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Abstract. We transplant to Fy[x] the augmented-matrix elementary row operation (ERO) framework for continued
fractions of rational numbers, and extend it there from the terminating case to quadratic irrational Laurent series
in F4((1/x)), whose expansion is infinite. The state of the algorithm is the vector v, = (VD + my, Q¢)T, one row
operation followed by a row swap sends vy to —aj11 Ux+1, and we show that the accumulated scalar of the process is
exactly (pi + gx VD)™': the machine therefore returns not only the convergents but the associated algebraic integers
of O = Fylx] VD]. Reading the construction at the infinite place gives the exact non-archimedean error equality
ot — pr/qil = q~ (989 +deg 1) for the infinite expansion, whence every convergent is a strict best rational approximation
for the degree valuation. From the determinant invariant we obtain a norm form, and we recover within the framework
the classical facts that the expansion of VD is periodic from the first partial quotient onwards with palindromic period,
and that the fundamental solution of the polynomial Pell-Abel equation P2_DQ%e ]F;< is the convergent at the end of
the quasi-period n — not of the period ¢, from which n differs for a substantial proportion of D in every range we have
computed — the regulator being R = d + degg,,—1, i.e. minus the degree of the accumulated scalar. Periodicity and the
distinction between period and quasi-period, unlike the error equality, are genuinely finite-field phenomena. What the
construction offers is uniformity of derivation rather than new theorems: all of this is classical and is recovered rather
than claimed, including the determination, for deg D = 2, of exactly how often the period exceeds the quasi-period, the

proportion being (9 —2)/(q-1).

1. INTRODUCTION

The convergents pi/qx of a continued fraction furnish the best rational approximations to its
value [5,6,14], a fact whose function-field incarnation has been studied extensively [4,7,11,13].
For a rational number a/b with a,b € Z, an augmented-matrix framework realises the Euclidean

algorithm as elementary row operations on [I | v], v = (a,b)", so that the convergent pairs and
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the Bézout data are read off the accumulated matrix through a determinant invariant [20]; over Z
the error is governed by the classical two-sided bounds m <la/b—Ar/Byl £ BkB;kJrl’ where
A/ By denotes the k-th convergent [5,6]. The present paper transplants the construction from Z
to IF,[x], where two things change. The absolute value at the infinite place is non-archimedean,
so the two-sided interval collapses to an exact error equality; and, once « is a quadratic irrational
rather than a rational function, the process no longer terminates. The Euclidean algorithm in IF, [x|
is of course also the engine of algebraic decoding: that it solves the Reed-Solomon key equation is
classical [18,19].

The rational case produces a finite expansion. In this paper we pass to quadratic irrational
Laurent series a € IF,((1/x))—for instance @ = VD with D € IF,[x] a nonsquare of even degree—
whose continued fraction is infinite. Three things mustbe re-examined. First, the error analysis: the
telescoping that yields a finite identity in the rational case becomes an infinite series, and we must
show that ultrametric domination still collapses it to the exact equality | — py /qi| = g~ (de8%+deg i)
(Theorem 4.1). Second, periodicity: we recover, within the ERO framework, the classical theorems
of Artin and Abel [1,2] that a; is purely periodic with palindromic period and that the polynomial
Pell-Abel equation is solved by a convergent at the end of a quasi-period (Theorems 6.1 and 7.1).
Third—and this is the point at which the finite-field setting genuinely departs from the classical
one over Z—the unit group I’ of the constant field is nontrivial, so the index at which units of
O = F,[x][ VD] occur is governed by the quasi-period n rather than by the period ¢ [15,17]; one has
n|€and ¢ € {n,2n}, and ¢ = 2n happens for a substantial proportion of D in every range we have
computed (Remark 7.4).

Relation to previous work. Almost everything proved below is classical, and we claim priority
for none of it. The periodicity and palindromy of the expansion of \/13 are due to Artin and
Abel [1,2]; the exact error equality and the best-approximation property it yields are standard in
the function-field setting [10, 16]; the product formula for the complete quotients that underlies
Proposition 7.1 is elementary and well known [9, Prop. 2.4]; the norm form of Lemma 6.1 and
the criterion for an element of O to be a unit are [8, Lem. 2.8 and Lem. 2.11]; the quasi-period,
the symmetries it obeys, the location of the fundamental unit and the regulator formula are all in
Stein [17, Thm. 4.7, Cor. 4.6, Thm. 5.2, Cor. 5.3]; and the two counts of Proposition 7.2 are the case
d = 1 of [3, Thm. 2.3(ii)], obtained there by a different argument, for the larger family of monic
nonsquare D and in terms of the period rather than the quasi-period. We note in addition that the
proof of Theorem 4.1 uses nothing beyond the recursion (2.2) and the inequality dega,, > 1, so it
is valid verbatim for every a € K\ [F;(x); we state it in the quadratic notation only because that is
the setting in which the remaining sections operate.

What the paper offers is the following. (i) A single elementary device — elementary row oper-
ations on an augmented matrix — from which all of the above is derived uniformly, transplanting
to IF,[x] the construction used over Z in [20]. The state is v = ( VD + my, Qk)", one row operation

followed by a row swap sends vy to —a11 vx4+1 (Lemma 3.1), the convergent pairs are the columns
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of the inverse Ay = T]:}AS of the accumulated matrix — not of the accumulated matrix itself, whose
rows carry the same data, up to sign, in the order (g;, p;) —and the accumulated scalar is the inverse
of the associated algebraic integer, Ay = Ag---Ax = (px + gk VD )71 (Proposition 7.1), so that the
arithmetic of O is recorded by the scalar bookkeeping of the row operations and not only by the
matrix. (ii) A self-contained derivation, inside that device, of the quasi-palindromic relations (7.1)
and hence of the fact that an even quasi-period forces Q, = 1; these follow from [17, Thm. 4.7],
where they are stated for the Q; and the complete quotients, by taking polynomial parts, but we
have not seen them recorded in terms of the partial quotients. (iii) A short derivation, Propo-
sition 7.2, of how often the period exceeds the quasi-period in the case d = 1: the answer is a
proportion (7 —2)/(g—1), and it comes from an exact equidistribution of Q; over ]Fz; together
with the coincidence, in degree 2, of the conditions “squarefree” and “nonsquare”. We claim no
priority for the two counts themselves, which are the case d = 1 of [3, Thm. 2.3(ii)]. For d > 2 the
relevant statistic is Q, and it is not equidistributed; the data — recorded for the monic squarefree
family and for the condition ¢ = 2n, so not for the quantities counted in [3] — and the resulting
question are in Remark 7.4.

