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Abstract. This paper investigates a nonlinear boundary value problem governed by a coupled system of multi-term

Caputo fractional differential equations subject to integral multi-strip boundary conditions. An equivalent operator

formulation is derived in an appropriate Banach space setting, providing a suitable framework for the application of

fixed point theory. Existence and uniqueness results are derived using Banach’s contraction theorem and Krasnoselskii’s

fixed point theorem. The study also addresses several forms of Ulam-type stability, namely Ulam–Hyers stability,

generalized Ulam–Hyers stability, Ulam–Hyers–Rassias stability, and generalized Ulam–Hyers–Rassias stability. An

illustrative example is provided to confirm the applicability of the obtained results.

1. Introduction

Fractional calculus has gained considerable interest because it offers an effective tool for model-

ing processes with memory effects and nonlocal behavior. Such features appear in many applied

problems from physics, engineering, biology, and finance ( [29], [19], [7]). In many situations, frac-

tional–order equations provide more accurate descriptions than classical integer–order models,

especially when dealing with relaxation phenomena, viscoelastic materials, anomalous diffusion,

and complex biological or chaotic dynamics ( [9], [11], [12], [14]). A growing part of the literature

focuses on multi–term fractional differential equations, where several derivatives of different or-

ders occur in the same model. Such formulations are useful when the underlying system involves

multiple memory kernels or diffusion mechanisms ( [2], [3], [4]). However, the presence of several

fractional operators together with nonlinear coupling terms makes the analytical study of existence
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and qualitative properties of solutions more challenging. In addition, various forms of nonlocal

boundary conditions have been proposed in order to capture global features of the corresponding

solutions. In particular, integral boundary conditions of multi–strip type offer greater flexibility

in modeling interactions distributed over different subintervals of the domain ( [1], [6], [18], [27]).

Such boundary constraints play an essential role in mathematical models arising in heat trans-

fer, fluid dynamics, viscoelasticity, biological population evolution, and other applications where

hereditary effects are relevant. Motivated by the growing importance of nonlinear multi–term

fractional systems and the role of integral nonlocal constraints, this paper investigates a new class

of coupled nonlinear multi–term Caputo fractional differential equations subject to multi–strip

integral boundary conditions. Specifically, we consider the following coupled system:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

n∑︂
i=1

λi
CDαix(t) = f (t, x(t), y(t)),

n∑︂
i=1

µi
CDβi y(t) = g(t, x(t), y(t)),

(1.1)

for t ∈ [0, 1], where λi,µi ∈ R and the fractional orders satisfy 0 < αi, βi ≤ 1 for i = 1, 2, . . . , n. Here,
CDαi and CDβi represent the Caputo fractional derivatives of orders αi and βi, respectively. The

nonlinear functions f , g : [0, 1] ×R ×R → R are assumed to be continuous. The system (1.1) is

supplemented with the following nonlocal multi-strip integral boundary conditions:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
x(0) = 0, x′(0) = 0, . . . , x(n−2)(0) = 0, x(1) =

m∑︂
k=1

ai

∫︂ ηk

ζ̄k

y(s) ds,

y(0) = 0, y′(0) = 0, . . . , y(n−2)(0) = 0, y(1) =
m∑︂

j=1

b j

∫︂ η j

ζ̄ j

x(s) ds,

(1.2)

In (1.2), the constants ak and b j belong to R for k, j = 1, 2, . . . , m, and the parameters ζ̄r, ηr ∈ (0, 1)

(r = 1, 2, . . . , m) satisfy 0 < ζ̄1 < η1 < · · · < ζ̄m < ηm < 1. These boundary conditions describe

nonlocal interactions between the coupled components x(t) and y(t) through integrals taken over

prescribed subintervals of the domain. This work focuses on the existence and uniqueness of solu-

tions for the system (1.1)–(1.2). The existence result is established by means of the Leray–Schauder

nonlinear alternative, whereas uniqueness is obtained through Banach’s contraction principle.

Motivated by recent contributions in the literature ( [1], [32], [30], [13]), we also examine sev-

eral forms of Ulam-type stability, namely Ulam–Hyers stability, generalized Ulam–Hyers stability,

Ulam–Hyers–Rassias stability, and generalized Ulam–Hyers–Rassias stability for the considered

fractional model. For the convenience of the reader, the structure of the manuscript is outlined

below. Section 2 collects the basic concepts, definitions, and auxiliary results required in the sub-

sequent development. Section 3 is devoted to establishing the principal existence and uniqueness

results for the coupled multi-term Caputo fractional differential system (1.1)–(1.2). Section 4 deals
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with various notions of Ulam-type stability associated with the obtained solutions. To highlight

the practical relevance of the theoretical findings, an illustrative example is presented in Section 5.

Section 6 presents an overview of the main outcomes and mentions some topics that could be

explored in future work.

2. Preliminaries

This section provides the preliminary material required for the analysis carried out in the next

parts of the paper. We briefly review some fundamental notions and key results from fractional

calculus that will be repeatedly employed throughout the manuscript.

Definition 2.1. Let u be a real-valued function that is locally integrable on the interval (−∞,+∞), and
suppose that a < t < b ≤ +∞. The Riemann–Liouville fractional integral of order α > 0 of the function u
is defined as

Iαa u(t) = (u ∗ kα)(t) =
∫︂ t

a

u(s)
Γ(α)(t− s)1−α

ds,

where the kernel kα =
tα−1

Γ(α)
, and Γ(·) denotes the Euler gamma function.

Definition 2.2. Let u : [a,+∞) → R be an absolutely continuous function that is differentiable up to
order (n− 1). The Caputo fractional derivative of order α of the function u is defined as

CDα
a u(t) =

∫︂ t

a

u(n)(s)
Γ(n− α)(t− s)1+α−n ds,

where n− 1 < α ≤ n, and n = ⌊α⌋+ 1. Here, ⌊α⌋ denotes the integer part of α.

Lemma 2.1. Let n− 1 < α < n. Then the general solution of the fractional differential equation

CDαu(t) = 0, t ∈ [a, b],

is expressed as

u(t) = R0 + R1(t− a) + R2(t− a)2 + · · ·+ Rn−1(t− a) n−1,

where Ri ∈ R for i = 0, 1, . . . , n− 1. Moreover, the following identity holds:

Iα CDαu(t) = u(t) +
n−1∑︂
i=0

Ri(t− a)i.

The next part of our analysis relies heavily on this lemma, since it provides an explicit form of

the solution for the linearized version of the coupled system (1.1)–(1.2). This representation will be

used to rewrite the original problem in an operator framework, which is particularly convenient

for applying fixed point techniques. This reformulated setting enables the development of the

principal existence and uniqueness results presented in this work.
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Lemma 2.2. Let ϕ,ψ ∈ C([0, 1], R). Consider the linear system⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩
n∑︂

i=1

λi
CDαix(t) = ϕ(t),

n∑︂
i=1

µi
CDβi y(t) = ψ(t),

(2.1)

subject to the nonlocal multi-strip boundary conditions⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩
x(0) = 0, x′(0) = 0, . . . , x(n−2)(0) = 0, x(1) =

m∑︂
k=1

ak

∫︂ ηk

ζ̄k

y(s) ds,

y(0) = 0, y′(0) = 0, . . . , y(n−2)(0) = 0, y(1) =
m∑︂

j=1

b j

∫︂ η j

ζ̄ j

x(s) ds,
(2.2)

where 0 < ζ̄1 < η1 < · · · < ζ̄m < ηm < 1 and ak, b j ∈ R. Assume that ∆ = 1− BD , 0, where

B =
m∑︂

k=1

ak

∫︂ ηk

ζ̄k

s n−1 ds, D =
m∑︂

j=1

b j

∫︂ η j

ζ̄ j

s n−1 ds.

