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Abstract. Let G be a group with identity e, let T be a commutative G-graded ring, and let S ⊆ h(T) be a multiplicatively

closed subset of T. In this paper, we introduce and study graded weakly S-2-prime ideals, which extend the notion of

graded weakly 2-prime ideals in graded commutative rings. We establish several basic properties and characterizations

of these ideals and investigate their relationship with graded S-2-prime ideals. In particular, we examine the role

of graded S-double-zeros and obtain conditions under which graded weakly S-2-prime ideals coincide with graded

S-2-prime ideals. We further study these ideals in graded idealizations and amalgamated algebras. Several examples

are included to illustrate the main concepts and results.

1. Introduction

Throughout this paper, G denotes a group with identity e, and T denotes a commutative G-

graded ring with identity 1 , 0. Thus

T =
⨁︂
g∈G

Tg

with TgTh ⊆ Tgh for all g, h ∈ G. An element a ∈ T is called homogeneous if a ∈ Tg for some g ∈ G,

and the set of all homogeneous elements of T is denoted by

h(T) =
⋃︂
g∈G

Tg.

A proper graded ideal of T will be referred to simply as a graded ideal. For background on

graded rings and graded ideals, we refer the reader to ( [5] and [8]).

Let S ⊆ h(T) be a multiplicatively closed subset of T; that is, 0 < S, 1 ∈ S, and ab ∈ S for all

a, b ∈ S. Throughout the paper, S will denote such a subset.
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Graded prime ideals and their generalizations have been studied extensively in graded com-

mutative algebra. A proper graded ideal D of T is called graded prime if, whenever r, t ∈ h(T)
satisfy rt ∈ D, then r ∈ D or t ∈ D, see [10].

A further generalization was introduced in [6] under the name of graded 2-prime ideals. A

proper graded ideal D of T is called graded 2-prime if, whenever r, t ∈ h(T) satisfy rt ∈ D, then

r2
∈ D or t2

∈ D.

More recently, graded weakly 2-prime ideals were studied in [3]. A graded idealD of T is called

a graded weakly 2-prime ideal (GW2P-ideal) if, whenever r, t ∈ h(T) satisfy 0 , rt ∈ D, then r2
∈ D

or t2
∈ D.

Motivated by these developments, we introduce and study graded weakly S-2-prime ideals,

which extend the notion of graded weakly 2-prime ideals in graded commutative rings. We estab-

lish several basic properties and characterizations of these ideals and investigate their relationship

with graded S-2-prime ideals.

2. Results

Definition 2.1. Let T be a G-graded ring, S ⊆ h(T) be an m.c.s. of T, and D a proper graded ideal of T
with D∩ S = ∅. We call D a graded weakly S-2-prime ideal of T (GWS2P-ideal) associated with s if
there exists s ∈ S such that for all a, b ∈ h(T),

0 , ab ∈ D =⇒ sa2
∈ D or sb2

∈ D.

Definition 2.2. LetT =
⨁︁

g∈G Tg be a G-graded ring, g ∈ G, S ⊆ Te an m.c.s. of T, and D a proper
graded ideal of T with D∩ S = ∅.

(i) D is called a g-S-2-prime ideal of T associated with s if there exists s ∈ S such that for all a, b ∈ Tg,

ab ∈ D =⇒ sa2
∈ D or sb2

∈ D.

(ii) D is called a g-weakly S-2-prime ideal of T associated with s if there exists s ∈ S such that for all
a, b ∈ Tg,

0 , ab ∈ D =⇒ sa2
∈ D or sb2

∈ D.

Clearly, every graded weakly 2-prime ideal of T disjoint from an m.c.s. S ⊆ h(T) is a GWS2P-

ideal of T. Furthermore, when S ⊆ U(T), the classes of GW2P-ideals and GWS2P-ideals of T

coincide.

Example 2.1. Let T = Z[X] be graded by Ti = ZXi for i ≥ 0 and Ti = {0} otherwise. Set D =

5XT and S = {5n : n ∈ N ∪ {0}} ⊆ h(T). Then D is a proper graded ideal of T and D ∩ S = ∅. We
show that D is a GWS2P-ideal of T with respect to s = 5, but that D is not a GW2P-ideal.