We do not treat the finite place here. That the extended Euclidean algorithm solves the Reed-
Solomon key equation is classical [18,19], and we recall it only to situate the rational case of the
construction [20]; no claim about it is made or needed below.

All statements below are proved in full; they were in addition verified by exact symbolic
computation in IF;[x], by exhaustive enumeration of the monic squarefree nonsquare D of degree
2d forq € {3,5,7,9,11,13,25, 27} — prime and non-prime alike — with d < 3 for g € {3,5},d < 2 for
q €17,9,11} and d = 1 for g € {13,25,27}, together with random samples at d = 2 for g € {25,27}
(see Remark 7.4).

2. NOTATION AND PRELIMINARIES

Throughout, IF; is a finite field of odd characteristic and K = F;((1/x)) is the completion of
IF,(x) at the infinite place. For f = };, cix' € K\ {0} with ¢; € F; and ¢, # 0 we set deg f = n,

extending the degree on [F;[x]; then K is a complete non-archimedean valued field with

Ifl = g8/ (f#£0), |0]=0, If + gl < max([f],|g]) with equality if || # |g]. ()

For g € K\ {0}, Lg] € F;[x] denotes its polynomial part.

Let D € FF,[x] be squarefree and nonsquare, of even degree 24 with square leading coefficient;
necessarily d > 1, since a nonzero constant with square leading coefficient is a square in IF,.
(Squarefreeness is used only so that O = IF,[x][ VD] is integrally closed and R below is the
regulator of the field; everything else holds verbatim for any nonsquare D, with R the regulator
of the order O.) Writing D = cx?/(1 + u) with c a square in IF7* and [u| < 1, the binomial series for
(14 u)'/2 converges in K because char F, # 2; hence VD € K, and A := | VD] has deg A = d and
the same leading coefficient as VD. Puta = VD.
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For B € Fy(x)(VD) we write g for the image of § under the nontrivial automorphism of
IF,(x)( VD) over FFy(x); this automorphism fixes FF,(x) and sends VD to —VD. The complete
quotients a,, = (VD + m,,)/Qu and partial quotients are

A+m D- m31+1
mp =0, Qo =1, am = {Wsz M1 = AmQm — My,  Qui1 = —=——. (2.1)

Qm

The convergents satisfy
p-1=1po=a0,9-1=0,q=1,  px=ape-1+pPr2 G =01+ G2 (k21). (2.2

Lemma 2.1 (Exactness of the surd recursion). In (2.1), Qy # 0 and Q,, | D — mfn 11 50 Qui1 €
qu [x] \ {0} and QuQm+1 =D — m%ﬁ—l'

Proof. Since my,11 = —my, (mod Q,,) we have mzm 41 = m2, (mod Qy,); with Q_1 := D, induction
on Qu-1Qm = D —mj, (the case m = 0 being Q_1Qy = D = D —mj) gives Q,, | D — mj,, hence
Qul|D- mi +1- NoQp vanishes, for Q,,-1Qu = D — m?, # 0: otherwise D = m2, would be a square

in IF, [x]. m]

Lemma 2.2 (Magnitude of complete quotients). For every m >0, |ay ] = a and ay — ay = 1/ 11

For everym > 1,
|| = lam| = qdeg”’" > 1; equivalently degay, = dega,, > 1.

Proof. By Lemma 2.1, Q,, # 0, so degQ,, > 0. Since ay, — (A + my,)/Qm = (\/5 —A)/Qu has
absolute value g9°8( VD-A)-deg Qn < 1, because deg(VD - A) <0 < deg Qy, the polynomial parts of
oy and of (A + my,) /Qp coincide; that is, |ay] = a,,. Next, by (2.1) and Lemma 2.1,

_ \/5+mm_ﬂQO _ \/E_mI’VH-]. _ Qm—i—l(\/ﬁ_mm—kl) . Qmi1 1

Qm Qm QmQm+1 B VD + M1 B Qi1

Since a,, = a;,] we have |a;, —a,,| < 1, hence |a,,11] > 1 for every m > 0; in particular |a,,| > 1 for

Am — Am

m > 1. For such m, ay, = ay + (@ — ay) with |ay, —am| < 1 < |ayl, so the equality case of (+) forces
lam| = || > 1, 1e. degay, = dega,, > 1. m]

Lemma 2.3 (Cassini-Euler; degree growth). For all k > 0, pxqi_1 — px-1qx = (=1)**L; for k > 1 this

. 5 _1)k+1 .
gives % - % = %. Moreover deg qo = 0 and deg qx = Zle dega; for k > 1; hence (deg qx k>0 is

strictly increasing and deg gy — .