Consequently, a solution of the problem can be represented as

x(t) =
n∑︂

i=1

1
λiΓ(αi)

∫︂ t

0
(t− τ)αi−1ϕ(τ) dτ

+
t n−1

∆

⎡⎢⎢⎢⎢⎢⎣ m∑︂
k=1

n∑︂
i=1

ak

µiΓ(βi)

∫︂ ηk

ζ̄k

∫︂ s

0
(s− τ)βi−1ψ(τ) dτ ds

+

⎛⎜⎜⎜⎜⎜⎝ m∑︂
k=1

ak

∫︂ ηk

ζ̄k

s n−1 ds

⎞⎟⎟⎟⎟⎟⎠
⎛⎜⎜⎜⎜⎜⎝ m∑︂

k=1

n∑︂
i=1

bk

λiΓ(αi)

∫︂ ηk

ζ̄k

∫︂ s

0
(s− τ)αi−1ϕ(τ) dτ ds

⎞⎟⎟⎟⎟⎟⎠
−

n∑︂
i=1

1
λiΓ(αi)

∫︂ 1

0
(1− τ)αi−1ϕ(τ) dτ

−

⎛⎜⎜⎜⎜⎜⎝ m∑︂
k=1

ak

∫︂ ηk

ζ̄k

s n−1 ds

⎞⎟⎟⎟⎟⎟⎠
⎛⎜⎜⎜⎜⎜⎝ n∑︂

i=1

1
µiΓ(βi)

∫︂ 1

0
(1− τ)βi−1ψ(τ) dτ

⎞⎟⎟⎟⎟⎟⎠
⎤⎥⎥⎥⎥⎥⎦.

(2.3)

and

y(t) =
n∑︂

i=1

1
µiΓ(βi)

∫︂ t

0
(t− τ)βi−1ψ(τ) dτ

+
t n−1

∆

⎡⎢⎢⎢⎢⎢⎣ m∑︂
j=1

n∑︂
i=1

b j

λiΓ(αi)

∫︂ η j

ζ̄ j

∫︂ s

0
(s− τ)αi−1ϕ(τ) dτ ds

+

⎛⎜⎜⎜⎜⎜⎝ m∑︂
j=1

b j

∫︂ η j

ζ̄ j

s n−1 ds

⎞⎟⎟⎟⎟⎟⎠
⎛⎜⎜⎜⎜⎜⎝ m∑︂

k=1

n∑︂
i=1

ak

µiΓ(βi)

∫︂ ηk

ζ̄k

∫︂ s

0
(s− τ)βi−1ψ(τ) dτ ds

⎞⎟⎟⎟⎟⎟⎠
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−

n∑︂
i=1

1
µiΓ(βi)

∫︂ 1

0
(1− τ)βi−1ψ(τ) dτ

−

⎛⎜⎜⎜⎜⎜⎝ m∑︂
j=1

b j

∫︂ η j

ζ̄ j

s n−1 ds

⎞⎟⎟⎟⎟⎟⎠
⎛⎜⎜⎜⎜⎜⎝ n∑︂

i=1

1
λiΓ(αi)

∫︂ 1

0
(1− τ)αi−1ϕ(τ) dτ

⎞⎟⎟⎟⎟⎟⎠
⎤⎥⎥⎥⎥⎥⎦. (2.4)

where

X0(t) =
n∑︂

i=1

1
λiΓ(αi)

∫︂ t

0
(t− s)αi−1ϕ(s) ds, Y0(t) =

n∑︂
i=1

1
µiΓ(βi)

∫︂ t

0
(t− s)βi−1ψ(s) ds,

∫︂ ηk

ζ̄k

Y0(s) ds =
n∑︂

i=1

1
µiΓ(βi)

∫︂ ηk

ζ̄k

∫︂ s

0
(s− τ)βi−1ψ(τ) dτ ds,

X0(1) =
n∑︂

i=1

1
λiΓ(αi)

∫︂ 1

0
(1− τ)αi−1ϕ(τ) dτ,

∫︂ η j

ζ̄ j

X0(s) ds =
n∑︂

i=1

1
λiΓ(αi)

∫︂ η j

ζ̄ j

∫︂ s

0
(s− τ)αi−1ϕ(τ) dτ ds,

Y0(1) =
n∑︂

i=1

1
µiΓ(βi)

∫︂ 1

0
(1− τ)βi−1ψ(τ) dτ.

A =
m∑︂

k=1

ak

∫︂ ηk

ζ̄k

Y0(s) ds−X0(1), E =
m∑︂

j=1

b j

∫︂ η j

ζ̄ j

X0(s) ds−Y0(1).

Proof. Apply the fractional integral operators Iασ and Iβσ to both equations in (2.1).

We obtain

Iασ
⎛⎜⎜⎜⎜⎜⎝ n∑︂

i=1

λi
CDαix(t)

⎞⎟⎟⎟⎟⎟⎠ = Iασϕ(t), Iβσ
⎛⎜⎜⎜⎜⎜⎝ n∑︂

i=1

µi
CDβi y(t)

⎞⎟⎟⎟⎟⎟⎠ = Iβσψ(t).

Separating the terms corresponding to i = σ and i , σ, we have

λσIασCDασx(t) +
n∑︂

i=1
i,σ

λiIασCDαix(t) = Iασϕ(t),

µσIβσCDβσy(t) +
n∑︂

i=1
i,σ

µiIβσCDβi y(t) = Iβσψ(t).

By the composition rule for the Caputo derivative and the Riemann–Liouville integral (see

Lemma 2.1), it follows that

IασCDασx(t) = x(t) +
n−1∑︂
k=0

Cktk, IασCDαix(t) = Iασ−αix(t), i , σ,
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and similarly for y(t):

IβσCDβσy(t) = y(t) +
n−1∑︂
k=0

Dktk, IβσCDβi y(t) = Iβσ−βi y(t), i , σ.

Hence,

λσ

⎛⎜⎜⎜⎜⎜⎝x(t) + n−1∑︂
k=0

Cktk

⎞⎟⎟⎟⎟⎟⎠+ n∑︂
i=1
i,σ

λiIασ−αix(t) = Iασϕ(t),

µσ

⎛⎜⎜⎜⎜⎜⎝y(t) + n−1∑︂
k=0

Dktk

⎞⎟⎟⎟⎟⎟⎠+ n∑︂
i=1
i,σ

µiIβσ−βi y(t) = Iβσψ(t).

Dividing by λσ and µσ, and using the explicit form of Iρ, we get

x(t) = −
n−1∑︂
k=0

Cktk
−

n∑︂
i=1
i,σ

λi

λσ
Iασ−αix(t) +

1
λσ

Iασϕ(t)

= −
n−1∑︂
k=0

Cktk
−

n∑︂
i=1
i,σ

λi

λσΓ(ασ − αi)

∫︂ t

0
(t− s)ασ−αi−1x(s) ds

+
1

λσΓ(ασ)

∫︂ t

0
(t− s)ασ−1ϕ(s) ds,

y(t) = −
n−1∑︂
k=0

Dktk
−

n∑︂
i=1
i,σ

µi

µσ
Iβσ−βi y(t) +

1
µσ

Iβσψ(t)

= −
n−1∑︂
k=0

Dktk
−

n∑︂
i=1
i,σ

µi

µσΓ(βσ − βi)

∫︂ t

0
(t− s)βσ−βi−1y(s) ds

+
1

µσΓ(βσ)

∫︂ t

0
(t− s)βσ−1ψ(s) ds.

Next, using the initial conditions in (2.2) we obtain

C0 = C1 = · · · = Cn−2 = 0, D0 = D1 = · · · = Dn−2 = 0,

so that only the coefficients of tn−1 remain. Denoting Cn−1 = Cx and Dn−1 = Cy, we arrive at

x(t) = X0(t) + Cxtn−1, y(t) = Y0(t) + Cytn−1, (2.5)

Now, substitute (2.5) into the nonlocal boundary conditions (2.2). Using x(1) = X0(1) + Cx and

y(1) = Y0(1) + Cy, we get

X0(1) + Cx =
m∑︂

k=1

ak

∫︂ ηk

ζ̄k

(︃
Y0(s) + Cysn−1

)︃
ds, (2.6)
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Y0(1) + Cy =
m∑︂

j=1

b j

∫︂ η j

ζ̄ j

(︃
X0(s) + Cxsn−1

)︃
ds. (2.7)

Then (2.6)–(2.7) are equivalent to the 2× 2 linear system⎧⎪⎪⎪⎨⎪⎪⎪⎩Cx − B Cy = A,

Cy −D Cx = E.

