
Int. J. Anal. Appl. (2026), 24:272

Innerness of Continuous Derivations on Algebras of Measurable Operators
Associated with Finite Real W*-Algebras

Ulugbek Karimov1,∗, Khasanbek Nazarov2

1National university of Uzbekistan, Uzbekistan
2"Tashkent Institute of Irrigation and Agricultural Mechanization Engineers" National Research

University, Uzbekistan

∗Corresponding author: karimovulugbe07@gmail.com

Abstract. Derivations on algebras of measurable, locally measurable, and τ-measurable operators associated with real

type I von Neumann algebras are investigated. By carefully adapting the methods from the complex case and taking

into account the specific algebraic and topological features of real operator algebras, a complete characterization of all

derivations on the algebras under consideration is obtained. These results generalize known theorems for complex von

Neumann algebras to the real setting and contribute to a deeper understanding of derivations on algebras of unbounded

operators associated with real operator algebras.

1. Introduction

Derivations on operator algebras acting on a Hilbert space have been extensively studied. In

particular, it is well known that every derivation on a von Neumann algebra is inner, whereas a

C∗-algebra may admit non-inner derivations. Recently, considerable attention has been devoted

to the study of derivations on algebras of unbounded operators.

In papers [1–5], a complete description of all derivations on algebras of measurable, locally mea-

surable, and τ-measurable operators associated with type I von Neumann algebras was obtained.

Papers [6–9] investigate derivations on algebras of measurable and locally measurable operators

associated with von Neumann algebras, focusing on their continuity and structural properties

with respect to natural measure-type topologies.
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In the present paper, a real analogue of these results is considered. More precisely, we obtain de-

scriptions of derivations on certain algebras of measurable, locally measurable, and τ-measurable

operators associated with real von Neumann algebras of type I.

2. Preliminaries

Let M be a ∗-subalgebra of B(H), the algebra of all bounded linear operators on a complex

Hilbert space H. The set M′ = {x ∈ B(H) : xy = yx, ∀y ∈ M} is called the commutant of M.

The set Z(M) = M ∩M′ is called the center of M. A *-subalgebra M satisfying the condition

M = M′′ is called a W∗-algebra, where M′′ denotes the double commutant of M. Equivalently, M
is weakly closed and contains the identity operator (i.e., 1 ∈ M). W∗-algebras are also known as

von Neumann algebras. A W∗-algebra M is called a factor if its center is trivial. The algebra M is

called discrete, or of type I, if for every nonzero central projection z there exists a nonzero abelian

projection q such that q ≤ z. The algebra M is said to be of type I∞ if M is a properly infinite von

Neumann algebra of type I.

A functional τ : M+ → [0,∞] is called a trace on M+ if

(1) τ(T + S) = τ(T) + τ(S) for all T, S ∈M+;

(2) τ(λT) = λτ(T) for every T ∈M+ and λ ≥ 0 (with the convention 0 · ∞ = 0);

(3) τ(U∗TU) = τ(T) for every T ∈M+ and every unitary operator U ∈M.

A trace τ is called finite if τ(T) < ∞ for every T ∈ M+; semifinite if τ(T) = sup{τ(S) : 0 ≤ S ≤
T, τ(S) < ∞}, for every T ∈M+; faithful if τ(T) = 0 for T ∈M+ implies T = 0; normal if from Tα ↑ T
with T, Tα ∈M+ it follows that τ(Tα) ↑ τ(T).

A linear subspace D ⊆ H is said to be associated with the algebra M (denoted by DηM) if

U(D) ⊆ D for every unitary operator U ∈M′. If D is a closed linear subspace of H and PD denotes

the orthogonal projection onto D, then DηM ⇐⇒ PD ∈ P(M), where P(M) denotes the complete

lattice of projections of M.

A linear subspace D ⊆ H is called strongly dense in H with respect to M if DηM and there exists

a sequence of projections {Pn}
∞

n=1 ⊂ P(M) such that Pn ↑ 1, Pn(H) ⊆ D and P⊥n is a finite projection

for every n = 1, 2, . . .. In this case one says that the strongly dense linear subspace D is determined

by the sequence of projections {Pn}
∞

n=1. Since Pn ↑ 1, every strongly dense linear subspace is dense

in H.