Let f (X), g(X) ∈ h(T) such that 0 , f (X)g(X) ∈ D. Since D ⊆ XT and XT is a graded prime ideal of
T (T/XT � Z), it follows that f (X) ∈ XT or g(X) ∈ XT. If f (X) = Xh(X), then 5 f 2(X) = 5X2h2(X) ∈

5XT = D. Likewise, if g(X) ∈ XT, then 5g2(X) ∈ D. Hence D is a GWS2P-ideal of T with respect to
s = 5.
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On the other hand, 0 , 5X ∈ D, whereas 25 < 5XT and X2 < 5XT. Thus the defining condition of a
GW2P-ideal fails for the homogeneous elements 5 and X. Therefore, D is not a GW2P-ideal.

Theorem 2.1. Let S ⊆ Te be an m.c.s. of T, let g ∈ G, and let D be a g-weakly S-2-prime ideal of T. If D
is not a g-S-2-prime ideal of T, then D2

g = (0). Consequently, Grad(Dg) ⊆ Grad(0T).

Proof. Assume, to the contrary, thatD2
g , (0). We show thatD is a g-S-2-prime ideal of T, yielding

a contradiction.

Let ag, bg ∈ Tg such that agbg ∈ Dg.

If agbg , 0, then, since D is g-weakly S-2-prime, there exists se ∈ S such that sea2
g ∈ Dg or

seb2
g ∈ Dg. Suppose now that agbg = 0. If agDg , 0, choose xg ∈ Dg such that agxg , 0. Then

0 , agxg = ag(xg + bg) ∈ Dg. Since D is g-weakly S-2-prime, there exists se ∈ S such that sea2
g ∈ Dg

or se(xg + bg)2
∈ Dg. Since xg ∈ Dg, it follows that sea2

g ∈ Dg or seb2
g ∈ Dg. Similarly, if bgDg , 0,

then sea2
g ∈ Dg or seb2

g ∈ Dg. Now assume that agDg = 0 and bgDg = 0. Since D2
g , (0), there exist

xg, yg ∈ Dg such that xgyg , 0. Hence 0 , (ag + xg)(bg + yg) = xgyg ∈ Dg. Therefore, there exists

se ∈ S such that se(ag + xg)2
∈ Dg or se(bg + yg)2

∈ Dg. Since xg, yg ∈ Dg, it follows that sea2
g ∈ Dg

or seb2
g ∈ Dg.

Thus, agbg ∈ Dg =⇒ sea2
g ∈ Dg or seb2

g ∈ Dg. Hence D is a g-S-2-prime ideal of T, contrary

to the hypothesis. Therefore, D2
g = (0). Let xg ∈ Grad(Dg). Then xn

g ∈ Dg for some positive

integer n. Since D2
g = (0), we obtain x2n

g ∈ D
2
g = (0), and hence xg ∈ Grad(0T). Therefore,

Grad(Dg) ⊆ Grad(0T). □

Theorem 2.2. Let φ : T −→ T̃ be a graded ring homomorphism such that φ(1T) = 1T̃, and let S ⊆ h(T)
be an m.c.s. of T. Then the following statements hold:

(i) If φ is a graded epimorphism and D is a GWS2P-ideal of T with ker(φ) ⊆ D, then φ(D) is a
GWφ(S)2P-ideal of T̃.

(ii) If φ is a graded monomorphism and D̃ is a GWφ(S)2P-ideal of T̃ such that 0T̃ < φ(S), then φ−1(D̃)

is a GWS2P-ideal of T.

Proof. (i) Let D be a GWS2P-ideal of T associated with s ∈ S and suppose that ker(φ) ⊆ D. Since

φ is a graded epimorphism, φ(D) is a graded ideal of T̃ and φ(S) is a multiplicatively closed

subset of h(T̃). Moreover, 0T̃ < φ(S); otherwise, there exists u ∈ S such that φ(u) = 0T̃. Hence

u ∈ ker(φ) ⊆ D, contradicting D∩ S = ∅.

