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Abstract. In this paper, we defined Q-topological spaces and Q-open sets, discussing and proving most of their neigh-
boring properties with illustrative examples. We also studied the covering properties of Q-topological spaces based
on Q-open sets, such as:Q-compact spaces, Q-lindelsf spaces, Q-countably compact spaces, S-Q-compact spaces, S-Q-
lindelof spaces, S-Q-countably compact spaces. We proved several new theories and facts, demonstrating the main

relationship between these spaces and supporting each case with examples.

1. GENERAL INTRODUCTION

In 2011, Palaniammal [9], studied fuzzy g-b-open sets in fuzzy quad topological spaces along
with their several properties and characterizations. Also, studied fuzzy g-open sets, fuzzy g-gb-
open sets, fuzzy g-b-continuous mapping and fuzzy g-b-separation and obtain some of their basic
features.

In 2013, Mukundan [8], defined a new fundamental concept of quad topological spaces and
identified new types of closed sets such as g-closed, g-b-closed and g-bt-closed sets.

Tapi et al., (2014), [13], discussed the separation axioms in quad topological spaces and studied
some of their properties and characteristics.

Tapi and Sharma (2015), [16], studied and discussed various properties of g-open and g- closed
sets and revealed a g-continuous function in quad topological spaces.

In 2017, Chandrasekar et al., [1], identified a new type of topological structure and named it the

nano quad star topology resulting from two nano bi-topological systems.
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Khattak et al., (2017), [3], they focus on this study to look for soft regular separation axioms
in soft quad topological spaces. They talk over and focus their concentration on soft regular
separation axioms in soft quad topological spaces with respect to ordinary elements and soft
points. Moreover they study the inherited features at different angles with respect to ordinary
points and soft elements. Some of their central traits in soft quad topological spaces are also
brought under analysis.

In 2016, Tapietal., [14], introduced two new types of open sets, namely quad-semi open and quad
pre-open sets in quad topological spaces along with their several properties and characterizations.
As application to quad open sets, tri semi open and tri pre- open sets, the authors introduced quad
continuous, quad semi continuous, and quad pre continuous functions to obtain some of their
basic features.

In 2017, Lavanya & Amsaveni [6], in this study, the initiation of quad fuzzy topological spaces
is given and QtT,» compactness is investigated. Also some of their characterizations and features
of QtT,m com QtT,» compactness spaces are examined.

Sharma et al. 2018, [11], introduced two new types of fuzzy open sets namely fuzzy g-semi-
open sets and fuzzy g-pre-open sets in fuzzy g-topological spaces and also defined the fuzzy
continuity namely fuzzy g-continuity, fuzzy g-semi-continuity and fuzzy g-pre-continuity in fuzzy
g-topological spaces.

Sharma et al., 2018, [12], the main objective of this paper is to study fuzzy open collections
and fuzzy tri b-open sets in fuzzy tri topological domains along with their several properties and
descriptions. They study fuzzy tri continuous, fuzzy tri distinction, fuzzy tri b-continuous, fuzzy
tri-b separation and obtain few of their basic features.

In 2018, Jamal et al., [2], the central objective of this article is to highlight soft separations axioms
in soft quad topological spaces. Moreover to discuss the connection among them through two
routes.

In the study of Khattak et al., 2018, [4], the main objective of this paper is to discuss and publish
soft f-separation axioms in soft quad topological spaces. The focus is on soft f-separation axioms
in soft quad topological spaces with respect to the concepts of ordinary points and soft points.
Furthermore, the properties inherited from various aspects of soft points and ordinary points are
studied.

Khodair et al., 2021, [5], defined a new types of quad topological spaces called a nano quad
topological spaces. The concepts of nano open sets was also presented, and their various properties
were studied.

In 2022, Mehmood et al., [7], explores the study of the notions of some new concepts and results.
Three definitions are given namely, neutrosophic soft quad semi-open, neutrosophic soft quad pre-
open and neutrosophic soft quad b*-open sets in neutrosophic soft quad-topological spaces. Among
these one of the interesting neutrosophic soft quad generalized open set known as neutrosophic

soft quad pre-open set is defined, then on the basis of this definition some fundamentals are
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obtained and derived. These are including, neutrosophic soft quad interior, neutrosophic soft
quad boundary, neutrosophic soft quad exterior and neutrosophic soft quad closure.

Rashid and Musa’s, 2025, [10], study addressed the key properties of maximal iDg#-open sets
in the field of topology. The study focused on a set of important theoretical findings, including
a proof of the decomposition theory, which demonstrates how these sets can be divided into less
significant subsets while preserving their fundamental properties.

Also, in 2025, Tapi & Sharma, [15], introduced new type of open sets, namely T,-open sets in
quad topological spaces along with their several properties.

Throughout this research, we will use the following symbols to represent their respective topo-

logical concepts:

Symbol Topological Concept

R The set of all real number.

V4 The set of all integer numbers.
IN The set of all natural numbers.
Q The set of all rational numbers.
Ly The set of all irrational numbers.
Oy The left ray topology on IR.

Orr The right ray topology on R.

Oy The usual topology on R.

Ocof The co-finite topology.

Ococ The co-countable topology.

Odis The discrete topology.

Oind The indiscrete topology.

0p The include point topology on RR.
OExc(p) The exclude point topology on RR.
Q- open set Quad open set

Q-cl(A) or Q- (A) Quad closure of A

Q-int(A) or Q-(A°) Quad interior of A

Q-compact Quad compact

S5-Q-compact Semi quad compact

Q-Lindelof Quad Lindelof

S-Q-Lindelof Semi quad Lindeldf

Q-countably compact || Quad countably compact
S5-Q-countably compact | Semi quad countably compact
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2. Founparions oF Quap ToPOLOGICAL SPACES

2.1. Basic Definitions and Properties of a quad Topological Spaces. We discussed the definition
of Q-topological spaces and Q-open sets with many illustrative examples. Also, studied most of

their properties.

