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1. INTRODUCTION

Soft set theory was introduced by Molodtsov [14] as a parameterized mathematical tool for
dealing with uncertainty. Since then, this theory has been developed in several directions and
has been combined with other uncertainty models. For instance, fuzzy soft sets were studied
in [2,10,15], generalized fuzzy soft sets were considered in [13,21], and possibility fuzzy soft sets
were introduced in [4]. The notion of intuitionistic fuzzy soft sets was introduced by Maji et al. [11]
by combining intuitionistic fuzzy sets with soft set theory. Later, the concept of neutrosophic soft
sets was introduced in [12], and related extensions such as intuitionistic neutrosophic soft sets and
generalized neutrosophic soft sets were investigated in [6, 7].

The study of algebraic structures in the framework of soft set theory has also received consider-
able attention. Aktas and Cagman [3] introduced soft groups and compared soft sets with fuzzy
sets and rough sets. Further developments include fuzzy soft groups [5], soft rings [1], fuzzy soft
rings and fuzzy soft ideals [8,9], and intuitionistic fuzzy soft rings [22]. These works show that
soft set-based models can be used to describe algebraic structures together with parameterized
uncertainty.

Boolean rings form an important class of rings in which every element is idempotent. Their
simple but rich algebraic structure makes them useful for studying algebraic properties in a
clear and concrete way. Recently, fuzzy soft Boolean rings and related structures have been
studied in [16-20]. These studies motivate the investigation of Boolean rings in a neutrosophic soft
setting, where truth-membership, indeterminacy, and falsity-membership functions are considered
simultaneously.

In this paper, we introduce and study neutrosophic soft Boolean rings and neutrosophic soft
ideals over Boolean rings. We define basic operations on these structures, including union, inter-
section, AND, and OR, and examine their related closure properties. The purpose of the paper is
to provide a basic algebraic framework for neutrosophic soft structures associated with Boolean
rings.

The paper is organized as follows. Section 2 recalls some preliminary notions on soft sets, neu-
trosophic sets, neutrosophic soft sets, and Boolean rings. In Section 3, we introduce neutrosophic
soft Boolean rings and investigate their basic properties under intersection, union, AND, and OR
operations. Section 4 is devoted to neutrosophic soft ideals over Boolean rings; in this section,
we also establish the relationship between neutrosophic soft ideals and neutrosophic soft Boolean
rings and study their closure properties under the proposed operations. Finally, Section 5 gives

the conclusion.

2. PRELIMINARIES

In this section, we recall some basic notions needed in the sequel. Throughout this paper, let
D be a nonempty universe and let V be a nonempty set of parameters. For a set D, we denote by
P (D) the power set of D. We also use a A b = min{a, b} and a v b = max{a, b} foralla,b € [0, 1].
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Definition 2.1. Let G be a nonempty subset of V. A soft set over D with respect to G is a pair (], G), where
J:G—P(D)
is a mapping. For each e € G, the set ](e) is regarded as the set of e-approximate elements of D.

Definition 2.2. A single-valued neutrosophic set U on D is a set of the form

U = {{x, Ty(x),Su(x), Fu(x)) : x € D},

where
Xu,%u, %u . D g [0, 1]

For each x € D, the values Ty(x), Ju(x) and Fu(x) denote the truth-membership degree, indeterminacy

degree and falsity-membership degree of x, respectively. In particular,
0 < Ty(x) + Julx) + Fulx) <3
forall x € D.

Definition 2.3. Let N(D) denote the collection of all single-valued neutrosophic sets on D, and let G be a
nonempty subset of V. A neutrosophic soft set over D with respect to G is a pair (], G), where

J:G— N(D)
is a mapping. Thus, for eache € G,
J(e) = {<x, Ty(e) (%), 3y(e) (¥), Bye) (x)) : x € D}

Definition 2.4. Let (J,G) and (K,H) be two neutrosophic soft sets over D. We say that (J,G) is a
neutrosophic soft subset of (K, H), written

(J,G) = (K,H),
ifGS Hand, foralle e Gand x € D,
Ty (%) < Tx@)(¥),  Jje)(¥) = Sk (%), Fje) (%) = Fre) (%)
If (J,G) < (K,H) and (K,H) < (], G), then (], G) and (K, H) are said to be equal, and we write
(J,G) = (K, H).
Definition 2.5. Let (], G) and (K, H) be two neutrosophic soft sets over D. Their union is the neutrosophic

soft set
(J,G) v (K, H) = (L,G v H),
where, for all x € D,
Tj(e) (%), ifee G—H,
Ti(e) (%) = 4 T (%), ifee H—G,
Ty (%) v Tge)(x), ifee GnH,
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3y(e) (%), ifee G—H,
S1(e) (%) = 4 S (%), ifee H—G,
[ 3e)(*) A Jk(e)(x), ifee GnH,
and
r‘LVS](E)(JC), ifee G—H,
Trie)(X) = 4 ) (%), ifee H—G,

8je)(X) A Bk (x), ifee GNH.