Proof. The first two claims are inductions on (2.2). For Cassini-Euler the base case k = 0 reads
pod-1 — p-190 = —1, and prgr-1 — Pr-19k = —(Pr-19k-2 — Pk—24k-1); the second identity follows on
dividing by gxqx—1, which is legitimate for k > 1 since g-; = 0 but g; # 0 for j > 0. For the degree
formula, dega; > 1 for i > 1 (Lemma 2.2) prevents leading-term cancellation in gx = aqx—1 + gi-2,

so deg g, = degay + deg gi_1. Both arguments use only the ring structure and the degree valuation,

not finiteness of ]Fq. ]



Int. J. Anal. Appl. (2026), 24:269 5

3. THE AUGMENTED-MATRIX CONSTRUCTION AND THE DETERMINANT INVARIANT
Write O = F,[x][ VD] and let

(\/B—f-mk
U =
Qk

be the state of the algorithm after k steps; thus vy = ( VD, 1)". The elementary row operations are

1 - 01
Ey = ak, S =
0o 1 1 0

over FFy[x]: the type-IIl operation E; subtracts a; times the second row from the first, and S

) € 0? sothat v, = Qy [O;k] (k>0), (3.1)

carried out by the matrices

interchanges the two rows. For a rational number a/b the same two matricesactonv = (a, b)T e 72
and the process terminates [20]; for a = VD over IF, [x] it does not, and each step reproduces the

next state only up to a scalar factor.

Lemma 3.1 (One elementary row operation step). For every k > 0,

VD - Mi41

SExor = Mcvgss, M=~ — G e KX,

Qk+1

Proof. By (2.1), VD + my — ayQr = VD —myi1,50 Exvx = (VD —myy1, Qp)T and SExvr = (Qr, VD -
miy1)". Its second entry is A, Qy.1 by the definition of Ay, and by Lemma 2.1, Ax( VD + Myi1) =
(D - mi+1)/Qk+l = Q, which is its first entry. Finally @1 = (mgy1 — VD)/Qs1 = —Ag, and
Ak # 0 because VD ¢ F,(x). m]

Set Top = I and Tjy1 = SE--- SEy, so that Lemma 3.1 gives
Ti4100 = Ak Ukt1, Agi= AgAr--- Ay (3.2)

the process transports the initial state to the (k 4 1)-st one, the accumulated scalar being a product
of conjugate complete quotients. The convergents are read off the inverse of the accumulated
matrix; precisely, we set

Ay =T, 8. (3.3)

Theorem 3.1 (Determinant invariant). Let A be as in (3.3). Then detA, = (-1)F € E7, and the

columns of Ay are (px-1,qx-1)" and (pr, qx)". In particular ged (pr, qx) = 1.
Proof. Since (SE;)™! = E;'S = (4), we have T, = (SEo)™"(SE1)™" -+ (SEx)™" = MoM; -+ M,
where M; = (“1' [1)); the order of the factors matters, since they do not commute. An induction

on (2.2) identifies this product with (Zi Z,fj ): for k = 0 this is the initialisation py = ag, p-1 =

Pk-1 Pk—2
Jk-1 qk-2

1, g0 = 1, g-1 = 0, and multiplying ( ) on the right by (‘Zlk (1)) is exactly the recursion (2.2).

Multiplication by S on the right interchanges the two columns, which gives the stated form of
Ay. Each factor has determinant ~1, so detT, |, = (=1)"1 and det Ay = (-1)*1detS = (-1);
equivalently, a type-III operation preserves the determinant while each row swap negates it, and
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there is one swap per step. The argument is purely ring-theoretic, hence identical to the rational

case. O

4. THE EXACT ERROR EQUALITY FOR THE INFINITE EXPANSION
_ %k1Pk T+ Pt

Lemma 4.1 (Complete-quotient identity). For every k > 0, « = ———————. Equivalently, writing
Qe+1qk + Gr-1

a1 = ( VD + My11)/ Qk1, one has the polynomial identities

Dgix = my1px + Qk+1Pk-1, Pk = MGk + Qkg1qk-1- (4.1)

Proof. The formal identity [ao;...,ar, ] = (Bpx + pPk-1)/ (B9k + qk-1) holds for an indeterminate
by induction on (2.2); specialising f = aj41, which is legitimate by Lemma 2.2, gives the first claim.
Substituting a = \D, a1 = ( VD + My+1)/ Qk+1 and separating the parts free of and linear in
VD yields (4.1). O

Theorem 4.1 (Exact non-archimedean error equality; cf. [10,16]). For every k > 0,

o PRl = g~ (desaitdeg i),

In particular pr/qr — «, so the infinite continued fraction represents a, with exact convergence rate.

Equivalently, writing
Nk ‘= aqk — Pk (k > 0), 4.2)

one has || = g~ 8%+, strictly decreasing in k.
Proof. By Lemma 4.1 and Lemma 2.3,

oo PE_ Pk —Pelicr (-D*
G ax(aerqe + 1) gr(Qa e+ qe1)

(4.3)

By Lemma 2.2, deg(ay;1qx) = degai1 + degqx = degqx+1, while |gx_1| < |gx| < |9x+1] (this covers
k = 0, where g_; = 0 and |g_1| = 0). The two terms in the denominator therefore have distinct
absolute values, so by (+), laxy1qx + gr_1| = q989%+1. Hence |a — py/qx| = g~ 98% . g~de8%+1. Since
deg gx — oo, this tends to 0. m]

Remark 4.1 (Telescoping and the collapse of the interval). Equivalently, since py/qx — o, Lemma 2.3
gives o — Z—i = Ljsk % a convergent series whose terms have strictly decreasing absolute values; the
infinite ultrametric domination (if |to| > |tj| for j > 1 then | X, t;| = |tol) recovers Theorem 4.1. Over Q,
with Ay / By denoting the classical convergents, the same series is archimedean and yields only the two-sided
interval m <|la—Ar/Bi < #Hl [5,6]; no exact equality is available in the rational case treated
in [20]. The collapse to an exact equality is genuinely non-archimedean, and for the infinite expansion it
requires no hypothesis on any partial quotient. As noted in the introduction, neither the statement nor the

proof uses that « is quadratic.
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5. BEST POLYNOMIAL APPROXIMATION

Theorem 5.1 (Best approximation; cf. [10,16]). Fixk > 0. Forallr,s € IF;[x] withs # 0, degs < deg g
and r/s # pr/qk,

a-Blcla-?|.
Ik 5
Proof. Let n; be as in (4.2). Since detAg; = (-1)F! € FZ by Theorem 3.1, the columns
(i q6)" (Prs1, Gesn)T of Agyq form an Fylx]-basis of Fy[x|%; write (r,s)7 = U(pr, q)" +