Assume that y ∈ φ(S) ∩ φ(D). Then y = φ(u) = φ(q) for some u ∈ S and q ∈ D. Thus

u− q ∈ ker(φ) ⊆ D, and so u = (u− q) + q ∈ D, a contradiction. Therefore, φ(S)∩φ(D) = ∅.
Let a′, b′ ∈ h(T̃) such that 0T̃ , a′b′ ∈ φ(D). Since φ is surjective, there exist a, b ∈ h(T) such

that φ(a) = a′ and φ(b) = b′. Then 0T̃ , φ(ab) = a′b′ ∈ φ(D). Hence there exists q ∈ D such that

φ(ab) = φ(q). Therefore ab − q ∈ ker(φ) ⊆ D, which implies that ab ∈ D. Since φ(ab) , 0T̃, we

have ab , 0T. As D is a GWS2P-ideal, it follows that sa2
∈ D or sb2

∈ D. Applying φ, we obtain

φ(s)(a′)2 = φ(sa2) ∈ φ(D) or φ(s)(b′)2 = φ(sb2) ∈ φ(D). Hence φ(D) is a GWφ(S)2P-ideal of T̃.
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(ii) Let D̃ be a GWφ(S)2P-ideal of T̃ associated with φ(s) ∈ φ(S), where s ∈ S. Since D̃ is graded,

φ−1(D̃) is a graded ideal of T. Assume that r ∈ φ−1(D̃)∩ S. Then φ(r) ∈ D̃∩φ(S), a contradiction.

Therefore φ−1(D̃)∩ S = ∅.

Let a, b ∈ h(T) such that 0T , ab ∈ φ−1(D̃). Since φ is injective, 0T̃ , φ(ab) = φ(a)φ(b) ∈ D̃.

Since D̃ is a GWφ(S)2P-ideal, φ(s)(φ(a))2
∈ D̃ or φ(s)(φ(b))2

∈ D̃. Equivalently, φ(sa2) ∈

D̃ or φ(sb2) ∈ D̃. Hence sa2
∈ φ−1(D̃) or sb2

∈ φ−1(D̃). Therefore φ−1(D̃) is a GWS2P-ideal

of T. □

Let S ⊆ h(T) be an m.c.s. of T, and let P ⊆ D be graded ideals of T such that D∩ S = ∅. Define

S̄ = {s + P : s ∈ S}. Then S̄ is an m.c.s. of T/P. Moreover, (D/P)∩ S̄ = ∅.

Corollary 2.1. Let S ⊆ h(T) be an m.c.s. of T. Then:

(i) Let J ⊆ K be graded ideals of T. If K is a GWS2P-ideal of T, then K/J is a graded weakly S̄-2-prime
ideal of T/J.

(ii) Let T be a graded subring of T̃. If K̃ is a GWS2P-ideal of T̃, then K̃ ∩T is a GWS2P-ideal of T.

Proof. (i) Let φ : T −→ T/J be defined by φ(r) = r + J. Then φ is a graded epimorphism with

ker(φ) = J ⊆ K. Since S̄ = {s + J : s ∈ S} is an m.c.s. of T/J, Theorem 2.2(i) implies that

φ(K) = K/J is a graded weakly S̄-2-prime ideal of T/J.
(ii) Consider the inclusion homomorphism h : T −→ T̃ defined by h(r) = r. Then h is a graded

monomorphism. Since K̃ is a GWS2P-ideal of T̃, Theorem 2.2(ii) yields that h−1(K̃) = K̃ ∩T
is a GWS2P-ideal of T.

□

Theorem 2.3. Let T1 and T2 be G-graded rings, and let T = T1 ×T2. Let S = S1 × S2, where S1 ⊆ (T1)e

and S2 ⊆ (T2)e are m.c.s.’s of T1 and T2, respectively. Suppose that D1 and D2 are nonzero proper graded
ideals of T1 and T2, respectively. Then the following statements are equivalent:

(i) D = D1 ×D2 is an e-weakly S-2-prime ideal of T.
(ii) Either D1 is an e-S1-2-prime ideal of T1 and S2 ∩D2 , ∅, or D2 is an e-S2-2-prime ideal of T2 and

S1 ∩D1 , ∅.
(iii) D = D1 ×D2 is an e-S-2-prime ideal of T.

