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Abstract. In this paper, we introduce and investigate neutrosophic fuzzy hyper h-ideals in hyper BCK-algebras. The

notions of neutrosophic fuzzy weak, ordinary, strong, and reflexive hyper h-ideals are also defined and studied. We show

that every neutrosophic fuzzy weak, ordinary, strong, and reflexive hyper h-ideal is a corresponding neutrosophic fuzzy

weak, ordinary, strong, and reflexive hyper BCK-ideal, respectively. Moreover, we examine the relationships among

these classes of ideals and provide characterizations in terms of level subsets. Finally, we study hyper homomorphic

preimages and product structures of neutrosophic fuzzy hyper h-ideals. In particular, we prove that the product of two

neutrosophic fuzzy hyper h-ideals is again a neutrosophic fuzzy hyper h-ideal.

1. Introduction

Set operations such as union, intersection, and set difference play important roles in algebra and

are closely related to several algebraic structures, including Boolean algebras, distributive lattices,

and semirings. While union and intersection have been widely studied in many algebraic systems,
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set difference also gives rise to important algebraic structures. In 1966, Imai and Iséki [9] introduced

BCK-algebras as algebraic systems related to BCK logic and the behavior of set difference. The

corresponding implicational axiom schemes of BCK logic may be written as follows:

• Axiom B: (C ⊃ G) ⊃ ((L ⊃ C) ⊃ (L ⊃ G));

• Axiom C: (C ⊃ (G ⊃ L)) ⊃ (G ⊃ (C ⊃ L));
• Axiom K: C ⊃ (G ⊃ C).

Here C, G, and L denote propositional formulae. Later, BCI-algebras were introduced as a gener-

alization of BCK-algebras. These algebras have close connections with their corresponding logical

systems and have been studied from both algebraic and logical points of view.

Hyperstructure theory was introduced by Marty [16] in 1934. In a hyperstructure, the product

of two elements is a nonempty subset rather than a single element. This idea provides a natural

extension of ordinary algebraic operations and has been applied to several areas of pure and

applied mathematics. Imai and Iséki [9] introduced BCK-algebras, and Jun et al. [10, 11] later

applied hyperstructures to BCK-algebras and introduced hyper BCK-algebras. Borzooei et al. [7]

applied related ideas to K-algebras. Jun et al. [12] studied fuzzy strong HBCKIs. Fuzzy set

theory, introduced by Zadeh [22], is a useful tool for describing uncertainty. Jun and Xin [13]

applied fuzzy sets to hyper BCK-algebras. Touqeer and Çağman [19] introduced fuzzy hyper

h-ideals in hyper BCK-algebras. Khademan et al. [15] introduced fuzzy soft positive implicative

HBCKIs. Smarandache [18] introduced neutrosophic sets as a generalization of fuzzy-type

structures. Anjaneyulu Naik et al. [3, 4] studied intuitionistic fuzzy hyper h-ideals and p-ideals

in hyper BCK-algebras. Anjum et al. [21] studied ordered h-regular semirings. Bhattacharya and

Mukherjee [5] introduced fuzzy relations and fuzzy groups.

Several variations of neutrosophic structures have been introduced to describe uncertainty and

indeterminacy in algebraic systems. Borzooei et al. [8] studied a new concept of polarity of gen-

eralized neutrosophic subalgebras in BCK/BCI-algebras. Alsubie and Masarwah [1] introduced

MBJ-neutrosophic HBCKIs in hyper BCK-algebras by using interval-valued membership func-

tions. Kaviyarasu et al. [14] recently studied fermatean neutrosophic soft structures and their

ideals in hyper BCK-algebras. Satyanarayana and Anjaneyulu Naik et al. [2, 6, 17, 20] explored

related classes of neutrosophic fuzzy H-ideals in BCK-algebras. In general, a neutrosophic fuzzy

set is described by truth-membership, indeterminacy-membership, and falsity-membership func-

tions. This framework is suitable for studying algebraic structures in which uncertainty and

indeterminacy are considered simultaneously.

Motivated by the above studies, this paper introduces the concept of neutrosophic fuzzy hyper

h-ideals in hyper BCK-algebras. We also define neutrosophic fuzzy weak, ordinary, strong, and

reflexive hyper h-ideals and investigate their basic properties. We show that every neutrosophic

fuzzy weak, ordinary, strong, and reflexive hyper h-ideal is a corresponding neutrosophic fuzzy
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weak, ordinary, strong, and reflexive hyper BCK-ideal, respectively. Moreover, we examine the re-

lationships among these classes of ideals, study their characterizations by level subsets, and discuss

product structures, strongest neutrosophic fuzzy relations, and hyper homomorphic preimages.

Acronyms

• Hyper BCK-algebra: HBCKA;

• Hyper BCK-ideal: HBCKI;

• Neutrosophic fuzzy set: NFS;

• Hyper h-ideal: HHI;

• Neutrosophic fuzzy hyper h-ideal: NFHHI;

• Neutrosophic fuzzy weak hyper h-ideal: NFWHHI;

• Neutrosophic fuzzy strong hyper h-ideal: NFSHHI;

• Neutrosophic fuzzy reflexive hyper h-ideal: NFRHHI;

• Neutrosophic fuzzy weak, strong, and reflexive hyper BCK-ideal: NF (W, S, R)HBCKI.

2. Preliminaries

In this section, we recall some basic notions and results that are needed in this paper.

LetK be a nonempty set endowed with a hyperoperation ⋆, that is, ⋆ is a mapping fromK ×K

to P∗(K), where P∗(K) = P(K) \ {∅}. For any nonempty subsets C and G ofK , we define

C⋆G =
⋃︂

m∈C, n∈G

(m⋆ n).

For simplicity, we write f̌ ⋆ ǧ instead of { f̌ } ⋆ {ǧ}, f̌ ⋆ {ǧ}, or { f̌ } ⋆ ǧ whenever no confusion can

occur.

The relation≪ onK is defined by

f̌ ≪ ǧ if and only if 0 ∈ f̌ ⋆ ǧ.

For nonempty subsets C and G of K , we write C ≪ G if, for every m ∈ C, there exists n ∈ G such

that m≪ n. The relation≪ is called the hyperorder onK .

