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Abstract. Let G be a group with identity e, let T be a commutative G-graded ring, and let S C h(T) be a multiplicatively
closed subset of X. In this paper, we introduce and study graded weakly S-2-prime ideals, which extend the notion of
graded weakly 2-prime ideals in graded commutative rings. We establish several basic properties and characterizations
of these ideals and investigate their relationship with graded S-2-prime ideals. In particular, we examine the role
of graded S-double-zeros and obtain conditions under which graded weakly S-2-prime ideals coincide with graded
S-2-prime ideals. We further study these ideals in graded idealizations and amalgamated algebras. Several examples

are included to illustrate the main concepts and results.

1. INTRODUCTION

Throughout this paper, G denotes a group with identity ¢, and T denotes a commutative G-

z:@ﬁg

geG

graded ring with identity 1 # 0. Thus

with T, Ty, € Ty forall g, h € G. An element a € T is called homogeneous if a € T, for some g € G,
and the set of all homogeneous elements of T is denoted by

n3) =z

g€G
A proper graded ideal of T will be referred to simply as a graded ideal. For background on
graded rings and graded ideals, we refer the reader to ( [5] and [8]).
Let S C h(T) be a multiplicatively closed subset of T; thatis, 0 ¢ S, 1 € S, and ab € S for all
a,b € S. Throughout the paper, S will denote such a subset.
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Graded prime ideals and their generalizations have been studied extensively in graded com-
mutative algebra. A proper graded ideal D of T is called graded prime if, whenever r,t € h(T)
satisfy rt € D, thenr € D or t € D, see [10].

A further generalization was introduced in [6] under the name of graded 2-prime ideals. A
proper graded ideal © of T is called graded 2-prime if, whenever r,t € h(T) satisfy rt € D, then
r»eDort?* e D.

More recently, graded weakly 2-prime ideals were studied in [3]. A graded ideal D of T is called
a graded weakly 2-prime ideal (GW2P-ideal) if, whenever r,t € h(T) satisfy 0 # rt € D, then r? € D
ort? € D.

Motivated by these developments, we introduce and study graded weakly S-2-prime ideals,
which extend the notion of graded weakly 2-prime ideals in graded commutative rings. We estab-
lish several basic properties and characterizations of these ideals and investigate their relationship

with graded S-2-prime ideals.

2. Resurts

Definition 2.1. Let T be a G-graded ring, S € h(T) be an m.c.s. of T, and D a proper graded ideal of T
with NS = 0. We call © a graded weakly S-2-prime ideal of T (GWS2P-ideal) associated with s if
there exists s € S such that for all a,b € h(T),

0#£abe® = sa’ €D or sb*>e.

Definition 2.2. LetT = @geG I, be a G-graded ring, ¢ € G, S C T, an m.c.s. of T, and D a proper
graded ideal of T with DN S = 0.

(i) Dis called a g-S-2-prime ideal of T associated with s if there exists s € S such that for all a,b € T,
abe®D = s> €D or sb*eD.

(ii) D is called a g-weakly S-2-prime ideal of T associated with s if there exists s € S such that for all
a,be T,
0#abe®D = sa* €D or sb*eD.

Clearly, every graded weakly 2-prime ideal of T disjoint from an m.c.s. S C h(T) is a GWS2P-
ideal of T. Furthermore, when S € U(T), the classes of GW2P-ideals and GWS2P-ideals of T

coincide.

Example 2.1. Let T = Z[X] be graded by I; = ZX' for i > 0 and T; = {0} otherwise. Set D =
5XT and S =1{5":neINU{0}} C h(T). Then D is a proper graded ideal of T and DNS = 0. We
show that © is a GWS2P-ideal of T with respect to s = 5, but that D is not a GW2P-ideal.

Let f(X), g(X) € h(T) such that 0 # f(X)g(X) € D. Since © € XT and XT is a graded prime ideal of
T (T/XT = Z), it follows that f(X) € XTor g(X) € XT. If f(X) = Xh(X), then 5f*(X) = 5X?h*(X) €
5XY = D. Likewise, if g(X) € XI, then 5¢*(X) € D. Hence D is a GWS2P-ideal of T with respect to
s =>.
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On the other hand, 0 # 5X € D, whereas 25 ¢ 5XT  and X? ¢ 5XT. Thus the defining condition of a
GW2P-ideal fails for the homogeneous elements 5 and X. Therefore, © is not a GW2P-ideal.

