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Abstract. Hepatitis B virus (HBV) infects liver cells (hepatocytes). Persistent HBV infection may lead to the development
of abnormal nodular formations within liver tissue. In this study, we propose and analyze a mathematical model
describing the dynamics of a two-patch within-host HBV infection with unidirectional viral transmission from patch-1
to patch-2. The model captures interactions among six compartments: uninfected hepatocytes, infected hepatocytes,
and free HBV particles in each of the two patches. A comprehensive mathematical analysis is carried out, including
proofs of non-negativity and boundedness of solutions. The basic reproduction numbers in patch-1 (R;) and patch-2 (Rp)
are calculated using the next generation method. The global stability of all equilibrium points is rigorously examined
using Lyapunov functions and LaSalle’s invariance principle. Numerical simulations are conducted, demonstrating
strong agreement with the analytical findings. Finally, sensitivity analysis identifies the key parameters influencing

viral persistence.

1. INTRODUCTION

Reports from the World Health Organization (WHO) indicate that viral hepatitis leads to roughly
3,500 deaths each day, and this number continues to grow [1]. Globally, it is the second leading
cause of death among infectious diseases, responsible for approximately 1.3 million deaths annu-
ally, a burden similar to that of tuberculosis [1].

Hepatitis B virus (HBV) is a DNA virus classified within the Hepadnaviridae family and replicates
in the nuclei of liver cells [2]- [4]. Transmission pathways include mother-to-child transfer at birth,

sexual contact, and exposure to contaminated blood or body fluids [5]. The likelihood of chronic

Received: Jun. 22, 2026.

2020 Mathematics Subject Classification. 34D20; 34D23; 37N25; 92B05.
Key words and phrases. Hepatitis B virus; two-patch; global stability; Lyapunov function; LaSalle’s invariance

principle.

https://doi.org/10.28924/2291-8639-24-2026-257 © 2026 the author(s).
ISSN: 2291-8639


https://doi.org/10.28924/2291-8639-24-2026-257

2 Int. . Anal. Appl. (2026), 24:257

infection is strongly influenced by age: most adults successfully eliminate the virus, whereas
infants and young children face a much higher risk of persistent infection [6], [7]. Persistent HBV
infection over time may lead to severe liver injury, such as cirrhosis and hepatocellular carcinoma.
Although antiviral therapies are available, complete viral clearance is rarely achieved [8], [9],
underscoring the importance of integrating experimental findings with mathematical modeling to
better capture disease dynamics.

To describe the progression of HBV infection from acute to chronic stages, researchers commonly
rely on within-host mathematical models [10], which are adapted to reflect the specific biological
features of the virus. Nowak et al. [11] introduced a basic viral dynamics model that has been
widely adapted for HBV and other viral systems. In addition, a model incorporating the adaptive
immune response in HBV infection was developed by Youstfi et al. [12].

Over time, several extensions and refinements of HBV models have been proposed. Manna et al.
[13] introduced a model that accounts for HBV DNA-containing capsids, which was subsequently
expanded by Manna [14] to incorporate CTL immune responses. Harroudi et al. [15] further
improved this model by including antibody dynamics. Moreover, Xu et al. [16] examined a
diffusive HBV model with time delay and a saturated infection rate. Geng et al. [17] studied HBV
dynamics using a discrete-time framework with delays, while Elaiw et al. [18] explored a diffusive
HBV model with generalized infection rates and CTL-mediated immunity. However, relatively
limited attention has been given to modeling structural changes in liver tissue during disease
progression, especially the transition from healthy tissue to fibrotic and cirrhotic states.

Four principal factors contribute to the pathogenesis of fibrotic and cirrhotic conditions, with
the initial factor identified as recurrent episodes of inflammation, the subsequent factor being the
apoptosis of hepatocytes, the third factor concerning the regenerative capacity of hepatocytes, and
the final factor being the accumulation of fibrous tissue [19], [20]. All these factorslead to activation
of collagen-producing cells, culminating in excessive accumulation of the extracellular matrix, the
formation of pathological nodular structures (as shown in Figure 1), impaired liver function, and
often the need for liver transplantation [21].

In chronic HBV infection, the loss of liver cells stimulates compensatory proliferation in the re-
maining hepatocytes. Meanwhile, the development of fibrosis and cirrhosis alters the physical and
biological environment of the liver; increased tissue stiffness can exacerbate disease progression
and may also affect viral replication behavior [23].