Definition 2.6. Let (J,G) and (K, H) be two neutrosophic soft sets over D such that G n H # @. Their

intersection is the neutrosophic soft set

(J,G) n (K, H) = (L,G n H),
where, forallee GnHand x € D,

Ti(e) (%) = Tje) (%) A Tie) (%),

Sre) (%) = Jje) (%) v k(e (%),
and

Ere) (%) = Fje) (X) v Free) (%)

Definition 2.7. Let (J,G) and (K, H) be two neutrosophic soft sets over D. The AND operation of (], G)

and (K, H) is the neutrosophic soft set
(,G) A (K,H) = (L,G x H),
where, for all (e, f) e Gx Hand x € D,
T o) () = Ty () A T (),

Siie,f)(x) = Iy (x) v I (p) (%),
and
ELie,f)(x) = Fye) (%) v x(p) (2)-
The OR operation of (], G) and (K, H) is the neutrosophic soft set
(.G) v (K,H) = (M, G x H),

where, for all (e, f) € Gx Hand x € D,
Tnte,f) (%) = Ty (x) v T(p) (%),

SM(e,f)(X) = Jje) (%) A Sk(p) (%),
and

EMee,f) (%) = ) (X) A Tk (%)
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Definition 2.8. A ring R is called a Boolean ring if
X =x

forall x € R. In a Boolean ring, every element is idempotent. It is well known that every Boolean ring is
commutative and satisfies x + x = 0 for all x € R.

Remark 2.1. In Definition 2.6, the parameter set of the ordinary intersection is G n H. Hence, only
parameters belonging to both G and H are considered. If one uses the parameter set G U H, then the
operation should be treated as an extended form of intersection, not as the ordinary intersection.

3. NeuTrosorHIC SOFT BOOLEAN RINGS

In this section, we introduce neutrosophic soft Boolean rings and investigate some of their basic

properties. Throughout this section, R denotes a Boolean ring.

Definition 3.1. Let G be a nonempty set of parameters and let (], G) be a neutrosophic soft set over R.
Then (], G) is called a neutrosophic soft Boolean ring over R if, for each e € G and all x, y € R, the following

conditions hold:
Ty +y) = Tye@) A Tey),  Texy) = Te)(x) A T (y),

Si0)(x+y) < Jje) () v3j0),  Sje(xy) < Jje)(x) v 3y (y),

and

S (X +¥) < Tje) () v Eroy),  Frexy) < Fje)(x) v Fe)(y)-

Example 3.1. Let R = {0,0,n,s}. Define two binary operations + and - on R by the following tables:

+10 o n s -10 0o n s
0]/0 o n s 0j{0 0 0 O
olo 0 s n 00 o 0 o
nin s 0 o n|0 0 n n
s|s n o O s|0 o n s

Then (R, +, -) is a Boolean ring. Moreover, the subset
A ={0,0}

is closed under addition and multiplication.
Let G = {e1, ez, e3}. Define a neutrosophic soft set (J, G) over R as follows, where each ordered triple is

written in the form

(T,3,3).

0 0 n S
Jten) = {(0.90,0.20, 0.10)” (0.90,0.20,0.10)" (0.40,0.70,0.60)" (0.40,0.70, 0.60) } !

0 0 n S
J(e2) = {(0.80,0.25, 0.15)” (0.80,0.25,0.15)” (0.35,0.65,0.55)" (0.35,0.65,0.55) } !
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and

0 0 n s
Jies) = {(0.85,0.15, 0.20)" (0.85,0.15,0.20)" (0.45,0.75,0.65)" (0.45,0.75,0.65) } '
Since A = {0, 0} is a subring of R, the truth-membership functions have larger values on A, while the
indeterminacy and falsity-membership functions have smaller values on A. Hence, by using the operation

tables, one can directly verify that, for each e; € G, i = 1,2, 3, the functions

Ye)r Sy B

satisfy all inequalities in Definition 3.1. Therefore (], G) is a neutrosophic soft Boolean ring over R.