Definition 2.1. (Mukundan,2013) Given a non-empty set D and tg = (apm /0Dy 0Dy ,GD(4)) be an
ordered quad of topologies on D (4-tuples of topologies) on D. Then, (D ,OQ) is called a quad topological
space.

Remark 2.1. We use the symbol Q-topological space to denote the quad topological space (D, TQ).

Definition 2.2. A subset E of Q-topological space D is called a quad-open set if E €
(GDm Uop, Uap, U OD(4)) and it is denoted by (Q-open set).

Definition 2.3. The complement of a quad-open set in any tp, where (i = 1, 2, 3, 4) is called a
quad-closed set and it is denoted by (Q-closed set).

Example 2.1. Let D= R and op, = 04is, 0D, = Ou, 0D, = O and op, = 0. Then,
(D /0Dy 10Dy 10D + GD(4)) is a Q-topological space.

(2, 3) is a Q-open set, while its complement (—o0,2] U [3,00) is a Q-closed set.

{5} is a Q-open and Q-closed set, hence it is a Q-clopen set, since R — {5} = (—o0,5) U (5, 00) is a Q-open
set in (]R,GD(U) = (R,04s)-

Definition 2.4. Given a non-empty set D and ot = (OD(l) /0Dy 10D, ) be an ordered triple of topologies
on D (3-tuples of topologies) on D. Then, (D ,or) is called a tri-topological space and denoted by (T.T.S)
or T-topological space.

Remark 2.2. Any tri-topological space (D, 0Dy 70Dy 0D ) is a Q-topological space when we repeated
only one of the topologies op,, , wherei € {1, 2, 3}.

Example 2.2. Given the tri-topological space (Q,aw f,05, 07). Repeat o5 once, we have (Q,aco £,05,07, 05)

is a quad topological space.

Remark 2.3. Every oDy, -open set is a Q-open set fori =1,2,3,and 4.

Remark 2.4. The union of Q-open sets is not valid to be a Q-open set in all general cases, as we shall see in

the next example:

Example 2.3. Let D = { a,b,c}, 0Dy, = { D, o}, 0Dy = {@,D,{a}}, 0D = {@,D,{a} ,{a,b}} and
(oD(4) ={@,D,{c}}. Then, the Q-open sets are: @,D,{ a} ,{ a,b} and { c}.

The Q-closed sets are: @,D,{b,c} ,{c} ,{a,b} . Now, {a} U{c} = {a,c} is not Q-open set,
since{a,c} ¢ D fori=1,2,3and4.

Remark 2.5. The intersection of Q-closed sets is not valid to be a Q-closed set in all general cases. In the
previous Example2.3, the sets {a, b} and {b,c} are two Q-closed sets, but { a,b} N{b,c} ={b} isnota
Q-closed sets.
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Definition 2.5. Let (D,GQ) = (D, ODyyy 19Dy s 0D, ,GD(4)) and (D,GQ) = (D,O’D(l),GD(Z),GDB),GD(4))
be two Q-topological spaces then :

1. The intersection of (D, ’CQ) and (D, GQ) is denoted by
(D, 70N og) = (D, 7y, N 0Dy, Ty N 0D TDi,, N 0D, T NOD, )
2. The union of (D, ’L’Q) and (D, GQ) is denoted by
(D' QU OQ) = (D' D) Y 0Dy, TDp) Y OD (o) TD5) Y 9D ), TD 4y Y OD<4>) :
Remark 2.6. The intersection of any two Q-topological spaces is a Q-topological space.
Remark 2.7. The union of any two Q-topological spaces is not a Q-topological space.
Example 2.4. Consider the Q-topological spaces
(D/ OQ) = (R/Oind/ Ou,01r,04 ) and (D/ TQ) = (]R/Tind/ Tu, Trr, T4 )

then, 1o Nog is a Q-topology on R but 1q U o is not a Q-topology on R, since (o1, U oy.,) is not a topology
on R.

2.2. Quad Closure of Sets. In this part, we introduced and discussed the concept of Q-closure
of sets and studied its properties, giving many results and several illustrative examples of this
concept.

Definition 2.6. Let (D, GQ) = (D, 0Dy » 0D 10D ,GD(4)) be a Q- topological space and A C D then
the Q-closure of A is the result of the intersection of the smallest closed sets that containing A in each op,,
for i=1,2,3, 4and denoted by Q —cl(A) or Q — (A7)

)/

Remark 2.8. We conclude from the previous main definition that , if A C D then the Q —cl(A) =
4

(0D, = cl(A)) N (0D, = cl(A)) N (0D, = cl(A)) N (0D, cl(A)) = ﬂ (op,, —cl(A)).

i=1
Example 2.5. Given D = {a,b,c}, Dy = {@,D,{a}}, Dy, = {@,D,{b}}, Dy = {@,D,{c},{b,c}}
and tp, =1{2,D,{a,b} {c}}. IfE ={c} , then the Q—cl(E) = {b,c} n{a,c} NnDN{c} ={c}.

Remark 2.9. It can be noted that the Q-closure of the set is not always a Q-closed, as we see in the following

example.

Example 2.6. Consider the Q-topological space (R,0,u4,05,01,,0r,) and A = ( 1,7] then
Q-c(A)=RNRN[1,00)N( =00,7] =[1,7]

is not Q-closed set.

Theorem 2.1. If A is a subset of a Q-topological space (D, 0Dy » 0Dy »OD3) / UD(4>) and A is closed set at
least in one oD / (i=1,2,3,4)thenQ-cl(A) =A.
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Proof: Since A is closed in some oD / (i=1,2,3,4)thenop, —cl(A) =A, so

4

Q-cl(A) = ()(op,, - cl(A)) = A.

i=1
Theorem 2.2. Let (D, 0Q ) be a Q-topological space, d € D and A C D, then d € (Q —cl(A) ) if and only
if for each Q-open set H with d € H we have HN A # @.

