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Abstract. This paper investigates a nonlinear boundary value problem governed by a coupled system of multi-term
Caputo fractional differential equations subject to integral multi-strip boundary conditions. An equivalent operator
formulation is derived in an appropriate Banach space setting, providing a suitable framework for the application of
fixed point theory. Existence and uniqueness results are derived using Banach’s contraction theorem and Krasnoselskii’s
fixed point theorem. The study also addresses several forms of Ulam-type stability, namely Ulam-Hyers stability,
generalized Ulam-Hyers stability, Ulam-Hyers—Rassias stability, and generalized Ulam-Hyers—Rassias stability. An

illustrative example is provided to confirm the applicability of the obtained results.

1. INTRODUCTION

Fractional calculus has gained considerable interest because it offers an effective tool for model-
ing processes with memory effects and nonlocal behavior. Such features appear in many applied
problems from physics, engineering, biology, and finance ( [29], [19], [7]). In many situations, frac-
tional-order equations provide more accurate descriptions than classical integer—order models,
especially when dealing with relaxation phenomena, viscoelastic materials, anomalous diffusion,
and complex biological or chaotic dynamics ( [9], [11], [12], [14]). A growing part of the literature
focuses on multi-term fractional differential equations, where several derivatives of different or-
ders occur in the same model. Such formulations are useful when the underlying system involves
multiple memory kernels or diffusion mechanisms ( [2], [3], [4]). However, the presence of several

fractional operators together with nonlinear coupling terms makes the analytical study of existence
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and qualitative properties of solutions more challenging. In addition, various forms of nonlocal
boundary conditions have been proposed in order to capture global features of the corresponding
solutions. In particular, integral boundary conditions of multi-strip type offer greater flexibility
in modeling interactions distributed over different subintervals of the domain ( [1], [6], [18], [27]).
Such boundary constraints play an essential role in mathematical models arising in heat trans-
fer, fluid dynamics, viscoelasticity, biological population evolution, and other applications where
hereditary effects are relevant. Motivated by the growing importance of nonlinear multi-term
fractional systems and the role of integral nonlocal constraints, this paper investigates a new class
of coupled nonlinear multi-term Caputo fractional differential equations subject to multi-strip

integral boundary conditions. Specifically, we consider the following coupled system:

Z A DYx(t) = f(t,x(t), y(t)),
=1 (1.1)

Y 1 DPy(t) = g(t,x(1), y(1)),
i=1

fort € [0,1], where A;, y; € R and the fractional orders satisfy 0 < a;, i < 1fori =1,2,...,n. Here,
CD% and “DFi represent the Caputo fractional derivatives of orders a; and f;, respectively. The
nonlinear functions f, g : [0,1] X R X R — R are assumed to be continuous. The system (1.1) is

supplemented with the following nonlocal multi-strip integral boundary conditions:

X(0)=0,  X(0)=0,..,x"20) =0, x1)=)a, fc " (s)ds,
(1.2)

WO =0 YO =0y PO =0, v =Y b [ s

¢

In (1.2), the constants 4x and b; belong to R for k, j = 1,2,...,m, and the parameters Cr, nr€(0,1)
(r=1,2,...,m)satisfy 0 < {3 <11 < -+ < {u < nm < 1. These boundary conditions describe
nonlocal interactions between the coupled components x(f) and y(t) through integrals taken over
prescribed subintervals of the domain. This work focuses on the existence and uniqueness of solu-
tions for the system (1.1)—(1.2). The existence result is established by means of the Leray-Schauder
nonlinear alternative, whereas uniqueness is obtained through Banach’s contraction principle.
Motivated by recent contributions in the literature ( [1], [32], [30], [13]), we also examine sev-
eral forms of Ulam-type stability, namely Ulam-Hyers stability, generalized Ulam-Hyers stability,
Ulam-Hyers-Rassias stability, and generalized Ulam-Hyers—Rassias stability for the considered
fractional model. For the convenience of the reader, the structure of the manuscript is outlined
below. Section 2 collects the basic concepts, definitions, and auxiliary results required in the sub-
sequent development. Section 3 is devoted to establishing the principal existence and uniqueness

results for the coupled multi-term Caputo fractional differential system (1.1)—(1.2). Section 4 deals
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with various notions of Ulam-type stability associated with the obtained solutions. To highlight
the practical relevance of the theoretical findings, an illustrative example is presented in Section 5.
Section 6 presents an overview of the main outcomes and mentions some topics that could be

explored in future work.

2. PRELIMINARIES

This section provides the preliminary material required for the analysis carried out in the next
parts of the paper. We briefly review some fundamental notions and key results from fractional

calculus that will be repeatedly employed throughout the manuscript.

Definition 2.1. Let u be a real-valued function that is locally integrable on the interval (—co, +c0), and
suppose that a <t < b < +o0. The Riemann—Liouville fractional integral of order o > O of the function u
is defined as

[u(t) = (urka) (1) = f Wfl
a—1

where the kernel ko, = IE(_a)' and T'(-) denotes the Euler gamma function.

