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Abstract. For the numerical treatment of space-time fractional advection-diffusion equations, we designed a spectral

Galerkin method. We construct the approximation space using a hybrid system of Müntz-Jacobi basis functions,

combining the stability and orthogonality properties of Jacobi polynomials and the singularity-resolving capacity of

Müntz-type monomials. The basis is reconstructed to satisfy homogeneous boundary conditions, thereby ensuring both

consistency with the physical constraints and numerical stability. By including the dominant singular exponents of the

exact solution into the approximation space, the suggested framework achieves exponential-type convergence with an

accurate representation of endpoint singularities with high precision. We introduce the computational formulation, in-

cluding the fractional integral and derivative of the new basis and the formulation of the Galerkin discretization.A series

of numerical examples is provided, demonstrating the robustness and accuracy of the method for different fractional

parameters, and agree with the theoretical error estimates. In general, the hybrid Müntz-Jacobi Galerkin framework

achieves a flexible and powerful paradigm for fractional partial differential equations, with natural extensions to

multi-term fractional operators, multi-dimensional models, and nonlinear systems.

1. Introduction

The concept of fractional calculus resulted from early discussions by L. Euler and G.W. Leibniz,

who raised the question of whether the order of differentiation and integration must be restricted

to integers.

What began as a theoretical curiosity has gradually extended into a rigorous mathematical

discipline that generalises the principles of classical calculus to real or even complex orders.

This extension yields an effective framework for characterising dynamical systems in which

’long-range dependence, memory and ’nonlocal interactions’ are intrinsic features.
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During the nineteenth and early twentieth centuries, fractional operators received the interest

of several leading mathematicians, including J.B.J. Fourier, P.S. Laplace, and N.H. Abel [7, 16, 21].

Modern formulations have proved a variety of operators, with the Riemann-Liouville and Caputo

derivatives being among the most broadly used.

The Caputo formulation is appropriate for modelling physical systems; it aligns naturally with

real-world problems as it accommodates classical initial conditions.

These advantages have led to fractional calculus being an essential tool in areas ranging from

anomalous transport to bioengineering, viscoelasticity ,complex material modeling and control

theory [12, 17, 25].

The field has developed substantially in recent decades, supported by the rise of international

conferences, specialised journals, and a growing body of applications across the applied and

natural sciences.

Due to the development of space-time fractional advection-diffusion equations, they have be-

come powerful models for modelling anomalous transport phenomena in various fields, including

contaminant transport in groundwater, viscoelastic flows, and plasma physics. Unlike fractional

advection-diffusion equations incorporate fractional derivatives in both space and time and clas-

sical integer-order diffusion equations, capturing spatial heterogeneity effects and long-range

temporal memory [13, 37].

The nonlocal nature of fractional derivatives significantly limits analytical solutions, usually

restricting them to specific forms or simple boundary conditions

Hence, accurate and efficient numerical methods are essential for practical simulations. Classical

numerical approaches, such as finite element, finite difference, and finite volume methods, face

significant challenges when applied to fractional advection–diffusion equations, including high

computational costs, loss of accuracy near singularities at domain boundaries, and dense matrices

resulting from nonlocal operators [2, 15, 34].

Spectral Galerkin methods enable an effective alternative for fractional advection-diffusion

equations attributable to their ability to project solutions onto global polynomial bases, attaining

high-order or even spectral convergence for smooth solutions [18, 40]. Still, solutions of space-

time fractional advection-diffusion problems often exhibit singular behaviours at the domain

boundaries, such as (1 + x)β near x = −1 or (1 − x)γ near x = 1, where the exponents β and γ

are determined by the fractional orders and the structure of the operator. Classical polynomial

bases, such as Chebyshev or Legendre polynomials, fail to approximate such singular solutions

efficiently. motivating the development of singularity-aware spectral methods [11, 35, 36].

Time- and space-fractional differential equations have become essential for memory effects, mod-

elling anomalous diffusion , nonlocal transport phenomena in science, engineering, and finance.

Different numerical methods have been proposed to overcome challenges such as dense matri-

ces, high computational cost, and boundary singularities. High-order schemes using Diethelm’s
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approach and finite elements have been developed for time-fractional PDEs with proven conver-

gence [19], On the other hand, meshless approaches that use radial basis functions (RBFs) pro-

vide adaptable tools for stochastic advection-diffusion equations and handling multi-dimensional

diffusion-wave phenomena [6, 22]. For spectral and operator-splitting methods and time-space

fractional models, including improved L1 schemes and modified homotopy perturbation meth-

ods, yield accurate and efficient solutions for problems such as the fractional Black–Scholes equa-

tion [5, 26]. These approaches collectively demonstrate the growing capability of high-order,

meshless, and spectral techniques in capturing the complex dynamics of time- and space-fractional

systems. To address these difficulties, recent research has emphasised enhancing spectral Galerkin

schemes using specialised basis functions that embed endpoint singularities.

Müntz polynomials and Generalized Jacobi functions (GJFs) have been employed to incorpo-

rate known singular behaviours directly into the approximation space. significantly improving

accuracy near singular points [10, 11, 24].

Despite this, conventional methods usually require a limited number of singularities, limiting

flexibility for problems with multiple or compound singular behaviors. Hybrid approaches, like

the hybrid Muntz-Jacobi method, provide a robust solution by combining multiple singularity

indices while maintaining orthogonality and computational stability, making them highly suitable

for fractional advection-diffusion equations with complex boundary-layer behaviors [41].

Also, we can see in [4,9,29] Bernstein polynomial-based spectral methods have observed notable

effectiveness in handling fractional differential equations due to their natural compatibility with

integral operators and strong approximation properties. When applied in a Galerkin approach,

these bases allow accurate representation of space-time fractional advection-diffusion problems,

including Riesz fractional advection-dispersion models and time-fractional reaction-diffusion sys-

tems [1, 33, 38].

Current research also includes operational matrices and collocation techniques for a reduction

in computational complexity while preserving high accuracy near singularities [23, 28].

