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Abstract. This paper develops a unified framework for modeling uncertainty in structured and evolving data environ-
ments by integrating primal structures with generalized approximation methods based on x-neighborhood systems.
Classical rough set theory is primarily founded on equivalence relations, which may limit its ability to effectively
represent imprecise, dynamic, and sensitive information arising in complex real-world applications. To overcome these
limitations, we introduce novel lower and upper approximation operators defined through x-neighborhood spaces
and primal sets, with particular emphasis on maximal neighborhood structures. The proposed approximation oper-
ators provide enhanced flexibility in the construction of rough approximations, particularly within topological and
supra-topological settings. They enable approximation sets to capture more effectively the uncertainty associated with
structural asymmetry, deformation, and changes in the underlying data. The fundamental properties of the proposed
operators are systematically established and illustrated through suitable examples. Furthermore, a comprehensive com-
parative analysis with classical and recent rough set models demonstrates the effectiveness of the proposed framework
in improving data representation and analysis. The practical applicability of the proposed approach is demonstrated
through applications in digital image processing, including pattern recognition, noise removal, and feature extrac-
tion. In addition, a decision-making case study illustrates the effectiveness of the proposed classification methods and
indicates improved performance compared with conventional rough set approaches. Overall, the proposed frame-
work establishes a versatile algebraic—topological approach to uncertainty modeling, offering a rigorous foundation for
further theoretical developments and a broad range of practical applications in data analysis, image processing, and
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1. INTRODUCTION

Real-world information arising in fields such as engineering, healthcare, social sciences, ar-
tificial intelligence, and data mining is frequently characterized by incompleteness, ambiguity,
inconsistency, and uncertainty. These characteristics pose substantial challenges to conventional
mathematical and computational approaches for knowledge representation and decision support.
Over the past several decades, a variety of mathematical frameworks have therefore been devel-
oped to model and analyze uncertain information. Among these, rough set theory has emerged
as an effective and mathematically rigorous approach for describing imprecise knowledge and
extracting meaningful information from complex datasets.

Classical rough set theory, introduced by Pawlak [1], provides a systematic mechanism for
representing imprecise information through lower and upper approximation operators. In the
classical Pawlak model, an equivalence relation partitions the universe into equivalence classes
that represent the indiscernibility of objects. Although this formulation has played a fundamental
role in the development of rough set theory, the requirement of an equivalence relation may be
restrictive when dealing with incomplete, dynamic, or structurally complex information. This
limitation has motivated the development of numerous generalized rough set models based on
more flexible relational and neighborhood structures [2,3].

In particular, relational and neighborhood-based approaches have significantly extended the
expressive capability of rough set theory. Generalized rough sets based on arbitrary relations,
reflexive and transitive relations, and neighborhood systems have been investigated extensively,
providing alternative mechanisms for constructing lower and upper approximations [4,5]. More
recent developments have incorporated adaptive neighborhood systems and optimization tech-
niques to improve the performance of rough approximations in feature selection and data analy-
sis [6]. These approaches demonstrate that relaxing the structural restrictions imposed by classical
equivalence-based rough sets can substantially enhance their applicability to complex information
systems. Applications in variety of areas, including data clustering [7], multi-knowledge neigh-
borhood structures [8,9], feature selection in machine learning [10-12], the development of novel
mathematical structures [13-15], and medical diagnosis [16,17]. These developments demonstrate
the importance of generalizing the underlying structures of rough set theory in order to enhance
its expressive power and applicability to increasingly complex information systems.

In 2014, Abd El-Monsef et al. [18] introduced a topological framework that extends Pawlak’s
rough set theory through neighborhood systems generated by general binary relations. Their
approach provides a flexible mechanism for constructing topological structures and approximation
models from a wide variety of neighborhood systems, thereby allowing the underlying relational
structure to be adapted to the characteristics of the data under consideration.

A central component of this framework is the concept of x-neighborhood spaces, in which
the elements of the universe are associated through neighborhoods induced by a binary relation.

This approach is closely related to Yao’s notions of left and right neighborhoods [19] and to the
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neighborhood concepts previously introduced by Allam et al. [20,21]. Furthermore, Abd EI-
Monsef et al. [18] introduced additional neighborhood types, including intersection and union
neighborhoods, thereby providing a broader family of neighborhood systems characterized by
distinct algebraic properties.

An important contribution of Abd El-Monsef et al. [18] was the development of a general
mechanism for generating topological structures from neighborhood systems without imposing
restrictive conditions on the form of the neighborhoods. In particular, this construction differs
from traditional topological generation methods in that it does not require the specification of a
basis or subbasis.

Relatedly, Abo-Khadra [22] developed a general approach for constructing topologies directly
from binary relations without imposing specific restrictions on the underlying relation or requiring
a basis or subbasis. In particular, two dual topologies were introduced, one generated by predeces-
sor sets and the other by successor sets. This perspective represents an early attempt to establish
a close connection between topological structures and rough set theory and was subsequently
further developed in El-Bably’s Master’s thesis [23].

Within the neighborhood-based framework, Abd El-Monsef et al. considered the family

T={ECQ:V¥seQ O(s) CE},

thereby establishing a topology on Q. Here, Q denotes the universal set and U(s) represents a
neighborhood associated with the element s. By varying the underlying neighborhood systems,
different topological structures can be generated on the same universe. Numerous studies, in-
cluding [24-27], have employed this general framework to construct and investigate topological
structures derived from the eight neighborhood classes introduced by Abd El-Monsef et al. Con-
sequently, this line of research has contributed significantly to the development of topological
approaches to rough set theory [28-31].

Since its introduction, the neighborhood-based framework of Abd El-Monsef et al. has been
extended and adapted to accommodate a broad range of neighborhood systems. Many of its funda-
mental properties and theoretical results have subsequently been employed and generalized while
preserving the central idea of generating topological structures from neighborhood systems. The
generality of this construction, which does not depend on a particular form of neighborhood, has
consequently provided a useful foundation for the development of various rough approximation
models.

For instance, Al-Shami [32] employed this general framework to further investigate the concept
of maximal neighborhoods, originally introduced by Dai et al. [33]. Subsequently, additional
studies examined maximal neighborhood systems and their associated approximation properties,
including the investigations reported in [34,35]. However, some developments based on these
approaches have required further examination, particularly with regard to the validity of certain

theoretical results and their implications for rough approximation models.
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Building on the methodology of Abd El-Monsef et al. and the concept of ideals [36], Al-Shami
and M. Hosny proposed a generalized rough set model in [37]. Subsequently, several issues
concerning the formulation of some results, proofs, examples, and comparisons were identified.
These issues were later examined by R. Hosny et al. [38], who provided counterexamples, corrected
certain formulations, and offered further theoretical clarifications.