Definition 2.2. Let u : [a,+00) — R be an absolutely continuous function that is differentiable up to
order (n —1). The Caputo fractional derivative of order o of the function u is defined as

CD?u(thr( e ds,

n—a)(t—s)ltamn

wheren —1 < a <n,and n = |a] + 1. Here, | ] denotes the integer part of a.

Lemma 2.1. Let n—1 < a < n. Then the general solution of the fractional differential equation
Du(t) =0, te[a,b],
is expressed as
u(t) = Ro+Ry(t—a) + Ra(t—a)®> +---+ R,_1(t—a)",
where R; € R fori =0,1,...,n—1. Moreover, the following identity holds:

n—1
1CDu(t) = u(t) + Y Ri(t—a)"
i=0

The next part of our analysis relies heavily on this lemma, since it provides an explicit form of
the solution for the linearized version of the coupled system (1.1)—(1.2). This representation will be
used to rewrite the original problem in an operator framework, which is particularly convenient
for applying fixed point techniques. This reformulated setting enables the development of the

principal existence and uniqueness results presented in this work.
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Lemma 2.2. Let ¢, ¢ € C([0,1],R). Consider the linear system

Y ACDYx(t) = ¢(t),
i=1

n (2.1)
Y DRy (1) = (o),
i=1
subject to the nonlocal multi-strip boundary conditions
m r}k
x(0) =0, x(0)=0,...,x"2(0)=0, x(1)= Zakf y(s) ds
. (2.2)
]
v0) =0, ¥/(0) =0,y 0) =0, y(1) =) by [ x(s)ds
=1 Yo
where 0 < (g <y < -+ < Gy < N < 1and ay, bj € R. Assume that A =1 —BD # 0, where
Ui Mk U 1
B:Zak[ s" s, D:ijf]s”‘lds.
k=1 Y& =1 Y&
Consequently, a solution of the problem can be represented as
n 1 + )
=Y —— | (t—1)%" d
0= 5 fo (t =) (1) e
tVl—l n ‘3
+ f f s—1)P T)dtds
A 1 i y,l“ I
L Mk UL Mk
+ akf st ds][ T)dt ds] (2.3)
n 1 1 .
- (1-1)% " p(1)dr
1 /\il“(al) f(; qj
m 1k n 1 1
- akf s lds f (1-1)f Yy (1) dr
[Z & J( Z‘ wil'(Bi) Jo v
k=1 i=1
and
n 1 + 61
t) = t—1)P (1) de
v =2 o Jy ¥
el UGN f’U fs
+ ) (s—7)%1p(1)drds
A ]:Zl ; )\ll“(ai) g 0
m r]] m n a s S
+ b f s"ds k f (s —7)Ply(1) drds
]‘—Zl ! G ) ; i1 ylr(ﬁl) Cr 0
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m nj - n 1 1 o
_[ijfé s 1ds]( L, AiF(ai)j(:(l_T) qu)(T)dT]]. (24)

j=1 ]
where
:” ! t—sallss :” L t—sﬁ’ s
%)= Y iy J, €= vt =Y [ -
) L (" (st deds
fc’; Yo(s)ds = ;le(ﬁl f;k f (s—1) T)dtd
n 1 ae
%o =Y 775 [fa-oror
1 L 1 S
f;XO(S)dSZ;AiF(aZ)L fo(s )% (7) du ds
= y ! 1 - )fi 1y (1) dr
Yo(l)—l:1 Hir(ﬁi)fo(l e
m Tk m 1)
A:kZ{ak‘[C‘; Yo(S)dS—Xo(l), E:]Zl‘bJL Xo(S)dS—Yo(l).

Proof. Apply the fractional integral operators [* and I to both equations in (2.1).

We obtain
n n
I%(Z A CD%x(t) | = 1% (t), Iﬁ“[z ui “DPy(t)
i=1 i=1

Separating the terms corresponding to i = 0 and i # o, we have

= Poy(t).

n
AgIaJCDacx(t) 4 Z AilagCDai'x(t) = Iaaqb(t)/

=1
1#0

1o 1P CDFoy (1) + Z wlPeCDPiy (1) = 1Py (t).
i=1
i#o

By the composition rule for the Caputo derivative and the Riemann-Liouville integral (see
Lemma 2.1), it follows that

I%CD%X + chtk IagCDaix(t) — Iaa—a,-x(t)/ i+ o,
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and similarly for y(f):
n-1
Doy (t) = y(t) + Y Dt IFCDPry(t) = IF~Pry(r), i# .
k=0

Hence,

n—-1
Ao |x(H)+ ) Gt
k=0

+ Z )\Jaa_ai?f(t) — I“”qb(t),
i=1

i#0
n—1 n
o | y()) + Y D[+ ) P Pry(t) = FPoy(t).
k=0 i=1
i#0

Dividing by A, and ,, and using the explicit form of I, we get

n—1 n

A 1
— k _ I ras—ai . 2%
x(t) ==Y Gyt ZAGI x() + 1)
k=0 i=1
1#0

n—1 ) n A t )