Overall, spectral Galerkin methods with singularity-aware and hybrid bases provide a flexible,

efficient, and highly accurate framework for simulating fractional advection–diffusion equations,

effectively capturing the nonlocal dynamics, singular behaviors, and multi-scale characteristics

intrinsic to fractional advection–diffusion phenomena. In general, spectral Galerkin methods with

singularity-aware and hybrid bases provide an efficient, flexible, and highly accurate framework

to simulate fractional advection-diffusion equations. Successfully describe multi-scale character-

istics intrinsic to fractional advection-diffusion phenomena, the singular behaviours, and nonlocal

dynamics.

We develop a novel hybrid spectral Galerkin method using hybrid Müntz-Jacobi basis func-

tions, which combine the algebraic flexibility of Müntz-type monomials with the stability and

orthogonality properties of classical Jacobi polynomials. The hybrid basis is specifically designed
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to address multiple algebraic singularities by appropriately selecting the exponents in the index

set.

This represents a significant advancement over traditional approaches that typically handle at

most a single singularity because this selection enables the method to accurately approximate

solutions of fractional differential equations with more than one dominant singularity.

We also calculate the fractional integral and fractional differential of the new basis functions to

enhance the applicability of the method.

This development yields a novel fractional basis that is well-suited for spectral approximations

of fractional differential equations. In boundary value problems for fractional differential equations

and in many practical applications , the chosen basis functions must vanish at the endpoints of the

computational domain. A notable property of this formulation is that the chosen basis functions

vanish at the domain boundaries. Thus, the approximate solution satisfies the homogeneous

boundary conditions, avoiding the need for extra enforcement.

To achieve this, a compact modification of the original basis functions can be constructed,

ensuring endpoint vanishing while preserving orthogonality and approximation capabilities.

The suggested method is then applied to solve space-time fractional advection-diffusion equa-

tions. These types of equations commonly involve both global integral terms and weakly singular

kernels, presenting substantial challenges for classical numerical methods. Our approach handles

these challenges effectively by capturing the inherent non-smoothness and the singular behaviour

in the solution. Specifically, the method allows for highly accurate approximations even when

singularities are near the domain boundaries or the solution exhibits sharp gradients.

Numerical examples verify the theoretical predictions and demonstrate that the developed

method significantly outperforms classical spectral schemes, especially in cases where the solution

exhibits multiple singularities or is non-smooth. The results show that the hybrid basis not

only reduces computational errors compared to traditional polynomial-based methods but also

improves convergence rates.

2. Preliminaries

In this section, we present the main preliminaries of fractional calculus. The discussion includes

the left- and right-sided forms of fractional integrals and derivatives defined in the Riemann–

Liouville and Caputo sense, along with their essential properties. We also review the basic features

and relations of Jacobi and Müntz–Legendre polynomials that will be used in the subsequent

analysis.

2.1. Definitions.

Definition 2.1 (Riemann–Liouville and Caputo fractional operators). Let v(x) be a sufficiently smooth
real-valued function on [a, b], and let α > 0. We define (see [17, 25])
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(i) Riemann–Liouville fractional integrals:

aIαx v(x) :=
1

Γ(α)

∫︂ x

a
(x− s)α−1v(s) ds, (left-sided), (2.1)

xIαb v(x) :=
1

Γ(α)

∫︂ b

x
(s− x)α−1v(s) ds, (right-sided). (2.2)

(ii) Caputo fractional derivatives: Let α ∈ (m− 1, m) with m ∈N. Then

C
a Dαx v(x) := aIm−α

x

(︄
dmv(x)

dxm

)︄
, (left-sided), (2.3)

C
x Dαb v(x) := (−1)m

xIm−α
b

(︄
dmv(x)

dxm

)︄
, (right-sided). (2.4)

In the following, some fundamental properties and interrelationships between fractional inte-

grals and derivatives are presented and discussed, highlighting their role in fractional calculus

theory and applications.

Theorem 2.1 (Affine transformation). Let x = b−a
2 τ+

b+a
2 map [a, b] onto [−1, 1]. Then the fractional

operators satisfy

aIαx v(x) =
(︄

b− a
2

)︄α
−1Iατv(τ; a, b), C

a Dαx v(x) =
(︃ 2
b− a

)︃α
C
−1Dατv(τ; a, b), (2.5)

xIαb v(x) =
(︄

b− a
2

)︄α
τIα1 v(τ; a, b), C

x Dαb v(x) =
(︃ 2
b− a

)︃α
C
τDα1 v(τ; a, b). (2.6)

The Riemann–Liouville fractional derivative, in terms of the Caputo fractional derivative, can

be expressed as follows:

Lemma 2.1. Let α ∈ (m− 1, m), m ∈N. For sufficiently smooth v(x) we have

aDαx v(x) = C
a Dαx v(x) +

m−1∑︂
k=0

v(k)(a)
Γ(k− α+ 1)

(x− a)k−α, (2.7)

xDαb v(x) = C
x Dαb v(x) +

m−1∑︂
k=0

(−1)kv(k)(b)
Γ(k− α+ 1)

(b− x)k−α. (2.8)

In particular, if v(k)(a) = 0 (resp. v(k)(b) = 0) for k = 0, . . . , m − 1, the left-sided (resp. right-sided)
Riemann–Liouville and Caputo derivatives coincide.

Theorem 2.2 (Composition rules). Let α ≥ β > 0. Then

aIβx
(︂

C
a Dαx v(x)

)︂
= C

a Dα−βx v(x) −
⌈α⌉−1∑︂

k=⌈α−β⌉

v(k)(a)
Γ(k + β− α+ 1)

(x− a)k+β−α, (2.9)

xIβb
(︂

C
x Dαb v(x)

)︂
= C

x Dα−βb v(x) −
⌈α⌉−1∑︂

k=⌈α−β⌉

(−1)kv(k)(b)
Γ(k + β− α+ 1)

(b− x)k+β−α. (2.10)
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Theorem 2.3 (Action on power functions). Let β > −1 and α > 0. Then

aIαx (x− a)β =
Γ(β+ 1)

Γ(β+ α+ 1)
(x− a)β+α, xIαb (b− x)β =

Γ(β+ 1)
Γ(β+ α+ 1)

(b− x)β+α. (2.11)

Moreover, for β > m− 1, m− 1 < α < m,

C
a Dαx (x− a)β =

Γ(β+ 1)
Γ(β− α+ 1)

(x− a)β−α, C
x Dαb (b− x)β =

(−1)mΓ(β+ 1)
Γ(β− α+ 1)

(b− x)β−α. (2.12)

If β ∈N0 and β ≤ m− 1, the Caputo derivatives vanish.