A linear operator T with domain D(T) acting on the Hilbert space H is called associated with M
(denoted by TηM) if UT ⊆ TU, for every unitary operator U ∈M′, that is, D(T)ηM and UTξ = TUξ,
∀ ξ ∈ D(T).

It is easy to see that a bounded operator T ∈ B(H) is associated with M if and only if T ∈ M. A

closed linear operator T acting on H is called measurable with respect to M if TηM and its domain

D(T) is strongly dense in H.

We denote by S(M) the set of all operators measurable with respect to M. Clearly, M ⊆ S(M).

A closed linear operator T acting on H is called locally measurable with respect to M if TηM and
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there exists a sequence of central projections {Zn}
∞

n=1 ⊆ P(Z(M)) such that Zn ↑ 1, TZn ∈ S(M),

n = 1, 2, . . ..

We denote by LS(M) the set of all operators locally measurable with respect to M. It is clear that

S(M) ⊆ LS(M) and S(M) = LS(M) whenever M is a factor.

3. Derivations on the Algebra LS(R)

Let A be an algebra over the complex field. A linear mapping D : A→ A is called a derivation

if it satisfies the Leibniz rule

D(xy) = D(x)y + xD(y), x, y ∈ A.

Every element a ∈ A defines a derivation Da on A by

Da(x) = ax− xa, x ∈ A.

Such derivations are called inner derivations.

If the element a defining the derivation Da belongs to a larger algebra B containing A, then Da is

called a spatial derivation.

In the special case when A is commutative, all inner derivations vanish and hence are triv-

ial. One of the central problems in the theory of derivations is to determine when derivations

are automatically inner or spatial, and whether non-inner derivations exist, especially nontrivial

derivations on commutative algebras.

Recall that a real ∗-subalgebra R ⊂ B(H) is called a real W∗-algebra if it is weakly closed, 1 ∈ R,

and R∩ iR = {0}. Real W∗-algebras are also known as real von Neumann algebras. Let R be a real

von Neumann algebra and let M = R + iR. Consider the algebra S(R) of all measurable operators

associated with the real von Neumann algebra R. It was proved (see [10]) that

S(M) = S(R) + iS(R),

and similarly

LS(M) = LS(R) + iLS(R).

Below we give a complete description of derivations on the algebra LS(R) of all locally measur-

able operators associated with a type I real von Neumann algebra R.

It is clear that if a derivation D on LS(R) is inner, then it is Z-linear, i.e.,

D(λx) = λD(x), λ ∈ Z, x ∈ LS(R),

where Z denotes the center of R. The following result shows that the converse statement is also

true.

Theorem 3.1. Let R be a type I real von Neumann algebra with center Z. Then every Z-linear derivation
on the algebra LS(R) is inner.
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Proof. Since

LS(R, τ) + iLS(R, τ) = LS(R + iR, τ),

the derivation D can be extended by Zc-linearity to a derivation D on LS(R + iR) by setting

D(x + iy) = D(x) + iD(y), x, y ∈ LS(R),

where

Zc = Z + iZ

is the center of LS(R + iR).
Since every derivation on LS(R + iR) is inner (see [2, Theorem 2.1]), the derivation D is inner.

Hence there exists an element

z = a + ib, a, b ∈ LS(R),

such that

D(x + iy) = [z, x + iy] = z(x + iy) − (x + iy)z,

for all x, y ∈ LS(R).
Therefore,

D(x) = D(x) = [z, x] = [a + ib, x] = [a, x] + i[b, x].

Since x ∈ LS(R) and D(x) ∈ LS(R), it follows that

[b, x] = 0.

Hence

D(x) = [a, x],

and therefore D is inner. □

Theorem 3.2. If R is a type I∞ real von Neumann algebra, then every derivation on the algebra LS(R) is
inner.

The proof of Theorem 3.2 is analogous to that of Theorem 3.1.