Several modeling studies suggest that spatial heterogeneity in hepatocyte turnover and liver
structure may play a significant role in the persistence of HBV infection [24], [25]. In particular, dif-
ferences in cell death and regeneration across fibrotic and cirrhotic regions have been considered.
To capture these effects, two-region (two-patch) models incorporating heterogeneous viral replica-
tion have been proposed [21]. Such models investigate how variations in hepatocyte susceptibility

and viral transport between distinct liver regions influence long-term infection outcomes. These
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Proposed model of liver disease evolution
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Ficure 1. Schematic representation of liver disease progression following HBV in-
fection: (A) the transition of the liver from a healthy state to fibrosis and eventually
cirrhosis; (B) the distribution of HBV during the acute and chronic phases of infec-

tion. Figure created in [22]

findings highlight the importance of spatial structure within the liver in determining whether the
virus is cleared or persists [21].

In the study [21], the authors analyze the equilibrium points and local stability of the system;
however, fundamental qualitative properties, as well as global stability, are not addressed. Global
asymptotic stability (GAS) is a stronger and more comprehensive notion of stability, in which
the system trajectories converge to an equilibrium point from any admissible initial condition.
This implies that any perturbations from equilibrium decay over time, ensuring that the system
ultimately returns to its steady state regardless of the magnitude of the initial disturbance.

The two-patch within-host HBV infection model presented in [21] assumed that the host pop-
ulation is divided into two different patches, where each patch contains uninfected hepatocytes
(Ti(t)), infected hepatocytes (Ii(t)), and free HBV particles (V;(t)), for i = 1,2. The model was

formulated as:

Hepatocyte production rate in patch 1 Uninfected hepatocyte death rate  Infectivity rate

. N — —_—
Ty = $1 - dTy - pTiVh
Infectivity rate  Infected hepatocyte death rate
. ——— ——
L= pnhVvy - ol ’
Virus production rate  Virus clearance rate  Viral movement rate from patch 1 to patch 2
. — — —
V1 = le - CV] - (z)Vl ’ (1 1)
Hepatocyte production rate in patch 2 Uninfected hepatocyte death rate  Infectivity rate )
. — — ————
Tz = So - de - ﬁTz Vz ,
Infectivity rate  Infected hepatocyte death rate
. — —
L= PpLV, - Jb) ’
Virus production rate  Virus clearance rate  Viral movement rate from patch 1 to patch 2
— — — =

Vz = pIz - cVs + (pV] ,
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where T; = Ty (t) denotes the uninfected hepatocytes in patch 1, I; = I () denotes the infected
hepatocytes in patch 1, V1 = V7 (t) represents the free HBV particles in patch 1, T> = T»(t) denotes
the uninfected hepatocytes in patch 2, I, = I;(t) denotes the infected hepatocytes in patch 2 and
V, = V,(t) represents the free HBV particles in patch 2. The infection in model (1.1) starts in patch
1 and then moves to patch 2 via the unidirectional viral transfer term ¢ V.

In this work, we investigate the non-negativity and boundedness of the solutions and establish
the global asymptotic stability of all equilibria. The global stability of all equilibrium points is
established by Lyapunov method. Numerical simulation is conducted to support the theoritical

results.

2. BASIC QUALITATIVE PROPERTIES

In this section, we investigate the fundamental properties of system (1.1). In particular, we
establish the nonnegativity and boundedness of the solutions of the system to ensure the biological
feasibility and well-posedness of the model.

Lemma 2.1. Assuming that all initial conditions are nonnegative, the solutions of system (1.1) remain

nonnegative and bounded.