Definition 3.2. Let (], G) and (K, H) be two neutrosophic soft Boolean rings over R. We say that (], G) is
a neutrosophic soft Boolean subring of (K, H) if

(J,G) = (K H)
in the sense of Definition 2.4.
Definition 3.3. Let U and W be two single-valued neutrosophic sets on R. We write
u<w

if, forall x € R,
Tu(x) < Iw(x), Sulx) =3Iw(x), Fulx) = Fw(x).

We say that U and W are comparable if either

or

W< u.
Theorem 3.1. Let (], G) and (K, H) be two neutrosophic soft Boolean rings over R. If G n H # @, then
(1,G) n (K, H)
is also a neutrosophic soft Boolean ring over R.

Proof. Let
(J,G) n (K,H) = (L,G n H).

Takee e G n H and x, y € R. By Definition 2.6, we have
i) (%) = Ty (%) A Ti(e) (%),

S1e)(x) = Jje) (%) v Sk(e) (%),
and

Sre)(X) = ) (X) v Fre) (%)
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Since (], G) and (K, H) are neutrosophic soft Boolean rings over R, we obtain
Ty (x+y) = Ty (x + ) A Tge) (x +y)
= (Yo () A T () A (Tre) (%) A Tk (1))
= (T10() A Tk () A (T ) A Fre) (v)
= T (%) A Tue)(y):
Similarly,
Tie)(xy) = Tie) () A T ()-
For the indeterminacy function, we have
Sie) (X +Y) = Iy (X + y) v k) (x + y)

< (350 (@) v Iy () v (

Similarly,

For the falsity-membership function, we have
Sre)(x +¥) = &je)(x + Y) v Fk(e)(x + ¥)
< (&1 () v 10 ®) v (B (%) v Bk (v))
= (B0 v Fk®) v (F10)(¥) v Sk ()

= By (%) v FLe)(y)-
Similarly,
Sre)(xy) < Fre)(x) v Frie) (v)-
Hence (L, G n H) is a neutrosophic soft Boolean ring over R. m]

Theorem 3.2. Let (], G) and (K, H) be two neutrosophic soft Boolean rings over R. Assume that ](e) and
K(e) are comparable for every e € G n H. Then

(1,G) v (K H)
is a neutrosophic soft Boolean ring over R.

Proof. Let
(]/ G) v (K/H) = (L,G Y H)
Takeee GUHand x,y € R.
Ifee G—H, then L(e) = J(e). Hence the required inequalities follow from the fact that (J, G) isa

neutrosophic soft Boolean ring over R. If e € H — G, then L(e) = K(e), and the result follows in the

same way.
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Now suppose that e € G n H. By assumption, J(e) and K(e) are comparable. If
J(e) < K(e),

then the union operation gives L(e) = K(e). If

K(e) < J(e),
then the union operation gives L(e) = J(e). In either case, L(e) satisfies all inequalities in Defini-

tion 3.1. Therefore (L, G U H) is a neutrosophic soft Boolean ring over R. m|

Remark 3.1. The comparability assumption in Theorem 3.2 cannot be omitted in general. As in the classical
theory of fuzzy algebraic structures, the pointwise union of two neutrosophic soft Boolean rings need not
preserve the required closure inequalities.

Theorem 3.3. Let (], G) and (K, H) be two neutrosophic soft Boolean rings over R. Then
(1,G) ~ (K, H)
is a neutrosophic soft Boolean ring over R.
Proof. Let
(J,G) A (K,H) = (L,G x H).
Take (e, f) € G x H and x, y € R. By Definition 2.7, we have

e, ) (X) = Ty (x) A Tk (0),

Sien)(*) = Iy (*) v Sk (%),
and
Brief)(¥) = Ty (X) v Frp) (¥)-
For the truth-membership function, we obtain
e +y) =Fe(x+y) A Tgpx +y)
= (T () A o) A (Tup () A Txp (v))
= T, (X) A Ti(e ) (Y)-
Similarly,
e, (xY) = Tpe,p)(X) A Tige ) ()

For the indeterminacy function, we have

o~

(ef)(x+y)—J]e)(x+y)vJKf)( y)
< By () v 3y (@) v Bxep () v 3k(n) ()
L(e,f)( )V SLie,f) (]/)

R

Similarly,
Site,f)(xY) < e,y () v Spie ) (Y)-
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For the falsity-membership function, we obtain

Sre,n(X+Yy) = Fje)(x +y) v Fxn(x +y)
< (B0 ®) v &) v (Fxn(®) v Skin ()
= BLie,f)(X) V Fiie, ) (Y)-

Similarly,
Erie,)(XY) < Frie,f)(X) Vv Erie,p)(Y)-

Therefore (L, G x H) is a neutrosophic soft Boolean ring over R. m|

Theorem 3.4. Let (], G) and (K, H) be two neutrosophic soft Boolean rings over R. Assume that ](e) and
K(f) are comparable for every (e, f) € G x H. Then

(J,G) v (K, H)
is a neutrosophic soft Boolean ring over R.