=Y G-y — | (t-s)% 4 x(s)d
Y Gt =Y ey | 9 ) s
=

1 L e
T Jy 9ot

n-1 n
i 8 g, 1
y(t) = - Z Dytf - Z y_I,Ba Biy(t) + —TIPy(t)
k=0 i§1 Ho Ho

n

n—1 t
—_ k_y M _ BBl
kZ‘O Dyt Z TGy —FD) fo (t—s) y(s)ds

i=1
i#o

1 L\
f(;(t s)Pe yY(s) ds.

ol (Bs)

+

Next, using the initial conditions in (2.2) we obtain
Co=Ci=--=Cy2=0, Dy=D1=--=Dy»=0,
so that only the coefficients of t"~1 remain. Denoting C,,-1 = Cy and D,,-; = C,, we arrive at
x(t) =Xo(t) +Ct"™!,  y(t) = Yo(t) + Cyt" ™, (2.5)

Now, substitute (2.5) into the nonlocal boundary conditions (2.2). Using x(1) = Xo(1) + Cy and
y(1) = Yo(1) + Cy, we get

m

Xo(1) +Cy = ; ag f;k (Yg (s) + Cys”_l)ds, (2.6)
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)+Cy = Z b, f (Xo + cxs"—l)ds. 2.7)

Then (2.6)—(2.7) are equivalent to the 2 x 2 linear system

Cx—-BCy=A,
C,—-DC,=E.
Its determinant is
A =1-BD.
Assuming A # 0, we have
C. = A—ZBE’ c, = E+ADA. 2.8)
Substituting (2.8) into (2.5) yields a solution pair (x, y) of problem (2.1)—(2.2). ]

Theorem 2.1 (Krasnoselskii’s fixed point theorem). Let X be a nonempty, convex, closed, and bounded
subset of a Banach space (E, || - ), and let A, B : X — E be two operators such that:

(Hy) Au+Bv e Xforallu,v e X.
(H2) The operator B : X — E is a contraction mapping.

(H3) The operator A : X — E is continuous and compact.

Then there exists at least one element u* € X satisfying (A + B)u* = u*.

Theorem 2.2 (Arzela—Ascoli theorem). A family of functions in C([0, 1], R) is relatively compact if and
only if it is uniformly bounded and equicontinuous.

3. Main ResuLrts
In what follows, we establish the principal existence results for the coupled multi-term fractional
differential system under consideration. The problem is first rewritten as an equivalent operator
equation on an appropriate Banach space setting. This allows us to employ Krasnoselskii’s fixed
point theorem in order to ensure the existence of at least one solution. Moreover, the compactness
of the related operator is obtained by using the Arzela—Ascoli theorem, while the contraction
requirement is verified under suitable hypotheses.
Let E = C([0,1],R) denote the Banach space of all continuous real-valued functions defined on
[0,1], equipped with the supremum norm ||f|| = sup;c(gq;1f(t)]. It follows that the product space
E X E, endowed with the norm ||( f1, /)l = lIfill + Il f2]], is also a Banach space. Based on Lemma 2.2,
we introduce the operator T : E X E — E X E defined by

T(u(t), x(t)) = (T1(u, 1) (t), Ta(u,1)(t)), (3.1)

where T7 and T» are given by the integral representations (2.3)—(2.4) , respectively, with ¢ and ¢
defined as

o(t) = f(t,u(t),x(t), ¥(t) = g(t, u(t), x(t)).
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The first component T; : E X E — E is defined by

gl L Tk
! A 1;}111“ Lk f =) 8t u(r), k(1)) duds
u Tk _ & b 1} Otz
(B [ B ami [ [emrsonrionaal
n 1
_;‘ Airl(az) fo (=0 f(zu(e), k(7)) de
m Nk - n 1 1 )
(3.2)
Similarly, the second component T, : E X E — E is defined by
pn-1 [ m n nj
S f(t,u(t),x(t))dtd
+A]Z§A ff (), () deds
" ;bjf;jsn_lds}[kz cknk o (T)IK(T))deS)
n 1
- Jy - st e
i 7j e n 1 1 N
_[]Zfb]fif i 1d5][;‘ Air(az)fo( 2 1f(Tf”(T>/K(T))dTH
(3.3)

We impose the following assumptions, which will be used throughout the analysis.

(A1) Forall u,u*,x,x* € Eand t € [0, 1], there exists a constant L > 0 such that
f
|F (8 u(t), x(8)) = f(t 0 (8), 5 (8))] < Le(lue(t) = (8)] + ie(t) = " (£)])-
(A2) Forallu,u*,x,x* € Eand t € [0,1], there exists a constant L¢ > 0 such that

(b u(8), k() = gt 0" (£),1"(8))] < L((u(t) = ()] + () =5 (8)).
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(A3) There exist positive constants C 'z D Iz M fr Cg, D¢, Mg such that, forall u,x € Eand t € [0, 1],
[f(tu(t), x(t))l < Crlu(t)l+ Dyl(t)] + My,

1§ (£, u(t), k()] < Cylu(t)l + Dglic()] + M.