Proof. It follows that
i lrmo= 51 >0, Ij l_o=BT1V1 > 0forall Ty, Vi >0,
Vi lv,—o= pli > 0forall; >0,
T2 Ir,—0=152>0, I l,—0=pT2V2 >0forall Tp, V, >0,
V2 lvp—o= ply + oV1 > 0 for all V3,1, > 0.
This ensures that, (T (t), L (t), V1 (£), T2 (), L (£),Va(t)) € ]R6 for all t > 0 provided that
(T, (0),I;(0),V1(0),T2(0),1(0),V2(0)) € IR60 [26]. We now defme
Yi()=Ti(t) + L ().
Then
Yi(t)=s1—-dThi () 0L (f) <si—m (Ti () + L (1) =s1—m¥a1 (t),
where 11 = min{d, 6}. Thus, 0 < ¥; (t) < A1if ¥1 (0) < Aq fort > 0, where A} = 157_11 Since Ty (t) >0
and I; (t) > 0, we obtain 0 < T7 (t) < Ajand 0 < I (t) < Ay if T1 (0) +1; (0) < Aq for t > 0. From
the third equation of system (1.1), we obtain
V3 (6) = ph (8) = (c+ 6) Vi () < pa — (e + ) Va (1),
Therefore, 0 < V7 (t) < % = A, if V1 (0) < Ay. Let us define
Ya(t) =Ta(t) + 12 (¢).
Then
Yo (t) =s2—dTa(t) =0 (t) <sa—m (T2 () + L (t)) = s —m Y2 ().
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Thus, 0 < ¥, (t) < Az if ¥2(0) < A3 for t > 0, where Az = ;—i Since T» (t) > 0 and I () > 0, we
obtain 0 < Tp (f) < Azand 0 < I () < A3 if T, (0) + I (0) < Az for t > 0. Now, from the last
equation of system (1.1), we derive

Vo () = pla (t) = cVa (t) + PV (t) < pAs + pAz —cVa ().

Therefore, 0 < V5 (#) < w = A4 if V5 (0) < A4. Hence, all state variables of system (1.1) are

nonnegative and bounded for all t > 0.

3. EQUILIBRIA AND THRESHOLD ANALYSIS

In this section, we determine the equilibrium points of the model and derive the thresh-
old conditions governing their existence and biological feasibility. ~Any equilibrium point
E = (T, 1, V1, To, I, V) satisfies:

0=s1-dT1 - pT1Vy, (3.1)
0= pT1Vy -0, (3.2)
0=plh—cVi—¢Vy, (3.3)
0 =150 —dTr - T2 V>, (3.4)
0 = BT,V - 06D, (3.5)
0=ph—-cVa+ V. (3.6)

It is obvious that system (1.1) has an infection-free equilibrium, =* (T* 0,0,T%,0, O) where

S1 S»
o Tr==
d’ "2 d

Now we apply the method of next generation matrix to derive the threshold parameters linked

T =

to the infection-free equilibrium. The infected state variables are taken to be (I3, V1,1, V). Eval-

uating these terms at the infection-free equilibrium Z*, the Jacobian matrices K and H are given,

respectively, by
0 BT 0 0 o 0 0 0
0 0 0 O -
K= ,and H = poete 00
0 0 0 BTy 0 0 6 0
0 0 0 O 0 -¢ —-p c

Therefore, the eigenvalues of the next generation matrix KH™! are

poTy BTy
Slc+¢) 6

0, O

In addition, its spectral radius is

BoTy ﬁpTz*}

RO = T’(KH_l) = max{m, o
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Accordingly, the basic reproduction number of the full two-patch system (1.1) is defined as follows:
Ry = max({Ry, Ry},

where

T Tx
= peTy = Ppst ,andRzzﬁpZZ@.
S(c+¢) do(c+¢) ) cdd

Here R; and R; represent the patch-specific threshold parameters. They will be retained as separate

Ry

threshold parameters, since they are needed to distinguish between the feasibility conditions of
the one-patch and two-patch infected equilibria.

The straightforward calculation finds that, in addition to &*, system (3.1)-(3.6) admits the
following two biologically relevant equilibria:

e One-patch infected equilibrium & = (T4,0,0, Ty, I, V2) , where

- 1 - cod
T _T1:_I TZ__/
! d Bp
- cd _ d
L=—(Ry-1), Vo==(Ry-1).
pp B

We note that I > 0 and V, > 0 if and only if R, > 1. Consequently, the one-patch infected
equilibrium E exists whenever Ry > 1.

e Two-patch infected equilibrium, & = (Ty,I;, V1, T2, b, V2), where

- 0 . d

T = —(Cﬁ—; (P), I = —(c;p_ ?) (R1—-1),

~ d ~ Sy — de ~ Sy — de

Vi = E (Rl - 1)/ Vo = 5T/ I = T (3.7)

We note that I; > 0 and V; > 0 if and only if R; > 1. In addition, Vo >0and I, > 0, when
Tr € (O, 572) Substituting from Eq. (3.7) into Eq. (3.6), we get the component T, satisfies the

quadratic equation

AT; + BT, +C =0,

where
A = ppd,
B = —pBsy —cdd —0¢pd (R1 — 1),
C = cdso.
The roots are given by
—B+ VB2 -4AC
Ty = oA .