Within this line of research, Nawar et al. [39] introduced the concept of 6-rough approximations
and proposed a novel definition of 6f-open sets. By incorporating ideals into the approximation
process, they developed two distinct extensions of Pawlak’s rough set model. These constructions
were illustrated through an application from chemistry. The first approach was based on topologi-
cal structures generated from x-neighborhood systems following the framework of Abd El-Monsef
et al., whereas the second incorporated both x-neighborhood systems and ideals, thereby extend-
ing the corresponding ideal-based approach [40]. The authors also introduced ideal 6f-open
sets and Op-rough sets within x-neighborhood spaces, building on the neighborhood framework
developed in [18].

Subsequently, El-Bably et al. [41] further developed this line of research by establishing addi-
tional theoretical results and proposing new algorithms, thereby extending the scope and applica-
bility of the Of-approximation framework. Their work builds directly upon and further develops
the results introduced by Nawar et al.

The studies reported in [39,41] provide a systematic framework for defining 6f-related concepts
and investigating their relationship with ideals. These results also establish a theoretical basis
against which subsequent generalizations and alternative formulations may be evaluated.

The development of generalized approximation spaces has also benefited from the use of supra-
topological structures. The concept of a supra-topology was introduced by Mashhour [42], who
generalized the classical notion of topology by retaining closure under arbitrary unions while
relaxing the requirement of closure under finite intersections. More precisely, a family S of subsets
of a nonempty universe Q is called a supra-topology if @, Q € S and S is closed under arbitrary
unions. This relaxation provides a broader structural setting for the construction of generalized
approximation models and has subsequently been investigated in several applications [43].

Two closely related concepts in generalized topology are Kuratowski’s ideals [36] and Choquet’s
grills [44]. Motivated by the duality between these structures, Acharjee et al. introduced the
concept of a primal structure and investigated its role in the construction of primal topological
spaces.

The systematic study of primal structures in [45] represents an important development in
this area. Subsequently, R. A. Hosny et al. [46] extended this line of research by introducing
approximate primal spaces. In particular, they proposed two approximation models: one based
on a single primal structure and another based on a bidirectional construction. These models were
further investigated in the context of decision-making and medical diagnosis. Moreover, R. A.

Hosny and El-Bably [47] introduced an approach for constructing minimal topological structures
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from xk-neighborhood systems and primal structures, thereby providing a further extension of
the framework developed in [46]. In addition El-Bably et al. [48] study the concept of primal
approximation spaces and their decisive role in advancing rough set theory. They introduce
primal structures and present their basic properties. Furthermore, they introduce primal supra
topology and primal approximation operators.

Motivated by these developments, the present study investigates the interaction between primal
structures and different types of neighborhood systems, with particular emphasis on maximal
neighborhoods. This perspective extends the role of primal structures beyond their conventional
topological setting and explores their potential for constructing new rough approximation models.
In the proposed framework, primal structures serve as algebraic tools for representing structural
restrictions and uncertainty within information systems, while maximal neighborhoods provide a

flexible mechanism for describing local relationships among objects.

Research Aims and Objectives. The primary aim of this study is to develop a novel framework for
rough approximations based on the integration of primal structures and maximal neighborhood
systems. The proposed approach is intended to provide a flexible mathematical mechanism for
generating approximation operators within supra-topological settings and for modeling uncer-
tainty in complex information and decision-making systems.

More specifically, the objectives of this study are as follows:

(1) To develop new lower and upper approximation operators by integrating maximal neigh-
borhood systems with primal structures and to investigate the supra-topological structures
induced by these operators.

(2) To establish and analyze the fundamental mathematical properties of the proposed ap-
proximation models and to examine their relationships with existing rough set and
neighborhood-based approaches.

(3) To demonstrate the applicability and effectiveness of the proposed models through appro-
priate practical applications, particularly in situations where greater structural flexibility is

required than that provided by conventional ideal-based approaches.

Motivation. This study is motivated by the need for more flexible mathematical frameworks ca-
pable of representing ambiguity, vagueness, and uncertainty in complex information systems.
Although classical rough set theory and its numerous extensions provide powerful tools for un-
certainty modeling, their applicability may be constrained by restrictive structural assumptions.
In particular, the requirement of closure under finite intersections in classical topological settings
may limit the flexibility of approximation models constructed within such frameworks.
Motivated by the ability of supra-topological structures to relax this requirement and by the
recently developed theory of primal structures, the present work investigates a new approach to

the construction of rough approximations. The proposed framework combines primal structures
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with maximal neighborhood systems in order to provide a more flexible setting for modeling
uncertainty and analyzing complex information.

Accordingly, the present study is motivated by the following objectives:

(1) To relax certain structural restrictions encountered in existing rough set and topological
approximation models.

(2) To provide a flexible and adaptive mathematical framework for modeling and analyzing
information characterized by ambiguity, uncertainty, and structural variability.

(3) Toinvestigate the potential of primal structures, in conjunction with maximal neighborhood
systems, for enhancing the expressive and analytical capabilities of rough set theory.

(4) To explore the resulting approximation models within supra-topological settings and to

examine their potential applicability to practical decision-making problems.

Main Contributions. The main contributions of this study can be summarized as follows:

(1) A novel rough approximation framework is developed by integrating primal structures
with maximal neighborhood systems. This integration provides a flexible mechanism for
constructing lower and upper approximation operators in supra-topological settings.

(2) Several new approximation operators are introduced and their fundamental mathematical
properties are systematically investigated. The proposed constructions provide alternative
mechanisms for representing uncertainty through the interaction between primal structures
and neighborhood-based information.

(3) The relationships between the proposed primal-based models and existing rough approx-
imation frameworks are examined through a comparative theoretical analysis. This com-
parison clarifies the distinctive characteristics, potential advantages, and limitations of the
proposed approach.

(4) The practical applicability of the proposed framework is demonstrated through represen-
tative case studies involving digital image processing and multi-criteria decision-making.
These applications illustrate the ability of the proposed approximation models to support

tasks such as recognition, noise removal, feature extraction, and decision classification.

The remainder of this paper is organized as follows. Section 2 presents the preliminary concepts
and mathematical background required for the development of the proposed framework. Section 3
introduces the proposed primal-based approximation models and investigates their fundamental
properties. Section 4 provides a comparative analysis with related rough set models. Section 5
demonstrates the practical applicability of the proposed framework through representative appli-
cations in decision-making. Finally, Section 6 concludes the paper and outlines possible directions

for future research.

2. PRELIMINARIES

This section outlines the fundamental concepts of primals, x-neighborhoods, maximal x-

neighborhoods, and supra topological spaces.
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As a dual counterpart of the notion of a grill, Acharjee et al. [45] introduced the concept of a

primal, defined as follows:

Definition 2.1 ( [45]). Let Q # @. A family B C 2% is said to be a primal on Q provided that the following
conditions are satisfied:

1) Qe¢P;

(2) whenever H ¢ P and H C X, then X ¢ B;

(3) forany X, H C Q, one has

Xé¢P, HeP = XNnHe¢P.

Remark 2.1 ( [46,47]). (1) The set P = {@} cannot serve as a primal over any universe. To illustrate,
take Q = {v, p}. In this case, the intersection of {v} and {p} is the empty set, which belongs to ‘B,
although neither {v} nor {p} belongs to *B.