The following result [11] plays fundamental roles in the analysis of fractional calculus. For all

0 < α < 2 and α , 1, we have

(−1Dαx u, v)Λ = (−1D
α
2
x u,x D

α
2
1 v)Ω,

where Ω = (−1, 1).

Remark 2.1. The right-sided operators can be interpreted as the left-sided operators applied to a function
reflected with respect to x ↦→ b− a− x. This duality is often useful in the derivation of symmetric numerical
schemes.

2.2. Jacobi Polynomials and Two-Sided Generalized Jacobi Functions (GJFs). Jacobi polyno-

mials form a classical class of orthogonal polynomials that possess rich structural characteristics

and are widely used in spectral discretizations for differential and fractional differential equations

(see [11, 31]). For real parameters α, β > −1, the family of Jacobi polynomials {P(α,β)
n (x)}∞n=0 is

orthogonal on the interval [−1, 1] with respect to the weight function

ω(α,β)(x) = (1− x)α(1 + x)β,

that is, ∫︂ 1

−1
P(α,β)

n (x)P(α,β)
m (x)ω(α,β)(x) dx = γ

(α,β)
n δnm,

where δnm denotes the Kronecker delta and

γ
(α,β)
n =

2α+β+1 Γ(n + α+ 1) Γ(n + β+ 1)
(2n + α+ β+ 1) n! Γ(n + α+ β+ 1)

.

These polynomials can also be represented using the hypergeometric function

P(α,β)
n (x) =

(β+ 1)n

n! 2F1

(︃
−n, n + α+ β+ 1; β+ 1;

1 + x
2

)︃
=

(α+ 1)n

n! 2F1

(︃
−n, n + α+ β+ 1; α+ 1;

1− x
2

)︃
,

or equivalently through the explicit expansion

P(α,β)
n (x) =

n∑︂
k=0

1d(α,β)
k,n (1 + x)k =

n∑︂
k=0

2d(α,β)
k,n (1− x)k,
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with the coefficients given by

1d(α,β)
k,n =

(−1)k Γ(n + β+ 1) Γ(n + k + α+ β+ 1)
2k Γ(n + α+ β+ 1) k! (n− k)! Γ(k + β+ 1)

,

and
2d(α,β)

k,n =
(−1)k Γ(n + α+ 1) Γ(n + k + α+ β+ 1)

2k Γ(n + α+ β+ 1) k! (n− k)! Γ(k + α+ 1)
.

To effectively approximate solutions of fractional differential equations exhibiting endpoint sin-

gularities, one often employs generalized Jacobi functions (GJFs), sometimes called polyfractonomials.

For α ∈ R and β > −1, the left- and right-sided GJFs are defined by

−J(α,β)
n (x) := (1 + x)β P(α,β)

n (x), + J(α,β)
n (x) := (1− x)α P(α,β)

n (x).

These functions preserve orthogonality under modified weight functions and are well-suited for

representing endpoint singularities.

Fractional integrals and derivatives. Let ρ, s > 0 and n ∈ N0. For α ∈ R and β > −1, the left-sided
Riemann–Liouville fractional integral of order ρ acts on −J(α,β)

n as

−1Iρx
[︃
(1 + x)βP(α,β)

n (x)
]︃
=

Γ(n + β+ 1)
Γ(n + β+ ρ+ 1)

(1 + x)β+ρ P(α−ρ,β+ρ)
n (x), (2.13)

while the corresponding right-sided integral satisfies

xIρ1

[︃
(1− x)αP(α,β)

n (x)
]︃
=

Γ(n + α+ 1)
Γ(n + α+ ρ+ 1)

(1− x)α+ρ P(α+ρ,β−ρ)
n (x). (2.14)

Similarly, the left-sided Riemann–Liouville fractional derivative of order s yields

−1Ds
x

[︃
(1 + x)β+sP(α−s,β+s)

n (x)
]︃
=

Γ(n + β+ s + 1)
Γ(n + β+ 1)

(1 + x)β P(α,β)
n (x), (2.15)

and the right-sided counterpart is given by

xDs
1

[︃
(1− x)α+sP(α+s,β−s)

n (x)
]︃
=

Γ(n + α+ s + 1)
Γ(n + α+ 1)

(1− x)α P(α,β)
n (x). (2.16)

Also, for s ∈ R+, α ∈ R, and β > s− 1.

−1Ds
x
−J(α,β)

n (x) =
Γ(n + β+ 1)

Γ(n + β− s + 1)
−J(α+s,β−s)

n (x), (2.17)

and for s ∈ R+, β ∈ R, and α > s− 1.

xDs
1
+ J(α,β)

n (x) =
Γ(n + α+ 1)

Γ(n + α− s + 1)
+ J(α−s,β+s)

n (x). (2.18)

In particular, for the special case α = β = 0, the above formulas reduce to identities involving

Legendre polynomials Pn(x):

−1Iρx [Pn(x)] =
n!

Γ(n + ρ+ 1)
(1 + x)ρ P(−ρ,ρ)

n (x),

xIρ1 [Pn(x)] =
n!

Γ(n + ρ+ 1)
(1− x)ρ P(ρ,−ρ)

n (x).
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Analogous simplifications hold for the fractional derivatives. These two-sided relations high-

light the parameter-shifting structure induced by fractional operators on Jacobi polynomial-based

functions.

