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Bi-Univalent Functions Associated with the Neutrosophic Touchard–Caputo Operator
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Abstract. This paper introduces a novel operator combining the neutrosophic Touchard (Bell polynomial) distribution

with the modified Caputo fractional derivative operator, and applies it to study bi-univalent functions. The neutrosophic

Touchard distribution extends both the classical Touchard moment series and the neutrosophic Poisson distribution

through an indeterminate moment order n ≥ 0 and a neutrosophic parameter mN ∈ [m1, m2]. Within the new bi-

univalent family Υ̃Σ(α,λ,µ, η, δ, mN , n; e), which unifies Bazilevic and µ-pseudo-starlike bi-univalent functions, we

establish upper bounds for the coefficients |d2| and |d3| and derive the Fekete–Szegő inequality. Corollaries recover

known results, including those of Santhiya–Thilagavathi [23] and Porwal [17]. A numerical case study with four figures

illustrates how n tightens the bounds and how the neutrosophic interval quantifies model uncertainty.

1. Introduction

LetA denote the class of functions f of the form

f (ζ) = ζ+
∞∑

k=2

akζ
k, ζ ∈ U := {ζ ∈ C : |ζ| < 1}, (1.1)

which are analytic in the open unit disc U. Let S be the subclass of A consisting of all univalent

functions in U. Every f ∈ S satisfies the Koebe one-quarter theorem [3] and admits an inverse f−1

satisfying f−1( f (ζ)) = ζ for ζ ∈ U and f ( f−1(ω)) = ω for |ω| < r0( f ) ≥ 1
4 , where

f−1(ω) = ω− a2ω
2
− (2a2

2 − a3)ω
3
− · · · , |ω| < r0( f ). (1.2)
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The celebrated Bieberbach conjecture [1], later proved by de Branges [2], states that |an| ≤ n for

every f ∈ S, providing the fundamental motivation for coefficient estimates in geometric function

theory.

A function f ∈ A is said to be bi-univalent in U if both f and f−1 are univalent in U. We denote

the class of all such functions by Σ. The systematic study of bi-univalent functions was revived by

Srivastava et al. [4], and has since attracted considerable attention [5–10].

A function f ∈ A is called a Bazilevic function of order λ ≥ 0 [14] if

Re
(
ζ1−λ f ′(ζ)
[ f (ζ)]1−λ

)
> 0, ζ ∈ U.

It is called a µ-pseudo-starlike function [15] if

Re
(
ζ[ f ′(ζ)]µ

f (ζ)

)
> 0, µ ≥ 1, ζ ∈ U.

The (G, H) Lucas Polynomials. For polynomials G(x) and H(x) with real coefficients, the (G, H)

Lucas polynomials LG,H,k(x) satisfy [11, 12]

LG,H,k(x) = G(x) LG,H,k−1(x) + H(x) LG,H,k−2(x), k ≥ 2,

with generating function

MG(x),H(x)(ζ) =
∞∑

k=2

LG,H,k(x) ζk =
2−G(x)ζ

1−G(x)ζ−H(x)ζ2 . (1.3)

Subordination. If the holomorphic functions f and g are in U, then f is subordinate to g, written

f ≺ g, if there exists a Schwarz function w with w(0) = 0 and |w(ζ)| < 1 such that f (ζ) = g(w(ζ)).

When g is univalent, f ≺ g iff f (0) = g(0) and f (U) ⊂ g(U); see [13].

Neutrosophic Probability and the Poisson Series. Classical probability distributions operate with

precisely known parameters. In many real-world scenarios the rate parameter is itself uncertain,

motivating neutrosophic statistics [16], wherein a real parameter m is replaced by the neutrosophic

number mN = m+ I ·mI with mN ∈ [m1, m2] and I the indeterminate component. Applications of the

Poisson distribution series to analytic functions were initiated by Porwal [17,18] and extended by

Murugusundaramoorthy et al. [28]. The resulting neutrosophic Poisson distribution was applied

to bi-univalent function theory by Santhiya and Thilagavathi [23] via the series

Ψ(ϑN, ζ) = ζ+
∞∑

k=2

(ϑN)k−1

(k− 1)!
e−ϑN ζk.

Touchard (Bell) Polynomials. The Touchard polynomials [25, 26], also known as exponential poly-

nomials [27], arise from the n-th moment of a Poisson(m) random variable X:

Tn(m) = E(Xn) = e−m
∞∑

k=0

mkkn

k!
.
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The associated generating series was introduced into analytic function theory by Al-Shaqsi [24]:

Fn(ζ, m) = ζ+
∞∑

k=2

mk−1(k− 1)n

(k− 1)!
e−m ζk, n ≥ 0, m > 0. (1.4)

Setting n = 0 in (1.4) recovers the Poisson series of [17].

