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Abstract. We transplant to Fq[x] the augmented-matrix elementary row operation (ERO) framework for continued

fractions of rational numbers, and extend it there from the terminating case to quadratic irrational Laurent series

in Fq((1/x)), whose expansion is infinite. The state of the algorithm is the vector vk = (
√

D + mk, Qk)
⊤, one row

operation followed by a row swap sends vk to −αk+1 vk+1, and we show that the accumulated scalar of the process is

exactly (pk + qk
√

D)−1: the machine therefore returns not only the convergents but the associated algebraic integers

of O = Fq[x][
√

D ]. Reading the construction at the infinite place gives the exact non-archimedean error equality

|α− pk/qk| = q−(deg qk+deg qk+1) for the infinite expansion, whence every convergent is a strict best rational approximation

for the degree valuation. From the determinant invariant we obtain a norm form, and we recover within the framework

the classical facts that the expansion of
√

D is periodic from the first partial quotient onwards with palindromic period,

and that the fundamental solution of the polynomial Pell–Abel equation P2
−DQ2

∈ F×q is the convergent at the end of

the quasi-period n — not of the period ℓ, from which n differs for a substantial proportion of D in every range we have

computed — the regulator being R = d + deg qn−1, i.e. minus the degree of the accumulated scalar. Periodicity and the

distinction between period and quasi-period, unlike the error equality, are genuinely finite-field phenomena. What the

construction offers is uniformity of derivation rather than new theorems: all of this is classical and is recovered rather

than claimed, including the determination, for deg D = 2, of exactly how often the period exceeds the quasi-period, the

proportion being (q− 2)/(q− 1).

1. Introduction

The convergents pk/qk of a continued fraction furnish the best rational approximations to its

value [5, 6, 14], a fact whose function-field incarnation has been studied extensively [4, 7, 11, 13].

For a rational number a/b with a, b ∈ Z, an augmented-matrix framework realises the Euclidean

algorithm as elementary row operations on [ I | v ], v = (a, b)⊤, so that the convergent pairs and
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the Bézout data are read off the accumulated matrix through a determinant invariant [20]; over Z

the error is governed by the classical two-sided bounds 1
Bk(Bk+Bk+1)

≤ |a/b−Ak/Bk| ≤
1

BkBk+1
, where

Ak/Bk denotes the k-th convergent [5, 6]. The present paper transplants the construction from Z

to Fq[x], where two things change. The absolute value at the infinite place is non-archimedean,

so the two-sided interval collapses to an exact error equality; and, once α is a quadratic irrational

rather than a rational function, the process no longer terminates. The Euclidean algorithm in Fq[x]
is of course also the engine of algebraic decoding: that it solves the Reed–Solomon key equation is

classical [18, 19].

The rational case produces a finite expansion. In this paper we pass to quadratic irrational

Laurent series α ∈ Fq((1/x))—for instance α =
√

D with D ∈ Fq[x] a nonsquare of even degree—

whose continued fraction is infinite. Three things must be re-examined. First, the error analysis: the

telescoping that yields a finite identity in the rational case becomes an infinite series, and we must

show that ultrametric domination still collapses it to the exact equality |α−pk/qk| = q−(deg qk+deg qk+1)

(Theorem 4.1). Second, periodicity: we recover, within the ERO framework, the classical theorems

of Artin and Abel [1,2] that α1 is purely periodic with palindromic period and that the polynomial

Pell–Abel equation is solved by a convergent at the end of a quasi-period (Theorems 6.1 and 7.1).

Third—and this is the point at which the finite-field setting genuinely departs from the classical

one over Z—the unit group F×q of the constant field is nontrivial, so the index at which units of

O = Fq[x][
√

D ] occur is governed by the quasi-period n rather than by the period ℓ [15,17]; one has

n | ℓ and ℓ ∈ {n, 2n}, and ℓ = 2n happens for a substantial proportion of D in every range we have

computed (Remark 7.4).

Relation to previous work. Almost everything proved below is classical, and we claim priority

for none of it. The periodicity and palindromy of the expansion of
√

D are due to Artin and

Abel [1, 2]; the exact error equality and the best-approximation property it yields are standard in

the function-field setting [10, 16]; the product formula for the complete quotients that underlies

Proposition 7.1 is elementary and well known [9, Prop. 2.4]; the norm form of Lemma 6.1 and

the criterion for an element of O to be a unit are [8, Lem. 2.8 and Lem. 2.11]; the quasi-period,

the symmetries it obeys, the location of the fundamental unit and the regulator formula are all in

Stein [17, Thm. 4.7, Cor. 4.6, Thm. 5.2, Cor. 5.3]; and the two counts of Proposition 7.2 are the case

d = 1 of [3, Thm. 2.3(ii)], obtained there by a different argument, for the larger family of monic

nonsquare D and in terms of the period rather than the quasi-period. We note in addition that the

proof of Theorem 4.1 uses nothing beyond the recursion (2.2) and the inequality deg am ≥ 1, so it

is valid verbatim for every α ∈ K \Fq(x); we state it in the quadratic notation only because that is

the setting in which the remaining sections operate.

What the paper offers is the following. (i) A single elementary device — elementary row oper-

ations on an augmented matrix — from which all of the above is derived uniformly, transplanting

to Fq[x] the construction used over Z in [20]. The state is vk = (
√

D + mk, Qk)
⊤, one row operation

followed by a row swap sends vk to −αk+1 vk+1 (Lemma 3.1), the convergent pairs are the columns
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of the inverse Ak = T−1
k+1S of the accumulated matrix — not of the accumulated matrix itself, whose

rows carry the same data, up to sign, in the order (q j, p j)— and the accumulated scalar is the inverse

of the associated algebraic integer, Λk = λ0 · · ·λk = (pk + qk
√

D )−1 (Proposition 7.1), so that the

arithmetic of O is recorded by the scalar bookkeeping of the row operations and not only by the

matrix. (ii) A self-contained derivation, inside that device, of the quasi-palindromic relations (7.1)

and hence of the fact that an even quasi-period forces Qn = 1; these follow from [17, Thm. 4.7],

where they are stated for the Qi and the complete quotients, by taking polynomial parts, but we

have not seen them recorded in terms of the partial quotients. (iii) A short derivation, Propo-

sition 7.2, of how often the period exceeds the quasi-period in the case d = 1: the answer is a

proportion (q − 2)/(q − 1), and it comes from an exact equidistribution of Q1 over F×q together

with the coincidence, in degree 2, of the conditions “squarefree” and “nonsquare”. We claim no

priority for the two counts themselves, which are the case d = 1 of [3, Thm. 2.3(ii)]. For d ≥ 2 the

relevant statistic is Qn and it is not equidistributed; the data — recorded for the monic squarefree

family and for the condition ℓ = 2n, so not for the quantities counted in [3] — and the resulting

question are in Remark 7.4.

We do not treat the finite place here. That the extended Euclidean algorithm solves the Reed–

Solomon key equation is classical [18, 19], and we recall it only to situate the rational case of the

construction [20]; no claim about it is made or needed below.

All statements below are proved in full; they were in addition verified by exact symbolic

computation in Fq[x], by exhaustive enumeration of the monic squarefree nonsquare D of degree

2d for q ∈ {3, 5, 7, 9, 11, 13, 25, 27}— prime and non-prime alike — with d ≤ 3 for q ∈ {3, 5}, d ≤ 2 for

q ∈ {7, 9, 11} and d = 1 for q ∈ {13, 25, 27}, together with random samples at d = 2 for q ∈ {25, 27}

(see Remark 7.4).