Let us define a function P(T5) as:

P(T2) = ppdT; — (pPs2 + cdd + 6¢pd (Ry — 1)) Tz + cdso,
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we have
P(0) = cdsy > 0,

2
s
P(Sz) = % — (pBs2 + cod + 6¢pd (R1 — 1)) %2 + s,

= —-0¢sy (R1 —1) <0.
Thus, using the intermediate value theorem, there exists at a root T, e (O, %) Consequently

N —dT
% :Sz 2

g —dT
) >0/ I:w>

T > > 0.

Therefore, the two-patch infected equilibrium = exists whenever Ry > 1.

4. GLOBAL STABILITY ANALYSIS

The study of stability is fundamental in dynamical systems, since only stable states can be
realized in experimental settings. In this section, we analyze the global asymptotic stability of the
system’s equilibrium points. This is carried out by constructing suitable Lyapunov functions [27]
and applying the Lyapunov-LaSalle asymptotic stability theorem (L-LAST) [28]- [30]. Moreover,

the arithmetic mean-geometric mean (AM-GM) inequality will be used, namely

1 v AT .
7 4 1 Xi> HXi/ Xi>0,i=12,.., (4.1)
i= i=

which satisfies F(v) > 0 and F(1) = 0.
Theorem 4.1. If Ry < 1, then E* is globally asymptotically stable (G.A.S).

Proof. We construct a candidate Lyapunov function as follows:

* . (P * Tl ¢
L*(T1, I, V1, To, I, V2) = c+0) (1_R1)T1F(T_1*)+ (c+ o) (1_R1)Il

5
et (-Ry

It is seen that, L* > 0 for all Ty,11, V1, 12,15, V> > 0, and L*(T{‘, 0,0, T;,0,0) = (0. We calculate "%—:

T 5
Vi+ T;F(T—z) +h+ V2

*
2

along the solutions of model (1.1) as:
a9 - o 5
A T e R e e R

TH . . 6.
+(1-=|Tr+ L+ —=V>.
Tz P

*
1

Vi
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Substituting from system (1.1), we obtain

dL* ¢ T
T TR e +

Ty

o¢p
P(C‘HP) (1-Ry)
-0, + — P (pIz —cVo+ V7).

¢
(c+¢)(1-Ry)

T
(le —cVq— ¢V1> + (1 - T_zz) (Sz —dT, — ﬁTsz) + 1LV,

(BT1V1—06l)

Collecting terms, we get
dL* ¢ Tf) ( TQ*) oc
— = 1—-—=—])(s1—-dTq1) +|1-=|(sp —dT R, —1) V.
dt (C‘HP)(l—Rl)( T, (& ) T, (s2=dT2) + p( 2= V2

Using the equilibrium condition s; = dTI‘ , 50 =dT}, we get:

L do (T =TF)?  (T2-T3)? Lo
P P ey s v R LA

Since max{R1, Ry} <1, thenR; < 1and R; < 1and consequently, % <O0forallTq,I;,Vq,T2,I5, Vo >
0. In addition dL = 0when Ty = T}, T = T} and V, = 0. The solutions of system (1.1) tend to
the largest 1nvar1ant set YO contained in Yo = {(Tl, L,V1,T2, 1, Va) : dL* = 0} The set Y;l includes
elements such that Ty (t) = TF, T2 (t) = T}, and V5 (t) = 0. Then, T} ( ) = 0and V; (t) = 0. From
the first equation of system (1.1) we have

0= Tl (t) =51 —dTI —ﬁT;Vl (t) P

which gives V; (t) = 0 for all t. Then, V; (t) = 0. Moreover, from the third and last equations of

system (1.1), we have
0=Vi(t)=phL(t),and 0 = V5 (t) = pLr (t),

which imply 1 (f) = I (t) = 0 for all . Thus, the largest invariant set contained in Yy is {E*}.
Therefore, applying the Lyapunov-LaSalle asymptotic stability theorem (L-LAST) [28]- [30], we
conclude that =* is G.A.S.