Suppose that A is a commutative algebra and let Mn(A) be the algebra of all n× n matrices over

A. If ei j, i, j = 1, . . . , n, are the matrix units in Mn(A), then every element x ∈ Mn(A) can be

written in the form

x =
n∑︂

i, j=1

λi jei j, λi j ∈ A.

Let δ : A→ A be a derivation constructed in the paper [6] (see also [7]). Define

Dδ

⎛⎜⎜⎜⎜⎜⎜⎝ n∑︂
i, j=1

λi jei j

⎞⎟⎟⎟⎟⎟⎟⎠ = n∑︂
i, j=1

δ(λi j)ei j. (1)

Then Dδ is a well-defined linear operator on Mn(A). Moreover, Dδ is a derivation on Mn(A),

and its restriction to the center of Mn(A) coincides with the derivation δ.
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Now let R be a homogeneous real von Neumann algebra of type In, n ∈N, with center Z. Since

Zc = Z + iZ is the center of M, it follows that S(Zc) = S(Z) + iS(Z) and LS(Zc) = LS(Z) + iLS(Z).
Let δ : S(Z) → S(Z) be a derivation constructed in the paper [6] and let Dδ be the derivation on

the algebra Mn(S(Z)) defined by (1). Extend Dδ to

Mn(S(Zc)) = Mn(S(Z)) + iMn(S(Z))

by setting

Dδ

⎛⎜⎜⎜⎜⎜⎜⎝ n∑︂
i, j=1

λi jei j

⎞⎟⎟⎟⎟⎟⎟⎠ = n∑︂
i, j=1

δ(λi j)ei j, (2)

where

δ : M→M

is the extension of δ to S(Zc), defined by δ(x + iy) = δ(x) + iδ(y).
It is clear that Dδ is a derivation on Mn(S(Z)), and Dδ is a derivation on Mn(S(Zc)).

The next lemma describes the structure of derivations on the algebra of measurable operators

associated with homogeneous real von Neumann algebras of type In, n ∈N.

Lemma 3.1. Let R be a homogeneous real von Neumann algebra of type In, n ∈N. Then every derivation
D on the algebra LS(R) admits a unique decomposition

D = Da + Dδ,

where Da is an inner derivation implemented by an element a ∈ LS(R).

Proof. The proof is very similar to that of Lemma 3.3 in [2]; therefore, we only sketch the argument.

Let D be an arbitrary derivation on the algebra LS(R) � Mn(S(Z)). Consider the restriction

δ = D|S(Z) of D to the center S(Z) of this algebra, and let Dδ be the derivation on Mn(S(Z))
constructed by (1). Set D1 = D −Dδ. Then for every λ ∈ S(Z) we have D1(λ) = 0, that is, D1

vanishes identically on S(Z). Hence D1 is Z-linear, and by Theorem 3.1 it follows that D1 is an

inner derivation. Therefore D1 = Da, for some a ∈Mn(S(Z)), and consequently D = Da + Dδ.
Suppose now that

D = Da1 + Dδ1 = Da2 + Dδ2 .

Then

Da1 −Da2 = Dδ2 −Dδ1 .

Since Da1 −Da2 vanishes on the center of Mn(S(Z)), it follows that Dδ2 −Dδ1 also vanishes on the

center. Hence δ1 = δ2, and therefore Da1 = Da2 . Thus the decomposition is unique. □

Remark 3.1. Under the assumptions of Lemma 3.1 , the derivation D can be extended to LS(M) by

D(x + iy) = D(x) + iD(y), x, y ∈ LS(R).
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By Lemma 3.1 (see also [2]), D = Da +Dδ, where Da = [a, ·], a ∈ LS(M), and Dδ is the derivation

defined by (2).

From the proof of Lemma 3.1 it follows that

Dδ
⃓⃓⃓
LS(Z) = Dδ,

and if a = a1 + ia2, ai ∈ LS(R), then

Da
⃓⃓⃓
LS(R) = Da1 .

Consequently,

D = Da1 + Dδ.

Now let R be an arbitrary finite real von Neumann algebra of type I with center Z. Then there

exists a family of central projections

{zn}n∈F, F ⊆N,

such that

sup
n∈F

zn = 1,

and

R �
⨁︂
n∈F

znR,

where each znR is a real von Neumann algebra of type In.

