inequalities. Let f, §,/ € K. Put

so =min{ inf &(m),&())
me fx(gxh)

Then ¢ € &, and

fHr(g%h) C &,
By Proposition 2.1(P),

fr(gxh) <&,
Since &, is an HH I of K, we get

=<

fx

C &
Thus, for all i € fv *h,

E(it) >min{ inf = &(m),E(9))
mef*(gxh)

In the same way, put

to =min{ inf C(m),C($)}.
mefx(gxh)
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Then, for all i € f * T,

C(1) zmin{ inf {(m), ()}
mef*(gkh)

Finally, put

g =max{ sup @(m),o(g)}.
me fx(gxh)

Then § € @,, and
By Proposition 2.1(Ps),
Since @y, is an HH I of K, we get

Thus, for all i € f *x I,

@(if) <max{ sup o(m),o(g)}.
mef*(g*fl)
Therefore, Mis an NFHHIT of K. O

Remark 3.1. The weak, strong, and reflexive versions of Theorem 3.3 are obtained by replacing HH I with
weak, strong, and reflexive HH s, respectively, and by using the corresponding defining conditions in
Definition 3.1.

Theorem 3.4. Let M = (&,(, @) bean NFHHI of K. Then

V.

P=I{f e K|(f) = £(0), C(f) = 0), @(f) = @(0)}
is an HHIT of K.
Proof. Clearly, 0 € P. Let f, §,h € K, and suppose that
fx(g*xh) <P and §eP.

Let ii € f % . Since § € P, we have

Now let m € f * (¢ * ). Since
fx(gxh) <P,
there exists 1 € £ such that m < n. Since M is an N¥ HH I, the order condition gives
&(m) > &(n) = £(0),
¢(m) = ¢(n) = ¢(0),
o(m) <@(n) = @(0).

On the other hand, by Theorem 3.2(i), M is an NFWHHIT of K. Hence
£(0) = &(m), C(0) =C(m), @(0)<o(m).
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Therefore,
&(m) = &(0), C(m) =C(0), @(m)=a(0)
for all m € f % (§  h). Thus
inf  &(m) = &(0),
mefx(gxh)
inf  ¢(m) = C(0),
mefx(gxh)

sup @(m) = a(0).
me fr(g*h)

Since M is an NFHHI, we get
&(11) = min{&(0), £(0)} = £(0),
C(11) = min{C(0),C(0)} = C(0),

@(11) < max{@(0),@(0)} = @(0).
Again, since Mis an NFWHHI, we have

£(0) > &(n),

Therefore,
(i) = &(0), c(i#) =¢(0), o) = @(0)
Hence i € P. Since 1i € f * /i was arbitrary, we obtain
fxhcP.
Thus, P is an HHI of K. i

Theorem 3.5. Let P be a nonempty subset of an HBCKA K, and let s,t,v € (0,1]. Define an NFS
M= (& (o) in Kby

£(f) { s1eP

0, iffeP,

3 t, iffeP,
() { ire

0, iffegP,

o(f) = {0’ ffe®.

o, iff¢P.

Then P is an HHI of K if and only if M is an NF HHI of K.
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Proof. Assume that P is an HHI of K. By Theorem 2.1, P is an HBCK I of K.

First, we verify the order condition. Let f, § € K and suppose that f < §. If § € P, then {f} < P.
Since P is an HBCK I, Proposition 2.2 gives f € P. Hence

) =@ =5 H=cD=t a(f)=a@) =0
If $ ¢ P, then () =0, C(¢) =0, and @(¢) = v. Since all values of & and C are nonnegative and
all values of @ are at most v, we have
&) 2E@), ) zL), olf) <o)

Thus the order condition in Definition 3.1(if) is satisfied.

Next, let £, §,1 € K and let i € f * h. Put

A= fx(gxh).

For the &-condition, if A € and § € P, then, by Proposition 2.1(Pg), A < P. Since P is an HH I,

we get

fxhcP
Thus 7t € P, and hence
(i) = s
Also,
inf&(m) =5 and &(8) =s
meA
Therefore,

£(it) = min{inf £(m), £(8)}.

IfAZPorg¢P,then
min{inf £(m),&($)} = 0.

meA
Hence the above inequality also holds.