2. Notation and preliminaries

Throughout, Fq is a finite field of odd characteristic and K = Fq((1/x)) is the completion of

Fq(x) at the infinite place. For f =
∑︁

i≤n cixi
∈ K \ {0} with ci ∈ Fq and cn , 0 we set deg f = n,

extending the degree on Fq[x]; then K is a complete non-archimedean valued field with

| f | = qdeg f ( f , 0), |0| = 0, | f + g| ≤ max(| f |, |g|) with equality if | f | , |g|. (∗)

For g ∈ K \ {0}, ⌊g⌋ ∈ Fq[x] denotes its polynomial part.

Let D ∈ Fq[x] be squarefree and nonsquare, of even degree 2d with square leading coefficient;

necessarily d ≥ 1, since a nonzero constant with square leading coefficient is a square in Fq.

(Squarefreeness is used only so that O = Fq[x][
√

D ] is integrally closed and R below is the

regulator of the field; everything else holds verbatim for any nonsquare D, with R the regulator

of the order O.) Writing D = c x2d(1 + u) with c a square in F×q and |u| < 1, the binomial series for

(1 + u)1/2 converges in K because char Fq , 2; hence
√

D ∈ K, and A := ⌊
√

D⌋ has deg A = d and

the same leading coefficient as
√

D. Put α =
√

D.
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For β ∈ Fq(x)(
√

D ) we write β for the image of β under the nontrivial automorphism of

Fq(x)(
√

D ) over Fq(x); this automorphism fixes Fq(x) and sends
√

D to −
√

D. The complete

quotients αm = (
√

D + mm)/Qm and partial quotients are

m0 = 0, Q0 = 1, am =
⌊︃

A+mm
Qm

⌋︃
, mm+1 = amQm −mm, Qm+1 =

D−m2
m+1

Qm
. (2.1)

The convergents satisfy

p−1 = 1, p0 = a0, q−1 = 0, q0 = 1, pk = akpk−1 + pk−2, qk = akqk−1 + qk−2 (k ≥ 1). (2.2)

Lemma 2.1 (Exactness of the surd recursion). In (2.1), Qm , 0 and Qm | D −m2
m+1, so Qm+1 ∈

Fq[x] \ {0} and QmQm+1 = D−m2
m+1.

Proof. Since mm+1 ≡ −mm (mod Qm) we have m2
m+1 ≡ m2

m (mod Qm); with Q−1 := D, induction

on Qm−1Qm = D −m2
m (the case m = 0 being Q−1Q0 = D = D −m2

0) gives Qm | D −m2
m, hence

Qm | D−m2
m+1. No Qm vanishes, for Qm−1Qm = D−m2

m , 0: otherwise D = m2
m would be a square

in Fq[x]. □

Lemma 2.2 (Magnitude of complete quotients). For every m ≥ 0, ⌊αm⌋ = am and αm − am = 1/αm+1.
For every m ≥ 1,

|αm| = |am| = qdeg am > 1; equivalently degαm = deg am ≥ 1.

Proof. By Lemma 2.1, Qm , 0, so deg Qm ≥ 0. Since αm − (A + mm)/Qm = (
√

D − A)/Qm has

absolute value qdeg(
√

D−A)−deg Qm < 1, because deg(
√

D−A) < 0 ≤ deg Qm, the polynomial parts of

αm and of (A + mm)/Qm coincide; that is, ⌊αm⌋ = am. Next, by (2.1) and Lemma 2.1,

αm − am =

√
D + mm − amQm

Qm
=

√
D−mm+1

Qm
=

Qm+1(
√

D−mm+1)

QmQm+1
=

Qm+1
√

D + mm+1
=

1
αm+1

.

Since am = ⌊αm⌋ we have |αm − am| < 1, hence |αm+1| > 1 for every m ≥ 0; in particular |αm| > 1 for

m ≥ 1. For such m, αm = am + (αm − am) with |αm − am| < 1 < |αm|, so the equality case of (∗) forces

|am| = |αm| > 1, i.e. deg am = degαm ≥ 1. □

Lemma 2.3 (Cassini–Euler; degree growth). For all k ≥ 0, pkqk−1 − pk−1qk = (−1)k+1; for k ≥ 1 this

gives pk
qk
−

pk−1
qk−1

=
(−1)k+1

qkqk−1
. Moreover deg q0 = 0 and deg qk =

∑︁k
i=1 deg ai for k ≥ 1; hence (deg qk)k≥0 is

strictly increasing and deg qk →∞.

Proof. The first two claims are inductions on (2.2). For Cassini–Euler the base case k = 0 reads

p0q−1 − p−1q0 = −1, and pkqk−1 − pk−1qk = −(pk−1qk−2 − pk−2qk−1); the second identity follows on

dividing by qkqk−1, which is legitimate for k ≥ 1 since q−1 = 0 but q j , 0 for j ≥ 0. For the degree

formula, deg ai ≥ 1 for i ≥ 1 (Lemma 2.2) prevents leading-term cancellation in qk = akqk−1 + qk−2,

so deg qk = deg ak +deg qk−1. Both arguments use only the ring structure and the degree valuation,

not finiteness of Fq. □
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3. The augmented-matrix construction and the determinant invariant

Write O = Fq[x][
√

D ] and let

vk =

⎛⎜⎜⎜⎜⎜⎝
√

D + mk

Qk

⎞⎟⎟⎟⎟⎟⎠ ∈ O2, so that vk = Qk

⎛⎜⎜⎜⎜⎜⎝αk

1

⎞⎟⎟⎟⎟⎟⎠ (k ≥ 0), (3.1)

be the state of the algorithm after k steps; thus v0 = (
√

D, 1)⊤. The elementary row operations are

carried out by the matrices

Ek =

⎛⎜⎜⎜⎜⎝1 −ak

0 1

⎞⎟⎟⎟⎟⎠ , S =

⎛⎜⎜⎜⎜⎝0 1

1 0

⎞⎟⎟⎟⎟⎠
over Fq[x]: the type-III operation Ek subtracts ak times the second row from the first, and S
interchanges the two rows. For a rational number a/b the same two matrices act on v = (a, b)⊤ ∈ Z2

and the process terminates [20]; for α =
√

D over Fq[x] it does not, and each step reproduces the

next state only up to a scalar factor.

Lemma 3.1 (One elementary row operation step). For every k ≥ 0,

SEkvk = λk vk+1, λk =

√
D−mk+1

Qk+1
= −αk+1 ∈ K×.

Proof. By (2.1),
√

D+mk − akQk =
√

D−mk+1, so Ekvk = (
√

D−mk+1, Qk)
⊤ and SEkvk = (Qk,

√
D−

mk+1)
⊤. Its second entry is λkQk+1 by the definition of λk, and by Lemma 2.1, λk(

√
D + mk+1) =

(D −m2
k+1)/Qk+1 = Qk, which is its first entry. Finally αk+1 = (mk+1 −

√
D)/Qk+1 = −λk, and

λk , 0 because
√

D < Fq(x). □

Set T0 = I and Tk+1 = SEk · · · SE0, so that Lemma 3.1 gives

Tk+1v0 = Λk vk+1, Λk := λ0λ1 · · ·λk : (3.2)

the process transports the initial state to the (k + 1)-st one, the accumulated scalar being a product

of conjugate complete quotients. The convergents are read off the inverse of the accumulated

matrix; precisely, we set

Ak := T−1
k+1S. (3.3)

Theorem 3.1 (Determinant invariant). Let Ak be as in (3.3). Then det Ak = (−1)k
∈ F×q , and the

columns of Ak are (pk−1, qk−1)
⊤ and (pk, qk)

⊤. In particular gcd(pk, qk) = 1.