Its determinant is

∆ = 1− BD.

Assuming ∆ , 0, we have

Cx =
A + BE

∆
, Cy =

E + DA
∆

. (2.8)

Substituting (2.8) into (2.5) yields a solution pair (x, y) of problem (2.1)–(2.2). □

Theorem 2.1 (Krasnoselskii’s fixed point theorem). Let X be a nonempty, convex, closed, and bounded
subset of a Banach space (E, ∥ · ∥), and letA,B : X→ E be two operators such that:

(H1) Au +Bv ∈ X for all u, v ∈ X.
(H2) The operator B : X→ E is a contraction mapping.
(H3) The operatorA : X→ E is continuous and compact.

Then there exists at least one element u∗ ∈ X satisfying (A+B)u∗ = u∗.

Theorem 2.2 (Arzelà–Ascoli theorem). A family of functions in C([0, 1], R) is relatively compact if and
only if it is uniformly bounded and equicontinuous.

3. Main Results

In what follows, we establish the principal existence results for the coupled multi-term fractional

differential system under consideration. The problem is first rewritten as an equivalent operator

equation on an appropriate Banach space setting. This allows us to employ Krasnoselskii’s fixed

point theorem in order to ensure the existence of at least one solution. Moreover, the compactness

of the related operator is obtained by using the Arzelà–Ascoli theorem, while the contraction

requirement is verified under suitable hypotheses.

Let E = C([0, 1], R) denote the Banach space of all continuous real-valued functions defined on

[0, 1], equipped with the supremum norm ∥ f ∥ = supt∈[0,1] | f (t)|. It follows that the product space

E×E, endowed with the norm ∥( f1, f2)∥ = ∥ f1∥+ ∥ f2∥, is also a Banach space. Based on Lemma 2.2,

we introduce the operator T : E× E −→ E× E defined by

T(u(t),κ(t)) =
(︂
T1(u,κ)(t), T2(u,κ)(t)

)︂
, (3.1)

where T1 and T2 are given by the integral representations (2.3)–(2.4) , respectively, with ϕ and ψ

defined as

ϕ(t) = f (t, u(t),κ(t)), ψ(t) = g(t, u(t),κ(t)).
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The first component T1 : E× E→ E is defined by

T1(u,κ)(t) =
n∑︂

i=1

1
λiΓ(αi)

∫︂ t

0
(t− τ)αi−1 f (τ, u(τ),κ(τ)) dτ

+
t n−1

∆

⎡⎢⎢⎢⎢⎢⎣ m∑︂
k=1

n∑︂
i=1

ak

µiΓ(βi)

∫︂ ηk

ζ̄k

∫︂ s

0
(s− τ)βi−1g(τ, u(τ),κ(τ)) dτ ds

+

⎛⎜⎜⎜⎜⎜⎝ m∑︂
k=1

ak

∫︂ ηk

ζ̄k

s n−1 ds

⎞⎟⎟⎟⎟⎟⎠
⎛⎜⎜⎜⎜⎜⎜⎝ m∑︂

j=1

n∑︂
i=1

b j

λiΓ(αi)

∫︂ η j

ζ̄ j

∫︂ s

0
(s− τ)αi−1 f (τ, u(τ),κ(τ)) dτ ds

⎞⎟⎟⎟⎟⎟⎟⎠
−

n∑︂
i=1

1
λiΓ(αi)

∫︂ 1

0
(1− τ)αi−1 f (τ, u(τ),κ(τ)) dτ

−

⎛⎜⎜⎜⎜⎜⎝ m∑︂
k=1

ak

∫︂ ηk

ζ̄k

s n−1 ds

⎞⎟⎟⎟⎟⎟⎠
⎛⎜⎜⎜⎜⎜⎝ n∑︂

i=1

1
µiΓ(βi)

∫︂ 1

0
(1− τ)βi−1g(τ, u(τ),κ(τ)) dτ

⎞⎟⎟⎟⎟⎟⎠
⎤⎥⎥⎥⎥⎥⎦.

(3.2)

Similarly, the second component T2 : E× E→ E is defined by

T2(u,κ)(t) =
n∑︂

i=1

1
µiΓ(βi)

∫︂ t

0
(t− τ)βi−1g(τ, u(τ),κ(τ)) dτ

+
t n−1

∆

⎡⎢⎢⎢⎢⎢⎣ m∑︂
j=1

n∑︂
i=1

b j

λiΓ(αi)

∫︂ η j

ζ̄ j

∫︂ s

0
(s− τ)αi−1 f (τ, u(τ),κ(τ)) dτ ds

+

⎛⎜⎜⎜⎜⎜⎜⎝ m∑︂
j=1

b j

∫︂ η j

ζ̄ j

s n−1 ds

⎞⎟⎟⎟⎟⎟⎟⎠
⎛⎜⎜⎜⎜⎜⎝ m∑︂

k=1

n∑︂
i=1

ak

µiΓ(βi)

∫︂ ηk

ζ̄k

∫︂ s

0
(s− τ)βi−1g(τ, u(τ),κ(τ)) dτ ds

⎞⎟⎟⎟⎟⎟⎠
−

n∑︂
i=1

1
µiΓ(βi)

∫︂ 1

0
(1− τ)βi−1g(τ, u(τ),κ(τ)) dτ

−

⎛⎜⎜⎜⎜⎜⎜⎝ m∑︂
j=1

b j

∫︂ η j

ζ̄ j

s n−1 ds

⎞⎟⎟⎟⎟⎟⎟⎠
⎛⎜⎜⎜⎜⎜⎝ n∑︂

i=1

1
λiΓ(αi)

∫︂ 1

0
(1− τ)αi−1 f (τ, u(τ),κ(τ)) dτ

⎞⎟⎟⎟⎟⎟⎠
⎤⎥⎥⎥⎥⎥⎦.

(3.3)

We impose the following assumptions, which will be used throughout the analysis.

(Ã1) For all u, u∗,κ,κ∗ ∈ E and t ∈ [0, 1], there exists a constant L f > 0 such that⃓⃓⃓
f (t, u(t),κ(t)) − f (t, u∗(t),κ∗(t))

⃓⃓⃓
≤ L f

(︂
|u(t) − u∗(t)|+ |κ(t) − κ∗(t)|

)︂
.

(Ã2) For all u, u∗,κ,κ∗ ∈ E and t ∈ [0, 1], there exists a constant Lg > 0 such that⃓⃓⃓
g(t, u(t),κ(t)) − g(t, u∗(t),κ∗(t))

⃓⃓⃓
≤ Lg
(︂
|u(t) − u∗(t)|+ |κ(t) − κ∗(t)|

)︂
.
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(Ã3) There exist positive constants C f , D f , M f , Cg, Dg, Mg such that, for all u,κ ∈ E and t ∈ [0, 1],

| f (t, u(t),κ(t))| ≤ C f |u(t)|+ D f |κ(t)|+ M f ,

|g(t, u(t),κ(t))| ≤ Cg|u(t)|+ Dg|κ(t)|+ Mg.

Remark 3.1. In order to simplify the forthcoming estimates and avoid lengthy computations, we introduce
the following constants.

B =
m∑︂

k=1

ak

∫︂ ηk

ζ̄k

s n−1 ds, D =
m∑︂

j=1

b j

∫︂ η j

ζ̄ j

s n−1 ds, ∆ = 1− BD , 0.