Proof. (i) ⇒ (ii). Assume that D = D1 ×D2 is an e-weakly S-2-prime ideal of T associated with

s = (s1e, s2e) ∈ S.

Let (ae, be) ∈ D ∩ Te with (ae, be) , (0, 0). Then (ae, be) = (ae, 1)(1, be) ∈ D. Since D is an

e-weakly S-2-prime ideal, (s1e, s2e)(ae, 1)2
∈ D or (s1e, s2e)(1, be)2

∈ D. Hence, (s1ea2
e , s2e) ∈ D or

(s1e, s2eb2
e ) ∈ D. Therefore, s2e ∈ D2 or s1e ∈ D1, and consequently S2 ∩D2 , ∅ or S1 ∩D1 , ∅.

Assume that S2 ∩D2 , ∅. Since S ∩D = ∅, it follows that S1 ∩D1 = ∅. Let xe, ye ∈ (T1)e

such that xeye ∈ D1. Choose me ∈ S2 ∩D2. Then 0 , (xe, me)(ye, 1) ∈ D. Since D is an e-weakly

S-2-prime ideal, (s1ex2
e , s2em2

e ) ∈ D or (s1ey2
e , s2e) ∈ D. Thus, s1ex2

e ∈ D1 or s1ey2
e ∈ D1. Hence, D1 is

an e-S1-2-prime ideal of T1.
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The proof for the case S1 ∩D1 , ∅ is analogous.

(ii) ⇒ (iii). Assume that D1 is an e-S1-2-prime ideal of T1 associated with s1e ∈ S1 and that

S2 ∩D2 , ∅.

Let (ae, be), (ce, de) ∈ Te such that (ae, be)(ce, de) ∈ D. Then aece ∈ D1. Since D1 is an e-S1-2-prime

ideal, s1ea2
e ∈ D1 or s1ec2

e ∈ D1.

Choose s2e ∈ S2 ∩D2. Then s2eb2
e , s2ed2

e ∈ D2. Hence, (s1ea2
e , s2eb2

e ) ∈ D or (s1ec2
e , s2ed2

e ) ∈ D.

Therefore, (s1e, s2e)(ae, be)2
∈ D or (s1e, s2e)(ce, de)2

∈ D. Thus, D is an e-S-2-prime ideal of T.

The argument is similar when D2 is an e-S2-2-prime ideal of T2 and S1 ∩D1 , ∅.

(iii)⇒ (i). This follows directly from the definitions. □

Let D be a graded ideal of T. Following [9], define G-ZD[T] = { z ∈ h(T) : zt ∈ D for some t ∈
h(T) \D }. If D = (0), then G-ZD[T] coincides with the set of all homogeneous zero divisors of

T. In this case, we write G-Zd[T] = G-Z(0)[T]. The set of all homogeneous regular elements of T,

namely, the homogeneous non-zero divisors of T, is denoted by G-reg(T) = h(T) \G-Zd[T].

Theorem 2.4. Let S, S′ ⊆ h(T) be m.c.s.’s of T, and let D be a graded ideal of T. If D is a graded weakly
S′-2-prime ideal of T such that D ∩ S = ∅, then S−1D is a graded weakly S−1S′-2-prime ideal of S−1T.
Conversely, if S−1D is a graded weakly S−1S′-2-prime ideal of S−1T, G-ZD[T]∩ S = ∅, and S ⊆ G-reg(T),
then D is a graded weakly S′-2-prime ideal of T.

Proof. Assume that D is a graded weakly S′-2-prime ideal of T associated with s′ ∈ S′. Since

D∩ S = ∅, we have S−1D∩ S−1S′ = ∅.
Let 0 , α

s1

β
s2

=
αβ

s1s2
∈ S−1D, where α, β ∈ h(T) and s1, s2 ∈ S. Then there exists s3 ∈ S such

that 0 , s3αβ ∈ D. Since D is a graded weakly S′-2-prime ideal, s′(s3α)2
∈ D or s′β2

∈ D. Hence
s′
1

(︂
α
s1

)︂2
= s′

1

(︂
s3α
s3s1

)︂2
∈ S−1D or s′

1

(︂
β
s2

)︂2
∈ S−1D. Therefore S−1D is a graded weakly S−1S′-2-prime

ideal of S−1T.