Proof. Since (SEi)
−1 = E−1

i S =
(︂

ai 1
1 0

)︂
, we have T−1

k+1 = (SE0)−1(SE1)
−1
· · · (SEk)

−1 = M0M1 · · ·Mk,

where Mi =
(︂

ai 1
1 0

)︂
; the order of the factors matters, since they do not commute. An induction

on (2.2) identifies this product with
(︂ pk pk−1

qk qk−1

)︂
: for k = 0 this is the initialisation p0 = a0, p−1 =

1, q0 = 1, q−1 = 0, and multiplying
(︂ pk−1 pk−2

qk−1 qk−2

)︂
on the right by

(︂
ak 1
1 0

)︂
is exactly the recursion (2.2).

Multiplication by S on the right interchanges the two columns, which gives the stated form of

Ak. Each factor has determinant −1, so det T−1
k+1 = (−1)k+1 and det Ak = (−1)k+1 det S = (−1)k;

equivalently, a type-III operation preserves the determinant while each row swap negates it, and
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there is one swap per step. The argument is purely ring-theoretic, hence identical to the rational

case. □

4. The exact error equality for the infinite expansion

Lemma 4.1 (Complete-quotient identity). For every k ≥ 0, α =
αk+1pk + pk−1

αk+1qk + qk−1
. Equivalently, writing

αk+1 = (
√

D + mk+1)/Qk+1, one has the polynomial identities

Dqk = mk+1pk + Qk+1pk−1, pk = mk+1qk + Qk+1qk−1. (4.1)

Proof. The formal identity [a0; . . . , ak, β] = (βpk + pk−1)/(βqk + qk−1) holds for an indeterminate β

by induction on (2.2); specialising β = αk+1, which is legitimate by Lemma 2.2, gives the first claim.

Substituting α =
√

D, αk+1 = (
√

D + mk+1)/Qk+1 and separating the parts free of and linear in
√

D yields (4.1). □

Theorem 4.1 (Exact non-archimedean error equality; cf. [10, 16]). For every k ≥ 0,⃓⃓⃓⃓⃓
α−

pk

qk

⃓⃓⃓⃓⃓
= q−(deg qk+deg qk+1).

In particular pk/qk → α, so the infinite continued fraction represents α, with exact convergence rate.
Equivalently, writing

ηk := αqk − pk (k ≥ 0), (4.2)

one has |ηk| = q−deg qk+1 , strictly decreasing in k.

Proof. By Lemma 4.1 and Lemma 2.3,

α−
pk

qk
=

pk−1qk − pkqk−1

qk(αk+1qk + qk−1)
=

(−1)k

qk(αk+1qk + qk−1)
. (4.3)

By Lemma 2.2, deg(αk+1qk) = deg ak+1 + deg qk = deg qk+1, while |qk−1| < |qk| < |qk+1| (this covers

k = 0, where q−1 = 0 and |q−1| = 0). The two terms in the denominator therefore have distinct

absolute values, so by (∗), |αk+1qk + qk−1| = qdeg qk+1 . Hence |α − pk/qk| = q−deg qk · q−deg qk+1 . Since

deg qk →∞, this tends to 0. □

Remark 4.1 (Telescoping and the collapse of the interval). Equivalently, since pk/qk → α, Lemma 2.3

gives α − pk
qk

=
∑︁

j≥k
(−1) j

q jq j+1
, a convergent series whose terms have strictly decreasing absolute values; the

infinite ultrametric domination (if |t0| > |t j| for j ≥ 1 then |
∑︁

t j| = |t0|) recovers Theorem 4.1. Over Q,
with Ak/Bk denoting the classical convergents, the same series is archimedean and yields only the two-sided
interval 1

Bk(Bk+Bk+1)
≤ |α−Ak/Bk| ≤

1
BkBk+1

[5, 6]; no exact equality is available in the rational case treated
in [20]. The collapse to an exact equality is genuinely non-archimedean, and for the infinite expansion it
requires no hypothesis on any partial quotient. As noted in the introduction, neither the statement nor the
proof uses that α is quadratic.
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5. Best polynomial approximation

Theorem 5.1 (Best approximation; cf. [10,16]). Fix k ≥ 0. For all r, s ∈ Fq[x] with s , 0, deg s ≤ deg qk

and r/s , pk/qk, ⃓⃓⃓⃓⃓
α−

pk

qk

⃓⃓⃓⃓⃓
<
⃓⃓⃓⃓
α−

r
s

⃓⃓⃓⃓
.

Proof. Let η j be as in (4.2). Since det Ak+1 = (−1)k+1
∈ F×q by Theorem 3.1, the columns

(pk, qk)
⊤, (pk+1, qk+1)

⊤ of Ak+1 form an Fq[x]-basis of Fq[x]2; write (r, s)⊤ = U(pk, qk)
⊤ +

V(pk+1, qk+1)
⊤ with U, V ∈ Fq[x], so that s = Uqk + Vqk+1 and αs − r = Uηk + Vηk+1. If

V = 0 then (r, s) = U(pk, qk) with U , 0 (else s = 0), and deg U + deg qk = deg s ≤ deg qk

forces U ∈ F×q , i.e. r/s = pk/qk, excluded; hence V , 0 and deg V ≥ 0. Then deg(Vqk+1) ≥

deg qk+1 > deg qk ≥ deg s, so the leading term of Vqk+1 must cancel against that of Uqk; in partic-

ular U , 0 and deg U + deg qk = deg V + deg qk+1, i.e. deg U = deg V + deg ak+1 ≥ 1. Therefore

deg(Uηk) − deg(Vηk+1) = (deg U − deg V) + deg ak+2 ≥ 2 > 0, and by (∗), |αs − r| = |Uηk| =

|U| q−deg qk+1 ≥ q 1−deg qk+1 . Hence⃓⃓⃓⃓
α−

r
s

⃓⃓⃓⃓
=
|αs− r|
|s|

≥
q 1−deg qk+1

qdeg qk
> q−(deg qk+deg qk+1) =

⃓⃓⃓⃓⃓
α−

pk

qk

⃓⃓⃓⃓⃓
. □

The converse direction, needed in Section 7, is equally short.

Lemma 5.1 (Convergence criterion). Let P, Q ∈ Fq[x] with Q , 0 and |αQ − P| < q−deg Q. Then
P/Q = pk/qk, where k is the unique index with deg qk ≤ deg Q < deg qk+1.

Proof. Such a k exists and is unique because deg q0 = 0 ≤ deg Q and (deg q j) is strictly increasing

to infinity (Lemma 2.3). With ηk as in (4.2) one has the polynomial identity pkQ − Pqk = qk(αQ −
P) −Qηk. By Theorem 4.1, |Qηk| = qdeg Q−deg qk+1 < 1, while |qk(αQ − P)| < qdeg qk−deg Q

≤ 1. Thus

pkQ− Pqk is a polynomial of absolute value < 1, hence zero. □

6. The norm form and periodicity

Lemma 6.1 (Norm form; classical, cf. [8, Lem. 2.8]). For all k ≥ 0, p2
k −Dq2

k = (−1)k+1Qk+1.