2.3. Generalized Müntz Systems on the Interval [−1, 1]. Let Λ = {λk}
∞

k=0 denote a strictly increas-

ing sequence of real numbers satisfying

λ0 < λ1 < λ2 < · · · , λk > −
1
2

, k ≥ 0,

(see, e.g., [14, 20, 24, 32]). The classical Müntz system on [0, 1] consists of monomials {xλk}
∞

k=0. By

the affine transformations

ξ1 :=
1 + x

2
, ξ2 :=

1− x
2

x ∈ [−1, 1],

we define two classes of the transformed Müntz systems over the symmetric interval [−1, 1] as

i
Tn(Λ) := span

{︂
ξλ0

i , ξλ1
i , . . . , ξλn

i

}︂
; i = 1, 2,

with infinite-dimensional subspaces

i
T (Λ) =

∞⋃︂
n=0

i
Tn(Λ), i = 1, 2.

Theorem 2.4. The set of Müntz-type polynomials
n∑︂

k=0

ak(1± x)λk

is dense in the Hilbert space L2([−1, 1]) if and only if
∞∑︂

k=1

1
λk

= +∞. (2.19)

Generalized Müntz–Legendre polynomials. Orthogonal bases of Tn(Λ) can be constructed via

contour integrals:

Ln(x; Λ) :=
1

2πi

∫︂
Γ

⎡⎢⎢⎢⎢⎢⎣n−1∏︂
k=0

t + λk + 1
t− λk

⎤⎥⎥⎥⎥⎥⎦
(︂

1±x
2

)︂t

t− λn
dt,

where Γ is a closed contour encircling t = λ0, . . . ,λn. These polynomials admit the expansion

−
Ln(x; Λ) =

n∑︂
k=0

ak,n (1 + x)λk , +
Ln(x; Λ) =

n∑︂
k=0

ak,n (1− x)λk , (2.20)

ak,n =

∏︁n−1
j=0(λk + λ j + 1)

2λk
∏︁n−1

j=0
j,k

(λk − λ j)
.

It is easy to prove that −Ln(1; Λ) =+
Ln(−1; Λ) = 1 and

−
Ln(−1; Λ) = +

Ln(1; Λ) =

⎧⎪⎪⎨⎪⎪⎩ 0; λ0 > 0,

a0,n; λ0 = 0.
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They are mutually orthogonal in L2([−1, 1]) with respect to ω(x) = 1:∫︂ 1

−1

±
Ln(x; Λ)±Lm(x; Λ) dx = δnm

2
2λn + 1

.

3. Definition of HybridMüntz–Jacobi Functions

Classical orthogonal polynomial bases are not well-suited for approximating functions with sin-

gular behaviour near the boundaries of the interval, particularly at the endpoints. The main reason

is that the generalized polynomial bases, namely GJFs, are typically constructed to accommodate

only a single singular index, which makes them insufficient for functions that display more singu-

lar index terms. While generalized Jacobi functions J(α,β)
n (x) can accommodate a single singularity

through their parameters α and β, they fail to capture functions with multiple singularities at both

boundaries.

To address this, we introduce a novel hybrid approach that combines the strengths of generalized

Jacobi functions with Müntz systems. This hybrid method allows for the efficient approximation

of functions with multiple singularities at least three simultaneously, enabling a more accurate

representation of functions with complex behaviors. The developed basis functions resolve singu-

larities at multiple endpoints and maintain high accuracy in approximating fractional models and

other problems with singular features.

3.1. Hybrid Basis Construction. To accurately capture endpoint behavior, we define a family

of fractional indices that act as parameters governing the singularities of the constructed basis

functions.. Let the indices be such that:

β1 < β2 < β3,

and define the generalized Müntz-type index set as:

Λ =
{︁
0, β1, β2, β3, 1 + β1, 1 + β2, 1 + β3, . . .

}︁
.

The defined indices are crucial for the hybrid construction, since they govern the singular behavior

at both boundaries, x = −1 and x = 1. Accordingly, the basis functionsL(β1,β2,β3)
n (x) are represented

in terms of generalized Jacobi polynomials, and will hereafter be denoted by L(βi)
n (x). For this

goal, we define:

−
L

(βi)
n (x) = a0,n +

3∑︂
i=1

ni∑︂
k=0

a3k+i,n(1 + x)k+βi ,

equivalently, we have:

−
L

(βi)
n (x) = a0,n +

3∑︂
i=1

(1 + x)βi −φni(x),

and similarly for the positive side:

+
L

(βi)
n (x) = a0,n +

3∑︂
1

ni∑︂
k=0

a3k+i,n(1− x)k+βi ,
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which simplifies to:

+
L

(βi)
n (x) = a0,n +

3∑︂
i=1

(1− x)βi +φni(x).

Here, the index ni is given by:

ni =
⌊︃n− i

3

⌋︃
, i = 1, 2, 3.

Multiple singularities are represented by including, for each index βi, the factors (1 + x)βi and

(1− x)βi .

3.2. Recursive Computation of Coefficients. The coefficients ak,n exhibit rapid growth with re-

spect to n, which may compromise numerical stability. To address this difficulty, we adopt a recur-

sive algorithm for generating the Jacobi expansion coefficients. In this framework, each φni(x) is

expanded through generalized Jacobi polynomials, ensuring stable and efficient evaluation. The

monomial representation of φni(x) is then written as:

±φni(x) =
ni∑︂

k=0

a3k+i,n(1± x)k.

We now rewrite these functions using Jacobi polynomials with parameters (−βi, βi) and (βi,−βi),

respectively, in the form:

−φni(x) =
ni∑︂

j=0

1c j,niP
(−βi,βi)

j (x) =
ni∑︂

j=0

j∑︂
r=0

1c j,ni
1d(−βi,βi)

r, j (1 + x)r,

and similarly for the positive side:

+φni(x) =
ni∑︂

j=0

2c j,niP
(βi,−βi)

j (x) =
ni∑︂

j=0

j∑︂
r=0

2c j,ni
2d(βi,−βi)

r, j (1− x)r.

Equating the coefficients associated with equal powers of (1 + x)k in both representations, we

obtain the following lower triangular system:

a3k+i,n =

ni∑︂
j=k

1c j,ni
1d(−βi,βi)

k, j , k = 0, 1, . . . , ni.