Conversely, assume that S−1D is a graded weakly S−1S′-2-prime ideal of S−1T associated with
s′
s ∈ S−1S′. Let 0 , αβ ∈ D for some α, β ∈ h(T). Since S ⊆ G-reg(T), 0 , α

1
β
1 ∈ S−1D. Hence(︂

s′
s

)︂ (︂
α
1

)︂2
∈ S−1D or

(︂
s′
s

)︂ (︂
β
1

)︂2
∈ S−1D. Therefore there exists s1 ∈ S such that s1s′α2

∈ D or s1s′β2
∈ D.

Since G-ZD[T] ∩ S = ∅, it follows that s′α2
∈ D or s′β2

∈ D. Thus D is a graded weakly S′-2-prime

ideal of T. □

Theorem 2.5. Let S ⊆ h(T) be an m.c.s. of T, and let D be a graded ideal of T such that D∩ S = ∅. Then
the following statements are equivalent:

(i) D is a GWS2P-ideal of T associated with s ∈ S.
(ii) For every r ∈ h(T) with r2 < (D :T s), (D :T r)∩ h(T) ⊆ (0 :T r)∪ {t ∈ h(T) : st2

∈ D}.

Proof. (i) ⇒ (ii). Assume that D is a GWS2P-ideal of T associated with s ∈ S. Let r, t ∈ h(T) such

that r2 < (D :T s) and t ∈ (D :T r). Then tr ∈ D.

If tr = 0, then t ∈ (0 :T r). Suppose that tr , 0. Since 0 , tr ∈ D and sr2 < D, the definition of

a GWS2P-ideal yields st2
∈ D. Hence t ∈ {x ∈ h(T) : sx2

∈ D}. Therefore (D :T r) ∩ h(T) ⊆ (0 :T
r)∪ {t ∈ h(T) : st2

∈ D}.
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(ii) ⇒ (i). Let a, b ∈ h(T) such that 0 , ab ∈ D and assume that sa2 < D. Then a2 < (D :T s)
and b ∈ (D :T a). Since ab , 0, we have b < (0 :T a). Applying (ii) with r = a, it follows that

b ∈ {t ∈ h(T) : st2
∈ D}. Hence sb2

∈ D. Therefore D is a GWS2P-ideal of T. □

Let T be a G-graded ring and let S ⊆ h(T) be an m.c.s. of T. Recall that a proper graded ideal

D of T is called a graded S-2-prime ideal (briefly, a GS2P-ideal) associated with s ∈ S if, for all

α, β ∈ h(T) with αβ ∈ D, one has sα2
∈ D or sβ2

∈ D; see [4].

Definition 2.3. Let S ⊆ h(T) be an m.c.s. of T, and let D be a GWS2P-ideal of T associated with s ∈ S.

(i) Let a, b ∈ h(T). The pair (a, b) is called a graded S-double-zero of D if ab = 0, sa2 < D, and sb2 < D.
(ii) Let W and J be graded ideals of T such that WJ ⊆ D. If no pair (a, b) ∈ (W ∩ h(T)) × (J ∩ h(T)) is

a graded S-double-zero of D, then D is said to be free of graded S-double-zeros with respect to WJ.

Remark 2.1. A GWS2P-ideal ofTwith no graded S-double-zeros is necessarily a GS2P-ideal. Consequently,
every GWS2P-ideal that is not GS2P admits a graded S-double-zero.

For a graded ideal D of T, let D[m] =
⟨︁
am : a ∈ h(T)∩D

⟩︁
denote the graded ideal generated by

the m-th powers of homogeneous elements of D. Then D[m] ⊆ Dm
⊆ D, with equality when m = 1

(see [1]).

Theorem 2.6. Let S ⊆ h(T) be an m.c.s. of T, and let D be a GWS2P-ideal of T associated with s ∈ S.
Suppose that P is a proper graded ideal of T such that aP ⊆ D for some a ∈ h(T). If (a, p) is not a graded
S-double-zero of D for every p ∈ P, and sa2 < D, then sP[2] ⊆ D.