Analogously to Proposition 1.1 (see [2]), one can prove that

LS(R) �
∏︂
n∈F

LS(znR).

Let D be a derivation on LS(R), and let δ be its restriction to the center S(Z). Since δmaps each

znS(Z) � Z(LS(znR))

into itself, it induces a derivation δn on znS(Z) for every n ∈ F.

Let Dδn be the derivation on the matrix algebra

Mn
(︂
znZ(LS(R))

)︂
� LS(znR)

defined by (1). Define

Dδ
(︂
{xn}n∈F

)︂
= {Dδn(xn)}, {xn}n∈F ∈ LS(R). (3)

It is easy to verify that the mapping Dδ is a derivation on LS(R).
Lemma 3.1 now implies the following result.

Lemma 3.2. Let R be a finite real von Neumann algebra of type I. Then every derivation D on the

algebra LS(R) admits a unique decomposition

D = Da + Dδ,

where Da is an inner derivation implemented by an element a ∈ LS(R), and Dδ is the derivation

defined by (3).
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We now consider derivations on the algebra LS(R) of locally measurable operators associated

with an arbitrary type I real von Neumann algebra R.

Assume that R is a type I real von Neumann algebra. Then there exists a central projection

z0 ∈ R such that

(1) z0R is a finite real von Neumann algebra;

(2) z⊥0 R is a real von Neumann algebra of type I∞.

Let D be a derivation on LS(R) and let δ be its restriction to the center Z(S). By Theorem 3.2,

z⊥0 D

is inner, and therefore

z⊥0 δ = 0,

that is,

δ = z0δ.

Let Dδ be the derivation on z0LS(R) defined by (3), and consider its extension to

LS(R) = z0LS(R) ⊕ z⊥0 LS(R),

defined by

Dδ(x1 + x2) := Dδ(x1), x1 ∈ z0LS(R), x2 ∈ z⊥0 LS(R). (4)

The following theorem gives the general form of derivations on the algebra LS(R).
Combining Lemma 3.2 with Theorem 3.2, we obtain the following result.

Theorem 3.3. Let R be a type I real von Neumann algebra. Then every derivation D on the algebra LS(R)
admits a unique decomposition

D = Da + Dδ,

where Da is an inner derivation implemented by an element a ∈ LS(R), and Dδ is a derivation of the form
(4) generated by a derivation δ on the center of LS(R).

4. Derivations on the Algebra S(R)

In this section, we describe derivations on the algebra S(R) of measurable operators associated

with a type I real von Neumann algebra R. Let A be an arbitrary subalgebra of LS(R) containing

R.

Suppose that D : A → LS(R) is a derivation. We shall show that D can be extended to a

derivation on the whole algebra LS(R). Since R is of type I, for every element x ∈ LS(R) there

exists a sequence {zn}
∞

n=1 of mutually orthogonal central projections such that⋁︂
n∈N

zn = 1, znx ∈ R, n ∈N.

Define ˜︁D(x) =
∑︂
n≥1

znD(znx). (5)
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Since every derivation D : A→ LS(R) vanishes identically on the central projections of R, formula

(5) defines a well-defined derivation ˜︁D : LS(R)→ LS(R)

which coincides with D on A.

More precisely, the Z-linearity of D on A implies the Z-linearity of ˜︁D, and therefore, by Theo-

rem 3.1, the derivation ˜︁D is inner on LS(R). Hence D is spatial on A, i.e., there exists an element

a ∈ LS(R) such that

D(x) = ax− xa, x ∈ A.

Thus we obtain the following result.

Theorem 4.1. Let R be a type I real von Neumann algebra with center Z, and let A be an arbitrary
subalgebra of LS(R) containing R. Then every Z-linear derivation

D : A→ LS(R)

is spatial and is implemented by an element of LS(R).

Corollary 4.1. Let R be a type I real von Neumann algebra with center Z, and let D be a Z-linear derivation
on S(R) or S(R, τ). Then D is spatial and is implemented by an element of LS(R).