Proof. By (4.3),
√

D qk − pk = qk(α − pk/qk) = (−1)k/(αk+1qk + qk−1). Using αk+1 = (
√

D +

mk+1)/Qk+1 and the second identity of (4.1),

αk+1qk + qk−1 =

√
D qk + (mk+1qk + Qk+1qk−1)

Qk+1
=

√
D qk + pk

Qk+1
. (6.1)

Hence (
√

D qk − pk)(
√

D qk + pk) = (−1)kQk+1, i.e. Dq2
k − p2

k = (−1)kQk+1. □

Theorem 6.1 (Periodicity; classical, recovered). Over the finite field Fq, the expansion of
√

D is periodic
from the first partial quotient onwards; equivalently, α1 is purely periodic. Writing ℓ for the least period,

√

D = [A; a1, . . . , aℓ−1, 2A ], ai = aℓ−i (1 ≤ i ≤ ℓ − 1).

Moreover, for every m ≥ 1 the complete quotient αm is reduced, that is |αm| > 1 > |αm|; consequently
deg mm = d with the same leading coefficient as

√
D, deg Qm ≤ d− 1, and deg am = d− deg Qm.
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Proof. We first check that for m ≥ 1 the complete quotient αm = (
√

D + mm)/Qm is reduced, that

is, |αm| > 1 > |αm|, where αm = (mm −
√

D)/Qm is the conjugate. That |αm| > 1 is Lemma 2.2. For

the conjugate we induct on m. By (2.1), m1 = A and Q1 = D−A2, so α1 = (A−
√

D)/(D−A2) =

−1/(
√

D + A); as
√

D and A have the same degree d and the same leading coefficient, which

does not cancel because char Fq , 2, this gives |α1| = q−d < 1. If |αm| < 1 for some m ≥ 1, then

conjugating αm = am + 1/αm+1 gives 1/αm+1 = αm − am, whose absolute value is |am| ≥ q by the

equality case of (∗) and Lemma 2.2; hence |αm+1| ≤ q−1 < 1.

Fix m ≥ 1. If deg mm > d then deg(
√

D + mm) = deg(mm −
√

D) = deg mm, and reducedness

forces deg mm > deg Qm and deg mm < deg Qm; if deg mm < d (this includes mm = 0) then both

degrees equal d, and reducedness forces d > deg Qm and d < deg Qm; both are impossible. Hence

deg mm = d. Let µ , 0 and ν , 0 be the leading coefficients of mm and of
√

D respectively. If µ <

{ν,−ν} thenµ+ ν , 0 , µ−ν, so again deg(
√

D+mm) = deg(mm−
√

D) = d and reducedness gives

d > deg Qm and d < deg Qm, impossible. If µ = −ν then deg(
√

D + mm) < d = deg(mm −
√

D),

and reducedness gives deg Qm < deg(
√

D + mm) < d < deg Qm, impossible. Hence µ = ν, which

is the leading coefficient of A as well; then deg(
√

D + mm) = d, and |αm| > 1 gives deg Qm ≤ d− 1,

while deg(A + mm) = d gives deg am = d−deg Qm. Thus each reduced state lies in a set of at most

q2d pairs (mm, Qm), so as Fq is finite some state recurs.

Put δm = −1/αm, so that |δm| > 1 for m ≥ 1 by reducedness. Conjugating αm = am + 1/αm+1

gives αm = am + 1/αm+1, that is,

δm+1 = am +
1
δm

(m ≥ 1), (6.2)

so (δm) runs the continued fraction recursion through the partial quotients in reverse order; and

|1/δm| < 1 shows ⌊δm+1⌋ = am. In particular am = ⌊−1/αm+1⌋ is determined by αm+1 alone, hence

so is αm = am + 1/αm+1. The step αm ↦→ αm+1 is therefore injective on the finite set of reduced

states occurring in the expansion, and so bijective on it; the recurrence is thus a pure one, and the

expansion is periodic from m = 1, with (mℓ+1, Qℓ+1) = (m1, Q1) for the least period ℓ.

It remains to identify aℓ and to establish the palindromic relations. From (2.1), m1 = A and

Q1 = D − A2, so Lemma 2.1 gives QℓQℓ+1 = D −m2
ℓ+1 = D − A2 = Qℓ+1, whence Qℓ = 1 and

Qℓ−1 = D−m2
ℓ . Now

(mℓ −A)(mℓ + A) =
(︂
m2
ℓ −D

)︂
+
(︂
D−A2

)︂
= −Qℓ−1 + Q1

has degree < d, since deg Qℓ−1 ≤ d − 1 and deg Q1 ≤ d − 1; on the other hand mℓ and A both

have degree d and the same leading coefficient, which does not cancel because char Fq , 2, so

deg(mℓ + A) = d. Hence mℓ −A = 0, and aℓ = ⌊(A + mℓ)/Qℓ⌋ = 2A.

For the palindrome we return to (6.2). Since αℓ+1 = α1 we have δℓ+1 = δ1, so iterating (6.2) from

m = ℓ down to m = 1 exhibits δ1 as the purely periodic continued fraction [ aℓ, aℓ−1, . . . , a1 ]. On the

other hand α1 = (A−
√

D)/Q1 with Q1 = D−A2, so

δ1 =
D−A2
√

D−A
=
√

D + A = [ aℓ, a1, a2, . . . , aℓ−1 ],
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the last equality because
√

D = [A; a1, a2, . . . ] and aℓ = 2A. Comparing the two expansions of

δ1 term by term, which is legitimate because the expansion of an element of K is unique (its

partial quotients are recovered successively as bi = ⌊βi⌋, βi+1 = 1/(βi − bi)), yields aℓ− j = a j for

1 ≤ j ≤ ℓ − 1. □

Remark 6.1 (Finiteness is essential). The state count uses |Fq| < ∞. Over an infinite base field the
expansion of

√
D need not be periodic [4, 12]; periodicity is a finite-field phenomenon, in contrast to

Theorems 3.1, 4.1, 5.1, valid over any base field of odd characteristic, finite or not. The hypothesis char Fq , 2

is likewise essential, and not merely technical: in characteristic 2 one has K2 = Fq((1/x2)) ⊊ K, so a
nonsquare D ∈ Fq[x] has

√
D < K and the extension Fq(x)(

√
D) is purely inseparable; the reduced-state

analysis above, and with it the palindromic relation aℓ = 2A, has no counterpart there.

7. The accumulated scalar, the quasi-period, and the Pell–Abel equation

For k ≥ −1 put εk := pk + qk
√

D ∈ O. The next proposition says that the scalar bookkeeping of

the row operations reproduces exactly these algebraic integers.

Proposition 7.1 (The accumulated scalar; cf. [9, Prop. 2.4], [17, Thm. 5.2]). For every k ≥ 0, the scalar
Λk = λ0λ1 · · ·λk of (3.2) satisfies

Λk =
1

pk + qk
√

D
= ε−1

k , |Λk| = q−(d+deg qk) = q−deg pk .

In particular Λ−1
k ∈ O for every k, and Λ−1

k ∈ O
× if and only if Qk+1 ∈ F×q .