For computing 1c j,ni and 2c j,ni , there are some robust strategies, such as solving the lower-triangular

system directly or using a different orthogonalization process, that could be employed if instability

were to arise. Here, we use a recursive back-substitution algorithm for computing the Jacobi

expansion coeffcients. Because the coefficient matrix has a lower triangular structure, the expansion

coefficients 1c j,ni are determined recursively. As a first step, for j = 0 one finds:

1c0,ni =
ai,n

1d(−βi,βi)
0,0

,
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and for j = 1, 2, . . . , ni:

1c j,ni =
1

1d(−βi,βi)

j, j

⎛⎜⎜⎜⎜⎜⎜⎝a3 j+i,n −

j−1∑︂
k=0

1ck,ni
1d(−βi,βi)

3 j+i,k

⎞⎟⎟⎟⎟⎟⎟⎠ .

By construction, the recursive algorithm provides a reliable and systematic approach for computing

the Jacobi expansion coefficients linked to the hybrid Müntz–Jacobi basis. A comparable recursion

applies to the coefficients 2c j,ni corresponding to the positive side.

There are some robust strategies, such as solving the lower-triangular system directly or using

a different orthogonalization process, that could be employed if instability were to arise. Here, we

use a recursive back-substitution algorithm for computing the Jacobi expansion coeffcients

3.3. Hybrid Expansion and Applications in Fractional Calculus. The hybrid formulation admits

the following representation in terms of generalized Jacobi polynomials:

−
L

(βi)
n (x) = a0,n +

3∑︂
i=1

n1∑︂
j=0

1c j,ni
−J(−βi,βi)

j (x),

and similarly for the right-side:

+
L

(βi)
n (x) = a0,n +

3∑︂
i=1

ni∑︂
j=0

2c j,ni
+ J(βi,−βi)

j (x).

Beyond resolving multiple singular behaviors, the hybrid construction extends to operations of

fractional calculus, in particular to fractional integrals and derivatives. In the case of fractional

integrals, the formulas take the form:

−1Iαx
−
L

(βi)
n (x) =

a0,n

Γ(α+ 1)
(1 + x)α +

3∑︂
i=1

ni∑︂
j=0

c j,ni

Γ( j + βi + 1)
Γ( j + βi + α+ 1)

−J(−βi−α,βi+α)
j (x),

and similarly for the right-side fractional integral:

xIα1
+
L

(βi)
n (x) =

a0,n

Γ(α+ 1)
(1− x)α +

3∑︂
i=1

ni∑︂
j=0

c j,ni

Γ( j + βi + 1)
Γ( j + βi + α+ 1)

+ J(βi+α,−βi−α)
j (x).

Similarly, the fractional derivatives are expressed as:

C
−1Dαx

−
L

(βi)
n (x) =

3∑︂
i=1

ni∑︂
j=0

c j,ni

Γ( j + βi + 1)
Γ( j + βi − α+ 1)

−J(α−βi,βi−α)
j (x),

and for the right-side fractional derivative:

C
x Dα1

+
L

(βi)
n (x) =

3∑︂
i=1

ni∑︂
j=0

c j,ni

Γ( j + βi + 1)
Γ( j + βi − α+ 1)

+ J(−α+βi,−βi+α)
j (x).

For left-sided Riemann–Liouville fractional derivative on the interval [−1, 1], one obtains

−1Dαx
−
L

(βi)
n (x) =

a0,n

Γ(1− α)
(1 + x)−α +

3∑︂
i=1

ni∑︂
j=0

c j,ni

Γ( j + βi + 1)
Γ( j + βi − α+ 1)

−J(α−βi, βi−α)
j (x). (3.1)
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Similarly, for the right-sided fractional derivative, one has

xDα1
+
L

(βi)
n (x) =

a0,n

Γ(1− α)
(1− x)−α +

3∑︂
i=1

ni∑︂
j=0

c j,ni

Γ( j + βi + 1)
Γ( j + βi − α+ 1)

+ J(−α+βi,−βi+α)
j (x). (3.2)

In many practical applications, particularly those involving boundary value problems for frac-

tional differential equations, it is desirable that the chosen basis functions vanish at the domain

endpoints. This ensures that the numerical approximation automatically satisfies homogeneous

boundary conditions.

To this end, one may construct a compact modification of the original basis functions as follows.

For the left-sided basis we define

−ϕ
(βi)
n (x) = −

L
(βi)
n (x) −

a0,n+2 − a0,n

a0,n+2 − a0,n+1

−
L

(βi)

n+1(x) +
a0,n+1 − a0,n

a0,n+2 − a0,n+1

−
L

(βi)
n+2(x), (3.3)

and for the right-sided basis we analogously set

+ϕ
(βi)
n (x) = +

L
(βi)
n (x) −

a0,n+2 − a0,n

a0,n+2 − a0,n+1

+
L

(βi)

n+1(x) +
a0,n+1 − a0,n

a0,n+2 − a0,n+1

+
L

(βi)
n+2(x), (3.4)

By construction, these modified basis functions satisfy the homogeneous boundary conditions

−ϕ
(βi)
n (−1) = +ϕ

(βi)
n (−1) =− ϕ(βi)

n (1) = +ϕ
(βi)
n (1) = 0.

This formulation not only paves the way for solving complex fractional differential equations

that involve such functions but also provides a more stable and efficient approach to approximating

functions with multiple singularities.

4. Spectral Galerkin Approach on the Finite Interval

In this section, we consider the nonlinear space-time fractional advection-diffusion problem as:

C
−1Dγt u(x, t) + k1 ut(x, t) + k2 ux(x, t) + k3 −1Dαx u(x, t) +N(u(x, t), t) = 0, (x, t) ∈ Ω2, (4.1)

where 0 < γ < 1, 0 < α < 2 with α , 1.

N(u, t): represents the nonlinear component of the model.

The formulation is complemented with the initial and boundary conditions

u(x,−1) = 0, x ∈ Ω, u(−1, t) = u(1, t) = 0, t ∈ Ω.