(2) If Q = {v} consists of a single element, an ideal can be constructed, but a primal cannot be formed,
as the definition of a primal necessitates a minimum of two elements.
(3) It should be noted that the intersection or union of two primals does not, in general, yield another

primal. This is illustrated by Example 2.1.

Example 2.1. Let
P ={o, v} {p o} v, o} {p, @}, v, @), {v, p, @},

and

B = {2, v} {pt ik v, ph {p, b v, b v, p, e}
be two primals defined on the universe Q = {v, p, ¢, ®}. Then the following observations hold:
o The union
PUB =2%\{Q {v,c, @}, {p, ¢, @}, (¢, @)
constitutes a primal on Q.
o Consider the intersection family

I=(XNX :XeB, X B} =iz, o) v,p}.

Then T does not constitute a primal. Indeed, although {v,p} € T, neither {v,p,c} nor {v, p, ®}
belongs to I'. Hence, condition (iii) in the definition of a primal is violated.
o The union family
L= {XUX :XeB, X P} =2%

does not constitute a primal, since Q € X, whereas a primal must exclude the entire universe.

Remark 2.2. It should be noted that the definition of a primal given by Acharijee et al. [45] is intended as
the dual counterpart of the notion of a grill. However, the definition, as originally stated, does not explicitly
require the family B to be nonempty. This omission is mathematically significant. Indeed, if B = @, then
all the stated conditions are satisfied vacuously: Q ¢ B holds trivially, while the hereditary condition and
the intersection condition have no instances to verify. Nevertheless, in this case, @ ¢ ‘B.
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On the other hand, if B # @, then @ € B follows immediately from the hereditary condition. In fact, for
any H € B, since @ C H, we obtain @ € P. Consequently,

Pro — oePB.

Thus, the original formulation admits the degenerate case ¥ = @, which does not exhibit the intended dual
relationship with a grill. To exclude this degenerate case and to ensure the proper axiomatic structure of a
primal, the nonemptiness of B should be explicitly incorporated into the definition.

Accordingly, in the present paper, we adopt the following corrected formulation of a primal, in which the

essential condition ‘B # @ is explicitly imposed.

Definition 2.2. Let Q # @. A nonempty family B C 2% is said to be a primal on Q provided that the
following conditions are satisfied:

1) Qe¢P;

(2) whenever H € B and O C H, then O € B;

(3) forany H,O0C Q, if HNO € P, then H € P or O € V.

Lemma 2.1 ( [45-47]). The following are representative examples of primals defined on a universe Q:
(1) Trivial primal: P = 29\ (Q).
(2) Point-omission primal: P, = {H C Q:z ¢ H}, wherez € Q.
(3) Modified excluded set primal: Py = {H C Q: HUF # Q}, where F C Q.

Definition 2.3 ( [42]). Let (Q,S) be a supra-topological space. A set H of Q is named:
e Supra-openif H € S;
o Supra-closed if H° € S.
The supra-interior of a subset H, represented by Sint(H), is defined as the union of every supra-open set
that is a subset of H, which constitutes the most extensive supra-open set included in H.
Correspondingly, the supra-closure of H, denoted Scl(H ), is characterized as the intersection of all
supra-closed sets that contain H, representing the most restricted supra-closed superset of H.

Different kinds of neighborhoods within a universe Q can be constructed with respect to a
two-element (binary) relation R. These neighborhoods are distinguished by the specific modes of
interaction among the elements of Q induced by R. An outline of these neighborhood categories

is presented below:

Definition 2.4. [18,19,21] Let R be a relation defined between pairs of elements in a universe Q. For a
given point @ € Q, we specify its k-neighborhood, symbolized by Ny (@) for x € {r,1,i,u,{r),{I), (i), (u)},

as the coming cases:

(1) Right Neighborhood (r-neighborhood):

N;(@) ={zeQ: (0,z) e R).
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(2) Left Neighborhood (I-neighborhood):
Ni(@) ={z€e Q: (z,0) e R}.

(3) Intersection Neighborhood (i-neighborhood):

Ni(@) = Ny(@) N Ni(@).
(4) Union Neighborhood (u-neighborhood):

Nu(@) = N;(@) UNy(@).
(5) Minimal Right Neighborhood ({r)-neighborhood):

Noy(@) = () IN:(2) : @ € Ny (2)),

with the convention that N, (@) = @ if the collection {N,(z) : @ € N,(z)} is empty.
(6) Minimal Left Neighborhood ({I)-neighborhood):

Noy(@) =[] INi(2) : @ € Ni(2)},

with the convention that Ny (@) = @ if the collection {N;(z) : @ € N;(z)} is empty.
(7) Minimal Intersection Neighborhood ((i)-neighborhood):

N (@) = Ney(@) NNy (@)
(8) Minimal Union Neighborhood ({u)-neighborhood):
Nw (@) = Niy(@) U Ny (@)

From this point onward, except indicated otherwise, x is assumed to lie in the set

{r, L i, u, r), (1), i), (u)}.

Definition 2.5 ( [18]). If R represents a binary relation on Q, and C,. : Q — 2% a mapping that associates
each element @ € Q with its corresponding x-neighborhood. The triple (Q, R, Cy) is then referred to as a
k-neighborhood space (x-NS).

Proposition 2.1 ( [16,24,49]). Let (Q, R, C) be a k-neighborhood space and let @ be an element of Q. The
following properties hold:

(1) If the relation R is reflexive, then for every type x, the neighborhood is non-empty if and only if it
contains its generator:

Ne(@)#92 © @ €eN(o).

(2) For a transitive relation R, the standard neighborhoods are contained within their corresponding

minimal counterparts:

Ny(@) € N¢jy(@)  forx € {r,1,i,u}.
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(3) In the case of a symmetric relation R, the standard neighborhoods coincide, and similarly for the
minimal neighborhoods:
Ny(®) = N/(®) = Nij(®) = Ny(@), and
N (@) = Ngy(@) = Ny (@) = Ny (@)
(4) If R is a preorder (i.e., both reflexive and transitive), then for every x € {r,1,i,u}, the minimal
neighborhood is equal to the standard neighborhood:
N¢jy(@) = Nie(@).

Definition 2.6 ( [19]). (The Yao Rough Set Model) Let a binary relation R be defined on a universe of
discourse Q. For any subset X C Q, the fundamental constructs of the Y-rough set model are formally
given by:
Y-Lower Approximation: The set of all elements @ in Q whose R-neighborhood N, (@) is entirely
contained within the target set X:

Y (X) ={o e Q|N,(@) C X}.
Y-Upper Approximation: The set of all elements @ in Q for which the R-neighborhood N,(®) has
a non-empty intersection with the set X:
3&)() ={0 e Q|N,(0)NX # 2.