Proof. By (3.3), Tk+1 = SA−1
k , and by Theorem 3.1,

Ak =

⎛⎜⎜⎜⎜⎝pk−1 pk

qk−1 qk

⎞⎟⎟⎟⎟⎠ , A−1
k = (−1)k

⎛⎜⎜⎜⎜⎝ qk −pk

−qk−1 pk−1

⎞⎟⎟⎟⎟⎠ , Tk+1 = (−1)k

⎛⎜⎜⎜⎜⎝−qk−1 pk−1

qk −pk

⎞⎟⎟⎟⎟⎠ .

Comparing the second coordinates in (3.2), with v0 = (
√

D, 1)⊤ and vk+1 = (
√

D + mk+1, Qk+1)
⊤,

gives (−1)k
(︂
qk
√

D − pk

)︂
= ΛkQk+1. By Lemma 6.1,

(︂
qk
√

D − pk

)︂(︂
qk
√

D + pk

)︂
= Dq2

k − p2
k =

(−1)kQk+1, so

Λk =
(−1)k(qk

√
D− pk)

Qk+1
=

(−1)k

Qk+1
·
(−1)kQk+1

qk
√

D + pk
=

1

pk + qk
√

D
.

For the absolute value, recall ηk = αqk − pk = qk
√

D− pk from (4.2), with |ηk| = q−deg qk+1 < 1. Since

|qk
√

D| = qd+deg qk > 1, the equality case of (∗) applied to pk = qk
√

D− ηk gives deg pk = d + deg qk,

and applied to εk = 2qk
√

D − ηk — the factor 2 being invertible because char Fq , 2 — it gives

|εk| = qd+deg qk = qdeg pk . Finally, N(εk) = εkεk = p2
k −Dq2

k = (−1)k+1Qk+1 by Lemma 6.1, and an

element of O is a unit exactly when its norm lies in F×q [8, Lem. 2.11]. □

Over Q the quantities Qm are positive integers, so “Qm is a unit” and “Qm = 1” coincide. Over

Fq they do not, and the resulting distinction governs where the units of O occur [15, 17].

Definition 7.1 (Quasi-period). The quasi-period of
√

D is n := min{m ≥ 1 : Qm ∈ F×q }.
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Lemma 7.1 (Quasi-period criterion and quasi-palindrome; classical, cf. [17, Thm. 4.7, Cor. 4.6]). Let
m ≥ 1. Then Qm ∈ F×q if and only if αm+1 = γα1 for some γ ∈ F×q , in which case γ = Qm and mm = A.
Writing n for the quasi-period and c := Qn ∈ F×q , one has the quasi-palindromic relations

an =
2A
c

, an−i = c(−1)i+1
ai (1 ≤ i ≤ n− 1), (7.1)

and

{m ≥ 1 : Qm ∈ F×q } = { jn : j ≥ 1 }, n | ℓ, ℓ ∈ {n, 2n},

with ℓ = n if and only if c = 1; in particular ℓ = 2n forces n odd. For n = ℓ (so c = 1) the relations (7.1)

are the palindrome of Theorem 6.1.

Proof. Suppose deg Qm = 0. Reducedness (Theorem 6.1) gives |αm| < 1, i.e. deg(mm −
√

D) <

deg Qm = 0, so mm = ⌊
√

D⌋ = A. Then am = 2A/Qm, hence mm+1 = amQm −mm = A and, by

Lemma 2.1, Qm+1 = (D − A2)/Qm = Q1/Qm; therefore αm+1 = (
√

D + A)/(Q1/Qm) = Qm α1.

Conversely, if αm+1 = γα1 with γ ∈ F×q , comparing the parts free of and linear in
√

D gives

mm+1 = A and Qm+1 = Q1/γ, so Qm = (D−m2
m+1)/Qm+1 = γ. Write Σ for the set in question; the

first displayed relation of (7.1) is the case m = n of am = 2A/Qm.

Scaling. For γ ∈ F×q and β ∈ K one has ⌊γβ⌋ = γ⌊β⌋, hence γβ − ⌊γβ⌋ = γ(β − ⌊β⌋) and the next

complete quotient of γβ is γ−1 times that of β. Iterating: if β = [ b0; b1, b2, . . . ] then

γβ = [ γb0; γ−1b1, γb2, . . . ], i-th partial quotient γ(−1)i
bi, (7.2)

and likewise αm+ j = γ(−1) j−1
α j for all j ≥ 1 whenever αm+1 = γα1.

Σ = nZ>0. Let m, m′ ∈ Σ, say αm+1 = γα1 and αm′+1 = γ′α1; the two need not be distinct.

Taking j = m′+ 1 in the last relation gives αm+m′+1 = γ(−1)m′
γ′ α1, so m + m′ ∈ Σ; if m < m′, taking

j = m′ −m + 1 gives αm′+1 = γ(−1)m′−m
αm′−m+1, i.e. αm′−m+1 = γ−(−1)m′−m

γ′ α1, so m′ −m ∈ Σ. Thus

Σ is a nonempty subset of Z>0 closed under addition and under positive differences: closure under

differences and division with remainder give Σ ⊆ nZ>0 for n = min Σ, and closure under addition

gives the reverse inclusion. Hence Σ = { jn : j ≥ 1}. Since ℓ is the least m ≥ 1 with αm+1 = α1, i.e.

with Qm = 1, we have ℓ ∈ Σ and n | ℓ, and ℓ = n exactly when c = 1.

The relations (7.1). Conjugatingαn+1 = cα1 givesαn+1 = cα1, hence δn+1 = c−1δ1 for δm = −1/αm

as in the proof of Theorem 6.1. By (6.2) and ⌊δm+1⌋ = am (m ≥ 1), iterating down from m = n to

m = 1 gives δn+1 = [ an; an−1, . . . , a1, δ1 ], while Theorem 6.1 gives δ1 =
√

D + A = [ 2A; a1, a2, . . . ];

hence

δn+1 = [ an; an−1, . . . , a1, 2A, a1, a2, . . . ].

On the other hand (7.2) with γ = c−1 and β = δ1 says that the i-th partial quotient of c−1δ1 is

c(−1)i+1
bi, where b0 = 2A and bi = ai for 1 ≤ i ≤ ℓ − 1. Since n ≤ ℓ, comparing the two expansions

of δn+1 term by term for 0 ≤ i ≤ n − 1 — legitimate by uniqueness of the expansion — yields

an = c−12A and an−i = c(−1)i+1
ai for 1 ≤ i ≤ n− 1, which is (7.1).

ℓ ∈ {n, 2n}. If n is odd, taking j = n + 1 in αn+ j = c(−1) j−1
α j gives α2n+1 = c(−1)n

cα1 = α1, so

ℓ | 2n and, with n | ℓ, ℓ ∈ {n, 2n}. If n is even, then 1 ≤ n/2 ≤ n − 1 and (7.1) with i = n/2 reads



Int. J. Anal. Appl. (2026), 24:269 11

an/2 = c(−1)n/2+1
an/2; as an/2 , 0 this forces c±1 = 1, i.e. c = 1 and ℓ = n. In all cases ℓ ∈ {n, 2n}, and

ℓ = 2n forces n odd. (Compare [17, Cor. 4.6].) □

Theorem 7.1 (Pell–Abel and regulator; classical, cf. [17, Thm. 5.2, Cor. 5.3]). Let n be the quasi-period
of
√

D. Then, for every k ≥ 0,

p2
k −Dq2

k ∈ F×q ⇐⇒ n | k + 1.

