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Abstract. This paper introduces a novel operator combining the neutrosophic Touchard (Bell polynomial) distribution
with the modified Caputo fractional derivative operator, and applies it to study bi-univalent functions. The neutrosophic
Touchard distribution extends both the classical Touchard moment series and the neutrosophic Poisson distribution
through an indeterminate moment order n > 0 and a neutrosophic parameter my € [m1,my]. Within the new bi-
univalent family ?2 (a, A, u,n,6,my,n; e), which unifies Bazilevic and p-pseudo-starlike bi-univalent functions, we
establish upper bounds for the coefficients |d;| and |d3| and derive the Fekete-Szeg® inequality. Corollaries recover
known results, including those of Santhiya—-Thilagavathi [23] and Porwal [17]. A numerical case study with four figures

illustrates how n tightens the bounds and how the neutrosophic interval quantifies model uncertainty.

1. INTRODUCTION

Let A denote the class of functions f of the form
fO=C+) ol CeU:={ceC:[U<1), (1.1)
k=2

which are analytic in the open unit disc U. Let S be the subclass of A consisting of all univalent
functions in U. Every f € S satisfies the Koebe one-quarter theorem [3] and admits an inverse !
satisfying f~1(f(C)) = Cfor (€ U and f(f (w)) = w for |w| < ro(f) > 1, where

fHw) = 0 -aw? - (203 —a3)0® -+, lw| < ro(f). (1.2)
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The celebrated Bieberbach conjecture [1], later proved by de Branges [2], states that |a,| < n for
every f € S, providing the fundamental motivation for coefficient estimates in geometric function
theory.

A function f € A is said to be bi-univalent in U if both f and f~! are univalent in U. We denote
the class of all such functions by X. The systematic study of bi-univalent functions was revived by
Srivastava et al. [4], and has since attracted considerable attention [5-10].

A function f € A is called a Bazilevic function of order A > 0 [14] if

o o)
Re| ————=|>0, ceU.
{ O
It is called a p-pseudo-starlike function [15] if
C[f’(C)]“)
Rel ——=—|>0, >1, U.
( o )7 wEboel

The (G, H) Lucas Polynomials. For polynomials G(x) and H(x) with real coefficients, the (G, H)
Lucas polynomials L () satisfy [11,12]

Lo nx(x) = G(x) Lo np-1(x) + H(x) Lo pr—2(x), k=2,
with generating function

B 2-G(x)C
C 1-G(X){-H(x)*

Mo ) (©) = ) Lopn(x) (1.3)
k=2

Subordination. If the holomorphic functions f and g are in U, then f is subordinate to g, written

f < g, if there exists a Schwarz function w with w(0) = 0 and |w(C)| < 1 such that f(C) = g(w(C)).

When g is univalent, f < g iff f(0) = ¢(0) and f(U) c g(U); see [13].

Neutrosophic Probability and the Poisson Series. Classical probability distributions operate with
precisely known parameters. In many real-world scenarios the rate parameter is itself uncertain,
motivating neutrosophic statistics [16], wherein a real parameter m is replaced by the neutrosophic
number my = m+I-mywithmy € [my, mp] and I the indeterminate component. Applications of the
Poisson distribution series to analytic functions were initiated by Porwal [17,18] and extended by
Murugusundaramoorthy et al. [28]. The resulting neutrosophic Poisson distribution was applied
to bi-univalent function theory by Santhiya and Thilagavathi [23] via the series

(O o
Y(9n,0) =C+ e "N N
,;2 (=1

Touchard (Bell) Polynomials. The Touchard polynomials [25,26], also known as exponential poly-

nomials [27], arise from the n-th moment of a Poisson(m) random variable X:

0 kin
T,(m) = E(X") =™y mkf‘ .
k=0
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The associated generating series was introduced into analytic function theory by Al-Shagsi [24]:
mk-1 k 1
(G, m) —c+Z ek, w0, m>0. (1.4)

Setting n = 0 in (1.4) recovers the Poisson series of [17].

Motivation. Replacing m in (1.4) by a neutrosophic interval my € [my, my] yields the neutrosophic
Touchard distribution series, simultaneously generalising: (i) the neutrosophic Poisson series of [23]
(set n = 0); (ii) the Touchard series of [24] (set myn = m crisp); (iii) the Poisson series of [17] (n = 0,
mpy = mcrisp). Combining this series with the modified Caputo operator of Salah [19,20] produces
the neutrosophic Touchard—Caputo operator, studied in this paper.