Theorem 2.1. Let S C T, be an m.c.s. of T, let g € G, and let D be a g-weakly S-2-prime ideal of T. If D
is not a g-S-2-prime ideal of T, then ®§ = (0). Consequently, Grad(Dy) € Grad(0z).

Proof. Assume, to the contrary, that D3 # (0). We show that D is a g-5-2-prime ideal of T, yielding
a contradiction.

Letag, b, € T, such thatagh, € D,.

If agby # 0, then, since D is g-weakly S-2-prime, there exists s, € S such that seaé € Dy or
sgbi, € D,. Suppose now that agcb, = 0. If 4, D, # 0, choose x; € D, such that agx, # 0. Then
0 # agxy = ag(xg + by) € Dg. Since D is g-weakly S-2-prime, there exists s, € S such that s,.a3 € Dg
or s,(xg + bg)2 € Dg. Since x4 € Dy, it follows that seaé € Dgor sebé € D,. Similarly, if byD, # 0,
then seaé € Dy or Sgbé € D;. Now assume that 4,0, = 0 and by D, = 0. Since D§ # (0), there exist
Xg,Yg € Dg such that xgy, # 0. Hence 0 # (ag + x¢)(bg + yg) = Xoyg € Dg. Therefore, there exists
se € S such that s,(ag + x¢)? € Dy or 5,(bg + yg)? € Dg. Since xg, Yy € Dy, it follows that sea§ € Dy
or sebi, € D,

Thus, agbg € Dy = sgai, € Dy or sebﬁ, € Dg. Hence D is a g-S-2-prime ideal of T, contrary
to the hypothesis. Therefore, Dé = (0). Let x; € Grad(®g). Then xy € Dy for some positive
integer n. Since Dé = (0), we obtain x2" € Dé = (0), and hence x; € Grad(0z). Therefore,

8
Grad(Dg) C Grad(0z). i

Theorem 2.2. Let ¢ : ¥ —> I be a graded ring homomorphism such that p(11) = 1, and let S C h(T)
be an m.c.s. of T. Then the following statements hold:

() If ¢ is a graded epimorphism and D is a GWS2P-ideal of T with ker(p) C D, then (D) is a
GWeq(S)2P-ideal of X.

(ii) If @ is a graded monomorphism and D is a GW¢(S)2P-ideal of T such that 0z ¢ ¢(S), then =1 (D)
is a GWS2P-ideal of .

Proof. (i) Let © be a GWS2P-ideal of T associated with s € S and suppose that ker(¢) € D. Since
@ is a graded epimorphism, ¢ (D) is a graded ideal of T and ¢(S) is a multiplicatively closed
subset of 1(T). Moreover, 05 ¢ ¢(S); otherwise, there exists u € S such that ¢(u) = 05. Hence
u € ker(¢) € D, contradicting DN S = 0.

Assume that y € p(S)N@(D). Then y = @(u) = @(q) for some u € S and g € D. Thus
u—qeker(p) D, andsou = (u—q)+q €D, acontradiction. Therefore, ¢(S) N (D) = 0.

Let a’,b’ € h(T) such that 05 # a’b’ € (D). Since ¢ is surjective, there exist a,b € h(T) such
that p(a) = a’ and @(b) = b’. Then 03 # @(ab) = a’l’ € (D). Hence there exists g € D such that
@(ab) = ¢(q). Therefore ab — g € ker(¢) € D, which implies that ab € D. Since p(ab) # 0z, we
have ab # 07. As D is a GWS2P-ideal, it follows thatsa> € D or sb? € D. Applying ¢, we obtain
@(s)(a')? = p(sa®) € (D) or p(s)(V')? = p(sb*) € (D). Hence ¢(D) is a GW¢(S)2P-ideal of T.
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(ii) Let © be a GW¢(S)2P-ideal of T associated with ¢(s) € ¢(S), wheres € S. Since D is graded,
¢ ~1(D) is a graded ideal of T. Assume thatr € ~1(D) N S. Then ¢(r) € DN ¢(S), a contradiction.
Therefore o~ 1(D) NS = 0.