Definition 2.1. Following [11], a hyper BCK-algebra, briefly anHBCKA, is a triple (K ,⋆, 0), whereK
is a nonempty set, ⋆ is a hyperoperation onK , and 0 is a constant ofK satisfying the following axioms:
(HBCKA1) f̌ ⋆ (ǧ⋆ ȟ)≪ f̌ ⋆ ǧ;
(HBCKA2) ( f̌ ⋆ ǧ)⋆ ȟ = ( f̌ ⋆ ȟ)⋆ ǧ;
(HBCKA3) f̌ ⋆K ≪ { f̌ };
(HBCKA4) f̌ ≪ ǧ and ǧ≪ f̌ imply f̌ = ǧ,
for all f̌ , ǧ, ȟ ∈ K .

Clearly, every BCK-algebra (K , ◦, 0) becomes an HBCKA under the hyperoperation defined

by

f̌ ⋆ ǧ = { f̌ ◦ ǧ}
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for all f̌ , ǧ ∈ K .

A standard example of anHBCKA is the set of nonnegative real numbersK = [0,∞) with the

hyperoperation ⋆ defined by

f̌ ⋆ ǧ :=

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩
[0, f̌ ], if f̌ < ǧ,

[0, ǧ], if f̌ ≥ ǧ , 0,

{ f̌ }, if ǧ = 0.

Proposition 2.1 ( [11]). In everyHBCKAK , the following properties hold:
(P1) f̌ ⋆ ǧ≪ { f̌ };
(P2) f̌ ⋆ 0≪ { f̌ };
(P3) 0⋆ 0 = {0};
(P4) 0≪ f̌ ;
(P5) C≪ C;
(P6) C ⊆ G implies C≪ G;
(P7) 0⋆ f̌ = {0};
(P8) 0⋆ C = {0};
(P9) C⋆ {0} = {0} implies C = {0};
(P10) ǧ≪ ȟ implies f̌ ⋆ ȟ≪ f̌ ⋆ ǧ,
for all f̌ , ǧ, ȟ ∈ K and for any nonempty subsets C and G ofK .

For the basic theory of hyper BCK-subalgebras and weak, strong, and reflexive HBCKIs, we

refer to [11]. From now on,K will denote anHBCKA unless otherwise stated.

Lemma 2.1 ( [11, 12]). The following statements hold:
(i) EveryHBCKI ofK is a weakHBCKI ofK .
(ii) Every reflexiveHBCKI ofK is a strongHBCKI ofK .
(iii) Every strongHBCKI ofK is anHBCKI ofK .

Lemma 2.2 ( [12]). Let I be a reflexiveHBCKI ofK . If f̌ ⋆ ǧ∩I , ∅, then f̌ ⋆ ǧ≪ I for all f̌ , ǧ ∈ K .

Proposition 2.2 ( [10]). Let C be a subset ofK and let I be anHBCKI ofK . If C≪ I, then C ⊆ I.

Definition 2.2. Let I be a nonempty subset ofK containing 0. Following [19], I is called:
(i) a weakHHI ofK if, for all f̌ , ǧ, ȟ ∈ K ,

f̌ ⋆ (ǧ⋆ ȟ) ⊆ I and ǧ ∈ I imply f̌ ⋆ ȟ ⊆ I;

(ii) anHHI ofK if, for all f̌ , ǧ, ȟ ∈ K ,

f̌ ⋆ (ǧ⋆ ȟ)≪ I and ǧ ∈ I imply f̌ ⋆ ȟ ⊆ I;

(iii) a strongHHI ofK if, for all f̌ , ǧ, ȟ ∈ K ,

f̌ ⋆ (ǧ⋆ ȟ)∩ I , ∅ and ǧ ∈ I imply f̌ ⋆ ȟ ⊆ I;
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(iv) a reflexiveHHI ofK if I is a strongHHI ofK and

f̌ ⋆ f̌ ⊆ I

for all f̌ ∈ K .

Theorem 2.1 ( [19]). Every weak, strong, and reflexiveHHI of K is a corresponding weak, strong, and
reflexiveHBCKI ofK , respectively.

Theorem 2.2 ( [19]). For anyHBCKAK , the following statements hold:
(i) EveryHHI ofK is a weakHHI ofK .
(ii) Every strongHHI ofK is anHHI ofK .
(iii) Every reflexiveHHI ofK is a strongHHI ofK .

Remark. In general, the converses of the implications in Theorem 2.2 do not hold; see [19].

For a detailed study of fuzzy weak, strong, and reflexiveHBCKIs, we refer to [13].

Theorem 2.3 ( [13]). For anyHBCKAK , the following statements hold:
(i) Every fuzzyHBCKI ofK is a fuzzy weakHBCKI ofK .
(ii) Every fuzzy strongHBCKI ofK is a fuzzyHBCKI ofK .
(iii) Every fuzzy reflexiveHBCKI ofK is a fuzzy strongHBCKI ofK .

Definition 2.3. Let (K1,⋆1, 01) and (K2,⋆2, 02) be HBCKAs and let K = K1 × K2. For subsets
F ⊆ K1 and G ⊆ K2, put

(F, G) = {( f̌ , ǧ) | f̌ ∈ F, ǧ ∈ G}.

Define a hyperoperation ⋆ onK by

( f̌ , ǧ)⋆ (ǔ, v̌) = ( f̌ ⋆1 ǔ, ǧ⋆2 v̌)

for all ( f̌ , ǧ), (ǔ, v̌) ∈ K , where the right-hand side is understood in the above sense for subsets. Let
0 = (01, 02), and define a hyperorder≪ onK by

( f̌ , ǧ)≪ (ǔ, v̌) if and only if f̌ ≪ ǔ and ǧ≪ v̌.

Then (K ,⋆, 0) is anHBCKA.
Let ξ andϖ be fuzzy sets onK1 andK2, respectively. The product ξ×ϖ is the fuzzy set onK = K1 ×K2

defined by

(ξ×ϖ)( f̌ , ǧ) = min{ξ( f̌ ),ϖ(ǧ)}.

In the sequel,K1 andK2 will denoteHBCKAs andK = K1 ×K2 [7].
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3. Basic Properties and Characterizations of Neutrosophic Fuzzy Hyper h-Ideals

In this section, we introduce neutrosophic fuzzy weak, ordinary, strong, and reflexive hyper

h-ideals in hyper BCK-algebras and investigate their basic properties.