@

Proof: Letd € (Q—cl(A) ) and suppose that there is a Q-open set H withd € Hand HNA = @.
Now, A C (D—H),so (Q—cl(A)) € (Q-c(D-H)) = (D-H). Henced € (Q—cl(A)) € (D-H),
so d € (D —-H), which is a contradiction. Thus, HN A # @ for each Q-open set H with d € H.

Conversely, suppose that HNA # @ for each Q-open set H with d € H. But d ¢

4 4

(Q—cl(A)), sod € D—(Q—-cl(A)) = D - ﬂ (00, —cl(4)) = | J(D=0p,, —cI(A)). Therefore
i i=1
de (D - (OD(:'> - cl(A))) forsome (i = 1,2, 3, 4).
ButD — (GD(') - cl(A)) is a Q-open set then AN (D - (GD
because AN (D (GD - cl(A))) =Q.

o~ (A))) # @, which is a contradiction,

Some properties of Q-Closure of Sets

Let (D, OQ) be a Q-topological space and A, B C D then the following properties are holds:
1) AcQ-cl(A).
2) If AC Bthen Q—cl(A) € Q—cl(B).

Proof: Since A C B then, (op,, - cl(A)) € (op,, —cl(B)), foralli=1,2, 3, 4. So,
4 4
ﬂ (GD —cl(A ﬂ —cl(A
i=1 i=1

Hence, Q —cl(A) € Q —cl(B).
3) Q-c(ANB) S Q—-cl(A)NQ—cl(B).
Remark 2.10. Q —cl(A) NQ —cl(B) € Q —cl(A N B), as we will see in the following example 2.7.
Example 2.7. Given the Q-topological space (R, Ty, 1, Ting, Trr) and A= Q, B = Irr then Q — cl(A N
B)=Q-cl(@) = @. While, Q—cl(A)=RNRNRNR =Rand Q—cl(B)=RNRNRNR = R. So,
(Q-cl(A)NQ—-cl(B)) =R ¢Q-cl(ANB) = o.
2 Q-d(Q-dl(4)) = Q-c(A).
Proof: 2)Since AC Q-cl(A), thenby (2), Q—cl(A) CQ—cl(Q—cl(A)).
4
C) Since Q —cl(A) € Q—cl(A) = ﬂ(ap —cl(A)), then Q —cl(A) € op, —cl(A) for all

i=1
i=1,2,3,4.5 oD, —c(Q-cl(A)) c oD, —cl(A) foralli=1, 2, 3, 4. Therefore,

4 4
ﬂ , —cl(Q —cl(A))) c ﬂ (apm —cl(A))

i=1 i=1
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Hence, Q—cl (Q—cl(A) ) € Q—cl(A).
5) Q—cl(AUB) = Q-cl(A)UQ—cI(B).
Proof: Since A € Q—cl(A) and BC Q —cl(B), then AUB C [Q —cl(A) UQ —cI(B)].
So,Q—-cl(AUB)CQ-c(Q-cl(A)UuQ—cl(B)) =Q—-cl(A)uQ—cl(B).
Conversely, Since A C AUB then Q —cl(A) € Q—cl(AUB), similarly, BC AUBthen Q—cl(B) C
Q- cl(AUB).So, Q—cl(A)uQ—cl(B) CQ—cl(AUB).

Definition 2.7. Let (D, GQ) (D 0Dy 70Dy 19D 10D ) be a Q- topological space and A C D then A
is called a Q- dense set in D if Q —cl(A) = D.

Example 2.8. Let D= R and consider the Q-topological space (]R,oind, Ol ou,awf). Then A= Q is a
Q-dense set in R, but A = (2, o) is not a Q-dense set in R.

2.3. Quad Interior of Sets. In this part, we introduced and discussed the concept of Q-interior
of sets and studied its properties, giving many results and several illustrative examples of this

concept.

Definition 2.8. Let (ap(l) /0Dy 10D 0D, 4)) be a Q-topological space and A C D then the quad interior of
Aineach op,, fori=1,2,3,and 4, and denoted by Q — int(A) or Q — (A°) that is meaning Q — int(A) =
4

U op, — int(A). Where op, — int(A) is the interior of A in (D, op,).

i=1

Example 2.9. Consider the Q-topological space (R,0ing, 04,04is,01,) and A = [2,3) then: the Q —

nt(A) =oUoU[2,3) Ug=]23).

Example 2.10. Given the Q-topological space (R,02,03,04,05) and A = (1,4) then
Q-int(A)=(1,4)U(1,4)UuoUuz = (1,4).

Some Properties of Q-Interior of Sets:

1) Let (D,0q) be a Q-topological space and A, B C D then: Q —int(A) C A

Proof: Since op, —int(A) C Aforalli =1,2,3,4, then U op, —int(A) CAsoQ—int(A) CA.
i=1
2) Q—int(A) is not a Q-open set every cases.

Example 2.11. Let D = {1,2,3,4} and 0D, = {@,D,{1}}, 0Dy = {@,D,{2}}, 0D, =1{9,D,{3}},

op,, = {2,D,{4}}. IfA ={1,2} then Q int(A ) ={1ju{2luguo = {1,2} but{ ,2} is not
Q-open set.

3) If A € B, then Q —int(A) € Q —int(B).

Proof: Since A C B, then op
4 4

U op,, — int(A) € U op, — int(B) Therefore, Q —int(A) C Q —int(B).

i=1 i=1

" —int(A) C oD, ~ int(B) for all i = 1,2,3 and 4. Hence,
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4) Q—-int(A) = Q—int (Q—int(A)).
Proof: 2:since Q —int(A) € A then, Q —int (Q —int(A)) € Q —int(A)
4

C : since op, — int(A) < | Jop, - int(A) = Q-int(A) for i = 1,2,3,4 then
=1

4
o= int(Q— int(A)) so, | Jop, - int(A) ¢
i=1

tp, — int(A) = op, — int(op, - int(A)) € op

4

U op,, — int(Q— int(A)). Hence Q — int(A) C Q —int (Q — int(A)) .