Y-Boundary Region: The set difference between the upper and lower approximations, representing
the region of uncertainty:
By, (X) = Y(X)\ Y, (X).
Y-Accuracy Measure: A ratio quantifying the precision of the rough set representation, defined

provided the upper approximation is non-empty:
Y,X)
YWX))
Definition 2.7 ( [20,21]). (Allam’s Framework) Let R be a binary relation on Q. For any X C Q, the
A-lower approximation, A-upper approximation, A-boundary region, and A-accuracy degree are defined

oy, , where |Y,(X)|>0.

as:
 A-Lower Approximation: A (X) = {® € Q: Nyy(@) € X},
o A-Upper Approximation: Ayy(X) = {@ € Q: Nyy(@) N X # @);
o A-Boundary Region: Bz, (X) = A (X)\ A, (X);
(A, (X))

(r)
_ Y

|ﬂ<r>(X
Theorem 2.1 ([18]). Let (Q, R, Cy) be a k-NS, and let X € Q. For each x € {r,1,i,u,{r),{l), i), {u)}, the
family

o A-Accuracy Degree: o7, (X) , provided that | Ay (X)] # 0.

Te ={XCQ:VYo e X,N¢(o) C X}
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constitutes a topology on Q. The structure (Q, R, Ty) is designated as a k-topological space (k-TS).

Definition 2.8 ( [18]). Consider a x-neighborhood space (k-NS), denoted by the triple (Q, R, Cy). A subset
X C Qs classified as T-open if it is a member of the family T,. Conversely, a subset & C Q is called

T-closed if its complement, & is T-open. The family of all such T-closed subsets of Q is consequently
defined as:

Y, ={ECQ:E €T,

Definition 2.9 ( [18]). Consider a topology T, generated from a k-neighborhood structure (k-NS) on a

universe Q. For an arbitrary subset H C Q, the following notions are specified:

(1) x-Lower Approximation: The interior of H in relation to the topology T:
TL(H) = intr_(H).
(2) k-Upper Approximation: The topological closure of H within T,:
T U(H) = clr (H).
(38) x-Boundary Region: The set-theoretic difference between the upper and lower approximations:
TeB(H) = T U(H) \ TL(H).

(4) k-Accuracy Measure: The ratio of the cardinality of the lower approximation to that of the upper

approximation, defined as:

T L(H)

et = Eaer

provided that | T, . U(H)| > 0.

Theorem 2.2 ( [46]). Consider (Q,R, L) is a x-neighborhood space and ¥ a primal structure on the
universe Q. Thus, for any given type «x, the family of subsets defined by

Tf ={HCcQ:VoeH, Ney(®)\H e P}
forms a supra-topological structure on Q.

Theorem 2.3 ( [46]). Let (Q, R, Cy) be a k-neighborhood space and B a primal on Q. Then, for every «,
the original topology is contained in the primal supra-topology:

T.cTh

Definition 2.10 ( [46]). The structure (Q, T ), where T? is a supra-topology on Q as defined in Theorem
2.2, is called a x-primal supra-topological space. A subset H of Q is said to be:

° T?-open ifH e T,
o TP-closed if its complement Q \ H belongs to T,
The family of all TP closed sets is symbolized as

YP—{FcQ:Q\FeT!)
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Theorem 2.4 ( [46]). Let (Q,R, () be a x-neighborhood space equipped with a primal . Under the
following properties of the relation R, the associated primal supra-topologies satisfy these inclusion and
equality relations:
(1) Reflexivity: If R is reflexive, then for every x € {r,1,i,u}, the primal supra-topology is contained
in its minimal counterpart:
TECTh,
(2) Symmetry: If Ris symmetric, then the four standard primal supra-topologies coincide, and similarly

for the four minimal ones:
P_ B _ P _ P
T, =T, T, T,, and

BB B %
To=To~ T~ Tw

(3) Preorder: If R is a preorder (reflexive and transitive), then for every k € {r, 1,1, u}, the standard and

minimal primal supra-topologies are identical:
T =T1%.
Proposition 2.2 ( [46]). Let (Q, R, () be a k-neighborhood space and ¥ a primal on Q. The subsequent

chain of inclusions holds among the primal supra-topologies:

(1) For the standard topologies:
Thetinthctfurtc Tt
(2) For the minimal topologies:

P P P P B P
T<u> c T<r> ﬂT<l> c 'I'<r> U T(l) c T<l.>.

Definition 2.11 ( [46]). Consider a k-primal supra-topological space (Q, T?) For any subset H C Q, we
define:
o The T -interior of H as the union of all T?—open sets contained within H:
int

(H) = JiweTt: wen)

¥
o The T?-closure of H as the intersection of all TP closed sets that contain H:

coa(H) = [ {(FeY : HCF).

Definition 2.12 ( [46]). Let T denote the K-supra topology induced by a k-NS and a primal B. For any
subset H of Q, define:

(1) B-Lower Approximation: TP L(H) = T>int(H);

(2) B.-Upper Approximation: TP U(H) = Trcl(H);

(3) B-Boundary Region: T*B(H) = TPU(H) \ TP L(H);
_ ITEL(H)

- | ‘Bu(w)ll where |T$U(W)| #0.
TK

(4) Bi-Accuracy Degree: T?a(?{)
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(H) < 1. Awvalue of o_5(H)
approaching 1 signifies that the lower and upper approximations of H are nearly identical, implying a

high level of definability for the set. When Oy (H) =1, the set H is termed TP exact. Conversely, if
ov(H) <1, then H is considered a T¥-rough set.

K

It is evident that the accuracy measure satisfies the inequality 0 < ¢

Definition 2.13 ( [16,32,33]). Suppose R is a binary relation on Q. The maximal x-neighborhoods of
@ € Q are defined as:

N,(z), ifdz € Q such that ® € N,(z);
(1) N(r)<(D) _ UcaeN,(z) r( ) f . V( )
@, otherwise.

Ni(z), if3z € Qsuch that @ € Ny(z);
) N(l)(cD) _ U(DGN}(Z) I(Z) if Iz | such tha I(Z)
@, otherwise.
(3) Ny(@) = Ny (@) NNy (@);
(4) N(“) (CD) = N(r)((a) UN(;)((D).

Proposition 2.3. Suppose that R represents a binary relation defined on a universe Q, and consider two
elements z, @ € Q. Then, for every neighborhood type « in the set {r,1,i,u}, the subsequent properties are

valid:

(1) z € Ny (z) if R is inverse serial on Q (i.e., for every z € Q, there exists ® € Q such that
@Rz) [16,35,50].

(2) Ny (@) # @ if and only if @ € N,y (@) [16,32,35,50].

(3) z € N(y)(@) if and only if @ € N, (z) [16,32,35,50].

(4) Ny (@) S Ni(@) S Ny (@), if R is reflexive [35,50].

Proposition 2.4. [16,32] Given a two-element relation R on Q and an element ® € Q, the following
properties Hold:

(1) N(l) (CD) c N(r) (CD) c N(M)((D), and N(Z)((D) - N(l) (CD) - N(u)(cD)

(2) N(l) (CD) = N(,,)(CD) = N(l)(cD) = N(L,)(CD), lfR is symmetric.