Remark 3.1. In order to simplify the forthcoming estimates and avoid lengthy computations, we introduce

the following constants.

m Tk m ,7]
B:Zakf s" s, D:ijf s" s, A=1-BD +0.

k=1 Yo =1 v

Moreover, define

1 1
Ag=Y ———,  Ag=Y —— .
;mr(mﬂ) f ;wr(ﬁiﬂ)

For the double—integral terms appearing in (2.3)—~(2.4), we set

. Il .
;;er ) a+1_C;¢+l),
- || ﬁ+1 =Bi+1
?:Zwrmz -7

let the nonlinear functions f and g satisfy the Lipschitz conditions (Ay)—(A;) with constants Ly > 0 and
L¢ > 0, namely,

If(t,u,x) = f(t,u', k)| < Lf(lu —u'|+ |k — K*I),

lg(t,u, k) —g(t,u",x%)| < Lg(lu —u|+ |k — K*I).

Then the components Ty and T, of the operator T defined by (2.3)—(2.4) satisfy

Ty (1, 5) = Ty (', 1) | < Ko (lle = 2 + [l = 571,

IT2 (1, 1) = To (', 1) | < Ko(llu = ' + Ilic = 1711,

where
Ky = LyAq, +|i|(LgA;+|B|LfA;+Lan+|B|LgA,;), (3.4)
Ky = LoAs + Iil (Ls4i + IDILgA; + LoAg + IDILsA, ) (3.5)
Consequently,

IT (10, 16) = T(", )11 < (Ky + Ka)(lhe = '] + Il = ).
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Theorem 3.1. Let f and g be nonlinear functions satisfying the following Lipschitz conditions (A1)—(Ay).

In other words, there exist positive constants Ly and Lg such that, for every t € [0,1] and u, u*, %, x* € E,
If (t,u,%) = f(t,u", k)| < Lf(lu —u'|+ |k - K*I),

lg(t,u, k) —g(t,u", %) < Lg(lu —u|+ |k — K*I).
Moreover, suppose that the constants Ky and K; defined in Remark 3.1 satisfy
K = Ky + Ky < 1. Then the operator T : EX E — E X E has at most one fixed point. Consequently, the
coupled fractional boundary value problem (1.1)—(1.2) admits at most one solution on [0, 1].

Proof. Let (u,x), (u*,x*) € EXE. Recall that T(u,x) = (T1(u,«),T2(u, x)), where Ty and T, are
defined by (3.2)—(3.3) with

o(t) = f(tu(t),x(t),  P(t) = g(tu(t), x(t)),
and
P'(t) = f(tu(t), (1), Pr(t) = g(t,u™(t), k" (£))-

By the Lipschitz assumptions (A;)—(A,), for all t € [0,1],

6(6) = ¢"(O1 < Ly{Ju(t) = ()] + (1) = ()]

9 (0) = 9" (0] < Lg(u(t) = (O] +(t) =1 (1))
Hence,

p(t) = ¢ (O < Le(llw —wll + 1= l), 1 (t) =9 (8)] < Lo(llu = u'll + I1xc = 7).

Using the expression of T; in (3.2), subtracting T; (u*, x*) from T (u, ), and applying the triangle

inequality, we obtain
|T1<M,K>(t) - T1<M*, K*)<t>| < I1(t) + Iz(t) + Ig(t) + I4(t),

where each term 7 (t) corresponds to the difference of the integral terms in (3.2). Estimating these
terms by the above Lipschitz bounds and using

t .
£ 1
t—r)%ldr =< —— (¢ 1

Bi+1 C.Berl

Tk 17
f f (s— ﬁ’ Tdrds = ,
C (ﬁl + 2)

(and similarly for the a;-double integrals), we get

and

1Ty (1,3) = Ty (a6, )| < Ko (Jle = 2] + Il = 171,

where K;j is exactly the constant given in (3.4) (see Remark (3.1)). In the same way, using the

expression of T in (3.3), we deduce
T2 (1, 1) = Ta(u", k)| < Kol = 1l + [l = 571,

where K; is given in (3.5) (see Remark (3.1)).
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Therefore,
1T (u, ) = T(u', &) = [IT1(u, ) = T1 (1", &) + T2 (1, k) — T2 (u", )|
< (Ky + Ko)(Ilu = 'l + Il = 1))
= K(llu = | + llxc = "1).