V(prs1, k1) with U,V € Fylx], so that s = Uge + Vg and as —r = Ung + Vigeyq. If
V = 0 then (r,5) = U(pr, qx) with U # 0 (else s = 0), and degU + deggy = degs < deggx
forces U € Fy, i.e. r/s = pi/qx, excluded; hence V # 0 and degV > 0. Then deg(Vqii1) 2
deg qi11 > degqy > degs, so the leading term of Vg1 must cancel against that of Ugy; in partic-
ular U # 0 and deg U + deg gy = degV + degqy.1,i.e. degU = degV + degai1 > 1. Therefore
deg(Uny) — deg(Vnkr1) = (degU —degV) + degay,n = 2 > 0, and by (x), las — 1| = |Umn| =
|Ulg~ degqit1 > ql_degLﬁ#l. Hence

Pk

o — —

dk

| 7"| |(XS _ rl ql_deng+1
a—-|1= >

> > q—(deg Getdegqes) —
S |s| gdes i

. O

The converse direction, needed in Section 7, is equally short.

Lemma 5.1 (Convergence criterion). Let P,Q € F,[x] with Q # 0 and |aQ —P| < g~ degQ " Then
P/Q = pk/qk, where k is the unique index with deg g, < deg Q < deg gi41.

Proof. Such a k exists and is unique because degqo = 0 < degQ and (degg;) is strictly increasing
to infinity (Lemma 2.3). With 7 as in (4.2) one has the polynomial identity p;Q — Pgi = qx(aQ —
P) — Qnk. By Theorem 4.1, |Qn;| = g9¢8Q-de8d1 < 1, while |gx(aQ — P)| < q9¢8%~9¢€Q < 1. Thus

pkQ — Pgy is a polynomial of absolute value < 1, hence zero. m]

6. THE NORM FORM AND PERIODICITY
Lemma 6.1 (Norm form; classical, cf. [8, Lem. 2.8]). Forall k > 0, pl% - in = (-1)"1Qx41.
Proof. By (43), VDak—px = qe(a —pe/qx) = (-1)F/(aps1qc + gie1).  Using agr = (VD +
Mi+1)/ Qr+1 and the second identity of (4.1),

VD gy + (m + Qks 195 VD g +
o1k + Gos = x + ( kézkl k) qukH Pr 6.1)

Hence (VD g —px) (VD qic + pi) = (=1)*Qi11, ie. D@2 — p? = (1) Qg1 O

Theorem 6.1 (Periodicity; classical, recovered). Over the finite field IF,, the expansion of VD is periodic
from the first partial quotient onwards; equivalently, oy is purely periodic. Writing € for the least period,

\/BZ[A,' al,...,ag_l,ZA], a; = ap—; (1Si§f—l).

Moreover, for every m > 1 the complete quotient o, is reduced, that is |ay| > 1 > |ay,l; consequently
deg m,, = d with the same leading coefficient as VD, deg Q,; < d —1, and dega,, = d — deg Qy.



8 Int. J. Anal. Appl. (2026), 24:269

Proof. We first check that for m > 1 the complete quotient a,, = (VD + m,,) /Qp is reduced, that
is, la| > 1 > |ag,|, where &, = (my, — @)/Qm is the conjugate. That |a,| > 1 is Lemma 2.2. For
the conjugate we induct on m. By (2.1), m; = Aand Q; = D- A2, soa; = (A—- VD)/(D - A?) =
~1/(VD + A); as VD and A have the same degree d and the same leading coefficient, which
does not cancel because charF; # 2, this gives [a;| = q‘d < 1. If |ay] < 1 for some m > 1, then
conjugating o, = a, +1/a,,41 gives 1/a,,11 = &y — a,, whose absolute value is |a,,| > g by the
equality case of (x) and Lemma 2.2; hence &, 11| < g7! < 1.

Fix m > 1. If degm,, > d then deg( VD + My,) = deg(my, — \/5) = degm,,, and reducedness
forces degm,, > deg Q,, and degm,, < degQ,,; if degm,, < d (this includes m,, = 0) then both
degrees equal d, and reducedness forces d > deg Q,, and d < deg Q,,; both are impossible. Hence
degm, = d. Let u # 0 and v # 0 be the leading coefficients of m,, and of VD respectively. If u ¢
{v,—vithenyu +v # 0 # u—v,soagaindeg( VD +m,,) = deg(m,, — VD) = d and reducedness gives
d > deg Q, and d < degQ,,, impossible. If u = —v then deg( VD + my) < d = deg(my, — \/5),
and reducedness gives deg Q,, < deg( VD + m,,) < d < deg Q,, impossible. Hence i = v, which
is the leading coefficient of A as well; then deg( VD + my) = d, and |a,| > 1 gives deg Q,, <d -1,
while deg(A + my,) = d gives dega,, = d — deg Q,,. Thus each reduced state lies in a set of at most
qu pairs (1, Qp), so as F, is finite some state recurs.

Put 6,, = —1/ay, so that [0, > 1 for m > 1 by reducedness. Conjugating a;, = a, + 1/ 41
gives ay, = ay + 1/, 41, that is,

Oma1 = A + S (m>1), (6.2)
Om
s0 (0y,) runs the continued fraction recursion through the partial quotients in reverse order; and
[1/6m| < 1 shows |0y+1] = ap. In particular a,, = |—1/a;,11] is determined by 41 alone, hence
so is ay = ay +1/ay41. The step a,, = ay,41 is therefore injective on the finite set of reduced
states occurring in the expansion, and so bijective on it; the recurrence is thus a pure one, and the
expansion is periodic from m = 1, with (m¢1, Qr41) = (m1, Q1) for the least period ¢.