Moreover, define

Aα =
n∑︂

i=1

1
|λi|Γ(αi + 1)

, Aβ =
n∑︂

i=1

1
|µi|Γ(βi + 1)

.

For the double–integral terms appearing in (2.3)–(2.4), we set

A∗α =
m∑︂

j=1

n∑︂
i=1

|b j|

|λi|Γ(αi + 2)

(︂
ηαi+1

j − ζ̄αi+1
j

)︂
,

A∗β =
m∑︂

k=1

n∑︂
i=1

|ak|

|µi|Γ(βi + 2)

(︂
η
βi+1
k − ζ̄

βi+1
k

)︂
.

let the nonlinear functions f and g satisfy the Lipschitz conditions (Ã1)–(Ã2) with constants L f > 0 and
Lg > 0, namely,

| f (t, u,κ) − f (t, u∗,κ∗)| ≤ L f

(︂
|u− u∗|+ |κ− κ∗|

)︂
,

|g(t, u,κ) − g(t, u∗,κ∗)| ≤ Lg
(︂
|u− u∗|+ |κ− κ∗|

)︂
.

Then the components T1 and T2 of the operator T defined by (2.3)–(2.4) satisfy

∥T1(u,κ) − T1(u∗,κ∗)∥ ≤ K1

(︂
∥u− u∗∥+ ∥κ− κ∗∥

)︂
,

∥T2(u,κ) − T2(u∗,κ∗)∥ ≤ K2

(︂
∥u− u∗∥+ ∥κ− κ∗∥

)︂
,

where

K1 = L f Aα +
1
|∆|

(︃
LgA∗β + |B|L f A∗α + L f Aα + |B|LgAβ

)︃
, (3.4)

K2 = LgAβ +
1
|∆|

(︃
L f A∗α + |D|LgA∗β + LgAβ + |D|L f Aα

)︃
. (3.5)

Consequently,

∥T(u,κ) − T(u∗,κ∗)∥ ≤ (K1 + K2)
(︂
∥u− u∗∥+ ∥κ− κ∗∥

)︂
.
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Theorem 3.1. Let f and g be nonlinear functions satisfying the following Lipschitz conditions (Ã1)–(Ã2).
In other words, there exist positive constants L f and Lg such that, for every t ∈ [0, 1] and u, u∗,κ,κ∗ ∈ E,

| f (t, u,κ) − f (t, u∗,κ∗)| ≤ L f

(︂
|u− u∗|+ |κ− κ∗|

)︂
,

|g(t, u,κ) − g(t, u∗,κ∗)| ≤ Lg
(︂
|u− u∗|+ |κ− κ∗|

)︂
.

Moreover, suppose that the constants K1 and K2 defined in Remark 3.1 satisfy
K = K1 + K2 < 1. Then the operator T : E × E → E × E has at most one fixed point. Consequently, the
coupled fractional boundary value problem (1.1)–(1.2) admits at most one solution on [0, 1].

Proof. Let (u,κ), (u∗,κ∗) ∈ E × E. Recall that T(u,κ) = (T1(u,κ), T2(u,κ)), where T1 and T2 are

defined by (3.2)–(3.3) with

ϕ(t) = f (t, u(t),κ(t)), ψ(t) = g(t, u(t),κ(t)),

and

ϕ∗(t) = f (t, u∗(t),κ∗(t)), ψ∗(t) = g(t, u∗(t),κ∗(t)).

By the Lipschitz assumptions (Ã1)–(Ã2), for all t ∈ [0, 1],

|ϕ(t) −ϕ∗(t)| ≤ L f

(︂
|u(t) − u∗(t)|+ |κ(t) − κ∗(t)|

)︂
,

|ψ(t) −ψ∗(t)| ≤ Lg
(︂
|u(t) − u∗(t)|+ |κ(t) − κ∗(t)|

)︂
.

Hence,

|ϕ(t) −ϕ∗(t)| ≤ L f

(︂
∥u− u∗∥+ ∥κ− κ∗∥

)︂
, |ψ(t) −ψ∗(t)| ≤ Lg

(︂
∥u− u∗∥+ ∥κ− κ∗∥

)︂
.

Using the expression of T1 in (3.2), subtracting T1(u∗,κ∗) from T1(u,κ), and applying the triangle

inequality, we obtain

|T1(u,κ)(t) − T1(u∗,κ∗)(t)| ≤ I1(t) + I2(t) + I3(t) + I4(t),

where each term Iℓ(t) corresponds to the difference of the integral terms in (3.2). Estimating these

terms by the above Lipschitz bounds and using∫︂ t

0
(t− τ)αi−1 dτ =

tαi

αi
≤

1
Γ(αi + 1)

(t ∈ [0, 1]),

and ∫︂ ηk

ζ̄k

∫︂ s

0
(s− τ)βi−1 dτ ds =

η
βi+1
k − ζ̄

βi+1
k

Γ(βi + 2)
,

(and similarly for the αi-double integrals), we get

∥T1(u,κ) − T1(u∗,κ∗)∥ ≤ K1

(︂
∥u− u∗∥+ ∥κ− κ∗∥

)︂
,

where K1 is exactly the constant given in (3.4) (see Remark (3.1)). In the same way, using the

expression of T2 in (3.3), we deduce

∥T2(u,κ) − T2(u∗,κ∗)∥ ≤ K2

(︂
∥u− u∗∥+ ∥κ− κ∗∥

)︂
,

where K2 is given in (3.5) (see Remark (3.1)).
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Therefore,

∥T(u,κ) − T(u∗,κ∗)∥ = ∥T1(u,κ) − T1(u∗,κ∗)∥+ ∥T2(u,κ) − T2(u∗,κ∗)∥

≤ (K1 + K2)
(︂
∥u− u∗∥+ ∥κ− κ∗∥

)︂
= K
(︂
∥u− u∗∥+ ∥κ− κ∗∥

)︂
.

Since K < 1, T satisfies the contraction condition on E× E.

By Banach’s fixed point theorem, there exists exactly one fixed point associated with T. This

fixed point corresponds to the unique solution of the coupled system (1.1)–(1.2). □

Theorem 3.2. We consider nonlinear functions f and g satisfying the Lipschitz conditions (Ã1)–(Ã2). In
other words, there exist positive constants L f and Lg such that, for every t ∈ [0, 1] and u, u∗,κ,κ∗ ∈ E,

| f (t, u,κ) − f (t, u∗,κ∗)| ≤ L f

(︂
|u− u∗|+ |κ− κ∗|

)︂
,

|g(t, u,κ) − g(t, u∗,κ∗)| ≤ Lg
(︂
|u− u∗|+ |κ− κ∗|

)︂
.

Moreover, suppose that the operator T : E × E → E × E defined by (3.2)–(3.3) satisfies the conditions of
Krasnoselskii’s fixed point theorem. As a consequence, the coupled system (1.1)–(1.2) admits at least one
solution over the interval [0, 1].

Proof. Let E = C([0, 1], R). We introduce the mapping T : E× E→ E× E as follows:

T(u,κ)(t) =
(︂
T1(u,κ)(t), T2(u,κ)(t)

)︂
,

where T1 and T2 are given by the integral representations (3.2)–(3.3) with

ϕ(t) = f (t, u(t),κ(t)), ψ(t) = g(t, u(t),κ(t)).

To apply Krasnoselskii’s fixed point theorem, we decompose T as T = A+B,

where

A(u,κ) =
(︂
A1(u,κ),A2(u,κ)

)︂
, B(u,κ) =

(︂
B1(u,κ),B2(u,κ)

)︂
,

andA contains the compact integral terms, while B includes the contraction part.

Step 1: T(∆) ⊆ ∆.

Let ∆ =
{︃
(u,κ) ∈ E × E : ∥(u,κ)∥ ≤ r

}︃
, for some sufficiently large positive constant r. Then, using

the growth condition on f and g, we obtain ∥T1(u,κ)∥ ≤ r, ∥T2(u,κ)∥ ≤ r, which implies that

T(u,κ) ∈ ∆.