Definition 3.1. Let K be an HBCKA. A neutrosophic fuzzy set, briefly an NFS, in K is a triple
M = (ξ, ζ,ϖ), where ξ, ζ,ϖ : K → [0, 1].
(i) The NFSM = (ξ, ζ,ϖ) is called a neutrosophic fuzzy weak hyper h-ideal, briefly an NFWHHI,
ofK if

ξ(0) ≥ ξ( f̌ ), ζ(0) ≥ ζ( f̌ ), ϖ(0) ≤ ϖ( f̌ )

for all f̌ ∈ K , and, for all f̌ , ǧ, ȟ ∈ K and all ǔ ∈ f̌ ⋆ ȟ,

ξ(ǔ) ≥ min{ inf
m∈ f̌⋆(ǧ⋆ȟ)

ξ(m), ξ(ǧ)},

ζ(ǔ) ≥ min{ inf
m∈ f̌⋆(ǧ⋆ȟ)

ζ(m), ζ(ǧ)},

ϖ(ǔ) ≤ max{ sup
m∈ f̌⋆(ǧ⋆ȟ)

ϖ(m),ϖ(ǧ)}.

(ii) TheNFSM = (ξ, ζ,ϖ) is called a neutrosophic fuzzy hyper h-ideal, briefly anNFHHI, ofK if

f̌ ≪ ǧ implies ξ( f̌ ) ≥ ξ(ǧ), ζ( f̌ ) ≥ ζ(ǧ), ϖ( f̌ ) ≤ ϖ(ǧ)

for all f̌ , ǧ ∈ K , and, for all f̌ , ǧ, ȟ ∈ K and all ǔ ∈ f̌ ⋆ ȟ,

ξ(ǔ) ≥ min{ inf
m∈ f̌⋆(ǧ⋆ȟ)

ξ(m), ξ(ǧ)},

ζ(ǔ) ≥ min{ inf
m∈ f̌⋆(ǧ⋆ȟ)

ζ(m), ζ(ǧ)},

ϖ(ǔ) ≤ max{ sup
m∈ f̌⋆(ǧ⋆ȟ)

ϖ(m),ϖ(ǧ)}.

(iii) TheNFSM = (ξ, ζ,ϖ) is called a neutrosophic fuzzy strong hyper h-ideal, briefly anNFSHHI,
ofK if

inf
m∈ f̌⋆ f̌

ξ(m) ≥ ξ( f̌ ), inf
m∈ f̌⋆ f̌

ζ(m) ≥ ζ( f̌ ), sup
m∈ f̌⋆ f̌

ϖ(m) ≤ ϖ( f̌ )

for all f̌ ∈ K , and, for all f̌ , ǧ, ȟ ∈ K and all ǔ ∈ f̌ ⋆ ȟ,

ξ(ǔ) ≥ min{ sup
m∈ f̌⋆(ǧ⋆ȟ)

ξ(m), ξ(ǧ)},

ζ(ǔ) ≥ min{ sup
m∈ f̌⋆(ǧ⋆ȟ)

ζ(m), ζ(ǧ)},

ϖ(ǔ) ≤ max{ inf
m∈ f̌⋆(ǧ⋆ȟ)

ϖ(m),ϖ(ǧ)}.

(iv) TheNFSM = (ξ, ζ,ϖ) is called a neutrosophic fuzzy reflexive hyper h-ideal, briefly anNFRHHI,
ofK if

inf
m∈ f̌⋆ f̌

ξ(m) ≥ ξ(ǧ), inf
m∈ f̌⋆ f̌

ζ(m) ≥ ζ(ǧ), sup
m∈ f̌⋆ f̌

ϖ(m) ≤ ϖ(ǧ)
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for all f̌ , ǧ ∈ K , and, for all f̌ , ǧ, ȟ ∈ K and all ǔ ∈ f̌ ⋆ ȟ,

ξ(ǔ) ≥ min{ sup
m∈ f̌⋆(ǧ⋆ȟ)

ξ(m), ξ(ǧ)},

ζ(ǔ) ≥ min{ sup
m∈ f̌⋆(ǧ⋆ȟ)

ζ(m), ζ(ǧ)},

ϖ(ǔ) ≤ max{ inf
m∈ f̌⋆(ǧ⋆ȟ)

ϖ(m),ϖ(ǧ)}.

Theorem 3.1. Every neutrosophic fuzzy weak, ordinary, strong, and reflexive hyper h-ideal of K is a
corresponding neutrosophic fuzzy weak, ordinary, strong, and reflexive hyper BCK-ideal ofK , respectively.

Proof. This follows from Theorem 2.1. Indeed, every weak, ordinary, strong, and reflexive hyper

h-ideal of K is a corresponding weak, ordinary, strong, and reflexive hyper BCK-ideal of K ,

respectively. Therefore, the defining conditions of a neutrosophic fuzzy weak, ordinary, strong,

and reflexive hyper h-ideal imply the corresponding defining conditions of a neutrosophic fuzzy

weak, ordinary, strong, and reflexive hyper BCK-ideal. □

Theorem 3.2. For anyHBCKAK , the following statements hold.
(i) EveryNFHHI ofK is anNFWHHI ofK .
(ii) EveryNFSHHI ofK is anNFHHI ofK .
(iii) EveryNFRHHI ofK is anNFSHHI ofK .

Proof. (i) LetM = (ξ, ζ,ϖ) be an NFHHI of K . By Proposition 2.1(P4), we have 0 ≪ f̌ for all

f̌ ∈ K . Hence, by Definition 3.1(ii),

ξ(0) ≥ ξ( f̌ ), ζ(0) ≥ ζ( f̌ ), ϖ(0) ≤ ϖ( f̌ )

for all f̌ ∈ K . The remaining inequalities required in Definition 3.1(i) are exactly the same as those

in Definition 3.1(ii). Therefore,M is anNFWHHI ofK .

(ii) LetM = (ξ, ζ,ϖ) be anNFSHHI ofK . By Theorem 3.1,M is a neutrosophic fuzzy strong

hyper BCK-ideal of K . Hence, by Theorem 2.3(ii),M is a neutrosophic fuzzy hyper BCK-ideal of

K . Therefore, the order condition in Definition 3.1(ii) is satisfied.