Definition 2.14 ( [33]). (Dai’s Approximation Framework) Let R be a two-element relation on a
universe Q. For a given subset X C Q, the following operators, based on a specified neighborhood N, (@),
are defined:

D-Lower Approximation: The set of all elements whose entire r-neighborhood is contained within

X:
D-Upper Approximation: The set of all elements whose r-neighborhood has a non-empty intersec-
tion with X:

Dy (X) ={@ € Q: Nyy(@) X = 2}.
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D-Boundary Region: The set of elements that are in the upper approximation but not in the lower
approximation of X:

By, (X) = D) (X) \ Dy (X).

D-Accuracy Measure: The ratio of the cardinality of the lower approximation to that of the upper
approximation, defined as:

1D (X))
D (X))

Theorem 2.5. [35,51] Consider a k-neighborhood structure (Q, R, Cy). For any « € {r,1,i,u}, the family
of sets defined by

oD, ,  provided that |5(T) (X)|> 0.

T(K) = {XQ Q: VYo elX, N(K)((D) QX}
forms a topology on Q. The resulting topological space (Q, T (), induced by the relation R, is referred to
as a (x)-topological space (abbreviated as (x)-TS).

Definition 2.15. [35,51] Let (Q, R, T y)) be a (x)-topological space, where x € {r,1,i,u}. A subset X of Q
is termed T (,y-open if X € T (), and its complement is referred to as T (-closed. The class of all T (,)-closed
sets is denoted by Y () = {& C Q : & € T}, where & represents the complement of & in Q.

Definition 2.16. [35,51] Consider a topology T (. on Q that is generated by a (x )-neighborhood framework.
For any subset H C Q, the corresponding rough approximations are described as follows:

(1) (x)-Lower Approximation:
T(K)L(W) = T(K)Z'l’lt(q'{),
where T, int(H) denotes the interior of H with respect to the topology T ().
(2) (x)-Upper Approximation:
T(K)U(W) = T(K)CZ(W),
where T o\ cl(H) stands for the closure of H under T (.
(3) (x)-Boundary Region:
T(K)B(?{) = T(K)u(?{) \T(K)L(W).
(4) (x)-Accuracy Measure:
IT(K)U<7{)|’

Proposition 2.5. [35,51] Let T, be the topology on Q induced by a (x)-neighborhood structure. Then,
the following properties hold:

T ()0 whenever |T (o) U(H )| # 0.

€))] T(u) C T - T(i) and T (u) Cc T - T i)
(2) Tw) =T = Tu) = T, if Ris symmetric.

Proposition 2.6. [51] Let R be a reflexive relation on Q, and let x € {r,1,i,u}. So,

T(K) C Tg.



Int. ]. Anal. Appl. (2026), 24:349 15

3. SurrA TorPoLOGIES GENERATED BY VARIOUS CLASSES OF MAaXxIMAL NEIGHBORHOODS AND PRIMALS

This section presents innovative methods for generating various supra topologies using maximal
neighborhoods in conjunction with primals. Furthermore, the fundamental relationships among

these structures are systematically analyzed and discussed.

Theorem 3.1. Let (Q, R, i) be a k-neighborhood system, with « € {r,1,i,u}, and let B denote a primal on
Q. Consider the collection

T?i ={XcQ|Vze X, Ny(z)\ X e B}

)

Then, ¥
(x)

constitutes a supra topology on Q.

Proof. We verify the axioms of a supra topology:
(1) Clearly, both @ and Q belong to T?K).

2{) and consider any z € |J,cq Xa. Then, there exists ag € () such that

z € Xy, By the definition of Ta), we know that

N(K) (Z) \Xao € 2]3

(2) Suppose {(Xplaen € T

Since

N(K)<Z> \ U Xa C N(K)(Z) \Xao,

aeQ)

and ‘P is a primal (hence closed under subsets), it follows that

N(K)(Z) \ U X, €°B.

Consequently, | J,cq Xo € T?i).

satisfies the defining conditions of a supra topology on Q. O

o

Thus, T
(x)

S

(x)
Example 3.1. Consider the set Q = {v, p, c}, the primal ‘B = {@, {v}, {p}, {c}, (v, p}, (v, c}} on Q, and the
arbitrary relation R = {(v,v), (v, p), (v,<c), (p,<c), (¢, p)} on Q. Then, the class

It is shown by Example 3.1 that the structure T . cannot be guaranteed to be a topology.

T = (@, {ph {e), v, p), v, el fp, <)l

D

It is clear that the intersection {v, p} N {v,c} = {v} does not belong to T(l)

, despite both {v, p} and {v, ¢}
being elements of T?;).

Note that: T;B = T?';> =29 but T;B ¢ T?;).

Theorem 3.2. Let (Q,R, () be a x-NS, and let B be a primal on Q. Then, for every k € {r,1,i,u}, the
subsequent inclusion is established:

Y
T & T(K).
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Proof. Let X € T . By definition, for every z € X. It follows that N(,(z) € X, which consequently

implies that N, (z) \ X = @ € . Therefore, X € TLK), and hence T, € T(’(BK). 0

The converse of Theorem 3.2 fails to hold, as evidenced by the forthcoming example.

Example 3.2. Building upon Example 3.1, we derive:
Toy =129, T =298l vp)vc)lpc.

Clearly, T?;) o T

Definition 3.1. A structure of the form (Q, T?i)), where T?K)

Q, is called a (x)-primal supra-topological space.
Within this space, a subset X C Q is said to be:

is a supra-topology defined on the universe

J Tg(K)-open if X belongs to the family T?:{),

. T‘(Ii)-closed if its complement, denoted Q \ X, is a member of T‘(ljc)_
Consequently, the family of all closed sets within this space is given by:

Yo, ={Fco:\FeT )

Proposition 3.1. Let (Q,R, (i) be a k-neighborhood space equipped with a primal structure . The
following subset relations hold for the induced primal supra-topologies:

B P B
1 T%) g'rg) g'rg),
() T(u) - T(l) - T(i).