Theorem 4.2. Suppose that Ry <1 < Ry, then & is G.A.S.

Proof. We define a Lyapunov function L as follows:
¢ ¢

¢ = (11
o) <1—R1>T1F(TT)+ Cro)A-R) ' T pcrd)I-R) "

T> 153 0~ Vs
ToF IF VoF
e ) em () + o)
Itis seen that, i, (Tl,Il,Vl,Tz,Iz, Vz) > 0forallTq,I;, V1, 15,1, Vo > 0, and L (Tl, 0,0, Tz,Tz, Vz) =0.
We calculate & dt as:
dL ¢ T,
— = 1-—|(s1 —dT1-B8T1V1) +
i = e o (L e

z (T],I]/ Vl/ TZ,IZ, VZ) =

¢
(c+¢)(1-Ry)

T, (BT1V1 - 00h)



Int. J. Anal. Appl. (2026), 24:257 9

0¢
p(c+¢)(1-Ry

(1 — 1—2) (ﬂTsz - (5[2) 2 (1 - Z—) (pIz —cVy + val)

) (pll —-cVi—- (l)Vl) + (1 - %) (sp—dT, — ﬁTsz)

Collecting terms, we obtain
P -
dat (C+<P>(1 R\ T (c+¢)(1-Ry)

I
V1 —|—( ) (sp —dT») +[3T2V2—‘3T2V2

s1—dTy) + BT V1

1 R1 15
_ o
+612—6—V2+ v, - 512V2+5CV2——¢V1V2
p p Va o p p Vz
= 1-——|(sy—=dT7) + 1= =|(sp —dTr) + BT,V
(C+qb)(1—R1) T (s1 1) T2(2 2) + B2 V>
oc V2 oc — 6(]5 Vz
Va2 4ol - Ly, — 5,22 4 Ly, -y
B> L 2 5 2 2V, 5 2 0 7

Using the equilibrium conditions for E:

s1=dTy, sp=dTo+BT2Va, PBT2Va=0hL, plhh=cVy,

we obtain
i d Ti-T) (T-T)* . . I
dL _ _ ¢ (1 -T)" (T2-T2) +5T2V2(1—E)
dt (C + (P) (1 - Rl) T1 Ty T>
T2V22 IV 6¢ V2
— Vy=—— ToVy — BT Vy—= ToVy——V
ﬁzzv+ﬁzzﬁzzv+ﬁ22plvz
o dob (T1 - T1)? _d(Tz—Tz) o0, Vs
c+¢)(1-Ry) T T, p Vs

I T T,Vol, LV
gyt (3- 2 _TaVel LVa)
1> TszIz Isz

Using inequality (4.1), we get:
Ts Ts VzT s Ip Vz

3___?___30.
T ToVol, LVs

If Ry <1 < Ry, then 4L & <0forall Ty, I}, Vq,T2,I5,V2 > 0. In addltlon =0whenT; =Ty, T =T>,
I, = DL, V, = V; and V; = 0. The solutions of system (1.1) tend to the largest invariant set Y'1
contained in Y; = {(Tl,Il, V1, T, I, V) : dL = 0} On this invariant set, since V7 (t) = 0 for all ¢
we have V; (t) = 0. Then from the third equat1on of system (1.1), we have

0=Vi(t) =ph(t) = L(t) =0, forall t.

Therefore, Y'1 = {&}. Consequently, by applying the L-LAST, we conclude the E is G.A.S.
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Assumption. We impose the following assumption for the global stability of the two-patch
infected equilibrium:

(Vz—%)(%—g—;)so, t>0.

(A)
This assumption reflects a compensatory effect between the viral load in patch 2 and the relative
distribution of the virus between the two patches due to inter-patch transport

Theorem 4.3. If assumption (A) holds and Ry > 1, then E is G.A.S

Proof. Consider a function L as

L (Tl, Il/ Vl/ TZ/ IZ/ V2

Sre(R) < ve(z) 5o ()
L P 1%

+T2F(72) (12)+ VZF(VZ)