Let f̌ , ǧ, ȟ ∈ K and let ǔ ∈ f̌ ⋆ ȟ. SinceM is anNFSHHI, we have

ξ(ǔ) ≥ min{ sup
m∈ f̌⋆(ǧ⋆ȟ)

ξ(m), ξ(ǧ)}.

Since

inf
m∈ f̌⋆(ǧ⋆ȟ)

ξ(m) ≤ sup
m∈ f̌⋆(ǧ⋆ȟ)

ξ(m),

we get

ξ(ǔ) ≥ min{ inf
m∈ f̌⋆(ǧ⋆ȟ)

ξ(m), ξ(ǧ)}.

Similarly,

ζ(ǔ) ≥ min{ inf
m∈ f̌⋆(ǧ⋆ȟ)

ζ(m), ζ(ǧ)}.
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Moreover,

max{ inf
m∈ f̌⋆(ǧ⋆ȟ)

ϖ(m),ϖ(ǧ)} ≤ max{ sup
m∈ f̌⋆(ǧ⋆ȟ)

ϖ(m),ϖ(ǧ)}.

Thus

ϖ(ǔ) ≤ max{ sup
m∈ f̌⋆(ǧ⋆ȟ)

ϖ(m),ϖ(ǧ)}.

Therefore,M is anNFHHI ofK .

(iii) LetM = (ξ, ζ,ϖ) be anNFRHHI ofK . By Definition 3.1(iv), putting ǧ = f̌ gives

inf
m∈ f̌⋆ f̌

ξ(m) ≥ ξ( f̌ ), inf
m∈ f̌⋆ f̌

ζ(m) ≥ ζ( f̌ ), sup
m∈ f̌⋆ f̌

ϖ(m) ≤ ϖ( f̌ )

for all f̌ ∈ K . The remaining inequalities in Definition 3.1(iii) are the same as those in Definition

3.1(iv). HenceM is anNFSHHI ofK . □

Remark. In general, none of the converses of the implications in Theorem 3.2 holds, as shown in

the following examples.

Example 3.1. LetK = {0, f , g} be anHBCKA with the hyperoperation ⋆ given by the following Cayley
table:

⋆ 0 f g

0 {0} {0} {0}

f { f } {0} {0}

g {g} { f , g} {0, f , g}

Define anNFSM = (ξ, ζ,ϖ) inK by

ξ(0) = ξ(g) = 0.6, ξ( f ) = 0.03,

ζ(0) = ζ(g) = 0.25, ζ( f ) = 0.01,

ϖ(0) = ϖ(g) = 0.2, ϖ( f ) = 0.4.

It is straightforward to check thatM is an NFWHHI of K . However,M is not an NFHHI of K .
Indeed, since f ⋆ g = {0}, we have f ≪ g. If M were an NFHHI of K , then the order condition in
Definition 3.1(ii) would imply

ξ( f ) ≥ ξ(g), ζ( f ) ≥ ζ(g), ϖ( f ) ≤ ϖ(g).

But

ξ( f ) = 0.03 < 0.6 = ξ(g),

ζ( f ) = 0.01 < 0.25 = ζ(g),

ϖ( f ) = 0.4 > 0.2 = ϖ(g).

This contradiction shows thatM is not anNFHHI ofK .

Example 3.2. LetK = {0, f , g} be anHBCKA with the hyperoperation ⋆ given by the following Cayley
table:
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⋆ 0 f g

0 {0} {0} {0}

f { f } {0, f } {0, f }
g {g} { f , g} {0, f , g}

Define anNFSM = (ξ, ζ,ϖ) inK by

ξ(0) = ξ( f ) = 0.4, ξ(g) = 0.04,

ζ(0) = ζ( f ) = 0.3, ζ(g) = 0.11,

ϖ(0) = ϖ( f ) = 0.2, ϖ(g) = 0.5.

It is straightforward to check that M is an NFHHI of K . However, M is not an NFSHHI of K .
Indeed, take f̌ = g, ǧ = f , and ȟ = g. Since g ∈ g⋆ g and f ⋆ g = {0, f }, we obtain

g⋆ ( f ⋆ g) = g⋆ {0, f } = (g⋆ 0)∪ (g⋆ f ) = {g} ∪ { f , g} = { f , g}.

Thus

sup
m∈g⋆( f⋆g)

ξ(m) = 0.4

and hence

min{ sup
m∈g⋆( f⋆g)

ξ(m), ξ( f )} = 0.4.

But

ξ(g) = 0.04 < 0.4.

Similarly,

min{ sup
m∈g⋆( f⋆g)

ζ(m), ζ( f )} = 0.3

and

ζ(g) = 0.11 < 0.3.

Moreover,

inf
m∈g⋆( f⋆g)

ϖ(m) = 0.2

and so

max{ inf
m∈g⋆( f⋆g)

ϖ(m),ϖ( f )} = 0.2.

But

ϖ(g) = 0.5 > 0.2.

Therefore, the defining condition of anNFSHHI is not satisfied. HenceM is not anNFSHHI ofK .
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Example 3.3. LetK = {0, f , g} be theHBCKA defined in Example 3.2. Define anNFSM = (ξ, ζ,ϖ)

inK by
ξ(0) = 0.5, ξ( f ) = ξ(g) = 0.03,

ζ(0) = 0.2, ζ( f ) = ζ(g) = 0.04,

ϖ(0) = 0, ϖ( f ) = ϖ(g) = 0.6.

It is straightforward to check thatM is an NFSHHI of K . However,M is not an NFRHHI of K .
Indeed, since

g⋆ g = {0, f , g},

we have
inf
m∈g⋆g

ξ(m) = 0.03 < 0.5 = ξ(0),

inf
m∈g⋆g

ζ(m) = 0.04 < 0.2 = ζ(0),

sup
m∈g⋆g

ϖ(m) = 0.6 > 0 = ϖ(0).

Thus, the reflexive condition in Definition 3.1(iv) is not satisfied. Therefore,M is not an NFRHHI of
K .