Proof. Suppose that sP[2] ⊈ D. Then there exists p ∈ P∩ h(T) such that sp2 < D. Since aP ⊆ D, we

have ap ∈ D. If ap , 0, then sa2
∈ D or sp2

∈ D, a contradiction. Hence ap = 0. Since (a, p) is not a

graded S-double-zero of D and sa2 < D, it follows that sp2
∈ D, again a contradiction. Therefore,

sP[2] ⊆ D. □

Theorem 2.7. Let S ⊆ h(T) be an m.c.s. of T, and let D be a GWS2P-ideal of T associated with s ∈ S.
Suppose that A and B are proper graded ideals of T satisfying 0 , AB ⊆ D. If D is free of graded
S-double-zeros with respect to AB, then either sA[2] ⊆ D or sB[2] ⊆ D.

Proof. Assume that sA[2] ⊈ D. Then there exists a ∈ A ∩ h(T) such that sa2 < D. Since AB ⊆ D,

we have aB ⊆ D. Moreover, because D is free of graded S-double-zeros with respect to AB, the

pair (a, b) is not a graded S-double-zero of D for every b ∈ B∩ h(T). Therefore, by Theorem 2.6, it

follows that sB[2] ⊆ D. Hence either sA[2] ⊆ D or sB[2] ⊆ D. □

Theorem 2.8. Let G be an abelian group, T a G-graded ring, M a G-graded T-module, S ⊆ h(T) an m.c.s.
of T, and D a proper graded ideal of T with D∩ S = ∅. Then the following statements are equivalent:

(i) D(+)M is a graded weakly (S(+)M)-2-prime ideal of T(+)M.
(ii) D(+)M is a graded weakly (S(+)0)-2-prime ideal of T(+)M.

(iii) D is a graded weakly S-2-prime ideal ofT associated with some s ∈ S, and whenever a, b ∈ h(T) satisfy
ab = 0, sa2 < D, and sb2 < D, one has a, b ∈ AnnT(M).
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Proof. (i) ⇒ (iii). Assume that D(+)M is a graded weakly (S(+)M)-2-prime ideal of T(+)M
associated with (s, m) ∈ S(+)M.

Let a, b ∈ h(T)with 0 , ab ∈ D. Then (0, 0) , (a, 0)(b, 0) ∈ D(+)M. Hence, (s, m)(a, 0)2
∈ D(+)M

or (s, m)(b, 0)2
∈ D(+)M. Therefore, (sa2, ma2) ∈ D(+)M or (sb2, mb2) ∈ D(+)M, which yields

sa2
∈ D or sb2

∈ D. Thus D is a graded weakly S-2-prime ideal of T. Now let ag, bg ∈ h(T) satisfy

agbg = 0, sa2
g < D, and sb2

g < D. Suppose that ag < AnnT(M). Then there exists m′g ∈M∩ h(M) such

that agm′g , 0. Consequently, (0, 0) , (ag, 0)(bg, m′g) ∈ D(+)M. Since D(+)M is graded weakly

(S(+)M)-2-prime, (s, m)(ag, 0)2
∈ D(+)M or (s, m)(bg, m′g)2

∈ D(+)M. In either case, the first

component belongs to D, and hence sa2
g ∈ D or sb2

g ∈ D, a contradiction. Therefore ag ∈ AnnT(M).

Similarly, bg ∈ AnnT(M).

(iii)⇒ (ii). Let (0, 0) , (a, m)(b, m′) ∈ D(+)M, where (a, m), (b, m′) ∈ h(T(+)M).

If ab , 0, then 0 , ab ∈ D, and since D is graded weakly S-2-prime, we have sa2
∈ D or sb2

∈ D.

Hence (s, 0)(a, m)2
∈ D(+)M or (s, 0)(b, m′)2

∈ D(+)M.

Assume now that ab = 0. If both sa2 < D and sb2 < D, then by (iii), a, b ∈ AnnT(M). It follows

that (a, m)(b, m′) = (0, 0), contrary to assumption. Therefore, sa2
∈ D or sb2

∈ D, and again

(s, 0)(a, m)2
∈ D(+)M or (s, 0)(b, m′)2

∈ D(+)M. Thus D(+)M is a graded weakly (S(+)0)-2-

prime ideal of T(+)M.