Let a,b € h(T) such that 0y # ab € ~!(D). Since ¢ is injective, 05 # @(ab) = @(a)p(b) € D.
Since D is a GWe¢(S)2P-ideal, (s)(p(a))> € D or ¢@(s)(p(b))? € D. Equivalently, p(sa®) €
D or ¢@(sb?) € D.Hence sa? € 971 (D) or sb? € (D). Therefore (D) is a GWS2P-ideal
of T. ]

Let S C h(T) be an m.c.s. of T, and let P C D be graded ideals of T such that D NS = 0. Define
S={s+ P:s€S}. Then S is an m.c.s. of T/P. Moreover, (D/P)NS = 0.

Corollary 2.1. Let S C h(T) be an m.c.s. of T. Then:

(i) Let ] C K be graded ideals of T. If K is a GWS2P-ideal of T, then K/] is a graded weakly S-2-prime
ideal of T/].
(ii) Let T be a graded subring of T. If K is a GWS2P-ideal of T, then KN T is a GWS2P-ideal of <.

Proof. (i) Let ¢ : T — T /] be defined by ¢(r) = r+ J. Then ¢ is a graded epimorphism with
ker(p) = ] C K. Since S = {s+] : s € S} is an m.c.s. of T/], Theorem 2.2(i) implies that
@(K) = K/] is a graded weakly S-2-prime ideal of T/].

(ii) Consider the inclusion homomorphism i : T — ¥ defined by h(r) = r. Then h is a graded
monomorphism. Since K is a GWS2P-ideal of ¥, Theorem 2.2(ii) yields that "}(K) = KNI

is a GWS2P-ideal of T.
O

Theorem 2.3. Let Ty and T, be G-graded rings, and let T = Ty X Ty. Let S = S1 X Sp, where S1 € (T1)e
and Sy C (Tp), are m.c.s.’s of Ty and Ty, respectively. Suppose that D1 and D, are nonzero proper graded
ideals of Ty and X, respectively. Then the following statements are equivalent:
(i) © = Dy X Dy is an e-weakly S-2-prime ideal of T.
(ii) Either Dy is an e-Sy-2-prime ideal of T1 and So N Dy # 0, or Dy is an e-Sy-2-prime ideal of T, and
S51ND1 #0.
(iif) © = D1 X Dy is an e-S-2-prime ideal of T.

Proof. (i) = (ii). Assume that D = D; X D, is an e-weakly S-2-prime ideal of T associated with
s = (S1¢,52¢) € S.

Let (a,,b,) € DN I, with (a,,b,) # (0,0). Then (a,,b.) = (a,,1)(1,b,) € D. Since D is an
e-weakly S-2-prime ideal, (s1,,52) (@, 1) € D or (s1e,52)(1,b.)? € D. Hence, (s1.a2,52.) € D or
(S1¢,52:b%) € D. Therefore, sy, € D, or s1, € Dy, and consequently S, N D, # 0 or S; N Dy # 0.

Assume that S, N D, # 0. Since SND = 0, it follows that S; N D; = 0. Let x., ¥, € (T1)e
such that x.y. € D1. Choose m, € S, N Dy. Then 0 # (x,, m,)(y, 1) € D. Since D is an e-weakly
S-2-prime ideal, (5102, 52.m2) € D or (s10y2,52.) € D. Thus, s1,x2 € D; or 53,y € Dq. Hence, D; is
an e-51-2-prime ideal of T;.
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The proof for the case S; N D1 # 0 is analogous.

(ii) = (iii). Assume that D, is an e-51-2-prime ideal of T; associated with s, € S; and that
SN Dy £ 0.

Let (a, be), (¢, d) € T, such that (a,, b,)(ce, de) € D. Then acc, € D;. Since D is an e-S;-2-prime
ideal, 51,42 € D1 or s1.,c2 € D5.