The proof of the C-condition is the same. Thus
C(1) = min{inf {(m), C(Z)}.
meA
For the @-condition, if A C P and § € $, then 7 € £, and hence
@(1) = 0.
Also,
supo(m) =0 and @(g)=0.

Therefore,

@(11) < max{sup @(m), ®(g)}.
meA

IfAZPorg¢P,then

max{sup @(m),®@(g)} = v.
meA

Since @(if) < v, the required inequality holds. Hence M is an NFHH I of K.
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Conversely, assume that M is an N HH I of K. Since
P - 55 == Ct = o,
Theorem 3.3 implies that P is an HH I of K.
4. PropucT STRUCTURES AND HYPER HoMOMORPHIC PREIMAGES

In this section, we study product constructions of neutrosophic fuzzy hyper h-ideals in hyper

BCK-algebras. We also investigate strongest neutrosophic fuzzy relations and hyper homomorphic
preimages.

Definition 4.1. Let K and K, be HBCKAs and let K = K1 X K. Let My = (&1,0,@1) and

My = (&2, Cp, @2) be NF Ss in Ky and Ky, respectively. The product My x Mpisthe NFSM = (&,0, @)
in K defined by

forall (f,3) € Ky x K.

Theorem 4.1. Let My = (&1,C1, @1) and My = (&2, Cp, @2) be NFHHIs of Kq and Ky, respectively.
Then My x My is an NFHHIT of K x K.

Proof. Let M = My x My = (&,(, @). First, let
(f1.f2) < (&1,82)
in K X %K. Thenfl < §1 in K and ﬁ < & in K;. Since My and M are NFHHIs, we have
G(A)z&(5), &)z &%),

GA) Z2G&), G(R) 2 0(%),
@1(f1) < @1(51), @a2(f2) < @2($).

Therefore,
E(fif2) = E(31, %),
Cfi f2) = (81, 82),
@(fi, f2) < (&1, &2)-

Now let

(i1, 112) € (f1, f2) * (Fn, o).
Then #; € ﬂ %1l and ilp € fz %2 hp. Since My and M, are NFHH s, we have

&1(111) > min{ inf  &(m), &(81))

mleﬂ*l (gl*lhl)
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and

& (i) >min{  inf  &(mp), E(82))

Q€ frko (Sa%ohy)
Hence
(i, tlp) = min{&q (1i1), &2(112))
> min{ _inf o &(my,my), E(81, §2))-
(my,mo)€e(f1,f2) % ($1,82) * (h1,h2)

Similarly,

(1, 1i2) > min{ _ inf o C(my,my), (81, 82))-
(my,m)€(f1,f2)* (&1,82) % (1, h12)

Moreover, since M; and M, are NFHH Is, we have

@1(77) <max{  sup @1(my), @1($1)},
nlleﬂ*l(gl*lfl])
and
@7 (ilp) < max{ sup @2(My2), @2($2)}-
szf;*z(gz*zflz)
Therefore,
@(il1, 1) < max{ sup @(my, m2), @ (g1, $2)}-
() e(f1,f2) % (§1,82) % (1 o)
Thus, Mi x My isan NFHHIT of K X K>. O

Remark 4.1. The weak, strong, and reflexive versions of Theorem 4.1 are obtained in the same way by using

the corresponding defining conditions.

Definition 4.2. Let M = (&,(, @) be an NFS in an HBCKA K. The strongest neutrosophic fuzzy
relation on K induced by M is the NFS Y p = (Ey, Cy, @y) in K X K defined by

forall (f,8) € KxK.

Theorem 4.2. Let M = (&,(,®@) be an NFS in K. Then M is an NFSHHI of ‘K if and only if
YM = (éy, Cy,LDy) isan NFSHHT Of?()(?(.

Proof. Assume first that M is an NFSHH I of K. Since Y p( is exactly the product M x M, the
strong version of Theorem 4.1 implies that Y 5(is an NFSHHI of K x K.