It remains to identify a; and to establish the palindromic relations. From (2.1), m; = A and
Q1 = D—-A?, so Lemma 2.1 gives Q;Q¢y1 = D — m%H = D —A? = Q41, whence Q; = 1 and
Qe-1 =D —m3. Now

(me—A)(mg+A) = (m? —D) + (D= A?) = —=Qr1 + Qi

has degree < d, since degQ,—1 < d -1 and degQ; < d —1; on the other hand m, and A both
have degree d and the same leading coefficient, which does not cancel because charF; # 2, so
deg(m;+ A) = d. Hencemy— A =0, and a; = [ (A +my¢)/Q¢] = 2A.
For the palindrome we return to (6.2). Since a1 = a1 we have 6,11 = 01, so iterating (6.2) from
m = { down to m = 1 exhibits 61 as the purely periodic continued fraction [ag,ar-1,---,a1]. On the
other hand a7 = (A - \/5)/Q1 with Q1 = D — A2, so
D — A?

61 = = \/B+A: ae,a1,a2,...,0¢-1 |,
VD-A | |
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the last equality because VD = [A;a1,az,...] and a; = 2A. Comparing the two expansions of
01 term by term, which is legitimate because the expansion of an element of K is unique (its
partial quotients are recovered successively as b; = |Bi], Bir1 = 1/(Bi — bi)), yields ac-j = aj for
1<j<t-1. ]

Remark 6.1 (Finiteness is essential). The state count uses |[Fy| < co. Over an infinite base field the
expansion of VD need not be periodic [4,12]; periodicity is a finite-field phenomenon, in contrast to
Theorems 3.1,4.1, 5.1, valid over any base field of odd characteristic, finite or not. The hypothesis char F, #2
is likewise essential, and not merely technical: in characteristic 2 one has K> = Fy((1/x%)) € K, so a
nonsquare D € Fy[x] has VD ¢ K and the extension Fy(x)( VD) is purely inseparable; the reduced-state
analysis above, and with it the palindromic relation a; = 2A, has no counterpart there.

7. THE ACCUMULATED SCALAR, THE QUASI-PERIOD, AND THE PELL—ABEL EQUATION

For k > —1 put & := py + gx VD € O. The next proposition says that the scalar bookkeeping of
the row operations reproduces exactly these algebraic integers.

Proposition 7.1 (The accumulated scalar; cf. [9, Prop. 2.4], [17, Thm. 5.2]). For every k > 0, the scalar
Ag = AgAq -+ Ag of (3.2) satisfies
1
Ap=——=¢, |Ay] = g~(dHdesa) — g-degp
pr+ax VD

In particular A;l € O for every k, and A;' € O* if and only if Q41 € IFy.

Proof. By (3.3), Tt1 = SA;l, and by Theorem 3.1,

Ak:[”"‘l p"), A,;lz(—l)k( Ik _p"], TkH:(—l)k(_qk_l p"‘l).
Q-1 gk k-1 Pk-1 I —Pk

Comparing the second coordinates in (3.2), with vy = ( VD,1)" and v = (VD + myy1, Qrs1)",
gives (—1)k(qk VD - pk) = AxQxi1- By Lemma 6.1, (qk VD - pk)(qk VD + pk) = Dq; —p; =
(_1)ka+1r 50

(D@ VD-p) _ (-0 (-1)Qu 1

Qk+1 Qk+1 qk \/5 + pr Pr + gk \/5

For the absolute value, recall 7, = agy — px = qx VD — px from (4.2), with |n;| = g~98%+1 < 1. Since
|gx VD| = 984 > 1, the equality case of (+) applied to px = g VD — 1 gives deg py = d + deg gy,
and applied to & = 2g; VD — 1y — the factor 2 being invertible because char F, # 2 — it gives
lex| = g?tde8% = gd°8Px, Finally, N(ex) = ex&x = pr — Dgi = (=1)*"'Q41 by Lemma 6.1, and an

element of O is a unit exactly when its norm lies in le; [8, Lem. 2.11]. m|

Ay =

Over Q the quantities Q,, are positive integers, so “Q,, is a unit” and “Q,, = 1” coincide. Over

IF; they do not, and the resulting distinction governs where the units of O occur [15,17].

Definition 7.1 (Quasi-period). The quasi-period of VD is n:= min{m >1: Q, € F7}.



10 Int. ]. Anal. Appl. (2026), 24:269

Lemma 7.1 (Quasi-period criterion and quasi-palindrome; classical, cf. [17, Thm. 4.7, Cor. 4.6]). Let
m > 1. Then Qy € ¥7 if and only if ay+1 =y aq for some y € Y, in which case y = Qu, and my, = A.

Writing n for the quasi-period and ¢ := Qy € IFy, one has the quasi-palindromic relations

ZA i
a, = —c , Ap—i = C(_l) Hﬂz‘ (1 <i<n- 1)/ (71)
and

{le:QmeIF;}:{jn:jzl}, nlé, { € {n,2n},

with £ = n if and only if c = 1; in particular € = 2n forces n odd. For n = € (so ¢ = 1) the relations (7.1)
are the palindrome of Theorem 6.1.

Proof. Suppose degQ,, = 0. Reducedness (Theorem 6.1) gives [a,| < 1, i.e. deg(m, — VD) <
degQ, = 0, so my;, = LVD] = A. Then a,, = 2A/Qm, hence my, 11 = 4, Qm —my = A and, by
Lemma 2.1, Q11 = (D—-A%)/Qu = Q1/Qu; therefore a1 = (\/5 +A)/(Q1/Qm) = Quas.
Conversely, if aj1 = yar with y € F¥, comparing the parts free of and linear in VD gives
My+1 = Aand Qpi1 = Q1/y,50Qp = (D — mfnﬂ) /Qm+1 = . Write X for the set in question; the
tirst displayed relation of (7.1) is the case m = n of a,, = 2A/ Q.