More broadly, with non-homogeneous initial conditions, we can define the problem on a rec-

tangle (x, t) ∈ (a, b) × (c, d) .

u(x, a) = g(x), x ∈ (a, b).

and with applying Theorem 2.1 and introducing the transformation

ũ(x, t) := u(x, t) − g(x),

With homogeneous initial conditions, the problem can be reformulated on the normalized

square domain (x, t) ∈ (−1, 1)2 , which is often more suitable for theoretical analysis and numerical

treatment.
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Equation (4.1) includes several important limiting cases. For instance, ifα = 2, the operator −1Dαt
reduces to the classical second-order derivative, and the model includes a standard diffusion term

in time. If γ = 1, the Caputo derivative becomes the ordinary first-order derivative, recovering

the structure of the classical advection-diffusion equation. Setting k2 = 0 leads to a purely time-

fractional diffusion model, while eliminating k1 and k3 reduces the formulation to a space-fractional

advection equation. The problem is linear when the nonlinear part vanishes, i.e., N(u, t) =

k4u(x, t)− f (x, t); otherwise, the nonlinear term plays a crucial role in capturing complex dynamics

such as anomalous reactions, nonlinear transport, or memory-dependent feedbacks. This flexibility

ensures the model (4.1) a powerful framework for describing a wide range of anomalous diffusion

and transport phenomena.

The corresponding space-time Galerkin spectral method for (4.2) seeks u ∈ VM,N such that for

all v ∈ VM,N,

A(u, v) := (C
−1Dγt u, v) + k1 (ut, v) + k2 (ux, v) + k3 (−1Dαx u, v) + (N(u, ·), v) = 0. (4.2)

Here, (·, ·) denotes the L2(−1, 1) inner product in the relevant variable, and the double inner

product ⟨·, ·⟩ is used on (−1, 1)2 when needed. The space VM,N is defined as:

VM,N := F (βi)
M ⊗F

(β′i )

N ,

where

F
(βi)

M = span
{︃
−ϕ

(βi)
m (x) : 0 ≤ m ≤M

}︃
,

and

F
(β′i )

N = span
{︃
−ϕ

(β′i )
n (t) : 0 ≤ n ≤ N

}︃
.

We approximate the solution by

uM,N(x, t) =
M∑︂

m=0

N∑︂
n=0

umn
−ϕ

(βi)
m (x) −ϕ

(β′i )
n (t) = Ψx(x)UΨt(t)T,

whereU = (umn) ∈ R(M+1)×(N+1), and

Ψx(x) =
(︃
−ϕ

(βi)
0 (x), . . . , −ϕ(βi)

M (x)
)︃

, Ψt(t) =
(︃
−ϕ

(β′i )

0 (t), . . . , −ϕ
(β′i )

N (t)
)︃

.

The triples βi = (β1, β2, β3) and β′i = (β′1, β′2, β′3) encode the endpoint singular indexes of the

unknowns in x and t, respectively. In practice, these exponents are determined via asymptotic

analysis [35,36], which reveals the local singular behavior of the solution. As an illustration, close

to the spatial boundary, the solution exhibits the following behavior:

u(x, t) ∼
3∑︂

i=1

ci(t) (1 + x)βi , as x→ −1+,

and near the temporal boundary, the behavior is given by

u(x, t) ∼
3∑︂

i=1

c′i (x) (1 + t)β
′

i , as t→ −1+.
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The sets of indices {βi} and {β′i } are determined from the asymptotic behavior and projected

onto the admissible family of fractional basis functions by rounding to the nearest elements. Such

a construction allows the trial space to reproduce the algebraic singularities at the endpoints

and leads to almost optimal hp-convergence for fractional diffusion–advection equations with

boundary layers.

Using test functions v(x, t) = −ϕ
(βi)

j (x) −ϕ
(β′i )

k (t), where 0 ≤ j ≤ M and 0 ≤ k ≤ N, the discrete

equations read

M∑︂
m=0

N∑︂
n=0

umn

⎡⎢⎢⎢⎢⎢⎣ (︃−ϕ(βi)
m , −ϕ(βi)

j

)︃
x

(︃
C
−1Dγt

−ϕ
(β′i )
n , −ϕ

(β′i )

k

)︃
t

+ k1

(︃
−ϕ

(βi)
m , −ϕ(βi)

j

)︃
x

(︃
∂t
−ϕ

(β′i )
n , −ϕ

(β′i )

k

)︃
t

+ k2

(︃
∂x
−ϕ

(βi)
m , −ϕ(βi)

j

)︃
x

(︃
−ϕ

(β′i )
n , −ϕ

(β′i )

k

)︃
t

+ k3

(︃
−1Dαx

−ϕ
(βi)
m , −ϕ(βi)

j

)︃
x

(︃
−ϕ

(β′i )
n , −ϕ

(β′i )

k

)︃
t

⎤⎥⎥⎥⎥⎥⎦
+

(︃
N(uM,N, ·), −ϕ(βi)

j
−ϕ

(β′i )

k

)︃
= 0.

Define the (M+1) × (M+1) x-matrices and (N+1) × (N+1) t-matrices as follows:

Gx =
(︃
(−ϕ

(βi)
m , −ϕ(βi)

j )x

)︃
j,m

, Dx =
(︃
(∂x
−ϕ

(βi)
m , −ϕ(βi)

j )x

)︃
j,m

, F(α)
x =

(︃
(−1Dαx

−ϕ
(βi)
m , −ϕ(βi)

j )x

)︃
j,m

,

Gt =
(︃
(−ϕ

(β′i )
n , −ϕ

(β′i )

k )t

)︃
k,n

, Tt =
(︃
(∂t
−ϕ

(β′i )
n , −ϕ

(β′i )

k )t

)︃
k,n

, C(γ)
t =

(︃
(C
−1Dγt

−ϕ
(β′i )
n , −ϕ

(β′i )

k )t

)︃
k,n

.

Using the notation u := vec(U) ∈ R(M+1)(N+1) and the fact that

vec(AUBT) = (B⊗A) vec(U),

the linear part of (4.2) can be written in a compact form as

Alin = Gx ⊗C(γ)
t + k1 Gx ⊗Tt + k2 Dx ⊗Gt + k3 F(α)

x ⊗Gt.