Proof. Let & € {r,1}. Given that N () € Nig) € Ny, the desired inclusions follow immediately from

the definition of Ta). O

The subsequent example illustrates that the converse of Proposition 3.1 is not valid.
Example 3.3. Let Q = {v, p, ¢, @, e}. Consider B, as a primal on Q, and let

R={v,v),(p,c), (p @), (¢, @), (¢ e), (@), (@,e), (e p), (ee)}
be a binary relation on Q. Then, the next supra topologies are defined:

o T =1{a, (v} ip)le}, v, p), v.el lp el e, el @, el v, p el v, ¢ e), tv, @, ), {p, . el {p, @, ),
{c,o,el{v,p,c el {v,p,@el{v,c,ael{p c o el Q

J T?i) = {2, (v}, {c}, {@}, e}, {v, e} v, @}, {v, e} {p, e}, {c, @}, {c, el {@, e}, {v, p, e}, {v, ¢, @}, {v, ¢, e},
v,@,el,{p,c, el {p, @, e}, {c,@,el,{v,p,c e}, {v,c,@,el,{v,p, @, e}, {p,c, @, e}, Q}

. T‘(u) = T?i) = {2, {c) e} {v,el {p. el {c el (@, e} {v, p e}, (v, ¢, e}, {v, @, e}, {p, ¢ e}, {p, @, €},
{c,o,el,{v,p,c el {v,p, @l {v,c,ael{pc o e, Q

J T?i) = T?i) ={o, vl {p} {ch let, v, pl v, el v el {p, ch p. el (e, el (@, e}, (v, p, ¢ v, p, e},
v,cel,{iv,o,el {p,c el {p, @ el {c,@el,{v,p,c el {v,p, @€l {v,c,@e{p c @ e, QL

Thus, the following results hold:
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U U P P
@) T%? # Tg),and ‘r;3 # T(Q.
(2) T ¢ Ty and T Z T
()
The next theorem establishes that the supra topologies generated by the proposed method are

Remark 3.1. Example 3.3 demonstrates that T | is not the dual of Ti).

weaker than those introduced in previous studies, specifically when R is a reflexive relation on Q
(cf. [46]). However, for general binary relations, these supra topologies are mutually independent,

as demonstrated in Example 3.3.

Theorem 3.3. Let (Q, R, (i) be a k-neighborhood space equipped with a primal B. Under the following
properties of the relation R, the associated primal supra-topologies satisfy these inclusion and equality
relations:
(1) Reflexivity: If the relation R is reflexive, then for every neighborhood type x € {r,1,i,u}, the
forthcoming sequence of inclusions is established:

: P P
T(K) CTy C T<K>.

(2) Symmetry: If the relation R is symmetric, then the four primal supra-topologies generated by the
standard neighborhoods coincide:

L P P P
To =T~ o~ Tw

Proof. The proof is straightforwardly derived from Proposition 2.3. m|

The converse of the assertions made in Theorem 3.3 fails to hold, as illustrated in the upcoming

example:

Example 3.4. Let P = {2, {v},{p}, {c}, v, p}, {v, c}} be a primal on Q = {v, p,c}. Consider the reflexive
relation R = {(v,v), (v,p), (v,c), (p,p), (p, <), (c,v),(c,c)} on Q. The following supra topologies are
then defined:
o T} =1{2,21p}{c} v, pl v, <l {p, )
o TV =28
P _ B _ HQ
Ty =Ty =2
© Ty =Th = 12,2 1p){ch v, pl, vl p <)),

Definition 3.2. Let T* . represent the (i)-supra topology on Q induced by the (i)-neighborhood space

(x)
and the primal *B. For any subset X C Q, the (x, B )-interior and (x, B )-closure of X, denoted by int;  (X)

¥ (X) respectively, are defined for each c € {r, i, u) as follows:
(1) int}, (X) = UIH e T}, |H S X).

) cl?j{)(X) = ﬂ{TeY?i) | X CF).

(%)
and cl

Lemma 3.1. Let (Q, T?i)) be a (x)-supra topological space induced by the (x)-NS and the primal . If
X C Q, hence the following statements hold:
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1) inta
) inta
Proof. Obvious. m]

Remark 3.2. Example 3.3 demonstrates that the converse of Lemma 3.1 does not apply generally.

4. ToroLOGICAL APPROXIMATION MODELS INDUCED BY MAXxIMAL NEIGHBORHOODS AND PRIMAL

STRUCTURES

This section introduces newly developed rough set approaches founded on the («)-supra topolo-
P

(x)
in conjunction with a primal structure ‘B. The fundamental properties of these models are high-

gies T, , foreachx € {r,1,i,u}, constructed from maximal neighborhood systems (denoted (x)-NS)

lighted and systematically analyzed.

Definition 4.1. Let T?i)

a primal structure *B. For a subset X C Q, the B, -lower approximation, B . -upper approximation, and

be a (x)-supra topology on Q constructed from a (x)-neighborhood system and

B ()-accuracy degree are defined as follows for each x € {r,1,i, u}:

(1) B(x)-Lower Approximation:
P B
L(K) (X) = int, (X)
(2) B -Upper Approximation:

(3) B(x)-Accuracy Degree:
P
LY, @)

oF (X)) = ——r
o U (Xl

) , where IU?;) (X)I#0

B

(K)), a subset X C Q is categorized

Definition 4.2. Within a (x)-primal supra-topological space (Q, T
based on its approximations as follows:

(1) Totally B(y)-definable if its lower and upper primal approximations coincide with the set itself:

L?i) (X) =X = U?i) (X).
(2) Internally B, -definable if it equals its own lower primal approximation but is a proper subset of

its upper primal approximation:

L?C)(X):X and u‘(BK)(X);X.

(3) Externally B, -definable if its lower primal approximation is a proper subset of itself, but it

equals its own upper primal approximation:

LK)(X) CX and uﬁ)(X) =X.
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(4) B(x)-Rough if it differs from both its lower and upper primal approximations:

L?j{)(X) X and u‘(‘i)(X) # X.

Remark 4.1. Referring to Example 3.4, the subsets @, Q, {p}, {c}, {v, p}, and {v,c} are all totally B ,)-
definable. In contrast, the singleton {v} is externally B, -definable, while the pair {p,c} is classified as
internally B, -definable.

Proposition 4.1. Consider (Q, T ) as a (x)-primal supra-topological space, and let X C Q be any subset.

(1<)>
For each neighborhood type « € {r,1,i,u}, the primal lower and upper approximations are related to their

corresponding standard approximations through the following properties:

(1) The primal lower approximation contains the standard lower approximation:

Lo (X) S Lj, (X).

(2) The primal upper approximation is contained within the standard upper approximation:

U?i) (X) € U (X).

(8) The accuracy measure of the primal approximations is at least that of the standard approximations:

(0 (X) < a?’i) (X).

Proof. These results are immediate from Theorem 3.2. m]

Proposition 4.2. Let X, X C Q. Foreach x € {r,1,i,u}, the following properties hold:

(BL1) L?i) (X)X (BU1) XUl (X)

(pL2) L}, (20)=0 (pu2) Up, (2) =0

(BPL3) L‘(BK)(Q) =Q (PU3) u‘(‘;)(a) =Q

(PL4) XcX = L‘(ﬁ) (X) C L‘fK) (X) (PU4) XCX= U (X)C u’}j() (X)
(BL5) L*g;) (Xn&) = L?f() (X) N L‘(ﬁ) (X)  (BUs) u‘(ljc) (XnX)c u‘gj{) (X) N U}K) (X)
(‘BL6) L?i) (XU&) 2 LZBK) (X)u L?i) (X)  (Bue) U?f<> (XUX) = U?l) (XUl (&)
(BL7) L, (X) = [u?i) (XC)]C (BU7) Uy (X) = [L?i) (Xc)]c

(BL8) L{, (L?i) (X )) = Liy(X) (bus) uf, (u?i) (X )) = Uy (X)

Remark 4.2. The converses of the properties ‘BL1, ‘BL4, ‘BL6, PU1, PUA4, and BUS5 are not generally
applicable, as demonstrated in Example 4.1.