Scaling. Fory € IFY and B € K one has |yB] = ylB], hence y —yp] = y(B - LB]) and the next
complete quotient of B is y~! times that of B. Iterating: if § = [bo; by, by, .. .] then

vB = [ybo; y_lbl, yby, ...], i-th partial quotient y(_l)ibi, (7.2)

and likewise a1 = y(‘l)j_laj for all j > 1 whenever a1 = yay.
X = nZso. Letm,m’ € L, say a1 = ya; and a,y41 = Y’a;; the two need not be distinct.
Taking j = m’ + 1 in the last relation gives a1 41 = 7/(‘1)'" Y ai, som+m’ € ¥;if m < m’, taking

_\m'-m . (1’ -m
(=1 A/ =41, 1€ Q1 = =1 Y a1, som’ —m € X. Thus

j=m' —-m+1givesay 1 =y
Y is anonempty subset of Z closed under addition and under positive differences: closure under
differences and division with remainder give > C nZ( for n = min %, and closure under addition
gives the reverse inclusion. Hence X = {jn : j > 1}. Since ¢ is the least m > 1 with a,41 = a1, i.e.
with Q,, =1, wehave { € X and n | {, and ¢ = n exactly when c = 1.

Therelations (7.1). Conjugating o, 11 = caj givesa,,+1 = cay, henced,41 = c 16 ford, = —1/am
as in the proof of Theorem 6.1. By (6.2) and [6,,4+1] = a,; (m > 1), iterating down from m = n to
m =1 gives 6,41 = [an;an-1,...,a1,01 ], while Theorem 6.1 gives 61 = VD+A = [2A;a1,az,...];
hence

Opnt1 = [an; apn-1,...,a1, 2A, ay,az,...].

On the other hand (7.2) with ¥ = ¢! and B = §; says that the i-th partial quotient of 718, is
=D bi, where by = 2A and b; = a; for 1 <i < {—1. Since n < {, comparing the two expansions
of 0,41 term by term for 0 < i < n—1 — legitimate by uniqueness of the expansion — yields
a, =c 2Aand a,_; = c(‘l)mai for1 <i<n-1,whichis (7.1).

t € {n,2n}. If nis odd, taking j = n+1in Apyj = c(‘l)/;loc]- gives a1 = D¢ a1 = aq, SO
{|2nand, withn | €, £ € {n,2n}. If nis even, then1 < n/2 < n-1and (7.1) with i = n/2 reads
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ay/p = c(‘l)"/manm; as a,, /2 # 0 this forces c*! =1,ie.c =1and ¢ = n. In all cases ¢ € {n,2n}, and

t = 2n forces n odd. (Compare [17, Cor. 4.6].) m|

Theorem 7.1 (Pell-Abel and regulator; classical, cf. [17, Thm. 5.2, Cor. 5.3]). Let n be the quasi-period
of VD. Then, for every k > 0,
pi—ine]F; — nl|k+1.
Among the solutions P, Q € F,[x] of P> - DQ? € F5 with Q # 0, those of least deg Q — the fundamental
solutions, forming the two orbits 5 (pu-1,qn-1) and Fy-(pu-1,—qn-1) interchanged by conjugation —
are represented by (pu-1,qn-1), with p>_ = Dg>_| = (=1)"Qu; equivalently ¢ := e,.1 = A' isa
fundamental unit of O, and the requlator of O is
n-1
R =dege =—degA,—1 =degp,-1 =d+degg,—1 = Z dega;.
i=0
Moreover € = n if Q, = 1, in which case p> | — Dg?_, = (-1)’; otherwise £ = 2n and (p¢-1,q¢-1)

corresponds to €2 up to a factor in Fy.

Proof. By Lemma 6.1, p? — Dq?

lies in ]Ff]< exactly when deg Q1 = 0, which by Lemma 7.1 happens
exactly when n | k 4- 1; equivalently, by Proposition 7.1, exactly when the accumulated scalar Ay is
a unit of O. This proves the first assertion and locates the least such index at k = n — 1, of norm
(_1)nQn-

For fundamentality one must know that every solution arises in this way. Let P, Q € IF,[x] with
Q # Osatisfy P2~ DQ? = c € IF7'. Then ( VD Q- P)(VD Q + P) = —c has absolute value 1, whereas
(VDQ-P) + (VD Q + P) = 2 VD Q has absolute value 4998, the factor 2 being invertible since
charlF; # 2. The two absolute values are distinct: were they equal they would both be 1, and
then the sum would have absolute value at most 1 < ¢979¢8Q, Hence by () they are 9798 Q and
g~%74¢8Q, and after replacing P by —P if necessary, |[a¢Q — P| = g749¢8Q < 5=9¢8Q because d > 1.
Lemma 5.1 now gives P/Q = pi/qx for some k; since gcd (px, gx) = 1 (Theorem 3.1) and P? — DQ?
is constant, (+P,Q) = y(px, qx) with y € [FY, the sign being the one introduced in the previous
sentence. Thus every solution lies in IFy-(pk, qx) U Iy - (pk, —qx) for some k with n | k+ 1; as (deg gx)
is strictly increasing, those of least deg Q are the ones at k = n — 1, in the two stated orbits. (The
two orbits are genuinely distinct, since (—pu-1, Jn-1) = ¥(Pn-1,qn-1) would forcey = —land y =1
simultaneously.)

Write R := d + degg,-1. We claim ¢ = ¢,,_; is a fundamental unit. Letu = P+ Q VD € O* with
u ¢ FY; then Q # 0, and the previous paragraph shows both that [u| = g*(#+de8Q) and that Q = yq;
with y € Fy and n | k+ 1, whence

|degu| =d+deggy > d+degg,—1 =R,

(degqx) being strictly increasing. Replacing u by u™! if necessary we may assume degu > 0;
with j = |degu/R] > 1 the element ue~/ is again a unit, of degree in [0, R), so by the displayed

inequality it lies in IFy". Hence O™ = Fy X ¢Z, ¢ is fundamental, and the regulator is deg ¢, which by
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Proposition 7.1 equals —deg A,—1 = d + degg,—1 = degp,—1 = R. Finally dega, =d —degQ, =4d
by Theorem 6.1, so d + degq,_1 = dega, + Y.!"| dega;, and since degay = degA = d = dega,
this equals Y./ deg a;.