For s, t, v ∈ [0, 1], define the level subsets of anNFSM = (ξ, ζ,ϖ) inK by

ξs = { f̌ ∈ K | ξ( f̌ ) ≥ s},

ζt = { f̌ ∈ K | ζ( f̌ ) ≥ t},

ϖv = { f̌ ∈ K | ϖ( f̌ ) ≤ v}.

Theorem 3.3. LetM = (ξ, ζ,ϖ) be an NFS in K . ThenM is an NFHHI of K if and only if, for
every s, t, v ∈ [0, 1], the nonempty level subsets ξs, ζt, and ϖv areHHIs ofK .

Proof. Assume thatM = (ξ, ζ,ϖ) is anNFHHI ofK .

First, let ξs , ∅ and choose ǎ ∈ ξs. Since 0≪ ǎ, Definition 3.1(ii) gives

ξ(0) ≥ ξ(ǎ) ≥ s.

Hence 0 ∈ ξs. Now suppose that

f̌ ⋆ (ǧ⋆ ȟ)≪ ξs and ǧ ∈ ξs.

For each m ∈ f̌ ⋆ (ǧ⋆ ȟ), there exists n ∈ ξs such that m≪ n. By Definition 3.1(ii), we get

ξ(m) ≥ ξ(n) ≥ s.

Thus

inf
m∈ f̌⋆(ǧ⋆ȟ)

ξ(m) ≥ s.

Since ǧ ∈ ξs, we also have ξ(ǧ) ≥ s. Hence, for all ǔ ∈ f̌ ⋆ ȟ,

ξ(ǔ) ≥ min{ inf
m∈ f̌⋆(ǧ⋆ȟ)

ξ(m), ξ(ǧ)} ≥ s.
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Therefore, f̌ ⋆ ȟ ⊆ ξs, and so ξs is anHHI ofK .

By the same argument, every nonempty level subset ζt is anHHI ofK .

Next, let ϖv , ∅ and choose ǎ ∈ ϖv. Since 0≪ ǎ, Definition 3.1(ii) gives

ϖ(0) ≤ ϖ(ǎ) ≤ v.

Hence 0 ∈ ϖv. Suppose that

f̌ ⋆ (ǧ⋆ ȟ)≪ ϖv and ǧ ∈ ϖv.

For each m ∈ f̌ ⋆ (ǧ⋆ ȟ), there exists n ∈ ϖv such that m≪ n. By Definition 3.1(ii), we get

ϖ(m) ≤ ϖ(n) ≤ v.

Thus

sup
m∈ f̌⋆(ǧ⋆ȟ)

ϖ(m) ≤ v.

Since ǧ ∈ ϖv, we also have ϖ(ǧ) ≤ v. Hence, for all ǔ ∈ f̌ ⋆ ȟ,

ϖ(ǔ) ≤ max{ sup
m∈ f̌⋆(ǧ⋆ȟ)

ϖ(m),ϖ(ǧ)} ≤ v.

Therefore, f̌ ⋆ ȟ ⊆ ϖv, and so ϖv is anHHI ofK .

Conversely, assume that every nonempty level subset ξs, ζt, andϖv is anHHI ofK . Let f̌ ≪ ǧ.

Put s = ξ(ǧ). Then ǧ ∈ ξs, and hence ξs , ∅. Since ξs is anHHI of K , it is anHBCKI of K by

Theorem 2.1. Since f̌ ≪ ǧ and ǧ ∈ ξs, we have { f̌ } ≪ ξs. By Proposition 2.2, f̌ ∈ ξs. Therefore,

ξ( f̌ ) ≥ s = ξ(ǧ).

Similarly, putting t = ζ(ǧ) and v = ϖ(ǧ), we obtain

ζ( f̌ ) ≥ ζ(ǧ) and ϖ( f̌ ) ≤ ϖ(ǧ).

It remains to prove the hyper h-ideal inequalities. Let f̌ , ǧ, ȟ ∈ K . Put

s0 = min{ inf
m∈ f̌⋆(ǧ⋆ȟ)

ξ(m), ξ(ǧ)}.

Then ǧ ∈ ξs0 and

f̌ ⋆ (ǧ⋆ ȟ) ⊆ ξs0 .

By Proposition 2.1(P6),

f̌ ⋆ (ǧ⋆ ȟ)≪ ξs0 .

Since ξs0 is anHHI ofK , we get

f̌ ⋆ ȟ ⊆ ξs0 .

Thus, for all ǔ ∈ f̌ ⋆ ȟ,

ξ(ǔ) ≥ min{ inf
m∈ f̌⋆(ǧ⋆ȟ)

ξ(m), ξ(ǧ)}.

In the same way, put

t0 = min{ inf
m∈ f̌⋆(ǧ⋆ȟ)

ζ(m), ζ(ǧ)}.
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Then, for all ǔ ∈ f̌ ⋆ ȟ,

ζ(ǔ) ≥ min{ inf
m∈ f̌⋆(ǧ⋆ȟ)

ζ(m), ζ(ǧ)}.

Finally, put

v0 = max{ sup
m∈ f̌⋆(ǧ⋆ȟ)

ϖ(m),ϖ(ǧ)}.

Then ǧ ∈ ϖv0 and

f̌ ⋆ (ǧ⋆ ȟ) ⊆ ϖv0 .

By Proposition 2.1(P6),

f̌ ⋆ (ǧ⋆ ȟ)≪ ϖv0 .

Since ϖv0 is anHHI ofK , we get

f̌ ⋆ ȟ ⊆ ϖv0 .

Thus, for all ǔ ∈ f̌ ⋆ ȟ,

ϖ(ǔ) ≤ max{ sup
m∈ f̌⋆(ǧ⋆ȟ)

ϖ(m),ϖ(ǧ)}.

Therefore,M is anNFHHI ofK . □

Remark 3.1. The weak, strong, and reflexive versions of Theorem 3.3 are obtained by replacingHHI with
weak, strong, and reflexive HHIs, respectively, and by using the corresponding defining conditions in
Definition 3.1.

Theorem 3.4. LetM = (ξ, ζ,ϖ) be anNFHHI ofK . Then

P = { f̌ ∈ K | ξ( f̌ ) = ξ(0), ζ( f̌ ) = ζ(0), ϖ( f̌ ) = ϖ(0)}

is anHHI ofK .