Since K < 1, T satisfies the contraction condition on E X E.
By Banach’s fixed point theorem, there exists exactly one fixed point associated with T. This
tixed point corresponds to the unique solution of the coupled system (1.1)—(1.2). m|

Theorem 3.2. We consider nonlinear functions f and g satisfying the Lipschitz conditions (A;)—(Az). In

other words, there exist positive constants L f and Lg such that, for every t € [0,1]) and u,u*,x,x* € E,
If (£, u,%) = f(t,u", k)| < Lf(lu —u'| 4|k — K*I),

lg(t,u, k) —g(t,u", %) < Lg(lu —u|+ |k — K*l).
Moreover, suppose that the operator T : E X E — E X E defined by (3.2)—(3.3) satisfies the conditions of

Krasnoselskii’s fixed point theorem. As a consequence, the coupled system (1.1)—(1.2) admits at least one

solution over the interval [0,1].
Proof. Let E = C([0,1], R). We introduce the mapping T : EX E — E X E as follows:

T(u, 1) (£) = (T1 (%) (1), Ta(u, %)(t)),

where T and T are given by the integral representations (3.2)-(3.3) with

qb(t) = f(t/u(t)/K(t)>/ l,b(t) = g(t,u(t),x(t)).

To apply Krasnoselskii’s fixed point theorem, we decompose T as T = A+ B,
where

A(u, ) = (ﬂl(u,x),ff’(z(u,K)), B(u,x) = (Bl(u,K),Bz(u,K)),

and A contains the compact integral terms, while 8 includes the contraction part.

Step 1: T(A) C A.
LetA = {(u, k) € EXE :||(u,x)| < r}, for some sufficiently large positive constant r. Then, using

the growth condition on f and g, we obtain ||T1(u, k)|l < 7, ||T2(u, x)|| < r, which implies that
T(u,x) € A.

Step 2: B is a contraction mapping.
Assume that f and g satisfy the Lipschitz conditions with constants Ly and Lg. Then for any

(u,x), (u*,x*) € A, we have

1Ty (1, 5) = Ty (', )| < Ko (lle = 2l + [l = 571,
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and similarly,
IT2 (1, ) = Ta (", 1)1 < Ko(llu = w7l + e = 7)),
where K; and K; are defined in Remark (3.1). Thus,

IT (1, 16) = T(", 1)1 < (Ky + Ka) (Il = ']l =+ Il = ).

If K:= Ky + K; < 1, then B is a contraction on A.

Step 3: A is continuous.
Let (uy, ky) — (u,x) in A. Since f and g are continuous, it follows that ¢, (t) — ¢(t), ¥ (t) — ¥(t).
Then by the dominated convergence theorem, we obtain A(uy, k,) — A(u, k), hence A is contin-

uous.

Step 4: A is compact.
We show that A(A) is uniformly bounded and equicontinuous. Boundedness follows from Step

1. Moreover, for t1,t, € [0,1],
AL (u, k) (t) — A (u,x)(t2)| > 0 asty — ty,

and similarly for A,. Thus, A(A) is equicontinuous. Therefore, by the Arzela—Ascoli theorem, A

is compact.

Step 5: The hypotheses of Krasnoselskii’s fixed point theorem are verified. Hence, there
exists (u*,x*) € A such that (u*,x*) = T(u*,«x*). Therefore, the coupled multi-term Caputo

fractional boundary value problem (1.1)—(1.2) has at least one solution on [0, 1]. O

4. STABILITY RESULTS

In this section, we investigate different stability notions of Ulam type, including UH, GUH,
UHR, and GUHR stability, for the solutions of problem (1.1). We first recall the required stability

definitions and concepts that will be used throughout the analysis.

Definition 4.1. We say that a pair (x,y) € E X E is a Ulam—Hyers (UH ) stable solution of the system
(1.1)—(1.2) if there exist positive constants By, By such that, by setting B = max{B1,Bz} > 0 and € =
max{ey, €2} > 0, the following holds. For any (x,y) € E X E satisfying

Z A CD%x(t) = F(tx(), y(£)| < €1,
= @.1)

Y i DRy () = g(t,x(8), y(1))| < ez,
i=1

for all t € [0,1] with A, ;i € R, there exists an exact solution (x*,y*) of the system (1.1)—(1.2) such that
l(x, y) = (x*, y*)Il < Be. Furthermore, if there exists a continuous function ® : (0,00) — (0,00) with
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®(0) = 0 such that ||(x,y) — (x*, y*)|| < BP(e), then the system (1.1)—(1.2) is said to be generalized
Ulam—-Hyers (GUH ) stable.

Definition 4.2. A pair of functions (x,y) € E X E is said to be Ulam—Hyers—Rassias (UHR) stable for the
system (1.1)—(1.2) if there exist positive constants B, B and a continuous function v = (v1,v2) € EXE
such that, by setting B = max{B1, B2} > 0 and € = max{ey, €2} > 0, the following holds.

For any (x,y) € E X E satisfying

2 A D) = f(1 (1), y(1)| < vt ey,
- (4.2)

D ki DRy (1) = g(t,x(1), y()| < va(t) e2,
i=1

for all t € [0,1] with A, ;i € R, there exists an exact solution (x*,y*) of the system (1.1)~(1.2) such that
I(x, y) = (x*, y*)l < Bv(t) €, where (x*, y*) is a unique solution of the system (1.1)—(1.2).