Choose sp. € S» N Dy. Then spb?,50.d> € Dy. Hence, (s1.a2,52:b%) € D or (s1.c2,50.4%) € D.
Therefore, (s1¢,52¢) (de, be)? € D or (51,52 ) (ce, de)* € D. Thus, D is an e-S-2-prime ideal of .

The argument is similar when D is an e-S»-2-prime ideal of T, and S; N Dy # 0.

(iii) = (i). This follows directly from the definitions. m]

Let D be a graded ideal of T. Following [9], define G-Z[T] = {z € h(T) : zt € D for some t €
h(T)\ D) If D = (0), then G-Zp[T] coincides with the set of all homogeneous zero divisors of
T. In this case, we write G-Zd[¥] = G-Z(g)[T]. The set of all homogeneous regular elements of T,
namely, the homogeneous non-zero divisors of T, is denoted by G-reg(T) = h(T) \ G-Zd[T].

Theorem 2.4. Let S,S" C h(T) be m.c.s.’s of T, and let D be a graded ideal of . If D is a graded weakly
S'-2-prime ideal of T such that D NS = 0, then S™'D is a graded weakly S~'S'-2-prime ideal of S'T.
Conversely, if ST\ D is a graded weakly S='S’-2-prime ideal of ST, G-Z»[T| NS = 0, and S C G-reg(T),
then D is a graded weakly S’-2-prime ideal of T.

Proof. Assume that D is a graded weakly S’-2-prime ideal of T associated with s’ € S’. Since
DNS =0, wehave ST1DNS IS = 0.

Let 0 # 5%5 = % € S71D, where a, € h(T) and 51,5, € S. Then there exists s3 € S such
that 0 # s3af € D. Since D is a graded weakly S’-2-prime ideal, s’ (s3a)? € D or s’f? € D. Hence
%(%)2 = ST'(:’—soi)z € ST'Dor %(%)2 € S71D. Therefore S7!D is a graded weakly S~!S’-2-prime
ideal of S~!T.

Conversely, assume that S™!D is a graded weakly S71S’-2-prime ideal of S™!T associated with
£ € 5715, Let 0 # ap € D for some a,B € h(T). Since S C G-reg(T), 0 # %g € S71D. Hence
(SS—') (%)2 eS1Dor (Ss—,) (g)z € S71D. Therefore there exists s; € S such that s;s’a® € D or sls’ﬁ2 € D.

Since G-Z3[¥] NS = 0, it follows that s’a? € D or s'% € D. Thus D is a graded weakly S’-2-prime
ideal of T. m]

Theorem 2.5. Let S C h(T) be an m.c.s. of T, and let D be a graded ideal of T such that D NS = 0. Then
the following statements are equivalent:

(i) D is a GWS2P-ideal of T associated with s € S.
(ii) For everyr € h(T) withr* ¢ (D:xs), (D:xr)Nh(T) C (0:x7) U {t € h(T) : st?> € D).

Proof. (i) = (ii). Assume that D is a GWS2P-ideal of T associated with s € S. Let 7, € h(T) such
thatr?> ¢ (D:ys)and t € (D :y 7). Thentr € D.

If tr = 0, then t € (0 :x r). Suppose that tr # 0. Since 0 # tr € D and sr? ¢ D, the definition of
a GWS2P-ideal yields st?> € D. Hence t € {x € h(T) : sx*> € D}. Therefore (D :3 r) Nh(T) C (0 :2
r)U{t € h(T) :st? € D}
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(ii) = (i). Leta,b € h(T) such that 0 # ab € D and assume that sa> ¢ ©. Then a? ¢ (D :1 s)
and b € (D :x a). Since ab # 0, we have b ¢ (0 :x a). Applying (ii) with r = a, it follows that
befteh(T): st? € D). Hence sb? € . Therefore D is a GWS2P-ideal of X. m|

Let T be a G-graded ring and let S C h(T) be an m.c.s. of T. Recall that a proper graded ideal
D of T is called a graded S-2-prime ideal (briefly, a GS2P-ideal) associated with s € S if, for all
a, B € h(T) with ap € D, one has sa? € D or sf? € D; see [4].