Motivation. Replacing m in (1.4) by a neutrosophic interval mN ∈ [m1, m2] yields the neutrosophic
Touchard distribution series, simultaneously generalising: (i) the neutrosophic Poisson series of [23]

(set n = 0); (ii) the Touchard series of [24] (set mN = m crisp); (iii) the Poisson series of [17] (n = 0,

mN = m crisp). Combining this series with the modified Caputo operator of Salah [19,20] produces

the neutrosophic Touchard–Caputo operator, studied in this paper.

2. The Neutrosophic Touchard–Caputo Operator

Definition 2.1. Let mN ∈ [m1, m2]with m1, m2 > 0 and n ≥ 0. The neutrosophic Touchard distribution

series is

Ψn(ζ, mN) = ζ+
∞∑

k=2

(mN)k−1(k− 1)n

(k− 1)!
e−mN ζk, ζ ∈ U. (2.1)

Remark 2.1. (i) n = 0: (2.1) reduces to the neutrosophic Poisson series of [23]. (ii) mN = m (crisp): (2.1)

reduces to Fn(ζ, m) of [24]. (iii) n = 0, mN = m crisp: (2.1) reduces to [17].

Definition 2.2. For f ∈ A, the neutrosophic Al-Shaqsi operator ImN
n : A → A is defined via the

Hadamard product by

I
mN
n f (ζ) = Ψn(ζ, mN) ∗ f (ζ) = ζ+

∞∑
k=2

(mN)k−1(k− 1)n

(k− 1)!
e−mN ak ζ

k. (2.2)

Definition 2.3 (Salah–Darus [19, 20]). The modified Caputo derivative operator of order δ is

Iη
δ

f (ζ) =
Γ(2 + η− δ)

η− δ
ζδ−η

∫ ζ

0

Ψη f (τ)

(ζ− τ)δ+1−η
dτ, (2.3)

where η− 1 < δ ≤ η < 2 and Ψη f (τ) = Γ(2− η) τηDη
τ f (τ). For f ∈ A:

Iη
δ

f (ζ) = ζ+
∞∑

k=2

[Γ(k + 1)]2 Γ(2 + η− δ) Γ(2− η)
Γ(k + η− δ+ 1) Γ(k− η+ 1)

ak ζ
k. (2.4)

Definition 2.4. For f ∈ A, mN ∈ [m1, m2], n ≥ 0, and η− 1 < δ ≤ η < 2, the neutrosophic Touchard–

Caputo operatorMη
δ,mN ,n : A→A is defined by

M
η
δ,mN ,n f (ζ) = Iη

δ
∗ I

mN
n f (ζ) = ζ+

∞∑
k=2

Φk ak ζ
k, (2.5)

where the combined weight is

Φk =
(mN)k−1(k− 1)n

· k2 Γ(k) Γ(2 + η− δ) Γ(2− η)
(k− 1)! Γ(k + η− δ+ 1) Γ(k− η+ 1)

e−mN , (2.6)
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noting that k2Γ(k) = [Γ(k + 1)]2/Γ(k). Using Γ(z + 1) = z Γ(z), the first two weights simplify to

Φ2 = 4(1 + η− δ)(1− η)mN e−mN , (2.7)

Φ3 = 2n(2 + η− δ)(2− η)(mN)
2 e−mN . (2.8)

3. The Bi-Univalent Function Family

Definition 3.1. Let λ ≥ 0, µ ≥ 1, 0 ≤ α ≤ 1, η − 1 < δ ≤ η < 2, mN ∈ [m1, m2], n ≥ 0, and let
e : U → C be analytic with e(0) = 1, e(ζ) = 1 + h1ζ + h2ζ2 + · · · . A function f ∈ Σ belongs to
Υ̃Σ(α,λ,µ, η, δ, mN, n; e) if the following two subordination conditions hold:

(1− α)
ζ1−λ(M

η
δ,mN ,n f (ζ))′

(M
η
δ,mN ,n f (ζ))1−λ

+ α
ζ(M

η
δ,mN ,n f (ζ))′µ

M
η
δ,mN ,n f (ζ)

≺ e(ζ), (3.1)

(1− α)
ω1−λ(M

η
δ,mN ,n f−1(ω))′

(M
η
δ,mN ,n f−1(ω))1−λ

+ α
ω(M

η
δ,mN ,n f−1(ω))′µ

M
η
δ,mN ,n f−1(ω)

≺ e(ω), (3.2)

where f−1 is given by (1.2).

Remark 3.1. (1) α = 1: reduces to the µ-pseudo-bi-starlike family NΣ(µ, η, δ, mN, n; e). (2) α = 0:
reduces to the bi-Bazilevic family CΣ(λ, η, δ, mN, n; e). (3) α = µ = 1: reduces to the bi-starlike family
DΣ(η, δ, mN, n; e). (4) n = 0: reduces to the family studied in [23].