2. Tue NeutrosorHIC ToucHARD—CAPUTO OPERATOR

Definition 2.1. Let my € [my, my] withmy, my > 0and n > 0. The neutrosophic Touchard distribution

series is

ha k-1(1-_1\n
Y. (C,mn) =C+ Z (mNzk _(;. 2 e ™ K, CelU. (2.1)
— !

Remark 2.1. (i) n = 0: (2.1) reduces to the neutrosophic Poisson series of [23]. (ii) my = m (crisp): (2.1)
reduces to F,(C,m) of [24]. (iii) n = 0, my = m crisp: (2.1) reduces to [17].

Definition 2.2. For f € A, the neutrosophic Al-Shagsi operator I, : A — A is defined via the
Hadamard product by

N f(0) = ¥u(C, mn) =C+ Z 1 e™™ g CF, (2.2)
Definition 2.3 (Salah-Darus [19,20]). The modified Caputo derivative operator of order 6 is
T2+n-06) (¢ ¥yf(7)
n _ o-1n n
I £(C) p; C fo (] dr, (2.3)

wheren—1<6<n<2and ¥,f(t) =T(2-1) T”Dgf(f). For f € A:

(o]

Z k+1 2+1] (3) (2—17)

k
Tt n—6+Ik—nt1) “*C 24)

INf(0)

k=

Definition 2.4. For f € A, my € [my,mp|, n > 0,and n—1 < 6 < n < 2, the neutrosophic Touchard-

Caputo operator Mo g - I8 > Ais defined by
ML Q) =TT £(0) —C+Z®kakc (2.5)

k=2

where the combined weight is

(mn) 1 (k-1)" T (k)T(2+n-06)T(2—n) "

O T G DT+ -0+ DT k—5+1)

N, (2.6)
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noting that k’T'(k) = [[(k +1)]?/T (k). Using T(z + 1) = zT(z), the first two weights simplify to
CI)Z = 4(1—|—T]—(5)(1—17) mNe_mN, (27)
O3 =2"(24+n—-06)(2-n)(my)>e ™. (2.8)

3. THE Br-UN1vaLENT FuncTioN FaMILY
Definition 3.1. Let A >0, p 21, 0<a <1, 1n1-1<0<1n<2 my € [m,m], n>0,and let
e : U — C be analytic with e(0) = 1, e(C) = 1+ mC+ hC +---. A function f € X belongs to

Yz(a, A, u,n, 6, mn, n; e) if the following two subordination conditions hold:

1A Aql , n '
(1-a) ¢ Myl + aC(Mé’mN’"f(C)) ’ <e(0), 3.1)

ML FOP MO
DML @) oM,

+ o
(M o f M @)1 M SN

S
~—
~—

~
=

(1-a)

£

where f~1 is given by (1.2).

Remark 3.1. (1) a = 1: reduces to the u-pseudo-bi-starlike family Nx(u,n,06,mn,n;e). (2) a = 0:
reduces to the bi-Bazilevic family Cx.(A,n,0,mn,n; e). (3) a = p = 1: reduces to the bi-starlike family
Ds.(n,0,mn,n; e). (4) n = 0: reduces to the family studied in [23].
4. MaiN Resurts
Throughout we use the notation
E=(1+n-8)(1-n[(1-a)(A+1)+25(u—1)|mye™,
F=2""1241-06)(2-n)[18(1 - a)(A+1) + 545(u — 1)] (mn)%e ™™, (4.1)
J=(1+n-0)2(1=n?(1-a)(A?+31A = 32) + 325(u? - 3 + 2) | (mn)?e 2"~
Remark 4.1. Setting n = 0 gives 2"~ = 1 in F, which recovers the constants E,F, ] of [23] (with

my = SN).

Theorem 4.1. Under the hypotheses of Definition 3.1, if f € ?z(a, A, u,n,6,mn,n; e), then
7]

< = .
2l < 77 (4.2)
and ) ,
. ) (hy T } {|h1| h, (2F+])hy })
< a2 Lk L e N A .
ldg"‘m"(max{ FAT " 1eE2rl) ™V I T T T 16E2E | 4 (4.3)

where E, F, | are given by (4.1).

Proof. Since f € Yy, there exist holomorphic Schwarz functions x, ¢ : U — U with x(0) = ¢(0) =

0, written as

X(Q) =bil+ b+, (4.4)
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¢(w) = ho+ho*+--, (4.5)

satisfying |b,| < 1 and |I,| < 1 for all n by the Schwarz lemma. Expanding (3.1)—(3.2) using (2.5)
and comparing coefficients of 2 and 0!, w? yields:
4Edy = hyby, Fds + ] d3 = by + hob?, (4.6)
—4Ed, = 1y, F(2d5—ds) + ] d5 = Il + hol3. 4.7)
Bound for |dy|. From (4.6) and |by| < 1: 4E|d;| < ||, giving (4.2).