Lemma 4.1. If R is a real von Neumann algebra of type I∞, then every derivation

D : R→ S(R)

has the form

D(x) = ax− xa, x ∈ R,

for some element a ∈ S(R).

Proof. The derivation D extends to a derivation D on M = R + iR by

D(x + iy) = D(x) + iD(y), x, y ∈ R.

By Lemma 3.4 (see [2]), the derivation D on M is inner. Hence there exists an element

z = a + ib, a, b ∈ R,

such that

D(x + iy) = [z, x + iy] = z(x + iy) − (x + iy)z, x, y ∈ R.

Therefore

D(x) = D(x) = [a, x] + i[b, x].

Since

x ∈ R, D(x) ∈ R,

it follows that

[b, x] = 0.
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Hence

D(x) = [a, x],

and therefore D is inner. □

Analogously, one proves the following lemma.

Lemma 4.2. Let R be a type I real von Neumann algebra with center Z. Then every Z-linear derivation on
the algebra S(R) is inner.

In particular, if R is of type I∞, then every derivation on S(R) is inner.

Finally, combining Lemmas 3.2 and 4.2, we obtain the main result of this section.

Theorem 4.2. Let R be a type I real von Neumann algebra. Then every derivation D on the algebra S(R)
admits a unique representation

D = Da + Dδ,

where Da is an inner derivation implemented by an element

a ∈ S(R),

and Dδ is a derivation of the form (3) generated by a derivation δ on the center of S(R).

Let τ be a faithful normal semifinite trace on a von Neumann algebra M. A linear subspace

D ⊂ H is called τ-dense if DηM and for every ε > 0 there exists a projection P ∈ P(M) such that

P(H) ⊂ D, τ(I − P) ≤ ε.
By Proposition 3.15 (see [5]), every τ-dense subspace of H is strongly dense. A closed linear

operator T acting on H is called τ-measurable with respect to M if TηM and the domain D(T) is

τ-dense in H. We denote by S(M, τ) the algebra of all τ-measurable operators. Clearly,

M ⊂ S(M, τ) ⊂ S(M).

Moreover, T ∈ S(M, τ) if and only if T ∈ S(M) and D(T) is τ-dense in H.

We now consider the general form of derivations on the algebra S(R, τ)ofτ-measurable operators

associated with a type I real von Neumann algebra R and a faithful normal semifinite trace τ.

Similarly to the proof of Theorem 2.1 (see [2]), one obtains the following theorem.

Theorem 4.3. Let R be a type I real von Neumann algebra with center Z and a faithful normal semifinite
trace τ. Then every Z-linear derivation

D : S(R, τ)→ S(R, τ)

is inner.

In particular, if R is of type I∞, then every derivation on S(R, τ) is inner.

In a manner analogous to (3) and formula (12) from [2], one can define a derivation Dδ on S(R, τ).

Then, similarly to Lemma 3.2, the following statement holds.
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Lemma 4.3. Let R be a finite real von Neumann algebra of type I equipped with a faithful normal semifinite
trace τ. Then every derivation D on the algebra S(R, τ) admits a unique representation

D = Da + Dδ,

where Da is an inner derivation implemented by an element

a ∈ S(R, τ),

and Dδ is a derivation defined as in (5).

Finally, Theorem 4.3 and Lemma 4.3 imply the following result.

Theorem 4.4. Let R be a type I real von Neumann algebra equipped with a faithful normal semifinite trace
τ. Then every derivation D on the algebra S(R, τ) admits a unique representation

D = Da + Dδ,

where Da is an inner derivation implemented by an element a ∈ S(R, τ), and Dδ is the derivation described
in Lemma 4.3.

If we consider the measure topology tτ on the algebra S(R, τ) (see Section 1), then every nonzero

derivation of the form Dδ is discontinuous with respect to tτ. Therefore, Theorem 4.4 immediately

yields the following corollary.

Corollary 4.2. Let R be a type I real von Neumann algebra with a faithful normal semifinite trace τ. A
derivation on the algebra S(R, τ) is inner if and only if it is continuous in the measure topology.
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