T

We obsrve that, I >

1
%)
L(Tl,ll,vl,Tz,Iz,Vz) 0 for all Tl,Il,Vl,Tz,Iz,Vz > 0, and
L (Tl,ll, Vi, To, b, \72) = 0. We calculate ‘fi% as:
i ¢ T P L
= — L (s; —dTy - BT 1- L) (gT I
o c+qb( Tl)(51 dTy - BT1V1) + +¢( Il)(ﬁ 1V —06h)
o % TZ)
—_— |1 -— L —(c+) Vi) +|1=-=|(sp —dT, — BT,V
o (1= 7)o = (e ) v+ (12 ) (- pTave)
I 5 V5
+ (1 - —) (BT2Va = 61y) + = , (1 - —) (pL—cVa+ @Vy). (4.2)
Then simplifying Eq. (4.2), we get
iL. ¢ T P ¢ L0
& 1- —dTy) + —— BTV
T c+gi)( Tl)(l 1)+ qbﬁl 1- ¢ﬁ1 1 +¢
op Vi 09 ( T, ) .
LH—+—Vi+(1-=]|(s, —dT +TV—TV—+6I
Tt 'V T ) 2(2 2) + B2V — BTV, 2
oc Vz oc ~ 5(P V2
Vo2 + L, - 2y
P 2= 0hy P 0 1,
Using the equilibrium conditions for =)
- o~ N - + - -
1=dT1 +p11Vy, PTHViI =06l = o ¢)V1, ph = (c+¢)Vy,
o o~ oc ~ I - . .
so =dTr + pToVa, BTaVa =06l = =Vo— —Vy, ph=cVy-¢Vy,
we obtain
dL ¢ Ty ¢ T 0¢ ¢ - 7 T1Vih
— = 1—-—|(dT;-dT —1—— T,V —V —
dt c+¢>( T1)( 1-dT) ¢ +¢( A
o ¢ v 11V1 ¢ ]
TV — T1Vi—
+c+qbﬁ V1= (Pﬁ 1V1

T1V11h
11V1

— BT,V + (1 - T—z) (dT2 - dT,) + T2V, (1 - %)

+¢
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- - o Vol - o bc o bV o 0P 0V,
+ B2V = fIoVoz—— + 1oVo — —=Vo = fIHVo— + BT Vo + — V1 - — V1,
P ToVolp Y P LV, P P p V2
. \2 3 ) y L \2
d¢p (Tl ~ Tl) ¢ s I ThWwalh  Lha (T2 ~ TZ)
= — + 5T1V1 3———-=— -z -d
C—|-¢ T, C+(P Ty Vi L'V, T>
.~ T, T.VoL, LV 0 -V - V.
+5T2V2(3——2—#—~2—2) —¢(V1—V1~—2+V1—V1—2),
T, ToVo, DLVy Y Vs Vs
2 . \2 3 ) 5
. ¢ (Tl—Tl) N (Tz—Tz) N 0] BT,V (3_&_ T1V1h _11V1)
B c+ (P T1 Ty c+ (P i Ty T1V111 Tl Vi

I T, TLoVol, LV 0 (V1 U
+ﬁT2V2(3——2—#—3—2)+—¢(V2—V2)(—1—~—1).
T, ToVo, DLV, p

Using inequality (4.1) and Assumption (A), we get % <O0forall T1, V1,11, T>,I>, Vo > 0. In addition
% =0whenT; =Ty, =1;,Vy = V1, To = Ty, I, = I, and V;, = V,. The solutions of system (1.1)
tend to the largest invariant set Y'2 contained in Y, = {(Tl,ll, V1, T, I, V) : % = O} . Therefore,
Y'2 = {E} , and applying L-LAST, we obtain that = is G.A.S.

Based on the results obtaoned above, we summarize the existence and global stability conditions

for all equilibrium points in Table 1.

TasLE 1. Criteria for existence and global stability of equilibrium points.

Equilibrium point Existence condition Global stability condition

== (TI,O, 0,T3,0, 0) Always exists max{Rq, Ry} < 1

&= (Tl,0,0,Tz,B,Vz) Ry >1 Ri<1<R,
E=(T1,I,V,T2,,Va) Ry>1 Ry > 1 and Assumption (A) holds

5. NUMERICAL SIMULATIONS

This section is devoted to carrying out numerical simulations to support the theoretical out-
comes shown in the previous section. Unless otherwise specified, the numerical simulations are

conducted using the parameter values provided in Table 2.

TaBLE 2. Model parameters.