First bound for |d3|. Solving (4.6) for d3: Fd3 = hiby + (hy — ]h‘;*/16E2)b%. The sharp inequality
|by — yb%l < max{l, |y[} for all y € C [3,29] gives

ds] < max{ Il |1

Jh?
T~ 16E£F |} (4.8)

Second bound for |d3|. From (4.7): —=Fd3 = h1l, + (ho — (2F + ])hi/16E?)12, giving

2F+])h3
|d3] < max{ V?l, 7 - (16;;1 |} 4.9)
Taking the minimum of (4.8) and (4.9) yields (4.3). m|
Theorem 4.2. Under the hypotheses of Theorem 4.1, for any p € C:
—BF)h 2F+]-PBF)h
|d3—ﬁd2| < — I 1| mi max{ , M _ —(] pE) I }, max{l M _ (F + ]~ BF) 1|}) (4.10)
16E2 16E2

Proof. From (4.6): d3 — pd3 = (h1/F)[ba + (ha/hy — (] = BF)h1/16E?)b3]. Applying [3,29] gives the
first estimate. From (4.7): d3 — pd5 = (h1/F)[la + (h2/h1 — (2F 4 ] — PF)h1/16E?)I2]. The second

estimate follows similarly. Taking the minimum yields (4.10). O

5. COROLLARIES
Taking e(C) = Mgy m(x) (C) — 1 (equation (1.3)) gives iy = G(x) and hy = G*(x) + 2H (x).

Corollary 5.1. If f € Yz(a, A, 1, 6,mN, 1 M) Hx) = 1), then

ol < 'Gig)l, (5.1)
. G(x)| |G*(x) +2H(x) JG*(x)
ld?’lsmu(max{ F F T 16EF }
G(x)| |G*(x) +2H(x) (2F+])G*(x)
max{ F F 16E2F |}) (52)
+ 2H(x ] —BF)G(x
s s mie{ma {1’ (x) o 1[;6]:22 . }
G?(x) +2H(x) (2F+]—BF)G(x)
max{l, G - 16E2 |}), (5.3)

for all admissible parameters, where E, F, | are given by (4.1) and Mgy p(x) by (1.3).
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Corollary 5.2 (0« = 1: u-pseudo-bi-starlike family). With constants
Et=(14+n-06)(1-n)-20(u—1) -mye ™,
Fi =2""1(24+n~06)(2-n) -545(u—1) - (mn)?e™,
Ju=(1+1=08)*(1-n)?-320(u = 3u +2) - (my)?e™>™,
the bounds (4.2)—(4.10) hold with E, F, | replaced by Eq, F1, J1.

Corollary 5.3 (o = 0: bi-Bazilevic family). With constants
Eo=(1+n-0)(1-n)(A+1) mye™,
Fo=2""2+4n-6)(2-1)-18(A +1) - (mn)% ™,
Jo=(1+1n-0)2(1-1)*(A*+ 311 -32) - (my)?e 2™,

the bounds (4.2)—(4.10) hold with E, F, | replaced by Ey, Fo, Jo.

6. NuMEeRricaL CAsE Stupy

Parameter Setup. We fix a = 0, A =1, uy = 2,1 = 08,6 = 05 my € [2,5], and e(C) =
(14+0)/(1-20), giving hy = hy = 2. The constraintn—1 < 6 <n < 2reads -0.2 <05<0.8 <2
(satisfied). With these values A2 4311 -32 = 0 and yz -3u+2 =20,s0 Jop = 0. The reduced
constants from Corollary 5.3 are

Eo = 0.52mye™™, Fo=2""1.99.36 (my)%e "N,

Computed Bounds.

n 2"l |dp| < (my =2) |dol < (mn =5) |ds| < (my = 2)

0 0.50 3.56 28.54 0.0370
1 1.00 3.56 28.54 0.0185
2 2.00 3.56 28.54 0.0093
3 4.00 3.56 28.54 0.0046

The neutrosophic interval gives interval-valued bounds: |da| € [3.56,28.54] and |d3|"=2) €
[0.0093, 0.060]. Each unit increase in n halves the |d3| bound; |d;| is independent of n.
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Upper Bound of |d3| vs. my
(a=0,A=1,u=2,n=0.8,6=0.5 h;=2)

40
— |dy| = |h1|/(4E)

35 A Neutrosophic interval my €1[2, 5]
30 A

25 1

my=5
|d2] =19.03

20 A

154

Upper bound on |d;|

10 4

I
I
I
I
I
I
I
]
|
I
I
I
I
I
I
I
||
T

|

|
1 2 3 4 5 6 7 8
Neutrosophic parameter my

Ficure 1. Upper bound on |d>| vs. the neutrosophic parameter my. The bound is
independent of 7; the shaded region marks my € [2,5].