The nonlinear residual is formulated as

r(u) := Alinu + n(u) = 0,

where the nonlinear contribution is given by

[n(u)]( j,k) := ⟨N(ΨxUΨT
t , t),−ϕ(βi)

j ϕ
(β′i )

k ⟩.

In the special case of a linear model, whereN(u, t) = k4u− f (x, t), the load matrix F is introduced

through quadrature as

(F) j,k =

∫︂ 1

−1

∫︂ 1

−1
f (x, t)ϕ(βi)

j (x)ϕ
(β′i )

k (t) dx dt.

We also define the mass matrix by

M := Gx ⊗Gt.
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The linear system then becomes (︂
Alin + k4 M

)︂
u = vec(F).

The Kronecker form enables Sylvester-type solvers or preconditioned Krylov methods with ma-

trix–free matvecs.

The nonlinear residual equation r(u) = 0 has been derived and discussed. To solve such a

nonlinear equation, several numerical methods can be employed, including Newton’s method. At

each iteration, the new solution is obtained as:

uk+1 = uk − J−1(uk)r(uk),

where J(uk) denotes the Jacobian matrix associated with the derivative of the residual function

r(u) relative to u.

Combined with Newton’s method, alternative iterative techniques such as relaxation ap-

proaches, quasi-Newton schemes, and other higher-order techniques may also be employed,

depending on the available computational resources and the nature of the problem.

Alternatives are especially beneficial when improved accuracy is required or when exact deriva-

tives are costly to evaluate. The selected solution procedure is influenced by the computational

budget and the structure of the nonlinear residual. While several approaches exist, Newton’s

method is often a reliable choice for solving the present formulation, preferred due to its rapid

convergence for well-posed nonlinear problems

5. Numerical Examples

In this section, we provide a set of numerical tests to illustrate the performance of the pro-

posed Hybrid Müntz–Jacobi Spectral Galerkin approach when applied to space–time fractional

advection–diffusion equations. To facilitate the computations, the problem is reformulated on the

normalized interval [−1, 1] by means of an affine transformation.

Example 5.1. Consider the following time–fractional advection–diffusion equation for 0 < α < 1 [30]:

C
−1Dγt u(x, t) +

∂2

∂x2 u(x, t) + u(x, t) = f (x, t), x ∈ (−1, 1), t ∈ (0, 1],

with the boundary and initial conditions u(±1, t) = u(x, 0) = 0.

The corresponding exact solution is given by

u(x, t) = sin(πx) sin(πtα).

This example is solved using the Hybrid Müntz–Jacobi Spectral Galerkin Method proposed in

this work. For the numerical experiments, we set N = M = 20. The parameters of the method are

chosen as

(βi) = (ε, 1− ε, 1),
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where ε is a sufficiently small positive number. For α = 0.2, the parameters are selected as

(β′i ) = (0.2, 0.4, 0.6), and for α = 0.9, we use (β′i ) = (0.7, 0.8, 0.9). The corresponding numerical

solutions are illustrated in Figures 1–2. Furthermore, the maximum absolute error for N = M = 20

is reported in Figures 3–4. The numerical experiments demonstrate rapid convergence of the

method towards the exact solution.

Specifically, the accuracy improves as the parameter α increases, and the scheme can cope

effectively with the challenges posed by space-time fractional models.

The results also demonstrate that the approach achieves both efficiency and accuracy . As

displayed in Figures 1–4, the error analysis confirms that the method converges reliably for a

wide range of values of α. This indicates the robustness of the proposed method in handling

time-dependent problems and fractional derivatives.

Figures 3– ref fig4 show the absolute error for the case N = M = 20, providing insight into the

error distribution for different values of α. The data reveal that the error decreases as N and M
grow, illustrating that the method attains high accuracy even when the number of basis functions

is relatively modest.

-1

1

-0.5

0.5 1

0

u
2
0
,2

0
(x

,t
)

α=0.2

0.5

x

0

t

1

0.5
-.05

-1 0

Figure 1. Surface plots of u20,20(x, t) for α = 0.2.
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Figure 2. Surface plots of u20,20(x, t) for α = 0.2.
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Figure 4. The values of |u20,20(x, t) − u(x, t)| errors for α = 0.2.

Example 5.2. Consider the following time- and space-fractional advection–diffusion problem:

C
0 Dγt u(x, t) + 0Dα1

x u(x, t) + 0D1+α2
x u(x, t) = f (x, t), x ∈ [−1, 1], t ∈ (0, 1], (5.1)

subject to the homogeneous boundary and initial conditions

u(±1, t) = u(x, 0) = 0.

The exact solution of the problem is expressed as

uexact(x, t) = t6+ 2
3
[︃
(1 + x)6+ 9

17 − 2(1 + x)5+ 9
17

]︃
. (5.2)

This equation has been studied in [39], a fractional spectral collocation method was proposed by

Zayernouri and Karniadakis. Using this approach, the authors derived fractional differentiation

matrices and demonstrated that the method yields exponential convergence when applied to time-

and space-fractional advection-diffusion problems.

Building on the work of [39], we solve this example for different values of (α1,α2) and γ. The

numerical solution is obtained using the present method, and the accuracy is calculated using

the maximum (infinity norm) error at t = 0.5 for different values of N(= M), which denotes the

number of basis functions in both spatial and temporal directions.

The results, illustrated in Figure 5, clearly demonstrate the efficiency of the method: the errors

decrease rapidly as N increases, confirming the good performance of the present approach in line

with the exponential convergence reported in [39].
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Figure 5. The L∞-errors for various values of α and γ at t = 0.5.

Example 5.3. We consider the following nonlinear time-fractional advection–diffusion equation defined on
t ∈ [0, 1] and x ∈ [0,π]:

C
0 Dαt u(x, t) − ∆u(x, t) + u(x, t) + u2(x, t) = f (x, t),

with homogeneous boundary and initial conditions

u(0, t) = u(π, t) = 0, u(x, 0) = sin(x),

and the forcing term

f (x, t) = sin(x)
(︂
Γ(α+ 2)t + (α+ 1)tα + 2(tα+1 + 1)

)︂
+ (tα+1 + 1)2 sin2(x).

The analytical solution for this problem is expressed as

u(x, t) = (tα+1 + 1) sin(x).