Definition 4.3. A pair of functions (x,y) € E X E is said to be generalized Ulam—Hyers—Rassias (GUHR)
stable for the system (1.1)—(1.2) if there exist positive constants By, By and a continuous function v =
(v1,v2) € E X E such that, by setting B = max{By, B2} > 0, the following holds. For any (x,y) € EXE

satisfying
D 4 CD() = F(t,x(8), y(H) | < ma(8),
- 4.3)

Y iSOy (t) = gt x(8), y(D)| < va(h),
i=1

for all t € [0,1] with A, ;i € R, there exists an exact solution (x*,y*) of the system (1.1)—(1.2) such that
I(x, y) = (x*, y*)Il < Bv(t), where (x*,y*) is a unique solution of the system (1.1)-(1.2).

Remark 4.1. The inequality (4.1) associated with the system (1.1)—(1.2) admits a solution (x,y) € EXE
if and only if there exist functions @1, @2 € E, depending on x and y, such that:

(1)
€1 = lp1(t)l, € > |pa ()], tel0,1],
(2) .
Y ACD%x(t) - f(t,x(t), y(1)) - pa(t) = 0,
1:1 (4.4)
Z; ui CDPy(t) — g(t,x(t), y (1)) - pa(t) =0,

forall t € [0,1], where Aj, u; € R.



14 Int. ]. Anal. Appl. (2026), 24:243

Remark 4.2. The inequality (4.2) associated with the system (1.1)—(1.2) admits a solution (x,y) € EXE
if and only if there exist functions @1, @2 € E, depending on x and y, such that:

(1)
lp1 ()l < vi(t)er, lp2 ()] < va(t)er, te[0,1],
(2)
Y AiCDx(e) = f(t,x(8), y(5) = pr(8) = 0,
- (4.5)

2 1Dy (t) = gt x(1), y(1)) = p2(t) = 0,
i=1

forall t € [0,1], where Aj, u; € R.

Remark 4.3. The inequality (4.3) associated with the system (1.1)—(1.2) admits a solution (x,y) € EXE
if and only if there exist functions @1, @2 € E, depending on x and y, such that:

(1)
lp1(t)] <vi(t), lp2()] < va(t), tel0,1],
(2)
Y 4Dt = £t x(8), y(5) = 91 () =0,
- (4.6)

Y 1 DRy () = g(t,x(1), y() - p2(t) = 0,
i=1

forall t € [0,1], where A;, u; € R.

Lemma 4.1. Let (x,y) € E X E be a solution of the system (1.1)—(1.2). Then (x,y) satisfies the following
relations:

YD () = £(t (1), y(5) + (1),
i=1

- (4.7)
Y wi Dy (t) = gl x(1), y(1) + 2 (t),
i=1

forall t € [0,1], where @1, @2 € E. Moreover, the following estimates hold:

(1) = Ta (e )l < 50 [Aa + 1B,

€
lly(t) = Ta(x, y)ll < al [As +IDIA.],

where Ty and Ty are defined by (3.2)—(3.3), and the constants A, Ag, B, D and A are introduced in Remark 3.1
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Proof. Let (x,y) € E X E be a solution of the system (1.1)—(1.2). Then, it follows that

x(t) =Ti(x, y)(t)

n

m n a T _
ka ; wiT(Bi) fc‘k fo (s =) pa(1) duds
+ [Zm‘. i f;k . ds]{ ») /\irb(jozi) fﬂj f:(s — 1) pi(1) dr dS]

j=1i=1

k=1 i=1
and
y(t) =Ta(x,y)(#)
+ t—1)Pi T)dt
; R AR
e b f’h‘ fs
+ (s —1)% oy (1)drds
A ]_Zl i=1 Alr(ai) Cj 0
m m n Mk
+ Zb]-f s"1ds F f f s —1)fi~lpy (1) dr ds
=1 Y& =1 =1 * Ck
n 1 1 o
- 1—1)P dt
Y iy J, 00
ib fm sy f(l )i (t)d
- ; s"'ds — )% T)drt||.
=1 'Jg = Al (i) Jo .
Using Remark 4.1, we get

H() - Tie )01 Y s | =0 g (0)lde
— M i

m n

XY ) ! fos“ ~ 1) g (1)) de ds
1 ' Ck

k=1 i=

m o m n 1
|| ) s"1ds Z | f f (s—1)%~ 1Igol )| dtds
k=1 Ck

] i=

t}’l—l
Al

+

_|_
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n 1 1 )
+ f 1-1)% Heo1(1)|dt
): ey )y 1m0 e ()
m nk n
+ || f st ds]
; Ck i=1

1
Z |‘Ui|1}(ﬁi) fo (- T)ﬁi_ll(m(ﬂlﬁ]]

<[+ Al(A* + [BIAG + Aa + BIAg)

€1.

and similarly,

1 * *
1V(6) = Ta(or,y) (0] = | A+ (A + IDIA} + Ay -+ IDIA e

Consequently,

' 1
(8) = T1 (x, )l < | Aa (A* FIBIAL 4 Ag + |B|Aﬁ) e,

Tl

ly(t) = T2(x, y)ll < Ap’ +

(A; +IDIA + Ag + IDIA, ez

1Al

Theorem 4.1. If (A1)—(A3) hold and K = max{Ky, Kz} < 1, where Ky and K, are defined by (3.4)-(3.5),
then the system (1.1)—(1.2) is UH- and GUH -stable.