Upper Bound of |d5| vs. my for Different Touchard Orders n
(a=0,A=1,u=2,n=0.8,6=0.5, h;=2)

0.25 7 7
= n =0 (Neutrosophic Poisson)
== n=1(Touchard, n=1)

0.20 ==+ n=2 (Touchard, n=2)

n =3 (Touchard, n=3)
Neutrosophic interval my €[2, 5]

0.15 A

0.10 A

Upper bound on |ds|

0.059%

0.00 T T T T T
1 2 3 4 5 6 7 8

Neutrosophic parameter my

Ficure 2. Upper bound on |d3| vs. my for n = 0,1,2,3. The case n = 0 is the

neutrosophic Poisson baseline [23]; each unit increase in 1 halves the bound.
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Upper bound on |d;|

Fekete--Szeg\H{o} Bound vs. 3 for my =3, Various n
(a=0,A=1,u=2,n=0.8,6=0.5)

0.35 |
= n =0 (Neutrosophic Poisson)

0.30 - —q =1

rg\, — =2
-------- =1 (coefficient bound)

T 0.251 g
m
i)
— 0.20 -
o
2
S 0.15
o
o
@ 0.10
Q
Q
)

0.05 A

0.00 . . . i . . .

-3 -2 -1 0 1 2 3 4 5

Fekete--Szeg\H{0} parameter 8

Ficure 3. Fekete-Szeg6 bound |d3 — ﬁd%l vs. real p for my = 3, n = 0,1,2 (with
Jo = 0). Higher n gives uniformly smaller bounds.

Neutrosophic Interval Bounds: Touchard Order n vs.\ Coefficient Bounds
(=0,A=1,u=2,n=0.8,6=0.5 h;=2)

|d2| bounds for my €2, 5] |ds| bounds for my €[2, 5]
3 Upper end (my=2) 3 Upper end (my =2)
20 I Lower end (my=5) 0.05 1 I Lower end (my=5)
T 0.04 1
h=3
154 c
S
T 0.034
=
10 8
 0.021
g o
o
=)
5 B
0.01 A
0- T 0.00 t
n=0 n=1 n=2 n=3 n=0 n=1 n=2 n=3

Ficure 4. Intervalbounds on |ds| (left) and |d3| (right) forn = 0,1,2,3and my € [2,5].
Faded bars: my = 2; solid bars: my = 5.
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7. SpeciAL Cases RecoverING KNowN ResuLTs

Parameter choice Family reduces to Reference

n=20 Neutrosophic Poisson + Caputo [23]

my = m crisp, any n Touchard + Caputo New (this paper)
n =0, my = m crisp Poisson + Caputo [17]

n = 0, Ruscheweyh op. Poisson + Ruscheweyh [22]

n = 0, no Caputo Neutrosophic + Chebyshev [21]

a=u=1 Bi-starlike neutrosophic Touchard =~ New corollary
a=0 Bi-Bazilevic neutrosophic Touchard Corollary 5.3

8. CoNCLUSION

We introduced the neutrosophic Touchard-Caputo operator Mg,mN,n, generalising the neu-
trosophic Poisson-Caputo operator of [23], and applied it to define the bi-univalent family
?Z(a, A, u,n,06,mn,n; e). We proved sharp upper bounds for |d;| (Theorem 4.1), upper bounds
for |d3| (Theorem 4.1), and the Fekete-Szeg6 inequality (Theorem 4.2). All results of [17,21-24] are
recovered as special cases. Four figures illustrate the effect of the Touchard order n on the bounds
and the propagation of neutrosophic uncertainty.

Open problems for future work include: (1) estimation of the Hankel determinant Hy(2) =
aas — ag ; (2) Faber polynomial coefficient estimates for |dy|, k > 4; (3) study of Mg/mN’n for harmonic
bi-univalent functions; (4) a g-analogue of the neutrosophic Touchard distribution.
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