Step 2: B is a contraction mapping.
Assume that f and g satisfy the Lipschitz conditions with constants L f and Lg. Then for any

(u,κ), (u∗,κ∗) ∈ ∆, we have

∥T1(u,κ) − T1(u∗,κ∗)∥ ≤ K1

(︂
∥u− u∗∥+ ∥κ− κ∗∥

)︂
,
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and similarly,

∥T2(u,κ) − T2(u∗,κ∗)∥ ≤ K2

(︂
∥u− u∗∥+ ∥κ− κ∗∥

)︂
,

where K1 and K2 are defined in Remark (3.1). Thus,

∥T(u,κ) − T(u∗,κ∗)∥ ≤ (K1 + K2)
(︂
∥u− u∗∥+ ∥κ− κ∗∥

)︂
.

If K := K1 + K2 < 1, then B is a contraction on ∆.

Step 3: A is continuous.
Let (un,κn)→ (u,κ) in ∆. Since f and g are continuous, it follows thatϕn(t)→ ϕ(t), ψn(t)→ ψ(t).
Then by the dominated convergence theorem, we obtainA(un,κn)→A(u,κ), henceA is contin-

uous.

Step 4: A is compact.
We show that A(∆) is uniformly bounded and equicontinuous. Boundedness follows from Step

1. Moreover, for t1, t2 ∈ [0, 1],

|A1(u,κ)(t1) −A1(u,κ)(t2)| → 0 as t1 → t2,

and similarly forA2. Thus,A(∆) is equicontinuous. Therefore, by the Arzelà–Ascoli theorem,A

is compact.

Step 5: The hypotheses of Krasnoselskii’s fixed point theorem are verified. Hence, there

exists (u∗,κ∗) ∈ ∆ such that (u∗,κ∗) = T(u∗,κ∗). Therefore, the coupled multi-term Caputo

fractional boundary value problem (1.1)–(1.2) has at least one solution on [0, 1]. □

4. Stability results

In this section, we investigate different stability notions of Ulam type, including UH , GUH ,

UHR, andGUHR stability, for the solutions of problem (1.1). We first recall the required stability

definitions and concepts that will be used throughout the analysis.

Definition 4.1. We say that a pair (x, y) ∈ E × E is a Ulam–Hyers (UH) stable solution of the system
(1.1)–(1.2) if there exist positive constants B1, B2 such that, by setting B = max{B1, B2} > 0 and ϵ =

max{ϵ1, ϵ2} > 0, the following holds. For any (x, y) ∈ E× E satisfying⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

⃓⃓⃓⃓⃓
⃓⃓ n∑︂
i=1

λi
CDαix(t) − f (t, x(t), y(t))

⃓⃓⃓⃓⃓
⃓⃓ ≤ ϵ1,

⃓⃓⃓⃓⃓
⃓⃓ n∑︂
i=1

µi
CDβi y(t) − g(t, x(t), y(t))

⃓⃓⃓⃓⃓
⃓⃓ ≤ ϵ2,

(4.1)

for all t ∈ [0, 1] with λi,µi ∈ R, there exists an exact solution (x∗, y∗) of the system (1.1)–(1.2) such that
∥(x, y) − (x∗, y∗)∥ ≤ B ϵ. Furthermore, if there exists a continuous function Φ : (0,∞) → (0,∞) with
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Φ(0) = 0 such that ∥(x, y) − (x∗, y∗)∥ ≤ B Φ(ϵ), then the system (1.1)–(1.2) is said to be generalized
Ulam–Hyers (GUH) stable.

Definition 4.2. A pair of functions (x, y) ∈ E×E is said to be Ulam–Hyers–Rassias (UHR) stable for the
system (1.1)–(1.2) if there exist positive constants B1, B2 and a continuous function ν = (ν1, ν2) ∈ E × E
such that, by setting B = max{B1, B2} > 0 and ϵ = max{ϵ1, ϵ2} > 0, the following holds.

For any (x, y) ∈ E× E satisfying⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

⃓⃓⃓⃓⃓
⃓⃓ n∑︂
i=1

λi
CDαix(t) − f (t, x(t), y(t))

⃓⃓⃓⃓⃓
⃓⃓ ≤ ν1(t) ϵ1,

⃓⃓⃓⃓⃓
⃓⃓ n∑︂
i=1

µi
CDβi y(t) − g(t, x(t), y(t))

⃓⃓⃓⃓⃓
⃓⃓ ≤ ν2(t) ϵ2,

(4.2)

for all t ∈ [0, 1] with λi,µi ∈ R, there exists an exact solution (x∗, y∗) of the system (1.1)–(1.2) such that
∥(x, y) − (x∗, y∗)∥ ≤ B ν(t) ϵ, where (x∗, y∗) is a unique solution of the system (1.1)–(1.2).

Definition 4.3. A pair of functions (x, y) ∈ E×E is said to be generalized Ulam–Hyers–Rassias (GUHR)
stable for the system (1.1)–(1.2) if there exist positive constants B1, B2 and a continuous function ν =

(ν1, ν2) ∈ E × E such that, by setting B = max{B1, B2} > 0, the following holds. For any (x, y) ∈ E × E
satisfying ⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

⃓⃓⃓⃓⃓
⃓⃓ n∑︂
i=1

λi
CDαix(t) − f (t, x(t), y(t))

⃓⃓⃓⃓⃓
⃓⃓ ≤ ν1(t),

⃓⃓⃓⃓⃓
⃓⃓ n∑︂
i=1

µi
CDβi y(t) − g(t, x(t), y(t))

⃓⃓⃓⃓⃓
⃓⃓ ≤ ν2(t),

(4.3)

for all t ∈ [0, 1] with λi,µi ∈ R, there exists an exact solution (x∗, y∗) of the system (1.1)–(1.2) such that
∥(x, y) − (x∗, y∗)∥ ≤ B ν(t), where (x∗, y∗) is a unique solution of the system (1.1)–(1.2).

Remark 4.1. The inequality (4.1) associated with the system (1.1)–(1.2) admits a solution (x, y) ∈ E × E
if and only if there exist functions φ1,φ2 ∈ E, depending on x and y, such that:

(1)

ϵ1 ≥ |φ1(t)|, ϵ2 ≥ |φ2(t)|, t ∈ [0, 1],

(2) ⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

n∑︂
i=1

λi
CDαix(t) − f (t, x(t), y(t)) −φ1(t) = 0,

n∑︂
i=1

µi
CDβi y(t) − g(t, x(t), y(t)) −φ2(t) = 0,

(4.4)

for all t ∈ [0, 1], where λi,µi ∈ R.
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Remark 4.2. The inequality (4.2) associated with the system (1.1)–(1.2) admits a solution (x, y) ∈ E × E
if and only if there exist functions φ1,φ2 ∈ E, depending on x and y, such that:

(1)

|φ1(t)| ≤ ν1(t)ϵ1, |φ2(t)| ≤ ν2(t)ϵ2, t ∈ [0, 1],

(2) ⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

n∑︂
i=1

λi
CDαix(t) − f (t, x(t), y(t)) −φ1(t) = 0,

n∑︂
i=1

µi
CDβi y(t) − g(t, x(t), y(t)) −φ2(t) = 0,

(4.5)

for all t ∈ [0, 1], where λi,µi ∈ R.

Remark 4.3. The inequality (4.3) associated with the system (1.1)–(1.2) admits a solution (x, y) ∈ E × E
if and only if there exist functions φ1,φ2 ∈ E, depending on x and y, such that:

(1)

|φ1(t)| ≤ ν1(t), |φ2(t)| ≤ ν2(t), t ∈ [0, 1],

(2) ⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

n∑︂
i=1

λi
CDαix(t) − f (t, x(t), y(t)) −φ1(t) = 0,

n∑︂
i=1

µi
CDβi y(t) − g(t, x(t), y(t)) −φ2(t) = 0,

(4.6)

for all t ∈ [0, 1], where λi,µi ∈ R.