Proof. Clearly, 0 ∈ P. Let f̌ , ǧ, ȟ ∈ K , and suppose that

f̌ ⋆ (ǧ⋆ ȟ)≪ P and ǧ ∈ P.

Let ǔ ∈ f̌ ⋆ ȟ. Since ǧ ∈ P, we have

ξ(ǧ) = ξ(0), ζ(ǧ) = ζ(0), ϖ(ǧ) = ϖ(0).

Now let m ∈ f̌ ⋆ (ǧ⋆ ȟ). Since

f̌ ⋆ (ǧ⋆ ȟ)≪ P,

there exists n ∈ P such that m≪ n. SinceM is anNFHHI, the order condition gives

ξ(m) ≥ ξ(n) = ξ(0),

ζ(m) ≥ ζ(n) = ζ(0),

ϖ(m) ≤ ϖ(n) = ϖ(0).

On the other hand, by Theorem 3.2(i),M is anNFWHHI ofK . Hence

ξ(0) ≥ ξ(m), ζ(0) ≥ ζ(m), ϖ(0) ≤ ϖ(m).
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Therefore,

ξ(m) = ξ(0), ζ(m) = ζ(0), ϖ(m) = ϖ(0)

for all m ∈ f̌ ⋆ (ǧ⋆ ȟ). Thus

inf
m∈ f̌⋆(ǧ⋆ȟ)

ξ(m) = ξ(0),

inf
m∈ f̌⋆(ǧ⋆ȟ)

ζ(m) = ζ(0),

sup
m∈ f̌⋆(ǧ⋆ȟ)

ϖ(m) = ϖ(0).

SinceM is anNFHHI, we get

ξ(ǔ) ≥ min{ξ(0), ξ(0)} = ξ(0),

ζ(ǔ) ≥ min{ζ(0), ζ(0)} = ζ(0),

ϖ(ǔ) ≤ max{ϖ(0),ϖ(0)} = ϖ(0).

Again, sinceM is anNFWHHI, we have

ξ(0) ≥ ξ(ǔ), ζ(0) ≥ ζ(ǔ), ϖ(0) ≤ ϖ(ǔ).

Therefore,

ξ(ǔ) = ξ(0), ζ(ǔ) = ζ(0), ϖ(ǔ) = ϖ(0).

Hence ǔ ∈ P. Since ǔ ∈ f̌ ⋆ ȟ was arbitrary, we obtain

f̌ ⋆ ȟ ⊆ P.

Thus, P is anHHI ofK . □

Theorem 3.5. Let P be a nonempty subset of an HBCKA K , and let s, t, v ∈ (0, 1]. Define an NFS
M = (ξ, ζ,ϖ) inK by

ξ( f̌ ) :=

⎧⎪⎪⎪⎨⎪⎪⎪⎩s, if f̌ ∈ P,

0, if f̌ < P,

ζ( f̌ ) :=

⎧⎪⎪⎪⎨⎪⎪⎪⎩t, if f̌ ∈ P,

0, if f̌ < P,

ϖ( f̌ ) :=

⎧⎪⎪⎪⎨⎪⎪⎪⎩0, if f̌ ∈ P,

v, if f̌ < P.

Then P is anHHI ofK if and only ifM is anNFHHI ofK .
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Proof. Assume that P is anHHI ofK . By Theorem 2.1, P is anHBCKI ofK .

First, we verify the order condition. Let f̌ , ǧ ∈ K and suppose that f̌ ≪ ǧ. If ǧ ∈ P, then { f̌ } ≪ P.

Since P is anHBCKI, Proposition 2.2 gives f̌ ∈ P. Hence

ξ( f̌ ) = ξ(ǧ) = s, ζ( f̌ ) = ζ(ǧ) = t, ϖ( f̌ ) = ϖ(ǧ) = 0.

If ǧ < P, then ξ(ǧ) = 0, ζ(ǧ) = 0, and ϖ(ǧ) = v. Since all values of ξ and ζ are nonnegative and

all values of ϖ are at most v, we have

ξ( f̌ ) ≥ ξ(ǧ), ζ( f̌ ) ≥ ζ(ǧ), ϖ( f̌ ) ≤ ϖ(ǧ).

Thus the order condition in Definition 3.1(ii) is satisfied.

Next, let f̌ , ǧ, ȟ ∈ K and let ǔ ∈ f̌ ⋆ ȟ. Put

A = f̌ ⋆ (ǧ⋆ ȟ).

For the ξ-condition, if A ⊆ P and ǧ ∈ P, then, by Proposition 2.1(P6), A≪ P. Since P is anHHI,

we get

f̌ ⋆ ȟ ⊆ P.

Thus ǔ ∈ P, and hence

ξ(ǔ) = s.

Also,

inf
m∈A

ξ(m) = s and ξ(ǧ) = s.

Therefore,

ξ(ǔ) ≥ min{ inf
m∈A

ξ(m), ξ(ǧ)}.

If A ⊈ P or ǧ < P, then

min{ inf
m∈A

ξ(m), ξ(ǧ)} = 0.

Hence the above inequality also holds.

The proof of the ζ-condition is the same. Thus

ζ(ǔ) ≥ min{ inf
m∈A

ζ(m), ζ(ǧ)}.

For the ϖ-condition, if A ⊆ P and ǧ ∈ P, then ǔ ∈ P, and hence

ϖ(ǔ) = 0.

Also,

sup
m∈A

ϖ(m) = 0 and ϖ(ǧ) = 0.

Therefore,

ϖ(ǔ) ≤ max{sup
m∈A

ϖ(m),ϖ(ǧ)}.

If A ⊈ P or ǧ < P, then

max{sup
m∈A

ϖ(m),ϖ(ǧ)} = v.

Since ϖ(ǔ) ≤ v, the required inequality holds. HenceM is anNFHHI ofK .
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Conversely, assume thatM is anNFHHI ofK . Since

P = ξs = ζt = ϖ0,

Theorem 3.3 implies that P is anHHI ofK . □

4. Product Structures and Hyper Homomorphic Preimages

In this section, we study product constructions of neutrosophic fuzzy hyper h-ideals in hyper

BCK-algebras. We also investigate strongest neutrosophic fuzzy relations and hyper homomorphic

preimages.