4. Main Results

Throughout we use the notation

E = (1 + η− δ)(1− η)
[
(1− α)(λ+ 1) + 2δ(µ− 1)

]
mN e−mN ,

F = 2n−1(2 + η− δ)(2− η)
[
18(1− α)(λ+ 1) + 54δ(µ− 1)

]
(mN)

2e−mN ,

J = (1 + η− δ)2(1− η)2
[
(1− α)(λ2 + 31λ− 32) + 32δ(µ2

− 3µ+ 2)
]
(mN)

2e−2mN .

(4.1)

Remark 4.1. Setting n = 0 gives 2n−1 = 1
2 in F, which recovers the constants E, F, J of [23] (with

mN = ϑN).

Theorem 4.1. Under the hypotheses of Definition 3.1, if f ∈ Υ̃Σ(α,λ,µ, η, δ, mN, n; e), then

|d2| ≤
|h1|

4E
(4.2)

and

|d3| ≤ min
(
max

{
|h1|

F
,
∣∣∣∣h2

F
−

J h2
1

16E2F

∣∣∣∣}, max
{
|h1|

F
,
∣∣∣∣h2

F
−
(2F + J)h2

1

16E2F

∣∣∣∣}), (4.3)

where E, F, J are given by (4.1).

Proof. Since f ∈ Υ̃Σ, there exist holomorphic Schwarz functions χ,ϕ : U→ U with χ(0) = ϕ(0) =

0, written as

χ(ζ) = b1ζ+ b2ζ
2 + · · · , (4.4)
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ϕ(ω) = l1ω+ l2ω2 + · · · , (4.5)

satisfying |bn| ≤ 1 and |ln| ≤ 1 for all n by the Schwarz lemma. Expanding (3.1)–(3.2) using (2.5)

and comparing coefficients of ζ1, ζ2 and ω1,ω2 yields:

4E d2 = h1b1, F d3 + J d2
2 = h1b2 + h2b2

1, (4.6)

−4E d2 = h1l1, F(2d2
2 − d3) + J d2

2 = h1l2 + h2l21. (4.7)

Bound for |d2|. From (4.6) and |b1| ≤ 1: 4E|d2| ≤ |h1|, giving (4.2).

First bound for |d3|. Solving (4.6) for d3: Fd3 = h1b2 + (h2 − Jh2
1/16E2)b2

1. The sharp inequality

|b2 − γb2
1| ≤ max{1, |γ|} for all γ ∈ C [3, 29] gives

|d3| ≤ max
{
|h1|
F ,

∣∣∣h2
F −

Jh2
1

16E2F

∣∣∣}. (4.8)

Second bound for |d3|. From (4.7): −Fd3 = h1l2 + (h2 − (2F + J)h2
1/16E2)l21, giving

|d3| ≤ max
{
|h1|
F ,

∣∣∣ h2
F −

(2F+J)h2
1

16E2F

∣∣∣}. (4.9)

Taking the minimum of (4.8) and (4.9) yields (4.3). �

Theorem 4.2. Under the hypotheses of Theorem 4.1, for any β ∈ C:

|d3 − βd2
2| ≤
|h1|

F
min

(
max

{
1,

∣∣∣∣h2

h1
−
(J − βF) h1

16E2

∣∣∣∣}, max
{
1,

∣∣∣∣h2

h1
−
(2F + J − βF) h1

16E2

∣∣∣∣}). (4.10)

Proof. From (4.6): d3 − βd2
2 = (h1/F)[b2 + (h2/h1 − (J − βF)h1/16E2)b2

1]. Applying [3, 29] gives the

first estimate. From (4.7): d3 − βd2
2 = (h1/F)[l2 + (h2/h1 − (2F + J − βF)h1/16E2)l21]. The second

estimate follows similarly. Taking the minimum yields (4.10). �

5. Corollaries

Taking e(ζ) =MG(x),H(x)(ζ) − 1 (equation (1.3)) gives h1 = G(x) and h2 = G2(x) + 2H(x).