Lemma 4.1. Let (x, y) ∈ E × E be a solution of the system (1.1)–(1.2). Then (x, y) satisfies the following
relations: ⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

n∑︂
i=1

λi
CDαix(t) = f (t, x(t), y(t)) + φ1(t),

n∑︂
i=1

µi
CDβi y(t) = g(t, x(t), y(t)) + φ2(t),

(4.7)

for all t ∈ [0, 1], where φ1,φ2 ∈ E. Moreover, the following estimates hold:

∥x(t) − T1(x, y)∥ ≤
ϵ1

|∆|

[︂
Aα + |B|Aβ

]︂
,

∥y(t) − T2(x, y)∥ ≤
ϵ2

|∆|

[︂
Aβ + |D|Aα

]︂
,

where T1 and T2 are defined by (3.2)–(3.3), and the constants Aα, Aβ, B, D and ∆ are introduced in Remark 3.1
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Proof. Let (x, y) ∈ E× E be a solution of the system (1.1)–(1.2). Then, it follows that

x(t) =T1(x, y)(t)

+
n∑︂

i=1

1
λiΓ(αi)

∫︂ t

0
(t− τ)αi−1φ1(τ) dτ

+
tn−1

∆

⎡⎢⎢⎢⎢⎢⎣ m∑︂
k=1

n∑︂
i=1

ak

µiΓ(βi)

∫︂ ηk

ζ̄k

∫︂ s

0
(s− τ)βi−1φ2(τ) dτ ds

+

⎛⎜⎜⎜⎜⎜⎝ m∑︂
k=1

ak

∫︂ ηk

ζ̄k

sn−1 ds

⎞⎟⎟⎟⎟⎟⎠
⎛⎜⎜⎜⎜⎜⎜⎝ m∑︂

j=1

n∑︂
i=1

b j

λiΓ(αi)

∫︂ η j

ζ̄ j

∫︂ s

0
(s− τ)αi−1φ1(τ) dτ ds

⎞⎟⎟⎟⎟⎟⎟⎠
−

n∑︂
i=1

1
λiΓ(αi)

∫︂ 1

0
(1− τ)αi−1φ1(τ) dτ

−

⎛⎜⎜⎜⎜⎜⎝ m∑︂
k=1

ak

∫︂ ηk

ζ̄k

sn−1 ds

⎞⎟⎟⎟⎟⎟⎠
⎛⎜⎜⎜⎜⎜⎝ n∑︂

i=1

1
µiΓ(βi)

∫︂ 1

0
(1− τ)βi−1φ2(τ) dτ

⎞⎟⎟⎟⎟⎟⎠
⎤⎥⎥⎥⎥⎥⎦,

and

y(t) =T2(x, y)(t)

+
n∑︂

i=1

1
µiΓ(βi)

∫︂ t

0
(t− τ)βi−1φ2(τ) dτ

+
tn−1

∆

⎡⎢⎢⎢⎢⎢⎣ m∑︂
j=1

n∑︂
i=1

b j

λiΓ(αi)

∫︂ η j

ζ̄ j

∫︂ s

0
(s− τ)αi−1φ1(τ) dτ ds

+

⎛⎜⎜⎜⎜⎜⎜⎝ m∑︂
j=1

b j

∫︂ η j

ζ̄ j

sn−1 ds

⎞⎟⎟⎟⎟⎟⎟⎠
⎛⎜⎜⎜⎜⎜⎝ m∑︂

k=1

n∑︂
i=1

ak

µiΓ(βi)

∫︂ ηk

ζ̄k

∫︂ s

0
(s− τ)βi−1φ2(τ) dτ ds

⎞⎟⎟⎟⎟⎟⎠
−

n∑︂
i=1

1
µiΓ(βi)

∫︂ 1

0
(1− τ)βi−1φ2(τ) dτ

−

⎛⎜⎜⎜⎜⎜⎜⎝ m∑︂
j=1

b j

∫︂ η j

ζ̄ j

sn−1 ds

⎞⎟⎟⎟⎟⎟⎟⎠
⎛⎜⎜⎜⎜⎜⎝ n∑︂

i=1

1
λiΓ(αi)

∫︂ 1

0
(1− τ)αi−1φ1(τ) dτ

⎞⎟⎟⎟⎟⎟⎠
⎤⎥⎥⎥⎥⎥⎦.

Using Remark 4.1, we get

|x(t) − T1(x, y)(t)| ≤
n∑︂

i=1

1
|λi|Γ(αi)

∫︂ t

0
(t− τ)αi−1

|φ1(τ)| dτ

+
tn−1

|∆|

⎡⎢⎢⎢⎢⎢⎣ m∑︂
k=1

n∑︂
i=1

|ak|

|µi|Γ(βi)

∫︂ ηk

ζ̄k

∫︂ s

0
(s− τ)βi−1

|φ2(τ)| dτ ds

+

⎛⎜⎜⎜⎜⎜⎝ m∑︂
k=1

|ak|

∫︂ ηk

ζ̄k

sn−1 ds

⎞⎟⎟⎟⎟⎟⎠
⎛⎜⎜⎜⎜⎜⎜⎝ m∑︂

j=1

n∑︂
i=1

|b j|

|λi|Γ(αi)

∫︂ η j

ζ̄ j

∫︂ s

0
(s− τ)αi−1

|φ1(τ)| dτ ds

⎞⎟⎟⎟⎟⎟⎟⎠
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+
n∑︂

i=1

1
|λi|Γ(αi)

∫︂ 1

0
(1− τ)αi−1

|φ1(τ)| dτ

+

⎛⎜⎜⎜⎜⎜⎝ m∑︂
k=1

|ak|

∫︂ ηk

ζ̄k

sn−1 ds

⎞⎟⎟⎟⎟⎟⎠
⎛⎜⎜⎜⎜⎜⎝ n∑︂

i=1

1
|µi|Γ(βi)

∫︂ 1

0
(1− τ)βi−1

|φ2(τ)| dτ

⎞⎟⎟⎟⎟⎟⎠
⎤⎥⎥⎥⎥⎥⎦

≤

⎡⎢⎢⎢⎢⎢⎣Aα +
1
|∆|

(︃
A∗β + |B|A

∗

α + Aα + |B|Aβ

)︃⎤⎥⎥⎥⎥⎥⎦ϵ1.

and similarly,

|y(t) − T2(x, y)(t)| ≤

⎡⎢⎢⎢⎢⎢⎣Aβ +
1
|∆|

(︃
A∗α + |D|A

∗

β + Aβ + |D|Aα

)︃⎤⎥⎥⎥⎥⎥⎦ϵ2.

Consequently,

∥x(t) − T1(x, y)∥ ≤

⎡⎢⎢⎢⎢⎢⎣Aα +
1
|∆|

(︃
A∗β + |B|A

∗

α + Aα + |B|Aβ

)︃⎤⎥⎥⎥⎥⎥⎦ϵ1,

∥y(t) − T2(x, y)∥ ≤

⎡⎢⎢⎢⎢⎢⎣Aβ +
1
|∆|

(︃
A∗α + |D|A

∗

β + Aβ + |D|Aα

)︃⎤⎥⎥⎥⎥⎥⎦ϵ2.

□

Theorem 4.1. If (Ã1)–(Ã3) hold and K = max{K1, K2} < 1, where K1 and K2 are defined by (3.4)–(3.5),
then the system (1.1)–(1.2) isUH- and GUH-stable.

Proof. Let (x, y) ∈ E× E be a solution of (1.1)–(1.2), and let (x∗, y∗) be its unique solution. Then, we

have

∥(x, y) − (x∗, y∗)∥ = ∥(x, y) − T(x∗, y∗)∥

≤ ∥x− T1(x, y)∥+ ∥T1(x, y) − T1(x∗, y∗)∥

+ ∥y− T2(x, y)∥+ ∥T2(x, y) − T2(x∗, y∗)∥.