Parameter Description Value Source
51 Hepatocyte production rate in patch 1 3.4 [21]
2 Hepatocyte production rate in patch 2 6.12 [21]
d Uninfected hepatocyte death rate 0.01 [21], [31], [32], [33]
B Infectivity rate Varied Assumed
0 Infected hepatocyte death rate 0.01 [21]
P Virus production rate Varied Assumed
c Virus clearance rate 44 [21], [34]
¢ Viral movement rate from patch 1 to patch2 0.1 [21]
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5.1. Stability of the equilibria. In this subsection, we further support the global stability results
established in Theorems 4.1-4.3 by showing that, under different parameter regimes, the solutions
of system (1.1) converge to one of the three equilibrium states. To achieve this, system (1.1) is

solved using different initial conditions as outlined below:

T1(0) = 20 + 30k, I;(0) = 50 — 5k,
V1(0) = 0.01+0.03k,  T»(0) = 50 + 80k,
I,(0) = 1+ 0.01k, V,(0) =0.01+0.08  k=1,2,..6.

Selecting appropriate values of § and p yields the following three situations:

Situation 1 (Stability of Z*): When = 0.1 and p = 0.0001, we obtain R, = 0.1391 < 1 and
Ry = 0.0756 < 1. This gives Rg = 0.1391. As shown in Figure 2, the system trajectories converge to
the infection-free equilibrium E* = (340, 0,0,612,0,0) for various initial conditions. This confirms
that & is G.A.S, consistent with Theorem 4.1. In this case, HBV particles are eliminated from both
patches.

Situation 2 (Stability of Z): For § = 0.01 and p = 0.01, the reproduction numbers are R, =
1.3909 > 1 and R; = 0.7556 < 1. In this case, the one-patch infected equilibrium & exists and is
given by & = (340,0,0,440,172,0.391). Figure 3 illustrates that all trajectories converge to this
equilibrium point regardless of the initial conditions, which aligns with the result of Theorem 4.2.
In this scenario, the virus persists only in the second patch.

Situation 3 (Stability of Z): By selecting f = 0.1 and p = 0.01, we obtain R; = 7.556 >
1 and Assumption (A) holds. Numerical simulations confirm the existence of the two-patch
infected equilibrium = = (45,295, 0.656,43.498,568.502,1.307) . As shown in Figure 4, the system
trajectories converge to & from all tested initial conditions. These results are consistent with the

theoretical findings established in Theorem 4.3. In this case, the virus persists in both patches.
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6. SENSITIVITY ANALYSIS

Sensitivity analysis is a fundamental tool in biological modeling, as it provides insight into
how variations in model parameters influence system behavior, thereby improving understanding
of the model structure [35]. It is particularly effective for determining the parameters that most
strongly govern the dynamics of the system [36]. Several methods exist for investigating parameter
influence in biological systems, including direct differentiation, Latin hypercube sampling, and
approaches based on system linearization followed by solution of the resulting equations [37], [38].

In this work, a derivative-based sensitivity analysis is employed for system (1.1). Sensitivities
are computed analytically using partial derivatives with respect to the model parameters. The
analysis focuses on the threshold quantities Ry and Rj, as they play a key role in determining the
stability of the disease-free equilibrium Z*.

The normalized forward sensitivity index is defined as
R _JR; «a
Ay = oa R’

where a represents a model parameter. The resulting sensitivity indices for R; and Rp, computed

i=1,2, (6.1)

using Eq. (6.1), are summarized in Table 3 and illustrated in Figure 5.

TaBLE 3. Sensitivity index of Ry and R,

Parameter &« Sensitivity index Agl Parameter @ Sensitivity index Aﬁz

B 1 B 1
p 1 P 1
S1 1 S2 1
d -1 d -1
0 -1 0 -1
c -0.977778 c -1
0] —0.022222

ensitivity indices for Ry

ward se

I I
Parameters Parameters

(a) Sensitivity analysis of Ry (B) Sensitivity analysis of Ry

Ficure 5. Forward sensitivity analysis of the parameters on R; and R;.
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6.1. Sensitivity indices AX'. The computed sensitivity indices reveal the following results:

e The parameters 5, p and s; possess positive sensitivity indices, indicating a direct rela-
tionship with R;. Consequently, any increase (or decrease) in these parameters leads to a
proportional rise (or fall) in R, thereby promoting infection propagation. These parameters
also show the highest positive sensitivity values, where a 10% variation in each of 5, p, or
s1 produces an equivalent 10% change in R;.

e Conversely, 9, d, ¢, and ¢ exhibit negative sensitivity indices, indicating an inverse effect on
R;. Thus, increasing (or decreasing) these parameters results in a reduction (or increase) in
Ry, thereby suppressing infection spread. Among them, 6 and d have the most pronounced
negative effects, followed by c, while ¢ has a relatively minor influence. Quantitatively, a
10% change in 6 or d induces a 10% change in R; in the opposite direction, whereas a similar
variation in c leads to an approximately 9.978% opposite change. In contrast, ¢ produces

only a small effect of about 0.22%.