Among the solutions P, Q ∈ Fq[x] of P2
−DQ2

∈ F×q with Q , 0, those of least deg Q — the fundamental
solutions, forming the two orbits F×q ·(pn−1, qn−1) and F×q ·(pn−1,−qn−1) interchanged by conjugation —
are represented by (pn−1, qn−1), with p2

n−1 − Dq2
n−1 = (−1)nQn; equivalently ε := εn−1 = Λ−1

n−1 is a
fundamental unit of O, and the regulator of O is

R = deg ε = −deg Λn−1 = deg pn−1 = d + deg qn−1 =
n−1∑︂
i=0

deg ai.

Moreover ℓ = n if Qn = 1, in which case p2
ℓ−1 −Dq2

ℓ−1 = (−1)ℓ; otherwise ℓ = 2n and (pℓ−1, qℓ−1)

corresponds to ε2 up to a factor in F×q .

Proof. By Lemma 6.1, p2
k −Dq2

k lies in F×q exactly when deg Qk+1 = 0, which by Lemma 7.1 happens

exactly when n | k + 1; equivalently, by Proposition 7.1, exactly when the accumulated scalar Λk is

a unit of O. This proves the first assertion and locates the least such index at k = n − 1, of norm

(−1)nQn.

For fundamentality one must know that every solution arises in this way. Let P, Q ∈ Fq[x] with

Q , 0 satisfy P2
−DQ2 = c ∈ F×q . Then (

√
D Q−P)(

√
D Q+P) = −c has absolute value 1, whereas

(
√

D Q−P) + (
√

D Q+ P) = 2
√

D Q has absolute value qd+deg Q, the factor 2 being invertible since

char Fq , 2. The two absolute values are distinct: were they equal they would both be 1, and

then the sum would have absolute value at most 1 < qd+deg Q. Hence by (∗) they are qd+deg Q and

q−d−deg Q, and after replacing P by −P if necessary, |αQ − P| = q−d−deg Q < q−deg Q because d ≥ 1.

Lemma 5.1 now gives P/Q = pk/qk for some k; since gcd(pk, qk) = 1 (Theorem 3.1) and P2
−DQ2

is constant, (±P, Q) = γ(pk, qk) with γ ∈ F×q , the sign being the one introduced in the previous

sentence. Thus every solution lies in F×q ·(pk, qk)∪F×q ·(pk,−qk) for some k with n | k + 1; as (deg qk)

is strictly increasing, those of least deg Q are the ones at k = n − 1, in the two stated orbits. (The

two orbits are genuinely distinct, since (−pn−1, qn−1) = γ(pn−1, qn−1) would force γ = −1 and γ = 1

simultaneously.)

Write R := d + deg qn−1. We claim ε = εn−1 is a fundamental unit. Let u = P + Q
√

D ∈ O× with

u < F×q ; then Q , 0, and the previous paragraph shows both that |u| = q±(d+deg Q) and that Q = γqk

with γ ∈ F×q and n | k + 1, whence

|deg u| = d + deg qk ≥ d + deg qn−1 = R,

(deg qk) being strictly increasing. Replacing u by u−1 if necessary we may assume deg u > 0;

with j = ⌊deg u/R⌋ ≥ 1 the element uε− j is again a unit, of degree in [0, R), so by the displayed

inequality it lies in F×q . HenceO× = F×q × ε
Z, ε is fundamental, and the regulator is deg ε, which by
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Proposition 7.1 equals −deg Λn−1 = d + deg qn−1 = deg pn−1 = R. Finally deg an = d− deg Qn = d
by Theorem 6.1, so d + deg qn−1 = deg an +

∑︁n−1
i=1 deg ai, and since deg a0 = deg A = d = deg an

this equals
∑︁n−1

i=0 deg ai.

For the last assertion, note first that a unit u of positive degree is of the form γεk: the alternative

permitted by the previous paragraph is u = γ(−pk + qk
√

D) = −γεk, which is excluded because

deg εk = deg N(εk) − deg εk = −deg εk < 0. Hence the units ε jn−1, j ≥ 1, of strictly increasing

degrees d + deg q jn−1, represent every class of O×/F×q of positive degree; since those classes are

also represented by ε, ε2, ε3, . . . , of strictly increasing degrees R, 2R, 3R, . . . , matching the two lists

in order gives ε jn−1 ∈ F×q ε
j for every j ≥ 1. Taking j = 2 when ℓ = 2n, and invoking Lemma 7.1 for

the dichotomy, gives the stated description of (pℓ−1, qℓ−1). □

Remark 7.1 (One machine, two readings). Running the ERO process on
√

D and halting at the first
k ≥ 0 for which the accumulated scalar Λk is a unit of O — equivalently, Qk+1 ∈ F×q — returns the
fundamental Pell–Abel solution as the last column of Ak, the certificate det Ak = ±1, and the regulator
R = −deg Λk = d + deg qk, in n ≤ R row operations. Run without halting, the same construction
computes best rational approximation (Theorem 4.1). Both readings are at the infinite place; the finite-place
reading of the Euclidean algorithm in algebraic decoding [18, 19] is classical and is not pursued here.

Remark 7.2 (The equation with right-hand side exactly 1). Theorem 7.1 concerns P2
−DQ2

∈ F×q ,
which is the equation whose solutions are the units of O. For the strict equation P2

− DQ2 = 1 one
needs in addition that the norm be a square in F×q : by Lemma 6.1, γ(pk, qk) solves it precisely when

n | k + 1 and (−1)k+1Qk+1 ∈ (F
×
q )

2, and then γ2 =
(︂
(−1)k+1Qk+1

)︂−1
. The least such k need not be n− 1.

For instance D = x2 + 2 over F5 (squarefree, nonsquare, d = 1, A = x) has Q1 = 2, so n = 1 and
ℓ = 2, but p2

0 −Dq2
0 = x2

−D = −2 = 3 is a nonsquare in F×5 ; the least solution of P2
−DQ2 = 1 is

(p1, q1) = (x2 + 1, x), at the end of the period. Over Fq the natural object is therefore the unit equation,
and it is that equation that Theorem 7.1 solves.

Remark 7.3 (The norm of the fundamental unit). By Lemma 6.1, N(ε) = p2
n−1 −Dq2

n−1 = (−1)nQn,
so Lemma 7.1 may be read as a statement about the norm of the fundamental unit: ℓ = n if and only if
N(ε) = (−1)n, and since ℓ = 2n forces n odd,

ℓ = 2n ⇐⇒ n is odd and N(ε) , −1.

Over Z the corresponding question — whether the fundamental unit has norm −1, equivalently whether
P2
−DQ2 = −1 is solvable — is classical and delicate. The situation here differs in that N(ε) ranges over

all of F×q , so that N(ε) = −1 is one value among q− 1 rather than one among two.

Proposition 7.2 (The case d = 1; the counts are those of [3, Thm. 2.3(ii)]). Let q be odd and let D1

be the set of monic squarefree nonsquare D ∈ Fq[x] of degree 2. Then |D1| = q(q − 1), every D ∈ D1 has
quasi-period n = 1, regulator R = 1 and fundamental unit ε = A +

√
D with N(ε) = −Q1, and the map

D1 −→ F×q , D ↦−→ Q1,
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is exactly q-to-one. Consequently ℓ = 1 for exactly q of them and ℓ = 2 for the remaining q(q − 2); the
proportion with ℓ = 2n is exactly

q− 2
q− 1

.