(ii)⇒ (i). Since (S(+)0) ⊆ (S(+)M), every graded weakly (S(+)0)-2-prime ideal of T(+)M is

automatically a graded weakly (S(+)M)-2-prime ideal. Hence (i) follows. □

Theorem 2.9. Let G be an abelian group, T a G-graded ring, M a G-graded T-module, S ⊆ h(T) an m.c.s.
of T, and D a proper graded ideal of T with D∩ S = ∅. Then the following statements are equivalent:

(i) D(+)M is a graded weakly (S(+)0)-2-prime ideal of T(+)M.
(ii) D(+)M is a graded weakly (S(+)M)-2-prime ideal of T(+)M.

(iii) D is a graded weakly S-2-prime ideal of T, and for every graded S-double-zero (a, b) of D, one has
aM = 0 = bM.

Proof. The result follows immediately from Theorem 2.8. □

It follows that every GWS2P-ideal of T is GS2P-ideal if and only if (0) is a GS2P-ideal of T.

Recall that a graded commutative ring Twith identity 1T is called a graded S-integral domain if

there exists s ∈ S such that, for all a, b ∈ h(T) with ab = 0, one has sa = 0 or sb = 0, where S ⊆ h(T)
is an m.c.s. of T.

Theorem 2.10. Let T be a graded S-integral domain, M a G-graded T-module, and S ⊆ h(T) an m.c.s. of
T. Then a graded ideal D of T(+)M is a graded weakly (S(+)0)-2-prime ideal of T(+)M if and only if it
is a graded (S(+)0)-2-prime ideal of T(+)M.

Proof. It suffices to show that the zero graded ideal of T(+)M is a graded (S(+)0)-2-prime ideal.

Since 0 < S, we have ((0, 0)) ∩ (S(+)0) = ∅. Let (α, a), (β, b) ∈ h(T(+)M) satisfy (α, a)(β, b) =
(0, 0). Then (αβ,αb + βa) = (0, 0), and hence αβ = 0. Since T is a graded S-integral domain, there
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exists s ∈ S such that sα = 0 or sβ = 0. If sα = 0, then (s, 0)(α, a)2 = (s, 0)(α2, 2αa) = (sα2, 2sαa) =
(0, 0). Similarly, if sβ = 0, then (s, 0)(β, b)2 = (0, 0). Therefore, the zero graded ideal of T(+)M is

a graded (S(+)0)-2-prime ideal of T(+)M. The conclusion now follows from the fact that every

graded weakly (S(+)0)-2-prime ideal is graded (S(+)0)-2-prime whenever the zero graded ideal

is graded (S(+)0)-2-prime. □

Recall that a graded ring T is said to be graded von Neumann regular if, for every a ∈ h(T),
there exists b ∈ h(T) such that a = a2b; see [8].

Theorem 2.11. Let S ⊆ h(T) be an m.c.s. of T.

(i) If T is a graded S-integral domain, then every GWS2P-ideal of T is a GS2P-ideal.
(ii) Conversely, if T is a graded von Neumann regular ring and every GWS2P-ideal of T is GS2P-ideal,

then T is a graded S-integral domain.

Proof. (i) Let D be a GWS2P-ideal of T associated with s ∈ S, and let a, b ∈ h(T) satisfy ab ∈ D.

If ab , 0, then sa2
∈ D or sb2

∈ D by the definition of a graded weakly S-2-prime ideal. If ab = 0,

then, since T is a graded S-integral domain, we have sa = 0 or sb = 0. Consequently, sa2 = 0 ∈ D

or sb2 = 0 ∈ D. Therefore, D is a GS2P-ideal of T.

(ii) Assume that T is graded von Neumann regular and that every GWS2P-ideal of T is GS2P-

ideal. Since (0) is always a GWS2P-ideal, it follows that (0) is a GS2P-ideal of T.