- 5) Q—-int(ANB) = Q—int(A) NQ —int(B).
Proof: Since ANB C A then Q—int(ANB) € Q—int(A) similarly Q —int(A N B)
C: Q- int(B). ThereforeQ — int(ANB) € Q —int(A) N Q — int(B) conversely.
6) Q—int(A)UQ—int(B) € Q—int(AUB).
Proof: Since A C AUB then Q—int(A) € Q—int(AUB) in the same way Q —int(B) C Q —int(A
B), hence the result.

Remark 2.11. The opposite side of property (6)is not always true.

Example 2.12. Consider the Q-topological space (R,0,u4, 0y, 014,0r,) and A =1[0,1) ,B=11,3) . Now,
Q-int(A) =(0,1) and Q —int(B) = (1,3) and Q—int(AUB) = (0,3) £ Q —int(A) U Q —int(B).

3. SoME CoVERING PROPERTIES OF QUAD TOPOLOGICAL SPACES

3.1. Q-Compact Spaces. In this section, Q-open sets will be used to define some types of Q-open
covers such as: 0(1p34)-open covers and o(;_4)-open cover in order to use them in defining Q-
compact spaces and S-Q-compact spaces. The characteristics of these spaces will be discussed and
many facts about these concepts and the relationship between them and other topological spaces

will be concluding.

Definition 3.1. Let D = (D 0Dy 70D 10D 10Dy ) be a Q-topological space, a cover Q of D is called
0(1-4)-0pen cover zfQ C opy, Yop, Uap, Uap,, . If Q has at least one element from each oDy, it is called

0(1234)-0pen cover.

Definition 3.2. A Q-topological space D = (D, 0q) is called S-Q-compact, if every o (1_4)-open cover of D

has a finite sub-cover.

Definition 3.3. A Q-topological space D = (D, 0q) is called a Q-compact, if every o (1234)-0pen cover of D

has a finite sub-cover.

Definition 3.4. A Q-topological space D = (D, o) is called compact if (D, ap(i)) is compact for all
i=1,2,3,4

Remark 3.1. Every o(1p34)-0pen cover is a o 1_g)-0pen cover.
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Remark 3.2. Every op,-open cover is a 6 (1_4)-0pen cover.

Example 3.1. The Q-topological space (IR,G,-nd, Ocofs Or.rs ol.r) is a Q-compact but is not S-Q-compact.
Since any o (134)-0pen cover must contains R as a mandatory element taken from o,y then {R} is a
finite sub-cover of any o(1234)-0pen cover of R. But (]R,aind, Ocofs Or.rs al,r) is not S-Q- compact, since

Q = {(~0,a) : a € Q} is a 0(1_4)-open cover of R which has no finite sub-cover.

Example 3.2. The Q-topological space (]R,odis, Ocofs Ococs au) is a Q-compact but is not S — Q-compact.
Let Q = {Qa : a € A} be a 0(1234)-0pen cover of the space R, then there exist at least one member of Q
such U € op. Since u € oo then (R-U) = finite set say; (R-U) = {ry,12,73,...,7,}. Now; for each
ri€ (R-U) chose Q; € ésuch that r; € Q; , then é =UU{Q1,Qo,...,Qu} is afinite sub-cover oféfor R.

Therefore, (]R,o*dis, Ocofs Ococs au) is Q-compact. But (]R,adl-s,ocof, Ococy ou) is not S-Q-compact, since

Q= {q} : g€ R} C 745 is a 0(1_4)-open cover which has no finite sub-cover.

Example 3.3. The Q-topological space (]R,aind, Ocofs Oinds Oco f) is S-Q-compact, Q-compact and compact

space.

Example 3.4. Let D= Rand 81 ={D,{d} : de D—-{0}}, B, ={D,{d} : d e D - {1},
B;={D,{d}:de D-1{2}},B, ={D,{d} : d € D —{3}}.

Let 61, 02,03 and o4 be the topologies induced by B, By, Bz and By respectively. Now (R,0;) is compact
foralli =1, 2, 3, 4, since any o; -open cover must contain R, so {R} is a finite sub-cover for any
a;-open cover of R. Therefore, (R,01,02,03,04) is compact. Now, (R,01,02,03,04) is not Q-compact and
not S-Q-compact, since the é = {{d} : d € {R}} is a 0 (1234)-0pen cover which is also a o 1_4-open cover has

no finite sub-cover.

Definition 3.5. Let (D, OQ) = (D, GD(1>,GD(2>,GD(3),GD<4)) be a Q-topological space then the least upper
bound topology or the supremum topology of op,, , 0D, 0D 5, and op,, is the smallest topology that contains
all the topologiesoD(l), 0Dy, 0D, and 0D and denoted by ogyp.

Example 3.5. Consider the Q-topological space (IR,aind, Ocofs Ococs au) then the suprem topology of Ging,

Ocofs Ococ ANd 0y 18 Oy

Theorem 3.1. Let (D, GQ) = (D, GD(1>,GD<2),GD(3),GD(4)) be a Q-topological space. If (D, o) is compact
then (D, UQ) is S-Q-compact.

4

Proof: Let Q = {Q, : @ € A} be any 0(1-4)-Open cover of (D, GQ) then Q C U oD
i=1

Q is an open cover of a compact space (D, 0g,;), so Q has a finite sub-cover. Therefore (D, GQ) is

o S Osub- Hence
S — Q-compact.

Remark 3.3. If we say that a Q-topological space (D, GQ) has a particular topological property P then we
mean that all 0Dy, ODjy)s 0D, and OD ) have the property P.
For instance, (D, O'Q) is said to be To-space if( D, GD(l)) , (D, aD<2>) , (D, 0D )and (D, oD, 4)) are To-space.
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Example 3.6. The Q-topological space (R,04is, 014, Or.r, o) is To-space.

Theorem 3.2. If D is a finite set then let (D, GQ) = (D, ap(l),ap(z),ap(3),ap<4>) is Q-compact , S-Q-

compact and compact.