Definition 4.1. Let K1 and K2 be HBCKAs and let K = K1 × K2. Let M1 = (ξ1, ζ1,ϖ1) and
M2 = (ξ2, ζ2,ϖ2) beNFSs inK1 andK2, respectively. The productM1×M2 is theNFSM = (ξ, ζ,ϖ)

inK defined by

ξ( f̌ , ǧ) = min{ξ1( f̌ ), ξ2(ǧ)},

ζ( f̌ , ǧ) = min{ζ1( f̌ ), ζ2(ǧ)},

ϖ( f̌ , ǧ) = max{ϖ1( f̌ ),ϖ2(ǧ)}

for all ( f̌ , ǧ) ∈ K1 ×K2.

Theorem 4.1. LetM1 = (ξ1, ζ1,ϖ1) andM2 = (ξ2, ζ2,ϖ2) be NFHHIs of K1 and K2, respectively.
ThenM1 ×M2 is anNFHHI ofK1 ×K2.

Proof. LetM =M1 ×M2 = (ξ, ζ,ϖ). First, let

( f̌1, f̌2)≪ (ǧ1, ǧ2)

inK1 ×K2. Then f̌1 ≪ ǧ1 inK1 and f̌2 ≪ ǧ2 inK2. SinceM1 andM2 areNFHHIs, we have

ξ1( f̌1) ≥ ξ1(ǧ1), ξ2( f̌2) ≥ ξ2(ǧ2),

ζ1( f̌1) ≥ ζ1(ǧ1), ζ2( f̌2) ≥ ζ2(ǧ2),

ϖ1( f̌1) ≤ ϖ1(ǧ1), ϖ2( f̌2) ≤ ϖ2(ǧ2).

Therefore,

ξ( f̌1, f̌2) ≥ ξ(ǧ1, ǧ2),

ζ( f̌1, f̌2) ≥ ζ(ǧ1, ǧ2),

ϖ( f̌1, f̌2) ≤ ϖ(ǧ1, ǧ2).

Now let

(ǔ1, ǔ2) ∈ ( f̌1, f̌2)⋆ (ȟ1, ȟ2).

Then ǔ1 ∈ f̌1 ⋆1 ȟ1 and ǔ2 ∈ f̌2 ⋆2 ȟ2. SinceM1 andM2 areNFHHIs, we have

ξ1(ǔ1) ≥ min{ inf
m1∈ f̌1⋆1(ǧ1⋆1ȟ1)

ξ1(m1), ξ1(ǧ1)},
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and

ξ2(ǔ2) ≥ min{ inf
m2∈ f̌2⋆2(ǧ2⋆2ȟ2)

ξ2(m2), ξ2(ǧ2)}.

Hence

ξ(ǔ1, ǔ2) = min{ξ1(ǔ1), ξ2(ǔ2)}

≥ min{ inf
(m1,m2)∈( f̌1, f̌2)⋆(ǧ1,ǧ2)⋆(ȟ1,ȟ2)

ξ(m1,m2), ξ(ǧ1, ǧ2)}.

Similarly,

ζ(ǔ1, ǔ2) ≥ min{ inf
(m1,m2)∈( f̌1, f̌2)⋆(ǧ1,ǧ2)⋆(ȟ1,ȟ2)

ζ(m1,m2), ζ(ǧ1, ǧ2)}.

Moreover, sinceM1 andM2 areNFHHIs, we have

ϖ1(ǔ1) ≤ max{ sup
m1∈ f̌1⋆1(ǧ1⋆1ȟ1)

ϖ1(m1),ϖ1(ǧ1)},

and

ϖ2(ǔ2) ≤ max{ sup
m2∈ f̌2⋆2(ǧ2⋆2ȟ2)

ϖ2(m2),ϖ2(ǧ2)}.

Therefore,

ϖ(ǔ1, ǔ2) ≤ max{ sup
(m1,m2)∈( f̌1, f̌2)⋆(ǧ1,ǧ2)⋆(ȟ1,ȟ2)

ϖ(m1,m2),ϖ(ǧ1, ǧ2)}.

Thus,M1 ×M2 is anNFHHI ofK1 ×K2. □

Remark 4.1. The weak, strong, and reflexive versions of Theorem 4.1 are obtained in the same way by using
the corresponding defining conditions.

Definition 4.2. Let M = (ξ, ζ,ϖ) be an NFS in an HBCKA K . The strongest neutrosophic fuzzy
relation onK induced byM is theNFS ΥM = (ξΥ, ζΥ,ϖΥ) inK ×K defined by

ξΥ( f̌ , ǧ) = min{ξ( f̌ ), ξ(ǧ)},

ζΥ( f̌ , ǧ) = min{ζ( f̌ ), ζ(ǧ)},

ϖΥ( f̌ , ǧ) = max{ϖ( f̌ ),ϖ(ǧ)}

for all ( f̌ , ǧ) ∈ K ×K .

Theorem 4.2. Let M = (ξ, ζ,ϖ) be an NFS in K . Then M is an NFSHHI of K if and only if
ΥM = (ξΥ, ζΥ,ϖΥ) is anNFSHHI ofK ×K .

Proof. Assume first thatM is an NFSHHI of K . Since ΥM is exactly the productM×M, the

strong version of Theorem 4.1 implies that ΥM is anNFSHHI ofK ×K .

Conversely, assume that ΥM is an NFSHHI of K ×K . Let f̌ ∈ K . Applying the first strong

condition of Definition 3.1(iii) to ( f̌ , f̌ ), we get

inf
(m,n)∈( f̌ , f̌ )⋆( f̌ , f̌ )

ξΥ(m, n) ≥ ξΥ( f̌ , f̌ ).
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Since ( f̌ , f̌ )⋆ ( f̌ , f̌ ) = ( f̌ ⋆ f̌ ) × ( f̌ ⋆ f̌ ) and ξΥ( f̌ , f̌ ) = ξ( f̌ ), we obtain

inf
m∈ f̌⋆ f̌

ξ(m) ≥ ξ( f̌ ).

Similarly,

inf
m∈ f̌⋆ f̌

ζ(m) ≥ ζ( f̌ )

and

sup
m∈ f̌⋆ f̌

ϖ(m) ≤ ϖ( f̌ ).