Proof. Let

(J,G) v (K,H) = (M,G x H).
Take (e, f) € G x H. By the comparability assumption, either
J(e) < K(f)

or
K(f) < J(e).
If J(e) < K(f), then the definition of the OR operation gives
M(e, f) = K(f)-
If K(f) < J(e), then the definition of the OR operation gives
M(e, f) = J(e).
In either case, M(e, f) satisfies all the conditions in Definition 3.1. Therefore
(1,G) v (K,H)

is a neutrosophic soft Boolean ring over R. m]
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4. NEuTROSOPHIC SOFT IDEALS OVER BOOLEAN RINGS

In this section, we introduce neutrosophic soft ideals over Boolean rings and study some of their
basic closure properties. Throughout this section, R denotes a Boolean ring.

Definition 4.1. Let G be a nonempty set of parameters and let (], G) be a neutrosophic soft set over R. Then
(J, G) is called a neutrosophic soft ideal of R if, for each e € G and all x,y € R, the following conditions hold:

T +y) =T A Tye(v),  Tye©y) =Ty () v Tie(v),

Sje) (X +Y) < 35y (X) v Sy (v), Sy (xy) < Iy () A Iy (),
and
81y (x +y) < Fyey(x) v Fye)(y), 81 (xy) < ey (%) A Fye)(y)-

Proposition 4.1. Every neutrosophic soft ideal of R is a neutrosophic soft Boolean ring over R.

Proof. Let (], G) be a neutrosophic soft ideal of R. Then, for each e € G and all x, y € R, the additive
conditions in Definition 3.1 follow directly from Definition 4.1. For the truth-membership function,
Definition 4.1 gives

L) (xy) = Ty () v Ty (y)-
Since

o) A Ty () < T (*) v T (¥),

we obtain

T (xy) = Ty (1) A Ty (y)-

For the indeterminacy function, Definition 4.1 gives

S1(e)(XY) < Jje) (%) A Iy (Y) < Jje) (%) v Iy (W)
Similarly,

Fre)(xy) < Fye)(¥) A Fye)(Y) < ey (%) v o) ()

Hence all multiplicative conditions in Definition 3.1 also hold. Therefore (], G) is a neutrosophic

soft Boolean ring over R. m]

Example 4.1. Let R = {0,0,n,s}. Define two binary operations + and - on R by

+10 o n s 10 o n s
0/0 o n s 0/0 0 0 O
olo 0 s n 0|0 o 0 o
nin s 0 o n|0 0 n n
s|s n o 0 s|0 o n s
Then (R, +, -) is a Boolean ring. The subset
A ={0,0}

is an ideal of R.
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Let G = {e1,e2}. Define a neutrosophic soft set (J, G) over R as follows:

0 0 n S
Jten) = {(0.90,0.20, 0.10)” (0.90,0.20,0.10)" (0.40,0.70,0.60)" (0.40,0.70, 0.60) } !

and

0 0 n s
Jle2) = {(0.80,0.10, 0.20)” (0.80,0.10,0.20)" (0.30,0.60,0.70) " (0.30, 0.60, 0.70) } ’
Here each ordered triple is written in the form
(T3, %).
Since A is an ideal of R, a direct verification shows that all conditions in Definition 4.1 are satisfied. Hence

(J, G) is a neutrosophic soft ideal of R.

Theorem 4.1. Let (], G) and (K, H) be two neutrosophic soft ideals of R. If G n H # @, then
(1,G) n (K, H)
is also a neutrosophic soft ideal of R.
Proof. Let
(J,G)n(K,H) = (L,GnH).
Take e € G n H and x, y € R. By Definition 2.6,

Tr(e) (%) = Tye) (%) A Tieey (%),

Sie)(X) = Jy(e) (%) v I ey (),
and
TLe)(X) = Tje) (¥) v F(e) (%)
For the truth-membership function, we have
Ty (x+y) = Ty (x + ) A Tk (x +y)
> (T () A Ty () A (Tiee) (0) A Tk (1)
=T (%) A Ty (y)-

Also,
T (xy) = Ty (xy) A Tiee) (xy)