Proof. Let (x,y) € E X E be a solution of (1.1)—(1.2), and let (x*, y*) be its unique solution. Then, we

have

I(x,y) = (%, o)l = ll(x, y) = T(x", y)l
<l =Tr(x )+ IT1 (x, y) = To (2%, y)l
+ly = Ta(x, y)Il + [IT2(x, y) = T2 (x*, y*)I.

Applying Lemma 4.2 and Theorem 3.1, we obtain

(%, y) = (x5, y)Il < llx = T1(x, y)ll + lly = T2 (x, )l
+T1(x, y) = Te (2", Yy )l + T2 (x, y) — Ta(x", y)

1
< |Aq +|A|(A + [BIAG + Aa + [BlAg) e

1
+[Ag + oA+ IDIAG + Ag + IDIA, ez

|A|
+Kll(x, y) — (x5 y)ll.
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Hence,

Aq -+ (A5 1BIAG + A, + [BlAy e

(1K)l y) = () < | Aat

+ |4+ (A0 + DI + Ap + 1DIA e

Since K < 1, we get

* * 1 1 *
||(x,y)—(x,y)||§—1_K{A +|A|( + |BIA;, + Ay +|B|A5)

1
+|Ap (A5 +1D14; + 45 + D1, )

€2},

2|4 + (A + D1, + 45 + DI

< Be,

1
B—max{l X

Aa A|(A* +IBIAL + Ay -+ IBlAg) | T

}

Consequently, the system (1.1)—(1.2) is UH-stable. Moreover, by taking ®(e) = ¢, it follows that
the system (1.1)—(1.2) is also GUH-stable. O

Lemma 4.2. Under the assumptions of Remark 4.2, it follows that solutions of (4.7) satisfy the following
estimates:

() = T1(x, y) (DI < |Aa +|A|(A*+IBIA + Aq +|B|Aﬁ) S1(t) €1,

and

I(6) = Ta(, (O < | Ag + (A3 + IDIAG + 4 + IDIAL ) 92(8) ez

Proof. Suppose that (x,y) € E X E is a solution of (4.7). Then, by Remark 4.2, there exist functions
@1, 92 € E such that

lp1(t)] < D1(t)ey, lp2(t)] < 92(t)er, te[0,1],
and

2 MDYt = £t x(1), y(1) = pa(t) = O,
i=1

n
Y DRy () — g (1, x(1), y(£)) — a(t) = 0.
i=1
Using the integral representation of solutions associated with (1.1)—(1.2), we obtain

x(t) =Ta(x,y) () +Hi(t),  y(t) = Ta(x, y)(8) + Ha(t),
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where

[H1 ()] <

and similarly

[H(t)] <

Therefore,

4o (1) dT
0
LYy fmf
_ ﬁl 1| |dtd
s T Tds
|A| 11:1 “’”W Ck #2()

m n m n |b | n]
+(Zlﬂk| . 1dsJ[Z‘Zl‘|/\| f f a1, ( )|d’£ds}
1
Miu}(ai) fo (1-7)* Hg1(1)ld

m ‘ nksn—l s ) . 1 — Vi Yo, (1)dT
+(kZ{| ¢ G d)[i_l Iui|r(5i)fo(1 ) 2 (T)ld H

n 1 +
_ +\pi—1
i=1 |l1i|r(ﬁ1) L (t=1)"lpa(7)ldt
n-1] M nj
* t|A| Z (s —1)% g1 (1)l dr ds
) ' Y |m
et )P e )Ides]
: ﬂ JLZ B [ e
n 1 1
_ ~\Bi—1
+;‘Iuilf(/3i)fo(l O lea(vlde
Y . s 1 a1
+ ]Zl 4 . dS)[ o IF f —7)% gy (T)|dTH'

lx(t) = T1(x, y) (t)] < [Hi(t)], ly(t) = Tax, y) ()] < |Ha(H)].

Now, using the bounds

lp1(t)] < 91(t)er, lp2 ()] < 92(t)ea,

together with the definitions of A,, Aﬁ, Aj, A%, B,D,and A, we get

and

ﬁl

llx(t) = Ta(x, y) (Bl < S1(t)er,

An+ IAI(A* +IBIAY + Ag +|B|Aﬁ)

ly(£) = Ta(x, y) (DIl <

1
Ag+ o (43 + D14, + 45 + DI, )

Al Sz(t)(:‘z.
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Theorem 4.2. If (A1)~(A;) hold and K = max{Ky, Ky} < 1, where Ky and K, are defined by (3.4)-(3.5),

then the system (1.1)—(1.2) is UHR- and GUHR-stable.