Applying Lemma 4.2 and Theorem 3.1, we obtain

∥(x, y) − (x∗, y∗)∥ ≤ ∥x− T1(x, y)∥+ ∥y− T2(x, y)∥

+ ∥T1(x, y) − T1(x∗, y∗)∥+ ∥T2(x, y) − T2(x∗, y∗)∥

≤

⎡⎢⎢⎢⎢⎢⎣Aα +
1
|∆|

(︃
A∗β + |B|A

∗

α + Aα + |B|Aβ

)︃⎤⎥⎥⎥⎥⎥⎦ϵ1

+

⎡⎢⎢⎢⎢⎢⎣Aβ +
1
|∆|

(︃
A∗α + |D|A

∗

β + Aβ + |D|Aα

)︃⎤⎥⎥⎥⎥⎥⎦ϵ2

+ K ∥(x, y) − (x∗, y∗)∥.
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Hence,

(1−K)∥(x, y) − (x∗, y∗)∥ ≤

⎡⎢⎢⎢⎢⎢⎣Aα +
1
|∆|

(︃
A∗β + |B|A

∗

α + Aα + |B|Aβ

)︃⎤⎥⎥⎥⎥⎥⎦ϵ1

+

⎡⎢⎢⎢⎢⎢⎣Aβ +
1
|∆|

(︃
A∗α + |D|A

∗

β + Aβ + |D|Aα

)︃⎤⎥⎥⎥⎥⎥⎦ϵ2.

Since K < 1, we get

∥(x, y) − (x∗, y∗)∥ ≤
1

1−K

⎧⎪⎪⎨⎪⎪⎩
⎡⎢⎢⎢⎢⎢⎣Aα +

1
|∆|

(︃
A∗β + |B|A

∗

α + Aα + |B|Aβ

)︃⎤⎥⎥⎥⎥⎥⎦ϵ1

+

⎡⎢⎢⎢⎢⎢⎣Aβ +
1
|∆|

(︃
A∗α + |D|A

∗

β + Aβ + |D|Aα

)︃⎤⎥⎥⎥⎥⎥⎦ϵ2

⎫⎪⎪⎬⎪⎪⎭,

≤ B ϵ,

where

B = max

⎧⎪⎪⎨⎪⎪⎩ 1
1−K

⎡⎢⎢⎢⎢⎢⎣Aα +
1
|∆|

(︃
A∗β + |B|A

∗

α + Aα + |B|Aβ

)︃⎤⎥⎥⎥⎥⎥⎦, 1
1−K

⎡⎢⎢⎢⎢⎢⎣Aβ +
1
|∆|

(︃
A∗α + |D|A

∗

β + Aβ + |D|Aα

)︃⎤⎥⎥⎥⎥⎥⎦
⎫⎪⎪⎬⎪⎪⎭.

Consequently, the system (1.1)–(1.2) isUH-stable. Moreover, by taking Φ(ϵ) = ϵ, it follows that

the system (1.1)–(1.2) is also GUH-stable. □

Lemma 4.2. Under the assumptions of Remark 4.2, it follows that solutions of (4.7) satisfy the following
estimates:

∥x(t) − T1(x, y)(t)∥ ≤

⎡⎢⎢⎢⎢⎢⎣Aα +
1
|∆|

(︃
A∗β + |B|A

∗

α + Aα + |B|Aβ

)︃⎤⎥⎥⎥⎥⎥⎦ϑ1(t) ϵ1,

and

∥y(t) − T2(x, y)(t)∥ ≤

⎡⎢⎢⎢⎢⎢⎣Aβ +
1
|∆|

(︃
A∗α + |D|A

∗

β + Aβ + |D|Aα

)︃⎤⎥⎥⎥⎥⎥⎦ϑ2(t) ϵ2.

Proof. Suppose that (x, y) ∈ E× E is a solution of (4.7). Then, by Remark 4.2, there exist functions

φ1,φ2 ∈ E such that

|φ1(t)| ≤ ϑ1(t)ϵ1, |φ2(t)| ≤ ϑ2(t)ϵ2, t ∈ [0, 1],

and
n∑︂

i=1

λi
CDαix(t) − f (t, x(t), y(t)) −φ1(t) = 0,

n∑︂
i=1

µi
CDβi y(t) − g(t, x(t), y(t)) −φ2(t) = 0.

Using the integral representation of solutions associated with (1.1)–(1.2), we obtain

x(t) = T1(x, y)(t) +H1(t), y(t) = T2(x, y)(t) +H2(t),
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where

|H1(t)| ≤
n∑︂

i=1

1
|λi|Γ(αi)

∫︂ t

0
(t− τ)αi−1

|φ1(τ)| dτ

+
tn−1

|∆|

⎡⎢⎢⎢⎢⎢⎣ m∑︂
k=1

n∑︂
i=1

|ak|

|µi|Γ(βi)

∫︂ ηk

ζ̄k

∫︂ s

0
(s− τ)βi−1

|φ2(τ)| dτ ds

+

⎛⎜⎜⎜⎜⎜⎝ m∑︂
k=1

|ak|

∫︂ ηk

ζ̄k

sn−1 ds

⎞⎟⎟⎟⎟⎟⎠
⎛⎜⎜⎜⎜⎜⎜⎝ m∑︂

j=1

n∑︂
i=1

|b j|

|λi|Γ(αi)

∫︂ η j

ζ̄ j

∫︂ s

0
(s− τ)αi−1

|φ1(τ)| dτ ds

⎞⎟⎟⎟⎟⎟⎟⎠
+

n∑︂
i=1

1
|λi|Γ(αi)

∫︂ 1

0
(1− τ)αi−1

|φ1(τ)| dτ

+

⎛⎜⎜⎜⎜⎜⎝ m∑︂
k=1

|ak|

∫︂ ηk

ζ̄k

sn−1 ds

⎞⎟⎟⎟⎟⎟⎠
⎛⎜⎜⎜⎜⎜⎝ n∑︂

i=1

1
|µi|Γ(βi)

∫︂ 1

0
(1− τ)βi−1

|φ2(τ)| dτ

⎞⎟⎟⎟⎟⎟⎠
⎤⎥⎥⎥⎥⎥⎦,

and similarly

|H2(t)| ≤
n∑︂

i=1

1
|µi|Γ(βi)

∫︂ t

0
(t− τ)βi−1

|φ2(τ)| dτ

+
tn−1

|∆|

⎡⎢⎢⎢⎢⎢⎣ m∑︂
j=1

n∑︂
i=1

|b j|

|λi|Γ(αi)

∫︂ η j

ζ̄ j

∫︂ s

0
(s− τ)αi−1

|φ1(τ)| dτ ds

+

⎛⎜⎜⎜⎜⎜⎜⎝ m∑︂
j=1

|b j|

∫︂ η j

ζ̄ j

sn−1 ds

⎞⎟⎟⎟⎟⎟⎟⎠
⎛⎜⎜⎜⎜⎜⎝ m∑︂

k=1

n∑︂
i=1

|ak|

|µi|Γ(βi)

∫︂ ηk

ζ̄k

∫︂ s

0
(s− τ)βi−1

|φ2(τ)| dτ ds

⎞⎟⎟⎟⎟⎟⎠
+

n∑︂
i=1

1
|µi|Γ(βi)

∫︂ 1

0
(1− τ)βi−1

|φ2(τ)| dτ

+

⎛⎜⎜⎜⎜⎜⎜⎝ m∑︂
j=1

|b j|

∫︂ η j

ζ̄ j

sn−1 ds

⎞⎟⎟⎟⎟⎟⎟⎠
⎛⎜⎜⎜⎜⎜⎝ n∑︂

i=1

1
|λi|Γ(αi)

∫︂ 1

0
(1− τ)αi−1

|φ1(τ)| dτ

⎞⎟⎟⎟⎟⎟⎠
⎤⎥⎥⎥⎥⎥⎦.