Definition 2.3. Let S C h(T) be an m.c.s. of T, and let © be a GWS2P-ideal of T associated with s € S.
(i) Leta,b € h(T). The pair (a,b) is called a graded S-double-zero of D ifab = 0, sa®> ¢ D, and sb* ¢ D.
(i) Let W and | be graded ideals of T such that W] C D. If no pair (a,b) € (WNh(T)) x (JNh(T)) is
a graded S-double-zero of D, then D is said to be free of graded S-double-zeros with respect to W].

Remark 2.1. A GWS2P-ideal of T with no graded S-double-zeros is necessarily a GS2P-ideal. Consequently,
every GWS2P-ideal that is not GS2P admits a graded S-double-zero.

For a graded ideal D of T, let Dy,,; = (a" : a € h(T) N D) denote the graded ideal generated by
the m-th powers of homogeneous elements of D. Then Dy,,) € D™ € D, with equality whenm = 1
(see [1]).

Theorem 2.6. Let S C h(T) be an m.c.s. of T, and let D be a GWS2P-ideal of T associated with s € S.
Suppose that P is a proper graded ideal of T such that aP C D for some a € h(T). If (a,p) is not a graded
S-double-zero of D for every p € P, and sa* ¢ D, then sPp €.

Proof. Suppose that sPy; ¢ ©. Then there exists p € PN h(T) such that sp> ¢ . Since aP € D, we
have ap € D. If ap # 0, then sa® € D or sp? € D, a contradiction. Hence ap = 0. Since (a,p) is not a
graded S-double-zero of © and sa? ¢ D, it follows that sp2 € D, again a contradiction. Therefore,
sPp) €. O

Theorem 2.7. Let S C h(T) be an m.c.s. of T, and let © be a GWS2P-ideal of T associated with s € S.
Suppose that A and B are proper graded ideals of T satisfying 0 # AB C ©. If D is free of graded
S-double-zeros with respect to AB, then either sAp) € D or sBppy) € ©.

Proof. Assume that sApp) ¢ ©. Then there exists a € AN h(T) such that sa’> ¢ ©. Since AB C D,
we have aB € D. Moreover, because D is free of graded S-double-zeros with respect to AB, the
pair (a,b) is not a graded S-double-zero of D for every b € BN h(T). Therefore, by Theorem 2.6, it
follows that sBjp) € D. Hence either sApy € D or sBp) € D. O

Theorem 2.8. Let G be an abelian group, T a G-graded ring, M a G-graded T-module, S C h(T) an m.c.s.
of T, and D a proper graded ideal of T with © NS = @. Then the following statements are equivalent:
(i) D(+)M is a graded weakly (S(+)M)-2-prime ideal of T(+)M.
(i) D(+)M is a graded weakly (S(+)0)-2-prime ideal of T(+)M.
(ili) D is a graded weakly S-2-prime ideal of T associated with some s € S, and whenever a, b € h(T) satisfy
ab = 0,sa’> ¢ D, and sb*> ¢ D, one has a,b € Annz(M).
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Proof. (i) = (iii). Assume that D(+)M is a graded weakly (S(+)M)-2-prime ideal of T(+)M
associated with (s, m) € S(+)M.

Leta,b € h(T) with0 # ab € D. Then (0,0) # (a,0)(b,0) € D(+)M. Hence, (s,m)(a,0)> € D(+)M
or (s,m)(b,0)? € D(+)M. Therefore, (sa*>, ma?) € D(+)M or (sb*>,mb?) € D(+)M, which yields
sa* € D or sb* € D. Thus D is a graded weakly S-2-prime ideal of T. Now let ag, b, € h(T) satisfy
aghy =0, sa§ ¢ D, and sbé ¢ D. Suppose that ag ¢ Annz(M). Then there exists m; € M N h(M) such
that agmj, # 0. Consequently, (0,0) # (ag,0)(bg,my) € D(+)M. Since D(+)M is graded weakly
(S(+)M)-2-prime, (s,m)(ag,0)* € D(+)M or (s,m)(bg,my)* € D(+)M. In either case, the first
component belongs to D, and hence saé € Dor sbi, € D, a contradiction. Therefore a, € Anny(M).
Similarly, by € Annz(M).