For the last assertion, note first that a unit u of positive degree is of the form y¢;: the alternative
permitted by the previous paragraph is u = y(—px + gx VD) = —y&, which is excluded because
deger = degN(eg) —deger = —deger < 0. Hence the units ¢j,-1, j > 1, of strictly increasing
degrees d + deg qj,-1, represent every class of O*/IF of positive degree; since those classes are
also represented by ¢, €2, €3, ..., of strictly increasing degrees R, 2R, 3R, ..., matching the two lists
in order gives ¢€j,,-1 € ]F;ej for every j > 1. Taking j = 2 when ¢ = 21, and invoking Lemma 7.1 for
the dichotomy, gives the stated description of (p;_1, g¢-1). o

Remark 7.1 (One machine, two readings). Running the ERO process on VD and halting at the first
k > 0 for which the accumulated scalar Ay is a unit of O — equivalently, Qi1 € ]F; — returns the
fundamental Pell-Abel solution as the last column of Ay, the certificate det Ay = +1, and the requlator
R = —deg Ay = d+deggqy, in n < R row operations. Run without halting, the same construction
computes best rational approximation (Theorem 4.1). Both readings are at the infinite place; the finite-place

reading of the Euclidean algorithm in algebraic decoding [18,19] is classical and is not pursued here.

Remark 7.2 (The equation with right-hand side exactly 1). Theorem 7.1 concerns P> — DQ? € F,
which is the equation whose solutions are the units of O. For the strict equation P2 — DQ?* = 1 one
needs in addition that the norm be a square in Fy: by Lemma 6.1, y(pk, qx) solves it precisely when
n|k+1and (=1)1Qy 1 € (FY)?, and then y* = ((—1)k+1Qk+1)_1. The least such k need not be n — 1.
For instance D = x* + 2 over Fs (squarefree, nonsquare, d = 1, A = x) has Q1 = 2, son = 1 and
€ =2, but p5 - Dg5 = x* —D = =2 = 3 is a nonsquare in IFY; the least solution of P> — DQ* = 1 is
(p1,q1) = (x> +1, x), at the end of the period. Over [, the natural object is therefore the unit equation,

and it is that equation that Theorem 7.1 solves.

Remark 7.3 (The norm of the fundamental unit). By Lemma 6.1, N(¢) = pi_l - Dqﬁ_1 = (-1)"Q,,
so Lemma 7.1 may be read as a statement about the norm of the fundamental unit: € = n if and only if
N(e) = (-1)", and since £ = 2n forces n odd,

{=2n & nisoddand N(e) # -1.

Over Z the corresponding question — whether the fundamental unit has norm -1, equivalently whether
P? - DQ? = —1 is solvable — is classical and delicate. The situation here differs in that N (&) ranges over

all of FY, so that N(e) = —1 is one value among q — 1 rather than one among two.

Proposition 7.2 (The case d = 1; the counts are those of [3, Thm. 2.3(ii)]). Let q be odd and let D,
be the set of monic squarefree nonsquare D € IFy|[x] of degree 2. Then |D1| = q(q—1), every D € Dy has
quasi-period n = 1, requlator R = 1 and fundamental unit ¢ = A + VD with N(&) = —Qy, and the map

D, — FF, D+— Q,
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is exactly g-to-one. Consequently £ = 1 for exactly q of them and € = 2 for the remaining q(q — 2); the

proportion with £ = 2n is exactly

qg-2

g-1

Proof. Write D = x*> + bx +e. Then A = x + b/2 (recall charF, # 2) and Q; = D-A?>=¢-1?/4 €
IF;, so that disc(D) = b* —4e = —4Q;. Hence D is a square if and only if Q; = 0, and D is
squarefree if and only if Q1 # 0: the two conditions coincide, and 9; is parametrised by the
pairs (b,e) with e # b?/4, of which there are g(q —1). For each fixed b the map e > e —b?/4 is
a bijection from IF, \ {b?/4} onto ]F,; ; as b runs over IF; this gives the g-to-one statement. Since
deg Q1 = 0 the quasi-period isn = 1,50 ¢ = &g = po +qo VD = A+ VD, N(e) = A2-D = -4
and R = degpp = degA = 1 by Theorem 7.1. By Lemma 7.1, { = n = 1 exactly when Q; =1,
which by the g-to-one statement happens for exactly g elements of D;; for the other (g —2) one
has { = 2n = 2. m]

The two counts g and g(q —2) are the case d = 1 of [3, Thm. 2.3(ii)], where 6(d,1) = g% and
0(d,2) = (dg—d —1)g" are obtained, for monic nonsquare D of degree 24, by a different argument;
for d = 1 the conditions “squarefree” and “nonsquare” coincide, as the proof above shows, so
the two families agree. What the derivation above adds is the reading of the count through the
quasi-period: g(gq —2) is exactly the number of D for which halting at the end of the period returns
¢? rather than e.

Remark 7.4 (The quasi-period is not exceptional, and the case d > 2). Halting at the end of the period
rather than of the quasi-period returns &* instead of ¢ whenever £ = 2n, and this occurs for a substantial
proportion of D. For d = 1 the proportion is (9 —2)/(q — 1) exactly (Proposition 7.2), in agreement with
exhaustive enumeration for q € {3,5,7,9,11,13,25,27}. For d = 2, exhaustive enumeration of the monic
squarefree nonsquare D gives 3 of 54 when q = 3, 225 of 500 when q = 5, 721 of 2058 when q = 7, 2601
of 5832 when q = 9 and 5445 of 13310 when q = 11; for d = 3 it gives 63 of 486 when q = 3 and 4535 of
12500 when q = 5.