6.2. Sensitivity indices AX2. The analysis of sensitivity indices for R, leads to the following

observations:

e The parameters 8, p, and s, have positive sensitivity indices, indicating a direct positive
effect on Ry. Thus, an increase (or decrease) in any of these parameters leads to a corre-
sponding increase (or decrease) in Ry, thereby enhancing the potential for infection spread.
Among these, 8, p, and s, exhibit the strongest positive influence. In particular, a 10%
increase (or decrease) in any of these parameters results in an equivalent 10% increase (or
decrease) in R;.

e In contrast, 9, d, and ¢ have negative sensitivity indices, reflecting an inverse relationship
with Rp. Accordingly, increases (or decreases) in these parameters reduce (or raise) Ry,
thereby limiting disease spread. A 10% variation in any of these parameters produces an

equivalent 10% change in R; in the opposite direction.

7. DiscussioN

We extended the study of within-host mathematical models of HBV infection that account
for the abnormal nodular structure of the liver, as reported in some previous works [21]. We
analyzed the fundamental and global properties of the model and showed that the system admits
three equilibrium points, whose existence and global stability are determined by two threshold
parameters (R1, Rp). The following results were established:

The infection-free equilibrium ZE* exists for all parameter values and is G.A.S., whenever
max{R;,R2} < 1. Under these conditions, viral clearance occurs in both patch 1 and patch 2.
From a control viewpoint, maintaining Ry < 1 and Ry < 1 provides an effective control strategy,
which can be implemented by decreasing the parameters  or p. Lete; € [0,1] and e; € [0, 1] denote
the efficacy of antiviral therapies against HBV, aimed at inhibiting HBV replication [39], [40]. Then,
the transmission rate g is adjusted to (1 —€1)B and (1 — €)pB, respectively. Consequently, R; and
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R, are modified to:

(1-e1)BpTy (1-e2)BpTy

—1 Ro(ep) = - 2z
o(c+¢) cd

To ensure Ry < 1 and R; < 1, the effectiveness parameters €1 and €> must satisfy:

Ri(e1) =

min min

€ <e1<1, M <e <],

where:

. 1 - 1
€™ = max<0,1 - ——}, e™ =max<0,1- .
! { R1(0>} 2 { Rz(O)}

Thus, complete clearance of HBV may be achieved by applying antiviral drug therapies with

sufficient efficacy.

8. CONCLUSIONS

Mathematical modeling is a key tool for describing the complex dynamics of biological sys-
tems. In this study, we analyzed the global asymptotic stability of a two-patch within-host HBV
infection model. The model is represented by a six-dimensional system of nonlinear ordinary
differential equations (ODEs) that captures the interactions among uninfected hepatocytes (patch
1), infected hepatocytes (patch 1), free HBV virions (patch 1), uninfected hepatocytes (patch 2),
infected hepatocytes (patch 2), and free HBV virions (patch 2).

We initially analyzed the non-negativity and boundedness of its solutions. Subsequently, we
derived the equilibrium points and characterized their existence using the basic reproduction num-
bers Ry and Ry. The global stability of all equilibria was established through Lyapunov function
techniques together with the Lyapunov-LaSalle invariance principle. Numerical simulations were
conducted, which confirmed and supported the theoretical findings. Finally, sensitivity analysis
identifies the key parameters influencing viral persistence.

The proposed model and its analysis reveal three main biological states, (i) clearance of HBV
particles in both patches, (ii) presence of the virus in only one-patch, and (iii) coexistence of the
virus in both patches.

The model developed in this study can be further improved by (i) using real data to obtain
accurate parameter estimates, (ii) investigating the effects of time delays during infection or virus
production, and (iii) including the role of immune response. These directions require further

investigation and are left for future work.
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