(iii) = (ii). Let (0,0) # (a,m)(b,m’) € D(+)M, where (a,m), (b,m’) € h(T(+)M).

Ifab # 0, then 0 # ab € D, and since D is graded weakly S-2-prime, we have sa? € D or sb? € D.
Hence (s,0)(a,m)? € D(+)M or (s,0)(b,m’)? € D(+)M.

Assume now that ab = 0. If both sa> ¢ D and sb? ¢ D, then by (iii), a,b € Anny(M). It follows
that (a,m)(b,m ) = (0,0), contrary to assumption. Therefore, sa> € D or sb> € D, and again
(s,0)(a,m)?> € D(+)M or (s,0)(b,m')? € D(+)M. Thus D(+)M is a graded weakly (S(+)0)-2-
prime ideal of ‘I( M

(ii) = (i). Since (S(+)O) C (S(+)M), every graded weakly (S(+)0)-2-prime ideal of T(+)M is
automatically a graded weakly (S(+)M)-2-prime ideal. Hence (i) follows. o

Theorem 2.9. Let G be an abelian group, T a G-graded ring, M a G-graded T-module, S € h(T) an m.c.s.
of T, and D a proper graded ideal of T with © NS = @. Then the following statements are equivalent:
(i) D(+)M is a graded weakly (S(+)0)-2-prime ideal of T(+)M
(i) D(+)M is a graded weakly (S(+)M)-2-prime ideal of T(+)M
(ili) D is a graded weakly S-2-prime ideal of T, and for every graded S-double-zero (a,b) of ©, one has
aM = 0 = bM.

Proof. The result follows immediately from Theorem 2.8. m|

It follows that every GWS2P-ideal of T is GS2P-ideal if and only if (0) is a GS2P-ideal of <.
Recall that a graded commutative ring T with identity 15 is called a graded S-integral domain if
there exists s € S such that, for alla,b € h(T) with ab = 0, one has sa = 0 or sb = 0, where S C h(T)

is an m.c.s. of T.

Theorem 2.10. Let T be a graded S-integral domain, M a G-graded T-module, and S C h(T) an m.c.s. of
T. Then a graded ideal D of T(+)M is a graded weakly (S(+)0)-2-prime ideal of T(+ )M if and only if it
is a graded (S(+)0)-2-prime ideal of T(+)M

Proof. Tt suffices to show that the zero graded ideal of T(+)M is a graded (S(+)0)-2-prime ideal.
Since 0 ¢ S, we have ((0,0)) N (S(+)0) = @. Let (a,a), (B,b) € h(T(+)M) satisty (a,a)(B,b) =
(0,0). Then (aB, ab+ pa) = (0,0), and hence ap = 0. Since T is a graded S-integral domain, there
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exists s € S such that sa = 0 or s = 0. If sa = 0, then (s,0)(a,a)? = (s,0)(a?, 2aa) = (sa?,2saa) =
(0,0). Similarly, if sB = 0, then (s,0)(B,b)* = (0,0). Therefore, the zero graded ideal of T(+)M is
a graded (S(+)0)-2-prime ideal of T(+)M. The conclusion now follows from the fact that every
graded weakly (S(+)0)-2-prime ideal is graded (S(+)0)-2-prime whenever the zero graded ideal
is graded (S(+)0)-2-prime. o

Recall that a graded ring T is said to be graded von Neumann regular if, for every a € h(T),
there exists b € h(T) such that a = a?b; see [8].

Theorem 2.11. Let S C h(T) be an m.c.s. of T.

(i) If T is a graded S-integral domain, then every GWS2P-ideal of T is a GS2P-ideal.
(ii) Conversely, if T is a graded von Neumann regular ring and every GWS2P-ideal of T is GS2P-ideal,
then T is a graded S-integral domain.

Proof. (i) Let © be a GWS2P-ideal of T associated with s € S, and leta, b € h(T) satisfy ab € D.

If ab # 0, then sa® € D or sb? € D by the definition of a graded weakly S-2-prime ideal. If ab = 0,
then, since T is a graded S-integral domain, we have sa = 0 or sb = 0. Consequently, sa*> = 0 € D
or sb? = 0 € D. Therefore, D is a GS2P-ideal of I.