Proof. Write D = x2 + bx + e. Then A = x + b/2 (recall char Fq , 2) and Q1 = D−A2 = e− b2/4 ∈

Fq, so that disc(D) = b2
− 4e = −4Q1. Hence D is a square if and only if Q1 = 0, and D is

squarefree if and only if Q1 , 0: the two conditions coincide, and D1 is parametrised by the

pairs (b, e) with e , b2/4, of which there are q(q − 1). For each fixed b the map e ↦→ e − b2/4 is

a bijection from Fq \ {b2/4} onto F×q ; as b runs over Fq this gives the q-to-one statement. Since

deg Q1 = 0 the quasi-period is n = 1, so ε = ε0 = p0 + q0
√

D = A +
√

D, N(ε) = A2
−D = −Q1

and R = deg p0 = deg A = 1 by Theorem 7.1. By Lemma 7.1, ℓ = n = 1 exactly when Q1 = 1,

which by the q-to-one statement happens for exactly q elements of D1; for the other q(q − 2) one

has ℓ = 2n = 2. □

The two counts q and q(q − 2) are the case d = 1 of [3, Thm. 2.3(ii)], where θ(d, 1) = qd and

θ(d, 2) = (dq− d− 1)qd are obtained, for monic nonsquare D of degree 2d, by a different argument;

for d = 1 the conditions “squarefree” and “nonsquare” coincide, as the proof above shows, so

the two families agree. What the derivation above adds is the reading of the count through the

quasi-period: q(q− 2) is exactly the number of D for which halting at the end of the period returns

ε2 rather than ε.

Remark 7.4 (The quasi-period is not exceptional, and the case d ≥ 2). Halting at the end of the period

rather than of the quasi-period returns ε2 instead of ε whenever ℓ = 2n, and this occurs for a substantial
proportion of D. For d = 1 the proportion is (q − 2)/(q − 1) exactly (Proposition 7.2), in agreement with
exhaustive enumeration for q ∈ {3, 5, 7, 9, 11, 13, 25, 27}. For d = 2, exhaustive enumeration of the monic
squarefree nonsquare D gives 3 of 54 when q = 3, 225 of 500 when q = 5, 721 of 2058 when q = 7, 2601

of 5832 when q = 9 and 5445 of 13310 when q = 11; for d = 3 it gives 63 of 486 when q = 3 and 4535 of
12500 when q = 5.

The mechanism behind Proposition 7.2 is the exact equidistribution of Q1 over F×q , which is available
because n = 1 for every D when d = 1. For d ≥ 2 the relevant statistic is Qn, and it is not equidistributed.
Restricting to those D with n odd — the only ones that can have ℓ = 2n — the counts of Qn by value are, for
q = 7 and d = 2: 245 for each of the three squares of F×7 and 77 for each of the three nonsquares, out of 966;
and for q = 5 and d = 3: 905 for each square and 1815 for each nonsquare, out of 5440. In both cases the
count depends only on the square class of Qn. But for q = 5 and d = 2 the values 1, 2, 3, 4 occur 15, 105,
85, 35 times out of 240, which is not constant on square classes. We do not determine these counts here,
and record the question: for d ≥ 2, what is the distribution of Qn on F×q ? They are not the quantities
θ(d, t) of [3]: those count monic nonsquare D with Per(

√
D) = t, whereas the counts above are taken over

the monic squarefree D and record the condition ℓ = 2n, which for d ≥ 2 is a different family and a different
statistic. Example 8.2 below is one D with ℓ = 2n.
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8. Computational examples

Example 8.1 (n = ℓ). Let D = x4 + x + 1 over Fq with q = 5, so d = 2 and A = x2. The expansion is
√

D = [ x2; 2x−2, 1−2x, −x, 2x+1, −x, 1−2x, 2x−2, 2x2 ], ℓ = 8,

palindromic with a8 = 2x2 = 2A. Here deg Qm = 1 for 1 ≤ m ≤ 7 and Q8 = 1, so the quasi-period equals
the period, n = ℓ = 8. Table 1 confirms Theorem 4.1 at every step. The fundamental Pell–Abel solution is
therefore (p7, q7) with p2

7 −Dq2
7 = 1, and the regulator is

R = deg ε = deg p7 = d + deg q7 =
7∑︂

i=0

deg ai = 2 + 7 = 9.

Table 1. Convergents of
√

x4 + x + 1 over F5; the error degree equals −(deg qk +

deg qk+1). The last entry is q−16, and not q−15, because deg a8 = 2 gives deg q8 =

deg q7 + deg a8 = 9.

k ak deg qk deg Qk+1 |α− pk/qk|

0 x2 0 1 q−1

1 2x− 2 1 1 q−3

2 1− 2x 2 1 q−5

3 −x 3 1 q−7

4 2x + 1 4 1 q−9

5 −x 5 1 q−11

6 1− 2x 6 1 q−13

7 2x− 2 7 0 q−16

Example 8.2 (ℓ = 2n). Let D = x4 + 4x3 + x = x(x − 2)(x2 + x + 2) over F5, which is squarefree,
nonsquare, of even degree 4 and with square leading coefficient; here d = 2 and A = x2 + 2x+ 3. The states
are listed in Table 2. The expansion

√

D = [ x2+2x+3; 3x+4, 2x+1, 3x2+x+4, 2x+1, 3x+4, 2x2+4x+1 ]

is palindromic of period ℓ = 6 with a6 = 2A, in accordance with Theorem 6.1. However Q3 = 4 ∈ F×5 , so
the quasi-period is n = 3 and ℓ = 2n. Accordingly

p2 = x4 + 3x3 + 1, q2 = x2 + x, p2
2 −Dq2

2 = 1,

so already at k = 2 one has a solution of the Pell–Abel equation, of degree deg q2 = 2; the fundamental
unit is ε = p2 + q2

√
D and the regulator is R = deg p2 = 4 =

∑︁2
i=0 deg ai. The convergent at the end

of the period, (p5, q5) with deg q5 = 6, satisfies p2
5 −Dq2

5 = 1 as well but corresponds to ε2. This is the
phenomenon quantified in Remark 7.4.
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Table 2. States of the ERO process for
√

x4 + 4x3 + x over F5. The quasi-period is

n = 3, where Q3 = 4 ∈ F×5 ; the period is ℓ = 6, where Q6 = 1.

m am mm Qm deg Qm

0 x2 + 2x + 3 0 1 0

1 3x + 4 x2 + 2x + 3 4x + 1 1

2 2x + 1 x2 + 2x + 1 x + 4 1

3 3x2 + x + 4 x2 + 2x + 3 4 0

4 2x + 1 x2 + 2x + 3 x + 4 1

5 3x + 4 x2 + 2x + 1 4x + 1 1

6 2x2 + 4x + 1 x2 + 2x + 3 1 0

9. Conclusion

A single augmented-matrix ERO construction, read at the infinite place, extends from rational

a/b to quadratic irrational
√

D. The exact non-archimedean error equality for the infinite expan-

sion follows directly from the construction (Theorem 4.1) and yields strict best approximation

(Theorem 5.1); the determinant invariant produces the norm form (Lemma 6.1); and the accu-

mulated scalar of the row operations is exactly the inverse of the associated algebraic integer

(Proposition 7.1), so that the arithmetic of O = Fq[x][
√

D ] is read off the scalar bookkeeping: the

fundamental unit is detected after the first number of steps at which that scalar becomes a unit