Example 4.1. Building upon Example 3.3, let k¥ = r. Then the (r)-supra topology is given by:
T\gi.) = {®I {g}l {e}/ {V’ e}/ {p/ e}l {gl e}l {(DI e}l {V, p/ e}/ {vl GI e}l ey Q}‘

(1) If X ={v,c}), then L} (X) = {c}, hence X € L?;) (X).

(r)
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Q) If X = {v,p} and X = {c,e), then L‘(Ij) (X) = @, L* (X) = (c,e}, s0 L
X¢gX

(B) If X = {v} and X = (e}, then L‘(lj) (X) = o, L‘(ﬁ) (X) = e}, while L‘(Br) (XUX) = {v,e}. Conse-
quently, L?i) (XuX) ¢ L?i) (X)u L?i) (X).

(X) € L*® (X), but

(r) (r)

()
structure B. Then, for any subset X C Q, the following relations are satisfied:
(1) L?i) (X) ¢ L}E) (X) C L?i) (X), and simultaneously L?Su) (X) c L?;) (X) c L¥ (X).
) u‘ﬁ) (X) cU® (X) cU® (X), and likewise U*. (X) C u‘;) (X)ycu®
P

Proposition 4.3. Consider the (x)-supra topology T/ . produced by a (x)-NS together with a primal

(r)( (u)( (i) (

3) o?;) (X) < a?i) (X) < 02) (X), and in the same manner a?i) (X) <o

Proposition 4.4. Consider two primal structures, ¥ and %, defined on a universe Q, inducing the (x)-

supra topological spaces (Q, ¥ )and (Q, T ), respectively. If B C %, then for every x € {r,1,i,u}, the

(1) (K))

following inclusion holds:

P P
Tio S Thor

Proof. The proof is straightforward. m]

Corollary 4.1. Under the assumptions of Proposition 4.4, for each subset M of Q, the following inequalities
hold:

(1) L} (X) € L‘(E) (X),
) u?i) (X) 2 u‘(‘j{) (X),
©) o?j() (X) < a?j{) (X).
5. AprprLicATIONS: ADVANCED DECISION-MAKING STRATEGIES FOR HEART FAILURE D1agNos1is UsiNG

MAaXxiMAL APPROACHES AND PRIMAL STRUCTURES

This section stresses how important it is for medical sciences to use a strict and well-organized
mathematical framework, especially when it comes to dealing with the inherent complexity of clin-
ical decision-making processes. To illustrate the practical applicability of the proposed methodol-
ogy, we implement it in a real clinical task—namely, the diagnosis of heart failure.

This research utilizes empirical data derived from twelve patients monitored in a clinical envi-
ronment. Each record shows whether or not five clinically significant symptoms that are usually
linked to heart failure are present. The Cardiology Department at Sayed Galal University Hospital,
Al-Azhar University, Egypt, meticulously gathered the data [52].

The study includes twelve patients, each exhibiting distinct types of symptoms. Everyone got
a complete diagnostic evaluation that included a full medical history review, a physical exam, lab
tests, resting electrocardiography (ECG), and standard echocardiographic studies. Combining the

results of these clinical tests helped us make the final decision about whether or not heart failure
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was present. We selected the five symptoms for this study based on existing knowledge regarding
heart disease and findings from prior research on heart disease symptoms.

Table 1 gives a short overview of the heart failure dataset. The columns show the condition
attributes C, which are symptoms that are important for figuring out if someone has heart failure.
Specifically, IH; refers to shortness of breath, IH, to orthopnea, H3 to paroxysmal nocturnal dys-
pnea, Hy to decreased exercise tolerance, and IHs to ankle swelling. Each symptom is assigned
a code that indicates whether or not it is present. The decision attribute ) shows the diagnostic
result, which tells us if heart failure is confirmed or ruled out.

Note: The symbol “Yes” is abbreviated as Y, whereas “No” is denoted by N.

In Table 1, the rows indexed by

D — {81/82/ .. '1‘512}

represent individual patients, with each row specifying the set of symptoms observed for the corre-
sponding patient. Thus, the table provides a systematic representation of symptom-based clinical
information and illustrates how patient data can be incorporated into the proposed framework for
structured medical decision-making.

The analysis begins by encoding the descriptive condition attributes
C = {Hi,H,, H3, Hy, Hs}

into qualitative categories, as illustrated in Table 1. This encoding makes it easier to compare
patients based on the symptoms they have. The similarity measure quantifies the degree of
similarity between two patients, 5; and S;, as follows:

T [aa(8) = a0(5)]

0(S;, ) = — - ,

where:
. n denotes the total number of condition attributes,
. 4,i€1{1,2,...,12} index the patients,
. a4 represents the g-th attribute, with a; € C,

. a4(Si) denotes the value of the g-th attribute for patient S;.

Based on Table 1, the patient population is partitioned into two distinct classes:
the class of patients diagnosed with heart failure, represented as

B = {S4, 53,57, Ss, 59, 511};
and the class of patients without a heart failure diagnosis, represented as
W = {5, 54, 55, S6, 510, S12}-

Table 2 shows the similarity measures between the symptom profiles of the twelve patients.
At this point, we build a minimally structured approximation space based on binary relations

that show the decision problem’s inherent properties. Domain experts set the rules for these
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TasLE 1. Overview of the Original Medical Information System

Patient 5 Symptoms C Decision D
H, H, Hz Hy Hs
Sy Yy v v ¥ N Y
S, N N N Y ¥ N
Ss Y vy v v v Y
Sy N N N Y N N
Ss Y N N Y Y N
Se N N N Y N N
S; Yy v v Y ¥ Y
Ss Y v N Y ¥ Y
So Yy N Y ¥ N Y
S1o N N N Y Y N
S11 Y N Y Y N Y
S12 Y N N Y Y N

TaBLE 2. Assessment of Symptom Similarities in Twelve Patients

51 S 53 54 S5 S¢ 57 53 S9 510 Su1 Sz
S 1 02 08 04 04 04 08 06 08 02 08 04
S, 02 1 04 08 08 08 04 06 04 1 04 08
S 08 04 1 02 06 02 1 08 06 04 0.6 0.6
S, 04 08 02 1 06 1 02 04 06 08 0.6 06
Ss 04 08 06 06 1 06 06 08 06 08 06 1
S¢ 04 08 02 1 06 1 02 04 06 08 0.6 0.6
S 08 04 1 02 06 02 1 08 06 04 0.6 0.6
S¢ 06 06 08 04 08 04 08 1 04 06 04 08
S 08 04 06 06 06 06 06 04 1 04 1 06
Spo 02 1 04 08 08 08 04 06 04 1 04 08
S;;7 08 04 06 06 06 06 06 04 1 04 1 06
S, 04 08 06 06 1 06 06 08 06 08 06 1

relationships, which makes sure that the resulting structure accurately reflects expert knowledge
and real-world concerns.