Proof: Suppose that D is a finite set say D = {dy,d>,d3,...,d,}. Let é = {Qu : a € A} be any
0(1-4)—open cover of D then for all d; € D choose Q,, € é such thatd; € Qq, , so

é = {Qﬂéll Qazl Qay sy szn}

is a finite sub-cover of é for D thus (D, GQ) is 5-Q-compact. Since any o(q34) Or any op,—open

cover is a 0(;_4)-open cover we have (D, O'Q) is Q-compact and compact.
Theorem 3.3. A Q-topological space (D, GQ) is S-Q-compact if and only if it is compact and Q-compact.

proof: Suppose that the space (D, OQ) is S-Q-compact thenany op , -opencoverfori =1, 2, 3, 4
Or any o0 1234)-Open cover is a g (;_4)-open cover, so it has a finite sub-cover. Thus, (D, GQ) is compact
and Q-compact. Conversely, suppose that (D, GQ) is compact and Q-compact. let Q=1{Qu:acAh}
be any o(;_4)-open cover of the space (D OQ) IfQisa 0(1234)—Open cover, it has a finite sub-cover.

If Q is a 0D, -Open cover for somei = 1, 2, 3, 4 then it has a finite sub-cover because

(D, oD ),is compact. If Q is not 0 (1234)-open cover and not 0D, -Open cover then we have two cases:

Case (1): QCGD Uop,, for some j k € {1,2,3,4]} sayQ {U, aeA}U{Vﬁ:[a’eA} where

U, € op, and Vj € oDy, V a,B € A since (D, oD, ) and (D, OD(k)) are compact space there ex-

() )
ista finite subset A1, A» of Asuch that Q ={u, :ax € A\}U [ZJ‘B (B e Az} is a finite sub-cover of é for A.

Case(Z)QCaD Uop, Yop,, forsome],kme{1234}say,Q (U, : a0 € A} {vﬁ ﬁeA}

{ws : 6 € A} where u, € ID; vﬁ € 0Dy, Ws € 0D, for all @, B, 6 € A then there exist a finite subset

(k)”
A1, A and Aj of A such that Q {ug - x € A} U {vﬁ (P e Az} {ws : 6 € Az} is a finite sub-cover of

é for D Therefore, (D, GQ) is S-Q-compact.

Example 3.7. The Q-topological space (]R,o5, 06,07,0¢0 f) is Q-compact but not compact so the space is not
S-Q-compact.

Remark 3.4. A topological space (D, op) is called hereditary compact if every subspace of D is compact.

Definition 3.6. A Q-topological space (D, dp,), 0D, , 0D, 0Dy, ) is hereditary compact ifeach (D, op,, ) is
hereditary compact foralli=1,2, 3, 4.

Theorem 3.4. If ( D, ODy1)s 0Dy 0Dy, 0D, 4)) is a hereditary compact space then it is S-Q-compact.

proof: Let é ={uy:a €A} U {Uﬁ :Be A} Ufws : 6 € AJU{H; : £ € A} be a 0(1_4)-open cover of

the space D, where u, € op,,, vg € op,,,,Ws € D, and H; € 0D for each ¢, f,6,& € A. Since

(1’ @7 (3)
u, = U {uy, : ¢ € A}is 0D, -compact there exist a finite set A1 C A such that Uy = U {uy - ax € A1}
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Since U = U {vﬁ (e A} is 0D, — compact there exist a finite set Ay C A such that U, =

U{Uﬁ e AZ}.

Since U3 = U {ws : 6 € A} is op,, -compact there exist a finite set A3 € A such that Uz =

(3)
U {ws : 6 € As).

Since Uy = U{Hg : £ e A} is op, -compact there exist a finite set Ay € A such that Uy =

@)
U{H: @ & € Ay).

Thus Q = {ug : a € Ay} U {op : pe Mg} Ufws : 6 € As) U{H : & € Ay} is a finite sub-cover of Q for
D therefore (D, OQ) is S-Q-compact.

Theorem 3.5. Every op,, -closed proper subset of a 5-Q-compact space is op
1,2,3,4).

(-compact for (i # j, i,j =

Proof: Let K be a non-empty op -closed proper subset of (D, GQ). Let U = {U]- S A}
be a 0p,-Open cover of K. For each d € (D —K), then there exist a oD,
that d € Hy C (D-K). Since @ # K # D, then {U;: je AjU{Hy :d € D-K| is a o_y-
open cover of a S-Q-compact space (D, GQ), so there exist a finite subset Ay C A and a finite set

{dy,dp,...,d,} € D— K such that {Uj (j€ A1} U {H(dl),H(d2),...,H(d )} is a finite sub-cover of the

n

,-open set H ;) such

space D. So V= {Ll]- (€ Al} is a finite sub-cover of U for K. Therefore, K is a op ,,-compact.

(i)
Example 3.8. Consider (]R,aind, Ocofs Ocofs aind) and K =1{1,2,3,...,n}, ne N then K is a closed set
in (]R, ocof) , 50 K is compact in (R,0,,4) , and (]R,acof).

Definition 3.7. Let (D, TQ) = (D, TD(l),TD(Z),TD(S),’CD(4)) and (E, GQ) = (E , OF4yr OFy, 05(3),015(4))
be a Q-topological spaces, then f : (D, TQ) — (E, GQ) is Q-continuous (open , closed , homeomorphism;

respectively) if f : (D, 1p,) — (E, og,) is continuous (open , closed , homeomorphism; respectively).
Theorem 3.6. Every Q-continuous image of a Q-compact space is a Q-compact.