Conversely, assume that Y y( is an NFSHHI of K x K. Let f € K. Applying the first strong
condition of Definition 3.1(iii) to (f, f), we get

VA

inf - Sy(mm) = Ev(f, f)-
(mme(f,f)x(f.f)
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Since (, f) % (£, f) = (f % f)x (f % f) and & (£, f) = &(f), we obtain

v,

inf &(m) > &(f).

mefxf
Similarly,
nt cm) 2(f
and
suvpch(m) < ao(f).
mefxf
Next, letfv,g,fz e Kandletii e f* Ji. Then
(it,2) € (f, f) % (b, ).
Since Y 5 is an NF SHH I of K x K, we have
Ey (i1, 11) > min{ _sup - Ey(m,m), &y (g, 9))-
(mu)e(f,f)*(g.8)*(hh)
Since
&y (i, 11) = (i)
and
s Em) = sup (),
(mu)e(f,f)*(Z.8)*(hh) mefx(gxh)

it follows that
E(t) =min{ sup &(m),E(9))
me fx(gxh)
The same argument gives
C(11) zmin{ sup C(m),T(g)}
me f (§xh)
Moreover, using the falsity component of Y »(, we obtain

o(if) <max{ inf o(m),o(g)}.
me fx(gxh)

Hence Misan NF SHHIT of K. O

Theorem 4.3. Let ¢ : K — K’ be a hyper homomorphism from an HBCKA K onto an HBCKA K.
Let u = (&, CH, @) be an NF SHHI of K'. Define the hyper homomorphic preimage M = (&,C, @) of
u under i by

(f) =W (),
C(f) = @W(f),
o(f) = @ (y(f)

forall f € K. Then Misan NFSHHI of K.
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Proof. Let f € K. Since i is a hyper homomorphism, we have

P(f* ) Sp(f) *p(f).
Thus
inf &(m)= inf &(Y(m) = inf & (a) 2 E(Y(f) = &(f).

mefxf mefxf acyp(f)xy(f)

Similarly,
inf C(m)>C(f)
mefkf

and

sup Vca(m) < a(f).
mefxf

Now let fv, g,ﬁ e K andletii € f * hi. Since Y is a hyper homomorphism, we have

Y(it) € Y(f) * P(h)
and
P(f % (Fx ) SY(f) * () * ().
Since u is an NFSHHI of K, we obtain

E(m) = EX(y(nn)
> min{ sup (a), EX (Y ()}
ae(f)* (i (g)xp(h)
>min{ sup &(yp(m),EF(P(F))

mefx(gxh)
=min{ sup &(m),&($))
me fx (gxh)
Similarly,
C(it) =min{ sup C(m),C($)}.

me fx(g*h)

For the falsity component, we have

@
<max{ inf _ot(a), " (Y(2)}
acp(f)x((g)*y(h)

<max{ inf o"(yY(m)o"(Y(g)}
mef*(gxh)

=max{ inf @(m) o(g)}.
mef*(gkh)

Therefore, M is an NF SHHT of K. O
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5. CoNCLUSION

In this paper, we introduced and investigated neutrosophic fuzzy hyper h-ideals in hyper BCK-
algebras. We also defined the notions of neutrosophic fuzzy weak, strong, and reflexive hyper
h-ideals and studied their fundamental properties. It was shown that every neutrosophic fuzzy
weak, ordinary, strong, and reflexive hyper h-ideal is a corresponding neutrosophic fuzzy weak,
ordinary, strong, and reflexive hyper BCK-ideal, respectively. Moreover, the relationships among
these classes were clarified by proving that every NFRHH I isan NF SHHI, every NF SHHIT
isan NFHHI, and every NFHHI isan NFWHHI.

We further provided examples showing that the converses of these implications do not hold in
general. Characterization results in terms of level subsets were established, and a characteristic-
type construction was used to connect ordinary hyper h-ideals with neutrosophic fuzzy hyper
h-ideals. Finally, product structures, strongest neutrosophic fuzzy relations, and hyper homo-
morphic preimages were studied. In particular, we proved that the product of two neutrosophic
fuzzy hyper h-ideals is again a neutrosophic fuzzy hyper h-ideal, and that the hyper homomorphic
preimage of a neutrosophic fuzzy strong hyper h-ideal preserves the corresponding structure.

These results enrich the theory of hyper BCK-algebras under neutrosophic fuzzy uncertainty and
provide a basis for further investigations of generalized fuzzy ideal structures in hyperalgebraic
systems. Future research may consider neutrosophic fuzzy hyper h-ideals in other hyperalgebraic
structures, study additional closure properties, and develop applications of these structures in

algebraic approaches to uncertainty, decision-making, and information systems.
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