(ii) Assume that T is graded von Neumann regular and that every GWS2P-ideal of T is GS2P-
ideal. Since (0) is always a GWS2P-ideal, it follows that (0) is a GS2P-ideal of <.

Leta, b € h(¥) withab = 0. Since (0) is GS2P, we have sa? = 0 orsb®> = 0. Hencea € Grad((0 :x s))
orb e Grad((0 :x s)). By [2, Proposition 8],

Grad((0:xs)) = (0:xs)

because T is graded von Neumann regular. Therefore, a € (0 :x s) orb € (0 :1x s), and thus sa = 0
or sb = 0. Consequently, T is a graded S-integral domain. m]

Let V and W be commutative graded rings, let | be a graded ideal of W, and let¢p : V — W be a
graded ring homomorphism. The amalgamation of V with W along | with respect to ¢ is denoted
by Ve« J. If I is a graded ideal of V, then I =¥ | = {(i, (i) +j) | i € I, j € J} is a graded ideal of
Ve<® J[7]. Let S € h(V) be an m.c.s. of V, and define S ><® 0 = {(s,¢(s)) | s € S}. Then S »? 0 is
an m.c.s. of V < |.

Theorem 2.12. Let f : V — W be a graded ring homomorphism, let I be a graded ideal of W, and let
S C h(V) bean m.cs. of V. If © »<f T is a graded weakly (S v<f 0)-2-prime ideal of V »</ I, then D is a
GWS2P-ideal of V.

Proof. Assume that D > [ is a graded weakly (S </ 0)-2-prime ideal of V »</ I associated with
(s, f(s)) € S»f 0.
Let ag, by, € h(V) such that 0 # agby, € D. Then

(0,0) # (ag, f(ag)) (b, £(bn)) = (aghy, f(aghy)) € D o</ L.
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Since D »<f [ is graded weakly (S >/ 0)-2-prime, either
(s, £(5))(ag, flag))* € Do/ 1

or
(5, f(5)) (bw, f(br))? € Do/ 1.
Hence,
(52, f(s2)) € D>/ 1
or
(b2, f(sb?)) € Do L.
Therefore, saé, € Dor sbﬁ € D, showing that D is a GWS2P-ideal of V. 0

Theorem 2.13. Let f : V. — W be a graded ring homomorphism, let I be a graded ideal of W, and let
S Ch(V) be an m.c.s. of V. Suppose that D is a graded weakly S-2-prime ideal of V which is not a graded
S-2-prime ideal. If f(a)l = 0 = f(b)I for every graded S-double-zero (a,b) of ®, and I?> = 0, then D v<f I
is a graded weakly (S »<f 0)-2-prime ideal of V v</ 1.

Proof. Let (s, f(s)) € S 0, where s € S is associated with D. Suppose that

(0,0) # (ag, f(ag) + ig) (bn, f(ba) + jn) € D>/ I,

where ag, by, € h(V) and ig, j, € INh(W).
Since the first component of the product belongs to ©, we have ab;, € D.
Case 1. agby, # 0.
Since D is a graded weakly S-2-prime ideal of V, sag, €Dor sbfZ € ©. Hence

(s, f(5))(ag, f(ag) +ig)* € Dol I
(5, £(5)) (b, f(Bn) + ju)? € Dol L
Case 2. agb;, = 0.

Assume that sai, ¢ D and sbi ¢ ©. Then (ag, by) is a graded S-double-zero of D. By hypothesis,
f(ag)I =0 = f(by)I. Therefore,

(ag, f(ag) +ig)(by, f(bn) + jn)
= (agby, f(agby) + f(ag)jn+ f(bn)ig +igjn)
=(0,0),
since agh, = 0, f(a,)] = 0 = f(by)], and I* = 0. This contradicts the assumption that the product

is nonzero. Hence saé € Dor sbi e D.

Therefore,
(s, f(5)) (ag, flag) +ig)* € Do/ I
or

(5, £(5)) (b f(bi) + )2 € D o<l L
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Thus D >/ [ is a graded weakly (S </ 0)-2-prime ideal of V »</ I. o
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