Proof: Let f : (D,GD(l),GD(Z),UD<3>,GD(4)) — (E, ag(l),ag(z),ag(3),og(4)) be a Q-continuous func-
tion and (D, UQ) is a Q-compact. Given E= {U]- tjE A} U {Vﬁ P e A} U{Ws:0€ AJU{H:: & € A}
be a 0(1234)-Open cover of E where U, € TEq) Ya € A, Vg € TE(Z),Vﬁ eN,Ws € TE(3>,V6 e A
and H; € op,, Y& € A Let D = {f(Ua):ae AJU{f1(Vp):pe Al U{fT(Wy):6eafu
{f1(He): & € Al then f (Uy) € op,,,, Ya € A, f7(Vp) € 0Dy, VB €A, f7 (W) € Tpy, , Y0 € A,
f1(He) € 0Dy, » Y€ € A, because f is Q-continuous. Now D is a 0 (1234)-0pen cover of D so there
exist a finite subset A1, A, Az and A4 of A such that D* = {f‘l (Uy) :a € Al} U {f‘l (V/;) :BE Az} ]
{f‘l (Ws):0€ A3} U {f‘1 (He): &€ A4} is a finite sub-cover of D for D.

Let E" = {U;: j € MU{Vj: B € AU (W :€ As} U{H; : & € Ay} then E"is a finite sub cover of E

for E. Therefore, (E, GQ) is Q-compact space.
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Theorem 3.7. Every Q-continuous image of a S-Q-compact space is a S-Q-compact.
Proof: The prove is similar as we show in theorem 3.6.

3.2. Q Lindeldf Space. In this section, Q-open sets will be used to define some types of Q-open
covers such as: 0 (1234)-open covers and 0(;_g)open cover in order to use them in defining Q-lindelof
spaces and S-Q-lindelof spaces. The characteristics of these spaces will be discussed and many
facts about these concepts and the relationship between them and other Q-topological spaces will

be concluding.

Definition 3.8. A quad topological space D = (D, 0q) is called S-Q-lindeldf, if every o 134)-0pen cover of

D has a countable sub-cover.

Definition 3.9. A quad topological space D = (D, o) is called S-Q-lindeldf, if every o (1_4)-open cover of
D has a countable sub-cover.

Definition 3.10. A quad topological space D = (D, 0q) is called lindeldf, if (D, op,, ) is lindeldf for all
i=1,23,4

Example 3.9. The Q-topological space (R,0iu4, Ococ, Ory, 01,) is a Q-lindeldf, S-Q-lindeldf and lindelof
space. Since any o (1p34)-0pen cover must contains R as a mandatory element take from g, then {R} is a
countable sub-cover of any o 1234)-open cover of R.

Since each of the space (R,0i4) ,(R,o.r),(Rop,) and (Riec) are lindeldf space the
(R,0ind, Ococ, Orr, 01p) is S-Q-lindeldf. Now; to show that (R,0iu4,0coc, 01,) is S-Q-lindeldf, let @ =
{Qq : a € A} be any o 1_g)-open cover of R. If Qq € 0ing for some a € A then Qqu€ R so {IR} is countable
sub-cover of any o (1_y4y-open cover of R. If Qu € Ococ for some a € A, then (D — Qy) is a countable
set, say (D —Qu) = {a1,a2,a3,...}. So for each a; € A, choose Qn, € Q such that a; € Q,,, hence
5 ={D - Qu} U{Qu, Quy, Qus, - - .} is a countable sub-cover of éfor R.

Thus (R,0ind, Ococ, Orr, 01r) 15 S-Q-lindeldf. If é C 1, U1y, then é has a countable sub-cover of the
form {(—o0,a), (b,00) :a > 0,b <0}, thus (R,0iu4, Ococ, Or.r, 01,) is a S-Q-lindeldf.

Example 3.10. (IR,05, 0coc, Ou, 04is) is Q-lindeldf not lindeldf and S-Q-lindeldf.

Let é = {Qu: a € A} be any 0(1234)-0pen cover of R then exist at least one Qu € Ogpe. S0 R—Q,
is a countable set say (R—Qn) = {r1,12,13,...}. Now for each ric R—-Q, , choose Qn, € Q such that
1i € Qu;. Take é = {R-Qs} U{Qu,, Quy, Qus, - - .}, then é is a countable sub-cover of é for R. Therefore,
(R,05, Ococ, Ou, 04is) is Q-lindeldf. Now (IR,05,0coc, 0, 04is) is not lindeldf and not S-Q-lindeldf since

Q = {{d} : de R} is a 0(1_4)-open cover which is also 04is-open cover which has no countable sub-cover.

Example 3.11. Let D=R and 81 = {@,D,{d}:de R-{1}}, B, = {@,D,{d} :de R—{2}}, B3 =
{9,D,{d} : de R—{3}}, Bs = {©,D,{d}:de R—-1{4}}, let 01,02,03, and o4 be the topologies induced
by the boys B1, By, Bsand By respectively, then (R,01,02,03, 04) is a lindeldf, not Q-lindeldf and not
S-Q-lindeldf.

Theorem 3.8. Every Q(resp. S — Q)-compact space is Q(resp. S — Q)—lindeldf.
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Proof: Since every finite sub-cover is a countable sub-cover the result is directly indeed.

Theorem 3.9. If D is a countable set then ( D, 0D<1),UD(2),0D(3),0D(4)) is Q-lindeldf, S-Q-lindeldf and
lindelof.

Proof: Suppose that D is a countable set say D = {dy,d»,d3,...}. Let é = {Qu: a € A} be
any o(j_gy-open cover of D then for all d; € D choose Q, € Q such that d; € Qy; , 50 Q=
{Qay, Quys Qus, - - -} is @ countable sub-cover of é for D. Thus (D, UQ) is S-Q-lindelof. Since any

0(1234) OF any op,, -Open Cover is a o(;_4)-Open cover we have (D, UQ) is Q-lindeldf and lindelof.
Theorem 3.10. Every compact Q-topological space is a Q-lindeldf.
Proof: Since every compact space is lindeldf, then any compact Q-topological space is lindeldf.

Remark 3.5. A Q-topological space (D, GD(1>,GD(2>,0D(3),GD<4)) is hereditary lindelo f if each (D , GD(I.))
is a hereditary lindelof foralli =1, 2, 3, 4.