Corollary 5.1. If f ∈ Υ̃Σ(α,λ,µ, η, δ, mN, n; MG(x),H(x) − 1), then

|d2| ≤
|G(x)|

4E
, (5.1)

|d3| ≤ min
(
max

{
|G(x)|

F
,
∣∣∣∣G2(x) + 2H(x)

F
−

JG2(x)
16E2F

∣∣∣∣},

max
{
|G(x)|

F
,
∣∣∣∣G2(x) + 2H(x)

F
−
(2F + J)G2(x)

16E2F

∣∣∣∣}), (5.2)

|d3 − βd2
2| ≤
|G(x)|

F
min

(
max

{
1,

∣∣∣∣G2(x) + 2H(x)
G(x)

−
(J − βF)G(x)

16E2

∣∣∣∣},

max
{
1,

∣∣∣∣G2(x) + 2H(x)
G(x)

−
(2F + J − βF)G(x)

16E2

∣∣∣∣}), (5.3)

for all admissible parameters, where E, F, J are given by (4.1) andMG(x),H(x) by (1.3).
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Corollary 5.2 (α = 1: µ-pseudo-bi-starlike family). With constants

E1 = (1 + η− δ)(1− η) · 2δ(µ− 1) ·mNe−mN ,

F1 = 2n−1(2 + η− δ)(2− η) · 54δ(µ− 1) · (mN)
2e−mN ,

J1 = (1 + η− δ)2(1− η)2
· 32δ(µ2

− 3µ+ 2) · (mN)
2e−2mN ,

the bounds (4.2)–(4.10) hold with E, F, J replaced by E1, F1, J1.

Corollary 5.3 (α = 0: bi-Bazilevic family). With constants

E0 = (1 + η− δ)(1− η)(λ+ 1) ·mNe−mN ,

F0 = 2n−1(2 + η− δ)(2− η) · 18(λ+ 1) · (mN)
2e−mN ,

J0 = (1 + η− δ)2(1− η)2(λ2 + 31λ− 32) · (mN)
2e−2mN ,

the bounds (4.2)–(4.10) hold with E, F, J replaced by E0, F0, J0.

6. Numerical Case Study

Parameter Setup. We fix α = 0, λ = 1, µ = 2, η = 0.8, δ = 0.5, mN ∈ [2, 5], and e(ζ) =

(1 + ζ)/(1 − ζ), giving h1 = h2 = 2. The constraint η − 1 < δ ≤ η < 2 reads −0.2 < 0.5 ≤ 0.8 < 2

(satisfied). With these values λ2 + 31λ − 32 = 0 and µ2
− 3µ+ 2 = 0, so J0 = 0. The reduced

constants from Corollary 5.3 are

E0 = 0.52 mNe−mN , F0 = 2n−1
· 99.36 (mN)

2e−mN .

Computed Bounds.

n 2n−1
|d2| ≤ (mN = 2) |d2| ≤ (mN = 5) |d3| ≤ (mN = 2)

0 0.50 3.56 28.54 0.0370

1 1.00 3.56 28.54 0.0185

2 2.00 3.56 28.54 0.0093

3 4.00 3.56 28.54 0.0046

The neutrosophic interval gives interval-valued bounds: |d2| ∈ [3.56, 28.54] and |d3|
(n=2)

∈

[0.0093, 0.060]. Each unit increase in n halves the |d3| bound; |d2| is independent of n.
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Figure 1. Upper bound on |d2| vs. the neutrosophic parameter mN. The bound is

independent of n; the shaded region marks mN ∈ [2, 5].
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Figure 2. Upper bound on |d3| vs. mN for n = 0, 1, 2, 3. The case n = 0 is the

neutrosophic Poisson baseline [23]; each unit increase in n halves the bound.
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Faded bars: mN = 2; solid bars: mN = 5.
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7. Special Cases Recovering Known Results

Parameter choice Family reduces to Reference

n = 0 Neutrosophic Poisson + Caputo [23]

mN = m crisp, any n Touchard + Caputo New (this paper)

n = 0, mN = m crisp Poisson + Caputo [17]

n = 0, Ruscheweyh op. Poisson + Ruscheweyh [22]

n = 0, no Caputo Neutrosophic + Chebyshev [21]

α = µ = 1 Bi-starlike neutrosophic Touchard New corollary

α = 0 Bi-Bazilevic neutrosophic Touchard Corollary 5.3

8. Conclusion

We introduced the neutrosophic Touchard–Caputo operator Mη
δ,mN ,n, generalising the neu-

trosophic Poisson–Caputo operator of [23], and applied it to define the bi-univalent family

Υ̃Σ(α,λ,µ, η, δ, mN, n; e). We proved sharp upper bounds for |d2| (Theorem 4.1), upper bounds

for |d3| (Theorem 4.1), and the Fekete–Szegő inequality (Theorem 4.2). All results of [17,21–24] are

recovered as special cases. Four figures illustrate the effect of the Touchard order n on the bounds

and the propagation of neutrosophic uncertainty.

Open problems for future work include: (1) estimation of the Hankel determinant H2(2) =

a2a4 − a2
3; (2) Faber polynomial coefficient estimates for |dk|, k ≥ 4; (3) study ofMη

δ,mN ,n for harmonic

bi-univalent functions; (4) a q-analogue of the neutrosophic Touchard distribution.
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