— the quasi-period, not the period — and the regulator is minus its degree (Theorem 7.1). The

classical periodicity and palindromy of
√

D (Theorem 6.1) are likewise recovered inside the frame-

work, and the distinction between period and quasi-period, invisible over Z because Z× = {±1},

is made explicit and quantified (Remark 7.4). The matrix machine that over Z yields only the

classical two-sided bounds [5, 6] therefore yields, over Fq[x], an exact error equality together with

the arithmetic of O; the improvement is attributable entirely to the ultrametric inequality and to

the finiteness of the constant field. The mathematics recovered in this way is classical, as set out in

Section 1; what the construction contributes is uniformity of derivation rather than new theorems,

and we claim priority for none of it. Proposition 7.2 is a case in point: for deg D = 2 the quantity

Q1 is exactly equidistributed over F×q , so the period exceeds the quasi-period for exactly q(q − 2)

of the q(q− 1) admissible D. These two counts are the case d = 1 of [3, Thm. 2.3(ii)], reached here

through the quasi-period. That equidistribution fails for deg D ≥ 4, and we do not determine what

replaces it; the data and the question are in Remark 7.4, and they seem to us the most promising

direction opened by the present reading. Whether the classical finite-place reading of the Eu-

clidean algorithm in algebraic decoding [18, 19] admits the same scalar bookkeeping is a further

question that we leave open, as is the extension to other imaginary-quadratic and higher-genus

settings, where the period encodes finer arithmetic of the associated curve [13], and the relation
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to the infrastructure viewpoint of [15, 17], in which the accumulated scalar becomes the distance

function.

Conflicts of Interest: The author declares that there are no conflicts of interest regarding the

publication of this paper.

References

[1] N.H. Abel, Ueber die Integration der Differential-Formel ρ dx/
√

R, wenn R und ρ ganze Functionen sind, J. Reine

Angew. Math. 1 (1826), 185–221. https://doi.org/10.1515/crll.1826.1.185.

[2] E. Artin, Quadratische Körper im Gebiete der höheren Kongruenzen. I. (Arithmetischer Teil.), Math. Z. 19 (1924),

153–206. https://doi.org/10.1007/BF01181074.

[3] H. Benamar, A. Chandoul, M. Mkaouar, On the Continued Fraction Expansion of Fixed Period in Finite Fields,

Canad. Math. Bull. 58 (2015), 704–712. https://doi.org/10.4153/CMB-2015-055-9.

[4] T.G. Berry, On Periodicity of Continued Fractions in Hyperelliptic Function Fields, Arch. Math. 55 (1990), 259–266.

https://doi.org/10.1007/BF01191166.

[5] G.H. Hardy, E.M. Wright, An Introduction to the Theory of Numbers, Oxford University Press, 2008. https:

//doi.org/10.1093/oso/9780199219858.001.0001.

[6] A.Ya. Khinchin, Continued Fractions, Dover, 1997.

[7] A. Lasjaunias, Continued Fractions for Hyperquadratic Power Series over a Finite Field, Finite Fields Appl. 14

(2008), 329–350. https://doi.org/10.1016/j.ffa.2007.01.001.

[8] F. Malagoli, Continued Fractions in Function Fields: Polynomial Analogues of McMullen’s and Zaremba’s Con-

jectures, arXiv:1704.02640, 2017. https://doi.org/10.48550/arXiv.1704.02640.

[9] B. Michels, A Brief and Relatively Terse Account of Continued Fractions, 2017. https://bartmichels.github.io/files/

cflaurent.pdf.

[10] T. Ooto, Quadratic Approximation in Fq((T−1)), Osaka J. Math. 54 (2017), 129–156.

[11] A.J. van der Poorten, Formal Power Series and Their Continued Fraction Expansion, in: Algorithmic Number The-

ory, Lecture Notes in Computer Science, vol. 1423, Springer, 1998, pp. 358–371. https://doi.org/10.1007/BFb0054875.

[12] A.J. van der Poorten, Non-Periodic Continued Fractions in Hyperelliptic Function Fields, Bull. Aust. Math. Soc. 64

(2001), 331–343. https://doi.org/10.1017/S000497270003999X.

[13] A.J. van der Poorten, X.C. Tran, Quasi-Elliptic Integrals and Periodic Continued Fractions, Monatsh. Math. 131

(2000), 155–169. https://doi.org/10.1007/s006050070018.

[14] A.M. Rockett, P. Szüsz, Continued Fractions, World Scientific, 1992. https://doi.org/10.1142/1725.

[15] R. Scheidler, A. Stein, H.C. Williams, Key-Exchange in Real Quadratic Congruence Function Fields, Des. Codes

Cryptogr. 7 (1996), 153–174. https://doi.org/10.1007/BF00125081.

[16] W. Schmidt, On Continued Fractions and Diophantine Approximation in Power Series Fields, Acta Arith. 95 (2000),

139–166. https://doi.org/10.4064/aa-95-2-139-166.

[17] A. Stein, Explicit Infrastructure for Real Quadratic Function Fields and Real Hyperelliptic Curves, Glas. Mat. 44

(2009), 89–126. https://doi.org/10.3336/gm.44.1.05.

[18] Y. Sugiyama, M. Kasahara, S. Hirasawa, T. Namekawa, A Method for Solving Key Equation for Decoding Goppa

Codes, Inf. Control 27 (1975), 87–99. https://doi.org/10.1016/S0019-9958(75)90090-X.

[19] L. Welch, R. Scholtz, Continued Fractions and Berlekamp’s Algorithm, IEEE Trans. Inf. Theory 25 (1979), 19–27.

https://doi.org/10.1109/TIT.1979.1055987.

[20] W. Yonwilad, N. Thongmual, C. Sahatsathatsana, W. Pimpasalee, S. Hobanthad, A Matrix Elementary Operations

Framework for Best Rational Approximation via Continued Fractions, Int. J. Math. Comput. Sci. 21 (2026), 535–539.

https://doi.org/10.69793/ijmcs/02.2026/yonwilad.

https://doi.org/10.1515/crll.1826.1.185
https://doi.org/10.1007/BF01181074
https://doi.org/10.4153/CMB-2015-055-9
https://doi.org/10.1007/BF01191166
https://doi.org/10.1093/oso/9780199219858.001.0001
https://doi.org/10.1093/oso/9780199219858.001.0001
https://doi.org/10.1016/j.ffa.2007.01.001
https://doi.org/10.48550/arXiv.1704.02640
https://bartmichels.github.io/files/cflaurent.pdf
https://bartmichels.github.io/files/cflaurent.pdf
https://doi.org/10.1007/BFb0054875
https://doi.org/10.1017/S000497270003999X
https://doi.org/10.1007/s006050070018
https://doi.org/10.1142/1725
https://doi.org/10.1007/BF00125081
https://doi.org/10.4064/aa-95-2-139-166
https://doi.org/10.3336/gm.44.1.05
https://doi.org/10.1016/S0019-9958(75)90090-X
https://doi.org/10.1109/TIT.1979.1055987
https://doi.org/10.69793/ijmcs/02.2026/yonwilad

	1. Introduction
	2. Notation and preliminaries
	3. The augmented-matrix construction and the determinant invariant
	4. The exact error equality for the infinite expansion
	5. Best polynomial approximation
	6. The norm form and periodicity
	7. The accumulated scalar, the quasi-period, and the Pell–Abel equation
	8. Computational examples
	9. Conclusion
	 Conflicts of Interest:

	References