> (T () v Ty ) A (Fxe)(¥) v Tk (1)
> (T () A Tk () v (T () A Tk (1)
= T (1) v Tue (y).
For the indeterminacy function, we obtain
Sie) (X +y) = Iy (x + ) v I (x +y)
< (B0 (®) v 359 ()) v Sk (¥) v Ik ()

o~

= J1e) () v S (y)-
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Moreover,
Sie) (xY) = Jye) (xy) v Sk(e) (xy)
< (Sy0) () Ay () v (Ske) (%) A Sk (1))
< (359 () v Sx(e) (1)) A (Sy0)(¥) v Ske) (v)

o~

= J1(e) (%) A 1) (¥)-
The proof for the falsity-membership function is similar to the proof for the indeterminacy

function. Thus,
Sre) (X + ¥) < Fre) (%) Vv Fre) (v)
and
SLe) (xY) < Fre)(X) A Frie) ()
Therefore (L, G n H) is a neutrosophic soft ideal of R. O

Theorem 4.2. Let (J,G) and (K, H) be two neutrosophic soft ideals of R. Assume that ](e) and K(e) are

comparable for every e € G n H. Then
(J,G) v (K, H)

is a neutrosophic soft ideal of R.

Proof. Let
(J,G)u (K,H) = (L,GUH).

Letee GUH.
If ee G—H, then L(e) = J(e). Since (], G) is a neutrosophic soft ideal of R, L(e) satisfies all the
conditions in Definition 4.1. If e € H — G, then L(e) = K(e), and the result follows in the same way:.

Now let e € G n H. By the comparability assumption, either

J(e) < K(e)
or
K(e) < J(e).

If J(e) < K(e), then the union operation gives

Inboth cases, L(e) satisfies all the conditions in Definition 4.1. Therefore (L, G U H) is a neutrosophic
soft ideal of R. O

Remark 4.1. The comparability condition in Theorem 4.2 is needed in general. Without this condition, the

union of two neutrosophic soft ideals may fail to satisfy the required inequalities in Definition 4.1.
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Theorem 4.3. Let (], G) and (K, H) be two neutrosophic soft ideals of R. Then
(J,G) ~ (K, H)
is a neutrosophic soft ideal of R.
Proof. Let
(J,G) A (K,H) = (L,G x H).
Take (e, f) € G x H and x, y € R. By Definition 2.7,

e, ) (X) = Ty (%) A Ty (%),

Si(e,f)(x) = Ije) (%) v I (p) (%),
and
BLie,f) () = Fye) (%) v Fx(p) (%)

Using the same argument as in the proof of Theorem 4.1, we obtain
e +Y) = Ten®) A Teen ),

Tt ) (xY) = Tpe,n (%) v Tue ) (v),
Sie,n)(X + 1) < Spep)(x) v S ) (y),
Siie,)(¥Y) < Spe,)(X) A Spen(Y),
Srie, (X +Y) < Bren(®) v Sren ),
and
Brie,)(XY) < Frie,f)(X) A Erie,p)(Y)-
Therefore (L, G x H) is a neutrosophic soft ideal of R. ]
Theorem 4.4. Let (], G) and (K, H) be two neutrosophic soft ideals of R. Assume that J(e) and K(f) are
comparable for every (e, f) € G x H. Then
(1,G) v (K, H)
is a neutrosophic soft ideal of R.
Proof. Let
(1,G) v (K,H) = (M, G x H).
Take (e, f) € G x H. By the comparability assumption, either
J(e) <K(f)
or

K(f) < J(e).
If J(e) < K(f), then the definition of the OR operation gives

M(e, f) = K(f)-
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If K(f) < J(e), then the definition of the OR operation gives
M(e, f) = J(e).

In either case, M(e, f) satisfies all the conditions in Definition 4.1. Therefore (M,G x H) is a

neutrosophic soft ideal of R. m]

5. CoNCLUSION

In this paper, we introduced neutrosophic soft Boolean rings and neutrosophic soft ideals over
Boolean rings. Basic operations, including union, intersection, AND, and OR operations, were
considered in this setting. We investigated the closure properties of these structures under the
proposed operations and identified suitable conditions for preserving them when required.

We also established that every neutrosophic soft ideal of a Boolean ring is a neutrosophic soft
Boolean ring. This shows that the proposed notion of neutrosophic soft ideals is naturally related to
the corresponding neutrosophic soft Boolean ring structure. The results provide a basic framework
for further investigation of neutrosophic soft algebraic structures associated with Boolean rings

and related classes of rings.
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