Theorem 3.11. If (D, OD(1), 0D 3, OD3)/ (TD(4)) is a hereditary lindeldf space then it is S-Q- lindeldf.

Proof: Let é ={Qu:aeAlU {Vﬁ :p e A} U{W;s:0€A}U{Hg : £ € A} be a g(1_4)-open cover

of the space D, where U, € OD)r Vg € aD(z),W(s € op, and H; € 0D for each a,f,6,¢& €

(3

A. Since U; = U {U, : a € A} is 0D~ lindelof there exist a countable set A; € A such that
u, = U {U, : ® € A1}. Since U, = U{Vﬁ :p e A} is 0Dy~ lindelof there exist a countable
set Ay C A such that U, = U{vﬁ :peAy). Since Uy = U{W;:06 €A} is opg, — lindelsf there

exist a countable set A3 C A such that Uz = U {Ws:6€ As}. Since Uy = U {Hs: £ €A} is

0Dy ~ lindelof there exist a countable set Ay C A such that Uy = U {Hg : &£ € A4}.Thus é =

Uy : x € A} U {Vﬁ :pe Az} U{Ws:0€ A3} U{H; : £ € Ay} is a countable sub-cover of é for D.
Therefore, (D, GQ) is S-Q-lindelof.

Theorem 3.12. Every op,,-closed proper subset of a S-Q-lindeldf space is a op,, — lindelof for (i # j, i,j =
1,2,3,4).

Proof: Let Kbe anon-empty GD(i)—closed proper subset of (D, O'Q). LetU = {U]- (j € A} bea OD)"
open cover of K. For each d € (D — K) then there a op , -open set H(;) such thatd € H(;) € (D - K).

i

Since @ # K # D then {Uj tjE A} U {H(d) :deD— K} is a 0(1_4)-open cover of the space D. So

u= {U]- 1j€ A} is a countable sub-cover of U for K. Therefore , K is oDy, -lindelof.
Remark 3.6. ( Willard , 1972 ) Every second countable space is lindeldf.

Theorem 3.13. Every second countable Q-topological space is S-Q-lindeldf.
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Proof: Since every second countable space is lindeldf then every second countable Q-topological

space is a hereditary lindeldf and so it is a S-Q-lindelof.

Definition 3.11. A family ¥ of subset of a Q-topological space (D, GQ) is 0(1_4)-closed if every member of

=

F is contain in oD, -

i=1
Definition 3.12. A family F of subset of a Q-topological space (D, GQ) i 0(1234)~Closed if every member of

¥ is contains at least one member of each oD fori=1,2,3,4

Definition 3.13. (The countable intersection property), (Willard,1972) the family {D, : a € A} has the
countable intersection property if every countable non-empty sub-family Dy, , Da,, Das, - .. 0f {Dy : @ € A}
has the property ﬂ D, # @.

i=1
Theorem 3.14. A Q-topological space (D, oQ) is 5-Q-lindeldf if and only if every o 1_4)-closed family with
the countable intersection property has non-empty intersection.

Proof:  Suppose that (D, OQ) is S5-Q-lindelof and {D, : a € A} be a family of o(;_4)-closed

sets which having the countable intersection property. Assume that ﬂ D, = @. Then

aeA

{D-Dy:a €A} is a Tq_4-open sets and U(D—Da) = D- ﬂDa = D-@ = D. So
aeA aeA
{D—Dy:a €A} is a t(1_g)-open cover of a 5-Q-lindeldf space D, so it has a countable sub-

cover {(D—D,,),(D—Dy,),(D—=D,s,),...} consequently, U (D-Dy,,) = DsoD- ﬂDaf =D
i=1 i=1

which is meaning mDai = @. which is contradiction the fact that {D— D, : « € A} has the
i=1
countable intersection property. Conversely, suppose that the o(;_4)-closed family {D, : a € A}

having the countable intersection property has a non-empty intersection. let Q = {Qu:aeA
be any 0(1-4)—Open cover of D. Then U (Qa) = D. Now {D—-Q,:a €A} is a family of
a=A

0(1-4) — closed sets in D and ﬂ D-Q,) = D- U Q.) = D-D = @. Since m (D-Q,) =

a€eN a€eA
@, the family {D—-Q,:a € A} dosiit have the Countable intersection property, so there ex-

ist a countable sub-family {(D—Qu,),(D—Qu4,),(D—=Qu;),...} of {D—Q,:a € A} such that
ﬂD Q,=92=>D- U Qn) = @ and so U (Qq;) = D, hence {Qu,, Quys Qus, - - -} is a count-

i=1
able sub-cover of Q for D Thus (D UQ) is S-Q-lindeldf.
Theorem 3.15. Every Q-continuous image of a Q-lindeldf space is a Q-lindeldf.

Proof : Let f : (D, GD(l),GD(z),GD@,G?ﬁ)) — (E, OE 1), O 5y, O 3, O 4, ) be a Q-continuous func-
tion and (D, o) is a Q-lindelsf. Given E = {U;: je AJU{Vy: e AJU{W;: 6 € AJU{H; : & € A)
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be a 0(1234)-Open cover of E where U, € OF )/ Ya € A Vg € a;;(z),‘v’ﬁ eN,Ws € GE(S),V(S e A
and Hy € op,,¥& € A. Let D = {f' (Ua):ae AfU{f(Vy):penfulf (W) :sea}u
{f7(He): &€ Afthen f1 (Uy) € op,, , Ya€ A, f1(Vg) €op, , VB € A1 (Ws) € opy,, , V0 €
A, f‘1 (H) € 0Dy / Y& € A, because f is Q-continuous. Now D is a 0(1234)-Open cover of D
so there exist a countably subset Aj, Ay, A3 and A4 of A such that D" = [ f‘1 (Uy) :a e Al} U
{f‘l (Vﬁ) :B€E Az} U {f‘l (Ws) : 6 € A3} U {f‘l (He): &€ A4} is a countable sub-cover of D for D.