Therefore,

|x(t) − T1(x, y)(t)| ≤ |H1(t)|, |y(t) − T2(x, y)(t)| ≤ |H2(t)|.

Now, using the bounds

|φ1(t)| ≤ ϑ1(t)ϵ1, |φ2(t)| ≤ ϑ2(t)ϵ2,

together with the definitions of Aα, Aβ, A∗α, A∗β, B, D, and ∆, we get

∥x(t) − T1(x, y)(t)∥ ≤

⎡⎢⎢⎢⎢⎢⎣Aα +
1
|∆|

(︃
A∗β + |B|A

∗

α + Aα + |B|Aβ

)︃⎤⎥⎥⎥⎥⎥⎦ϑ1(t)ϵ1,

and

∥y(t) − T2(x, y)(t)∥ ≤

⎡⎢⎢⎢⎢⎢⎣Aβ +
1
|∆|

(︃
A∗α + |D|A

∗

β + Aβ + |D|Aα

)︃⎤⎥⎥⎥⎥⎥⎦ϑ2(t)ϵ2.
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□

Theorem 4.2. If (Ã1)–(Ã2) hold and K = max{K1, K2} < 1, where K1 and K2 are defined by (3.4)–(3.5),
then the system (1.1)–(1.2) isUHR- and GUHR-stable.

Proof. Assume that (x, y) ∈ E × E and let (x∗, y∗) be the unique solution of the system (1.1)–(1.2).

Then, we have

∥(x, y) − (x∗, y∗)∥ = ∥(x, y) − T(x∗, y∗)∥

≤ ∥x− T1(x, y)∥+ ∥y− T2(x, y)∥

+ ∥T1(x, y) − T1(x∗, y∗)∥+ ∥T2(x, y) − T2(x∗, y∗)∥.

By Lemma 4.1 and Theorem 3.1, we obtain

∥(x, y) − (x∗, y∗)∥ ≤

⎡⎢⎢⎢⎢⎢⎣Aα +
1
|∆|

(︃
A∗β + |B|A

∗

α + Aα + |B|Aβ

)︃⎤⎥⎥⎥⎥⎥⎦ϑ1(t)ϵ1

+

⎡⎢⎢⎢⎢⎢⎣Aβ +
1
|∆|

(︃
A∗α + |D|A

∗

β + Aβ + |D|Aα

)︃⎤⎥⎥⎥⎥⎥⎦ϑ2(t)ϵ2

+ K∥(x, y) − (x∗, y∗)∥.

Since K < 1, we get

∥(x, y) − (x∗, y∗)∥ ≤
1

1−K

⎧⎪⎪⎨⎪⎪⎩
⎡⎢⎢⎢⎢⎢⎣Aα +

1
|∆|

(︃
A∗β + |B|A

∗

α + Aα + |B|Aβ

)︃⎤⎥⎥⎥⎥⎥⎦ϵ1

+

⎡⎢⎢⎢⎢⎢⎣Aβ +
1
|∆|

(︃
A∗α + |D|A

∗

β + Aβ + |D|Aα

)︃⎤⎥⎥⎥⎥⎥⎦ϵ2

⎫⎪⎪⎬⎪⎪⎭
≤ B ϵ,

where

B = max

⎧⎪⎪⎨⎪⎪⎩ 1
1−K

⎡⎢⎢⎢⎢⎢⎣Aα +
1
|∆|

(︃
A∗β + |B|A

∗

α + Aα + |B|Aβ

)︃⎤⎥⎥⎥⎥⎥⎦, 1
1−K

⎡⎢⎢⎢⎢⎢⎣Aβ +
1
|∆|

(︃
A∗α + |D|A

∗

β + Aβ + |D|Aα

)︃⎤⎥⎥⎥⎥⎥⎦
⎫⎪⎪⎬⎪⎪⎭,

Consequently, the system (1.1)–(1.2) is UHR-stable. Moreover, by taking Φ(ϵ) = ϵ, the system

(1.1)–(1.2) is also GUHR-stable. □

5. Example

To demonstrate the relevance of the results developed in earlier sections, we now provide an

explicit example. This example shows how the coupled multi-term Caputo fractional system with

multi-strip integral boundary conditions fits within our framework and confirms the applicability

of the obtained existence, uniqueness, and stability conclusions.
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Example 5.1. Consider the following coupled system of multi–term Caputo fractional differential equations
with nonlocal multi–strip integral boundary conditions:⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

3
2

CD0.9u(t) −
5
4

CD0.6u(t) +
7
3

CD0.3u(t) = f
(︂
t, u(t),κ(t)

)︂
,

4
3

CD0.8κ(t) −
2
5

CD0.5κ(t) +
9
4

CD0.2κ(t) = g
(︂
t, u(t),κ(t)

)︂
,

t ∈ [0, 1], (5.1)

where the nonlinear functions f , g : [0, 1] ×R ×R → R are defined by The nonlinearities f , g : [0, 1] ×

R×R→ R are given by

f (t, u,κ) =
t

20

(︃
|u|

1 + |u|
+

1
10

sin2(κ)
)︃

, g(t, u,κ) =
t

25

(︃
|u|

1 + |u|
+
|κ|

1 + |κ|

)︃
.

The system (5.1) is supplemented with the nonlocal multi–strip boundary conditions⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩
u(0) = 0, u(1) =

2∑︂
k=1

ak

∫︂ ηk

ζ̄k

κ(s) ds,

κ(0) = 0, κ(1) =
2∑︂

j=1

b j

∫︂ η j

ζ̄ j

u(s) ds,

(5.2)

where

a1 =
1
2

, a2 =
1
3

, b1 =
1
4

, b2 =
1
5

,

and 0 < ζ̄1 < η1 < ζ̄2 < η2 < 1, For instance, we choose

ζ̄1 = 0.1, η1 = 0.3, ζ̄2 = 0.6, η2 = 0.9.

Next, we verify the Lipschitz-type conditions required in (Ã1)–(Ã2). Using the estimates⃓⃓⃓⃓⃓
|u1|

1 + |u1|
−
|u2|

1 + |u2|

⃓⃓⃓⃓⃓
≤ |u1 − u2|, | sin2(κ1) − sin2(κ2)| ≤ |κ1 − κ2|,

we obtain Lipschitz-type estimates of the form

| f (t, u1,κ1) − f (t, u2,κ2)| ≤ L f

(︂
|u1 − u2|+ |κ1 − κ2|

)︂
,

|g(t, u1,κ1) − g(t, u2,κ2)| ≤ Lg
(︂
|u1 − u2|+ |κ1 − κ2|

)︂
.

Moreover, numerical computations performed in Maple yield

B = 0.2, D = 0.11, ∆ = 1− BD = 0.978 , 0,

together with the constants

Aα = 2.066042, Aβ = 4.110257, A∗α = 0.143032, A∗β = 0.535117,

and the Lipschitz bounds

L f = 0.055, Lg = 0.04.

Therefore, all assumptions of Theorems 3.1–3.2 (and the stability results in Section 4) are satisfied. Con-
sequently, problem (5.1)–(5.2) admits a unique solution on [0, 1], and the solution is UHR and GUHR
stable.
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6. Conclusion

In this work, we investigated a coupled system of multi-term Caputo fractional differential

equations with nonlocal multi-strip integral boundary conditions. By transforming the problem

into an equivalent integral formulation, the existence of at least one solution was established via

Krasnoselskii’s fixed point theorem together with the Arzelà–Ascoli theorem, while uniqueness

was obtained under suitable Lipschitz-type conditions. Furthermore, several Ulam-type stability

results were derived, includingUH ,UHR, GUH , andGUHR stability. These results contribute

to the theory of coupled fractional boundary value problems with nonlocal conditions. Future

work may focus on extending the present results to q-fractional differential models, which may

provide further insights into fractional differential systems and broaden the scope of applications.
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