Next, let f̌ , ǧ, ȟ ∈ K and let ǔ ∈ f̌ ⋆ ȟ. Then

(ǔ, ǔ) ∈ ( f̌ , f̌ )⋆ (ȟ, ȟ).

Since ΥM is anNFSHHI ofK ×K , we have

ξΥ(ǔ, ǔ) ≥ min{ sup
(m,n)∈( f̌ , f̌ )⋆(ǧ,ǧ)⋆(ȟ,ȟ)

ξΥ(m, n), ξΥ(ǧ, ǧ)}.

Since

ξΥ(ǔ, ǔ) = ξ(ǔ)

and

sup
(m,n)∈( f̌ , f̌ )⋆(ǧ,ǧ)⋆(ȟ,ȟ)

ξΥ(m, n) = sup
m∈ f̌⋆(ǧ⋆ȟ)

ξ(m),

it follows that

ξ(ǔ) ≥ min{ sup
m∈ f̌⋆(ǧ⋆ȟ)

ξ(m), ξ(ǧ)}.

The same argument gives

ζ(ǔ) ≥ min{ sup
m∈ f̌⋆(ǧ⋆ȟ)

ζ(m), ζ(ǧ)}.

Moreover, using the falsity component of ΥM, we obtain

ϖ(ǔ) ≤ max{ inf
m∈ f̌⋆(ǧ⋆ȟ)

ϖ(m),ϖ(ǧ)}.

HenceM is anNFSHHI ofK . □

Theorem 4.3. Let ψ : K → K ′ be a hyper homomorphism from anHBCKA K onto anHBCKA K ′.
Let µ = (ξµ, ζµ,ϖµ) be anNFSHHI ofK ′. Define the hyper homomorphic preimageM = (ξ, ζ,ϖ) of
µ under ψ by

ξ( f̌ ) = ξµ(ψ( f̌ ),

ζ( f̌ ) = ζµ(ψ( f̌ ),

ϖ( f̌ ) = ϖµ(ψ( f̌ )

for all f̌ ∈ K . ThenM is anNFSHHI ofK .
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Proof. Let f̌ ∈ K . Since ψ is a hyper homomorphism, we have

ψ( f̌ ⋆ f̌ ) ⊆ ψ( f̌ )⋆ψ( f̌ ).

Thus

inf
m∈ f̌⋆ f̌

ξ(m) = inf
m∈ f̌⋆ f̌

ξµ(ψ(m) ≥ inf
a∈ψ( f̌ )⋆ψ( f̌ )

ξµ(a) ≥ ξµ(ψ( f̌ ) = ξ( f̌ ).

Similarly,

inf
m∈ f̌⋆ f̌

ζ(m) ≥ ζ( f̌ )

and

sup
m∈ f̌⋆ f̌

ϖ(m) ≤ ϖ( f̌ ).

Now let f̌ , ǧ, ȟ ∈ K and let ǔ ∈ f̌ ⋆ ȟ. Since ψ is a hyper homomorphism, we have

ψ(ǔ) ∈ ψ( f̌ )⋆ψ(ȟ)

and

ψ( f̌ ⋆ (ǧ⋆ ȟ) ⊆ ψ( f̌ )⋆ (ψ(ǧ)⋆ψ(ȟ).

Since µ is anNFSHHI ofK ′, we obtain

ξ(ǔ) = ξµ(ψ(ǔ)

≥ min{ sup
a∈ψ( f̌ )⋆(ψ(ǧ)⋆ψ(ȟ)

ξµ(a), ξµ(ψ(ǧ)}

≥ min{ sup
m∈ f̌⋆(ǧ⋆ȟ)

ξµ(ψ(m), ξµ(ψ(ǧ)}

= min{ sup
m∈ f̌⋆(ǧ⋆ȟ)

ξ(m), ξ(ǧ)}.

Similarly,

ζ(ǔ) ≥ min{ sup
m∈ f̌⋆(ǧ⋆ȟ)

ζ(m), ζ(ǧ)}.

For the falsity component, we have

ϖ(ǔ) = ϖµ(ψ(ǔ)

≤ max{ inf
a∈ψ( f̌ )⋆(ψ(ǧ)⋆ψ(ȟ)

ϖµ(a),ϖµ(ψ(ǧ)}

≤ max{ inf
m∈ f̌⋆(ǧ⋆ȟ)

ϖµ(ψ(m),ϖµ(ψ(ǧ)}

= max{ inf
m∈ f̌⋆(ǧ⋆ȟ)

ϖ(m),ϖ(ǧ)}.

Therefore,M is anNFSHHI ofK . □
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5. Conclusion

In this paper, we introduced and investigated neutrosophic fuzzy hyper h-ideals in hyper BCK-

algebras. We also defined the notions of neutrosophic fuzzy weak, strong, and reflexive hyper

h-ideals and studied their fundamental properties. It was shown that every neutrosophic fuzzy

weak, ordinary, strong, and reflexive hyper h-ideal is a corresponding neutrosophic fuzzy weak,

ordinary, strong, and reflexive hyper BCK-ideal, respectively. Moreover, the relationships among

these classes were clarified by proving that everyNFRHHI is anNFSHHI, everyNFSHHI

is anNFHHI, and everyNFHHI is anNFWHHI.

We further provided examples showing that the converses of these implications do not hold in

general. Characterization results in terms of level subsets were established, and a characteristic-

type construction was used to connect ordinary hyper h-ideals with neutrosophic fuzzy hyper

h-ideals. Finally, product structures, strongest neutrosophic fuzzy relations, and hyper homo-

morphic preimages were studied. In particular, we proved that the product of two neutrosophic

fuzzy hyper h-ideals is again a neutrosophic fuzzy hyper h-ideal, and that the hyper homomorphic

preimage of a neutrosophic fuzzy strong hyper h-ideal preserves the corresponding structure.

These results enrich the theory of hyper BCK-algebras under neutrosophic fuzzy uncertainty and

provide a basis for further investigations of generalized fuzzy ideal structures in hyperalgebraic

systems. Future research may consider neutrosophic fuzzy hyper h-ideals in other hyperalgebraic

structures, study additional closure properties, and develop applications of these structures in

algebraic approaches to uncertainty, decision-making, and information systems.
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