Proof. Assume that (x,y) € E X E and let (x*, ") be the unique solution of the system (1.1)—(1.2).

Then, we have

I(x,y) = (% vyl = ll(x, y) = T(x", y")Il
<llx=T1(x, y)ll + lly — T2 (x, y)lI

+T1(x, y) = Ta (2", yO)Il + T2 (x, y) — To(x", y)II.

By Lemma 4.1 and Theorem 3.1, we obtain

1 .
1(x, y) = (" y)ll < |Aa +|A|(A + BIA;, + Aq ‘|‘|B|Aﬁ) d1(t)er

1 * *
|4+ |A|(Aa +IDIA; + A + IDIA,)

+ Kll(x, y) = (% ¥l
Since K < 1, we get

1
A, (A* 4 IBIAL + Ag + |B|Aﬁ)

() = (% y)ll < ﬁ{ Al

where

1 1
B =
rnax{l_K

Ao+ |A|(A* + IBIAZ, + Aq +|B|Aﬁ)

1
A

1
A
x|t

82(t>€2

1 * *
|+ A|(Aa + IDIA; + A + DI, €2

{45+ IDIAS + g +IDIA,)

!

Consequently, the system (1.1)—(1.2) is U HR-stable. Moreover, by taking ®(e) = ¢, the system

(1.1)—(1.2) is also GUH R-stable.

5. ExAMPLE

O

To demonstrate the relevance of the results developed in earlier sections, we now provide an

explicit example. This example shows how the coupled multi-term Caputo fractional system with

multi-strip integral boundary conditions fits within our framework and confirms the applicability

of the obtained existence, uniqueness, and stability conclusions.
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Example 5.1. Consider the following coupled system of multi—term Caputo fractional differential equations

with nonlocal multi—strip integral boundary conditions:

gCDmMO)—ZCDMWU)+§CDmMU):fﬁﬂdﬂndﬂ)
teo,1], 5.1)

%CDMKU)—ECD%KU)+ZCDMKU):g@uU)KU»,

where the nonlinear functions f, g : [0,1] x R xR — R are defined by The nonlinearities f,g : [0,1] X
R X R — R are given by

ot L o) _t(ml lﬂ)
f(t'”"‘)_20(1+|u|+10Sln ) sbuws) = 5\ T 1)

The system (5.1) is supplemented with the nonlocal multi—strip boundary conditions

2 Tk
u(0) =0, um:Z@fK@@
— Je
R (5.2)
]
©(0) =0, x(1) =Y b | u(s)ds,
=1 Y&
where . . . .
ﬂl_il ﬂz_gl bl:Z' bzzgf

and 0 < { <11 < G < mp < 1, For instance, we choose
C_l = 0.1, m = 0.3, C_z = 0.6, n2 = 0.9.

Next, we verify the Lipschitz-type conditions required in (A1)—(Ay). Using the estimates

lua|  uol
T+ ur] 1+ |uz

we obtain Lipschitz-type estimates of the form

< |uyp —us|, |sin2(1<1) - Sinz(K2)| < |x1 —x32],

|f(tur,%1) = f(t, U2, 12)| < Lf(lul — up| + |1 — K2|),

1t 1, 71) = gt 12, 12)| < Loy — ol + lic1 — 1.

Moreover, numerical computations performed in Maple yield
B=02, D =0.11, A=1-BD =0978 #0,
together with the constants

Ay = 2066042, Ag=4.110257, A = 0.143032, A;

= 0.535117,
and the Lipschitz bounds
Ly = 0.055, Le = 0.04.
Therefore, all assumptions of Theorems 3.1-3.2 (and the stability results in Section 4) are satisfied. Con-
sequently, problem (5.1)—~(5.2) admits a unique solution on [0,1], and the solution is UHR and GUHR

stable.
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6. CONCLUSION

In this work, we investigated a coupled system of multi-term Caputo fractional differential
equations with nonlocal multi-strip integral boundary conditions. By transforming the problem
into an equivalent integral formulation, the existence of at least one solution was established via
Krasnoselskii’s fixed point theorem together with the Arzela—Ascoli theorem, while uniqueness
was obtained under suitable Lipschitz-type conditions. Furthermore, several Ulam-type stability
results were derived, including UH, UHR, GUH, and GUHR stability. These results contribute
to the theory of coupled fractional boundary value problems with nonlocal conditions. Future
work may focus on extending the present results to g-fractional differential models, which may

provide further insights into fractional differential systems and broaden the scope of applications.

Conflicts of Interest: The authors declare that there are no conflicts of interest regarding the

publication of this paper.
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