LetE* = {LI]- tjE Al} U {Vﬁ :p e Az} U{W;s :€ A3} U{H¢ : & € Ag} then E* is a countable sub cover
of E for E. Therefore, (E, GQ) is Q-lindeldf space.

Theorem 3.16. Every Q-continuous image of a S-Q-lindeldf space is a S-Q-lindelof.
Proof: The prove is similar as we show in theorem 3.15.

3.3. Q-Countably Compact Spaces. In this section, Q-open sets will be used to define some types
of Q-open covers such as: 0(j34)-0pen covers and o(;_4)-open cover in order to use them in
defining Q-countably compact spaces and S-Q-countably compact spaces. The characteristics of
these spaces will be discussed and many facts about these concepts and the relationship between

them and other Q-topological spaces will be concluding.

Definition 3.14. A quad topological space D = (D, 0() is called Q-countably compact if every countably
0 (1234)-0pen cover of D has a finite sub-cover.

Definition 3.15. A quad topological space D = (D,oq) is called a S-Q-compact, if every countably

0 (1-4)-0pen cover of D has a finite sub-cover.

Definition 3.16. A quad topological space D = (D,0q) is called a countably compact if (Q, Ty, ) is
countably compact foralli=1,2, 3, 4.

Example 3.12. The Q-topological space (IR,GCU £,05,04, 02) i 0(1234)-COmpact, o(1p34)-lindeldf and o 1234)-
countably compact. But the Q-space is not compact, not lindelof and not countably compact. It is also the

Q-space is not S-Q-compact, not S-Q-lindeldf and not S-Q-countably compact.

Example 3.13. The Q-topological space (Z,oind, Odiss Ocof s owc) IS 0(1934)-cOMpact, o 1p34)-lindeldf and
0 (1234)-countably compact. In addition the Q-space is not S-Q-compact, S-Q-lindeldf and not S-Q-countably
compact. We can show that the Q-space is not compact, lindeldf and not countably compact.

Example 3.14. The Q-topological space (lR,adis, Ococs OExc(5)s 05) is 0(1234)—lindelbf 10t 0 (1234)-compact and
1ot 0 1p34)-countably compact, since the o (1p34)-0pen cover {R —IN} U {{n} : n€ IN} of R is also a 0 (1234)-
countably open cover which has no finite sub-cover. It is also the Q-space is not compact, not lindeldf,
not countably compact, not S-Q-compact, not S-Q-lindeldf and not S-Q-countably compact. To explain the
previous cases. Consider the cover {R — Q} U {{q} : g€ Q} is a 0(1_4)-open cover which is exactly a countably

0(1-4)-0pen cover has no finite sub-cover. Thus, the Q-space is not S-Q-compact and not S-Q-countably
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compact. The o (1_4)-open cover {{q} : g€ R} of R has no countably sub-cover, so the Q-space is not S-Q-
lindeldf. Since (R,05) is not compact, not lindelof and not countably compact, the Q-space is not compact,

not lindelof and not countably compact.

Theorem 3.17. Let (D, GQ) = ( D,0D,,,0D,,, 0D, 0D, ) be a Q-topological space. If (D,0syp) is
countably compact then (D, GQ) is S-Q-countably compact.

4
Proof: LetQ = {Qq : a € A} be any 0(;_4)-0open cover of (D, GQ) then Q C U oD
i=1
Q is an open cover of a countably compact space (D, og,3), so Q has a finite sub-cover. Therefore

o S Osub- Hence
(D, GQ) is S — Q-countably compact.

Theorem 3.18. If D is a finite set then let (D, GQ) = (D, OD(1), 0D 5y, OD 3, 0D 4)) is Q-countably compact,

S-Q- countably compact and countably compact.
Proof: The proof is exactly the same as the proof of theorem 3.2.

Theorem 3.19. A Q-topological space (D, GQ) is S-Q-countably compact if and only if it is countably

compact and Q- countably compact.
proof: The proof is exactly the same as the proof of theorem 3.3.

Example 3.15. The Q-topological space (]R,o5, 06,07, owf) is Q-countably compact but not countably
compact so the space is not S-Q-countably compact.

Remark 3.7. A topological space (D, op) is called hereditary countably compact if every subspace of D is

countably compact.

Definition 3.17. A Q-topological space ( D, UD(I),GD(Z),GD(S),GD(4)) is hereditary countably compact if
each (D, GD(i)) is hereditary countably compact foralli=1,2, 3, 4.

Theorem 3.20. If ( D, oD(l),aD(z),oD(3),0D(4>) is a hereditary countably compact space then it is S-Q-

countably compact.
proof: The proof is exactly the same as the proof of theorem 3.4.

Theorem 3.21. Every op,-closed proper subset of a S-Q-countably compact space is op,,-countably

(1)
compact for (i # j, i,j =1,2,3,4).

Proof: The proof is exactly the same as the proof of theorem 3.5.

Theorem 3.22. Every Q-continuous image of a Q-countably compact space is a Q-countably compact.
Proof: The proof is exactly the same as the proof of theorem 3.6.

Theorem 3.23. Every Q-continuous image of a S-Q-countably compact space is a S-Q-countably compact.

Proof: The prove is similar as we show in theorem 3.22.
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4. CONCLUSION

Based on the basic concepts known in quad topological spaces, this study reveals and proves
new properties and features of these spaces by introducing the concept of Q-open sets. Most of
the properties and general facts relating to Q-open sets have been studied.

We discussed the concept of covering properties for quad topological spaces, such as Q-compact,
Q-Lindelof, Q-countably compact spaces, S-Q-compact. S-Q-Lindeldf and S-Q-countably compact
spaces. We subsequently arrived at remarkable results, established facts, and new theories that

support the efforts and ambitions of researchers in future studies related to Q-topological spaces.

5. Future WoRrk

We recommend generalizing the results of this study to encompass various topological proper-
ties of quad, penta, and hexa topological spaces. We suggest prioritizing studies that explore and

discuss new topics related to advanced covering properties in quad topological spaces.
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