The mechanism behind Proposition 7.2 is the exact equidistribution of Qq over Iy, which is available
because n = 1 for every D when d = 1. For d > 2 the relevant statistic is Q,, and it is not equidistributed.
Restricting to those D with n odd — the only ones that can have £ = 2n — the counts of Q,, by value are, for
q =7 and d = 2: 245 for each of the three squares of IF>; and 77 for each of the three nonsquares, out of 966;
and for q = 5 and d = 3: 905 for each square and 1815 for each nonsquare, out of 5440. In both cases the
count depends only on the square class of Q. But for q = 5 and d = 2 the values 1,2,3,4 occur 15, 105,
85, 35 times out of 240, which is not constant on square classes. We do not determine these counts here,
and record the question: for d > 2, what is the distribution of Q, on Fy? They are not the quantities
0(d, t) of [3]: those count monic nonsquare D with Per( VD) = t, whereas the counts above are taken over
the monic squarefree D and record the condition € = 2n, which for d > 2 is a different family and a different
statistic. Example 8.2 below is one D with £ = 2n.
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8. COMPUTATIONAL EXAMPLES

Example 8.1 (n = ¢). Let D = x* + x + 1 over F, with g = 5,50 d = 2 and A = x*. The expansion is

VD = [#% 2x-2, 1-2x, —x, 2x+1, —x, 1-2x, 2x-2, 2x2], (=38,

palindromic with ag = 2x* = 2A. Here deg Q;y = 1for 1 <m < 7 and Qg = 1, so the quasi-period equals
the period, n = € = 8. Table 1 confirms Theorem 4.1 at every step. The fundamental Pell-Abel solution is
therefore (p7,q7) with p5 — Dg3 = 1, and the regulator is

7
R =dege :degp7:d—|—degq7:2degai =2+7=09.
i=0

Tasre 1. Convergents of Vx* + x + 1 over Fs; the error degree equals —(deg gy +
deggi,1). The last entry is g7'°, and not g71°, because degas = 2 gives deggs =
deggy + degag = 9.

a,  degqr degQyi1 la—pi/gxl
x? 0
2x —2
1-2x
-X
2x+1
—X
1-2x
2x -2

N O O = WO NNk, O&

q—l
q—S
q—5
q—7
q—9
q—ll
q—13
q—16

N O U = W N -
O R R R R Rl

Example 8.2 (¢ = 2n). Let D = x* +4x® + x = x(x —2)(x? + x + 2) over Fs, which is squarefree,
nonsquare, of even degree 4 and with square leading coefficient; here d = 2 and A = x> + 2x + 3. The states

are listed in Table 2. The expansion

VD = [¥®+42x+3; 3x+4, 2x+1, 3x2+x+4, 2x+1, 3x+4, 2x2+4x+1]

is palindromic of period { = 6 with ag = 2A, in accordance with Theorem 6.1. However Q3 = 4 € ]F?, S0

the quasi-period is n = 3 and € = 2n. Accordingly
p=x"4+3+1,  @p=x+x  pi-Dg=1,

so already at k = 2 one has a solution of the Pell-Abel equation, of degree deg g, = 2; the fundamental
unit is ¢ = py + g2 VD and the requlator is R = degp, = 4 = Z?:o dega;. The convergent at the end
of the period, (ps,qs) with degqs = 6, satisfies p; — Dgi = 1 as well but corresponds to 2. This is the

phenomenon quantified in Remark 7.4.
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TaBLE 2. States of the ERO process for Vx4 + 4x3 + x over Fs. The quasi-period is
n=23,where Q3 =4 ¢ ]F; ; the period is £ = 6, where Qs = 1.

m Am My Qn degQu
0 x*>+2x+3 0 1

1 3x+4 x> 4+2x+3 4dx+1
2 2x +1 x> +2x+1 x+4
3 3x2+x+4 x2+2x+3 4
4
5
6

2x +1 24+2x+3 x+4
3x+4 24+2x+1 4x+1
202 +4x+1 x> +2x+3 1

O R R O R R, O

9. CONCLUSION

A single augmented-matrix ERO construction, read at the infinite place, extends from rational
a/b to quadratic irrational VD. The exact non-archimedean error equality for the infinite expan-
sion follows directly from the construction (Theorem 4.1) and yields strict best approximation
(Theorem 5.1); the determinant invariant produces the norm form (Lemma 6.1); and the accu-
mulated scalar of the row operations is exactly the inverse of the associated algebraic integer
(Proposition 7.1), so that the arithmetic of O = F,[x][ VD] is read off the scalar bookkeeping: the
fundamental unit is detected after the first number of steps at which that scalar becomes a unit
— the quasi-period, not the period — and the regulator is minus its degree (Theorem 7.1). The
classical periodicity and palindromy of VD (Theorem 6.1) are likewise recovered inside the frame-
work, and the distinction between period and quasi-period, invisible over Z because Z* = {+1},
is made explicit and quantified (Remark 7.4). The matrix machine that over Z yields only the
classical two-sided bounds [5, 6] therefore yields, over IF, [x], an exact error equality together with
the arithmetic of O; the improvement is attributable entirely to the ultrametric inequality and to
the finiteness of the constant field. The mathematics recovered in this way is classical, as set out in
Section 1; what the construction contributes is uniformity of derivation rather than new theorems,
and we claim priority for none of it. Proposition 7.2 is a case in point: for deg D = 2 the quantity
Qy is exactly equidistributed over F, so the period exceeds the quasi-period for exactly (g —2)
of the (g — 1) admissible D. These two counts are the case d = 1 of [3, Thm. 2.3(ii)], reached here
through the quasi-period. That equidistribution fails for deg D > 4, and we do not determine what
replaces it; the data and the question are in Remark 7.4, and they seem to us the most promising
direction opened by the present reading. Whether the classical finite-place reading of the Eu-
clidean algorithm in algebraic decoding [18,19] admits the same scalar bookkeeping is a further
question that we leave open, as is the extension to other imaginary-quadratic and higher-genus

settings, where the period encodes finer arithmetic of the associated curve [13], and the relation
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to the infrastructure viewpoint of [15,17], in which the accumulated scalar becomes the distance

function.
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