To accomplish this, we establish a binary relation R on the patient set Q as follows:
SiRSi == U(Si,Sj) >08, Viief1,2,...,12},

where O(5;, ;) represents the proportion of shared symptoms between patients S; and S; relative

to the total number of considered symptoms.
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Remark. The construction above gives us a similarity relation that is based on experts. The
threshold value of 0.8 serves as a similarity cutoff; higher values indicate a greater similarity
between patients and are thus anticipated to yield more reliable diagnostic results. Medical
professionals can change this threshold to fit their conceptual needs. It is important to note that
the relation R is reflexive and symmetric, but it does not satisfy transitivity. Thus, the traditional
Pawlak approximation space, which is based on equivalence relations, is not good enough to
accurately model this situation.

To get around this problem, we give each patient two types of neighborhoods based on the
relation R and the underlying attribute information: the right neighborhood (r-neighborhood) and
the maximal neighborhood ((r)-neighborhood). These neighborhood systems furnish the structural
foundation for the development of non-equivalence-based approximation spaces. Table 3 shows

a summary of the neighborhoods that were created for all patients.

TasLe 3. Right and Maximal Right Neighborhoods Associated with Each Patient

PatientS | r-Neighborhood (r)-Neighborhood
5 {51,53,57,59, 511} {51,53,57,5s,59, 511}
52 {82,54,55,56,510,512} | {52,54,5s5, 56,58, 510, 512}
53 {51,53,57, 5s} {51,53,55,57,5s,S9, 511, 512}
54 {S2,54, 56,510} {S2,54,55, 56,510, 512}
Ss {2, 55, Ss, S10, S12} Q\ {51, 59, 511}
Se {S2,54, S, S10} {82,584, S5, S6, S10, S12}
Sy {51,53,57, Ss} {1,52, 53,55, 57, S8, S12}
S {83,55,57,5s, 512} Q\ {54,56, 59,511}
S9 {51,509, 511} {51,53,57,59, 511}
S10 {82,54,55,56,510,512} | {S2,54,5s5, 56,58, S10, 512}
S {51,59, 511} {81,53,57, 59, 511}
S12 {2, 55, Ss, 512} Q\ {51, 511}

If Bs, is a primal on Q, then Table 4 presents a comparison between the proposed technique and

Dai’s method [33], considering the class of patients diagnosed with the disease, B, and the patient

set not diagnosed with heart failure, W.

TasLe 4. Comparison of the Proposed Method with Dai’s Approach

Dai et al. Approach Proposed Method ‘
TnL() TUL)  Tepo() |LL O Uf () ()
B | {51,59,511}  Q\ {54, S6} i Q Q
W {54,S¢  Q\{51,59,511} 2 Q Q 1
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Based on the definition of the primal s, and the data shown in Table 4, we conclude that our
findings are consistent with those reported in Table 16 of [35], thereby confirming the reliability
and validity of the proposed framework.

Algorithm: Accuracy Computation and Exactness Verification
Input:

A finite universe Q.
A target subset X C Q.

¢ A x-maximal neighborhood system (denoted as x-NS).

A primal neighborhood system B over Q.

Rules for computing the lower approximation L* . (X), upper approximation U

) (X), and

(x)

accuracy a?i) (X).

Procedure:
(1) Neighborhood Construction:
For each z € Q, compute the x-maximal neighborhood N, (z).
(2) Initialization:
e Set L(K)(Q).
e Set U(K)(Q).
(3) Lower Approximation Computation:
For each z € X, do:
o If N,y (z) \ X € B, then add z to L(’(BK) (X).
(4) Upper Approximation Computation:
For eachz € Q, do:
e If N (z)NX # @, thenadd z to U
(5) Accuracy Computation:

() (%)

B
LY, ()

oty (X) = { IU7 (X))

0, otherwise.

;U (X1 % 0;

(6) Exactness Check:
o If L(K) (X) = ll?;’{) (X), classify X as exact.
e Otherwise, classify X as rough.

Output:

Lig (X): Lower approximation of X.

U?i) (X): Upper approximation of X.

O?K) (X): Accuracy measure of X.

Classification of X as either exact or rough.
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6. Discussion

The models developed in this study demonstrate the utility of topological methods in enhancing
rough set theory through their expressiveness and adaptability. We present adaptive approxima-
tion operators that can encapsulate intricate and nuanced relationships among elements within
a specified universe by integrating x-maximal neighborhoods with primal-based neighborhood
systems.

Approximations derived from x-maximal neighborhoods exhibit significant sensitivity to the
structural characteristics of the underlying supra-topological space. This responsiveness makes
it easier to move between areas that are open and closed, which helps to make the boundary
areas more clearer. The primal-based framework, on the other hand, is modular and very flexible.
You can change the approximation boundaries based on what you know about the domain, what
experts say, or what the situation calls for.

These features make the proposed framework especially good for problems that aren’t clear,
aren’t complete, or are only partially included, like classification problems, medical diagnosis, and
decision-support systems. Adding graded similarity measures makes the model better at showing
uncertainty in the real world, where relationships between objects are rarely binary.

The proposed approach is better at handling non-equivalence-based information granules than
classical rough set and neighborhood-based models, like those made by Pawlak, Yao, and Dai et
al., because it is more flexible. This advantage is most evident in contexts where transitivity cannot
be presumed. The medical case study presented previously demonstrates that the suggested
approximation models are both theoretically robust and practically applicable. In general, the
results show that the system can be made bigger and used in places where decisions are made

based on data and intelligence.

7. FINAL THOUGHTS AND FUTURE DIRECTIONS

This paper has created a new group of rough set approximation models based on topological
ideas. It examines primal structures and x-maximal neighborhood systems delineated in spaces
that transcend topological dimensions. By relaxing classical constraints, especially the need for
a finite intersection, the proposed framework can handle data structures that are more complex,
varied, and changing than what traditional equivalence- or tolerance-based rough set models can
do. We have done a full mathematical study of the new approximation operators, as well as a close
look at their most important features. These show that they are very flexible, modular, and able to
say a lot of different things. These traits make the suggested method especially good for modeling
uncertainty in situations where traditional rough set methods don’t work well. Decision-making
applications, like a case study of a medical diagnosis, have shown that the framework is useful in
the real world. When compared to models that have been around for a while, like those by Pawlak,
Yao, Dai et al., and R. A. Hosny et al., it shows big improvements in how well it can adapt, how

well it can classify, and how well it can handle different types of information. This paper shows
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how primal structures can be used as a powerful and unified tool for creating supra-topological
rough approximations. It also explains their benefits through careful theoretical analyses and
real-world examples. The suggested framework naturally leads to more research on dynamic and
time-evolving topological systems, applications that use a lot of data and are big, algebraic and
categorical formulations that are more complicated, and intelligent decision-support systems that
are more advanced. This opens up new areas of research at the intersection of topology, rough set

theory, and data analytics that looks at uncertainty, for examples in the directions [53, 54].
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