Let a, b ∈ h(T)with ab = 0. Since (0) is GS2P, we have sa2 = 0 or sb2 = 0. Hence a ∈ Grad((0 :T s))
or b ∈ Grad((0 :T s)). By [2, Proposition 8],

Grad((0 :T s)) = (0 :T s)

because T is graded von Neumann regular. Therefore, a ∈ (0 :T s) or b ∈ (0 :T s), and thus sa = 0

or sb = 0. Consequently, T is a graded S-integral domain. □

Let V and W be commutative graded rings, let J be a graded ideal of W, and let φ : V →W be a

graded ring homomorphism. The amalgamation of V with W along J with respect to φ is denoted

by V ▷◁φ J. If I is a graded ideal of V, then I ▷◁φ J = {(i,φ(i) + j) | i ∈ I, j ∈ J} is a graded ideal of

V ▷◁φ J [7]. Let S ⊆ h(V) be an m.c.s. of V, and define S ▷◁φ 0 = {(s,φ(s)) | s ∈ S}. Then S ▷◁φ 0 is

an m.c.s. of V ▷◁φ J.

Theorem 2.12. Let f : V −→ W be a graded ring homomorphism, let I be a graded ideal of W, and let
S ⊆ h(V) be an m.c.s. of V. If D ▷◁ f I is a graded weakly (S ▷◁ f 0)-2-prime ideal of V ▷◁ f I, then D is a
GWS2P-ideal of V.

Proof. Assume that D ▷◁ f I is a graded weakly (S ▷◁ f 0)-2-prime ideal of V ▷◁ f I associated with

(s, f (s)) ∈ S ▷◁ f 0.

Let ag, bh ∈ h(V) such that 0 , agbh ∈ D. Then

(0, 0) , (ag, f (ag))(bh, f (bh)) = (agbh, f (agbh)) ∈ D ▷◁
f I.
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Since D ▷◁ f I is graded weakly (S ▷◁ f 0)-2-prime, either

(s, f (s))(ag, f (ag))
2
∈ D ▷◁ f I

or

(s, f (s))(bh, f (bh))
2
∈ D ▷◁ f I.

Hence,

(sa2
g, f (sa2

g)) ∈ D ▷◁
f I

or

(sb2
h, f (sb2

h)) ∈ D ▷◁
f I.

Therefore, sa2
g ∈ D or sb2

h ∈ D, showing that D is a GWS2P-ideal of V. □

Theorem 2.13. Let f : V → W be a graded ring homomorphism, let I be a graded ideal of W, and let
S ⊆ h(V) be an m.c.s. of V. Suppose that D is a graded weakly S-2-prime ideal of V which is not a graded
S-2-prime ideal. If f (a)I = 0 = f (b)I for every graded S-double-zero (a, b) of D, and I2 = 0, then D ▷◁ f I
is a graded weakly (S ▷◁ f 0)-2-prime ideal of V ▷◁ f I.

Proof. Let (s, f (s)) ∈ S ▷◁ f 0, where s ∈ S is associated with D. Suppose that

(0, 0) , (ag, f (ag) + ig)(bh, f (bh) + jh) ∈ D ▷◁ f I,

where ag, bh ∈ h(V) and ig, jh ∈ I ∩ h(W).

Since the first component of the product belongs to D, we have agbh ∈ D.

Case 1. agbh , 0.

Since D is a graded weakly S-2-prime ideal of V, sa2
g ∈ D or sb2

h ∈ D. Hence

(s, f (s))(ag, f (ag) + ig)
2
∈ D ▷◁ f I

or

(s, f (s))(bh, f (bh) + jh)2
∈ D ▷◁ f I.

Case 2. agbh = 0.

Assume that sa2
g < D and sb2

h < D. Then (ag, bh) is a graded S-double-zero of D. By hypothesis,

f (ag)I = 0 = f (bh)I. Therefore,

(ag, f (ag) + ig)(bh, f (bh) + jh)

= (agbh, f (agbh) + f (ag) jh + f (bh)ig + ig jh)

= (0, 0),

since agbh = 0, f (ag)I = 0 = f (bh)I, and I2 = 0. This contradicts the assumption that the product

is nonzero. Hence sa2
g ∈ D or sb2

h ∈ D.

Therefore,

(s, f (s))(ag, f (ag) + ig)
2
∈ D ▷◁ f I

or

(s, f (s))(bh, f (bh) + jh)2
∈ D ▷◁ f I.
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Thus D ▷◁ f I is a graded weakly (S ▷◁ f 0)-2-prime ideal of V ▷◁ f I. □
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