This problem has been studied in two previous works: in [8] using the Uniform Cubic B-Spline

Method (UCBSM) with m = 100 basis functions, and in [3] where generalized Bernstein-like basis

functions (GBFs) were used within a space-time Galerkin framework.

In the present work, the problem is addressed through a Hybrid Müntz–Jacobi Spectral Galerkin

Method with parameters

β = (ε, 1− ε, 1), β′ = (α, β2, β3),

and truncation numbers M = N = 8. For a fair comparison, all methods are tested at t = 0.1, and

the absolute errors are reported for different x values.

The results of our method with M = N = 8 compared with those of [8] with m = 100 and [3] with

M = N = 12 are summarized in Table 1. It is evident that the present method yields significantly

smaller errors than both UCBSM and GBF-based spectral methods.
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Table 1. Absolute error values achieved using the proposed method, UCBSM [8],

and GBF-based spectral method [3] for t = 0.1.

x UCBSM [8] GBFs [3] Present method

x α = 1.5 α = 1.9 α = 1.5 α = 1.9 α = 1.5 α = 1.9

0.31415 1.01e-04 8.83e-05 1.29e-11 4.91e-12 1.12e-14 2.58e-14

0.942478 2.67e-04 2.31e-04 3.93e-11 2.17e-11 5.26e-14 1.89e-15

1.5708 3.33e-04 2.87e-04 3.34e-11 1.05e-10 9.19e-14 3.95e-14

2.19911 2.67e-04 2.31e-04 3.60e-11 3.41e-11 2.78e-15 8.12e-15

2.82743 1.01e-04 8.83e-05 2.92e-11 5.61e-11 6.03e-15 7.29e-15

Furthermore, in Figure 6, the error values |u(x, t)−u8,8(x, t)| for different values ofα are displayed

using the present method. Additionally, Figure 7 shows the error distribution |u(x, t) − u8,8(x, t)|
for α = 0.2 with respect to different t values for various x. These figures confirm the superior

accuracy and robustness of the proposed Hybrid Müntz–Jacobi Spectral Galerkin Method.
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Figure 6. The error values |u(x, t) − u8,8(x, t)| for different values of α.
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Figure 7. The error distribution |u(x, t) − u8,8(x, t)| for α = 0.2 with respect to

different t values for various x.
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Table 2. Evaluation of L2 errors obtained using the proposed method in comparison

with the method of [27], across several values of α.

Method in [27] present Method

M, N α = 0.2 α = 0.4 α = 0.6 M, N α = 0.2 α = 0.4 α = 0.6

32 1.37e-1 6.25e-3 6.75e-4 5 12.25e-7 1.51e-8 1.17e-9

64 7.57e-2 1.64e-3 1.75e-4 10 1.89e-8 6.25e-8 6.28e-10

128 4.00e-2 4.26e-4 4.65e-5 15 4.59e-9 4.29e-9 1.87e-10

256 2.07e-2 1.09e-4 1.23e-5 20 8.20e-10 2.41e-10 2.08e-11

Example 5.4. Consider the following time-fractional diffusion equation:

C
0 Dαt u(x, t) −

∂2u(x, t)
∂x2 = f (x, t), (x, t) ∈ (0,π) × (0, 1],

subject to the initial and boundary conditions

u(0, t) = u(π, t) = 0, t ∈ (0, 1], u(x, 0) = e
x
2 sin(x), x ∈ [0,π].

The source term f (x, t) is chosen such that the exact solution is given by

u(x, t) = Eα,1(−1.25 tα) e
x
2 sin(x),

where Eα,β(z) denotes the two-parameter Mittag–Leffler function

Eα,β(z) =
∞∑︂

k=0

zk

Γ(αk + β)
, α, β > 0.

This problem was previously studied in [27], where a finite-difference type scheme was intro-

duced. In that approach, the Caputo time-fractional derivative was approximated through the

L2–1σ discretization, while the spatial second-order derivative was handled using the standard

central difference technique on uniform meshes.

In this study, we address the same problem by employing a Hybrid Müntz–Jacobi Spectral

Galerkin Method. In contrast to finite-difference formulations, the proposed strategy utilizes spe-

cially designed hybrid basis functions that combine Jacobi and Müntz-type components, enabling

an efficient representation of the singular features of fractional-order solutions. This framework

leads to highly accurate numerical approximations while involving substantially fewer basis func-

tions.

Furthermore, Figure 8 shows the numerical results corresponding to several choices of α, which

verify the robustness of the method in terms of efficiency and stability.
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Figure 8. Approximate solutions for different values of α produced by the proposed method.

6. Discussion

In this work, the hybrid Müntz-Jacobi Galerkin method is used to solve the space-time fractional

advection-diffusion equation numerically, which yields highly accurate results.

Due to the inherent property of the hybrid bases, which are constructed based on the singular

indices of the unknown solutions, it is relatively superior to methods that use classical polynomials

to solve fractional equations. Hence, it results in high convergence rates in many problems with

non-smooth solutions.

This advantage is clearly shown in Tables 1 and 2. The singular form of Müntz bases is combined

with Jacobi polynomials and can be used for fractional problems in general with high flexibility.

For future research, this method can be applied to more complex fractional problems or systems

of fractional equations that can have a range of irregular domains

7. Conclusion

We present a spectral Galerkin approach to solve the space-time fractional advection-diffusion

equation numerically. Due to the singular nature of the kernel in the definition of fractional oper-

ators, most fractional problems have non-smooth solutions. Then, we defined the approximation

space of the basis functions as a combination of Müntez-Jacobi functions. In these bases, the

singular form of the bases is stably combined with Jacobian polynomials. To adapt to the physical

constraints of the problem and keep the discrete algebraic system stable, we have adjusted them

to homogeneous conditions. These defined bases have the potential to handle nonlinear problems

and coupled systems of equations. This framework can be developed both practically and theoret-

ically for fractional PDEs. Overall, the proposed approach brings some beneficial properties: the
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flexibility of Müntz systems for handling singularities and the orthogonality of Jacobi polynomials,

which makes the discretization stable and well-posed.
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