Int. J. Anal. Appl. (2026), 24:236

International Journal of Analysis and Applications

Boundedness of Sublinear Operators on Grand Mixed Herz Spaces

Xiaoxi Xia®
College of Mathematics and Statistics, Kashi University, Kashi 844000, P. R. China

*Corresponding author: 18709986313@163.com

Abstract. We establish the block-atomic decomposition of grand mixed Herz spaces and, via this atomic characterization,
prove the boundedness of a class of sublinear operators on these scales. As an application, we further establish

boundedness criteria for sublinear operators on grand mixed Herz-Morrey spaces.

1. INTRODUCTION

The germ of Herz spaces can be traced back to Beurling [1] weighted algebras; Herz [2] later
crystallized them into homogeneous and inhomogeneous scales, using them to capture the local-to-
global behavior of Fourier series and transforms. In the 1990s, Lu-Yang [3,4] formally introduced
the spaces Kg’p (R") and Kg’p (R"), extending the LP-boundedness results of convolution operators,
singular integrals, and multipliers to the Herz scale, thereby anchoring these spaces at the heart of
harmonic analysis.

In recent years, mixed-norm Lebesgue spaces-viewed as the canonical lift of the classical
Lebesgue scale have returned to the spotlight. Benedek-Panzone [5] laid the groundwork by
verifying that L?(IR") inherits the usual pillars completeness, Holder and Minkowski inequalities
thereby providing the functional backbone for subsequent developments. The mixed paradigm
quickly ramified: on the Hardy-space side, [6,7] delivered both real-variable and atomic portraits;
in 2019, Nogayama [8] opened a new chapter with mixed Morrey spaces, demonstrating novel
boundedness criteria for singular integrals and convolution operators, and further widening the
mixed-norm universe within harmonic analysis.

Since their introduction by Iwaniec and Sbordone in [9] for studying the integrability of the
Jacobian, grand Lebesgue spaces have been extensively studied and generalizations have been
obtained [10-12]. The idea of grand variable Herz spaces was introduced in [13] and proved
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the boundedness of sublinear operators in these spaces. Then boundedness of Marcinkiewicz
integrals, Multlinear Calderén-Zygmund integrals can be checked in [14]. Moreover the grand
variable Herz-Morrey spaces are the generalization of grand variable Herz spaces and it was
introduced in [15].

Anchored in both mixed-norm and grand Lebesgue scales, we introduce the grand mixed-Herz
space K;‘;"TQ(R”), which in limit cases simultaneously recovers mixed Lebesgue, grand Lebesgue
and classical Herz spaces. On this new scale we establish a central block-atomic characterization,
providing a direct route to boundedness criteria for a broad class of sublinear operators. As an
application, we further establish boundedness criteria for sublinear operators on grand mixed

Herz-Morrey spaces.

2. PRELIMINARIES

Throughout this paper we adopt the following harmonic-analysis conventions. Vector expo-
nents: § = (q1,...,qn) € (0,00]"; 0 < § < oo means 0 < g; < o for every i. We set Ll? = (qll""’%)
and let 7 = (q},...,9,) denote the conjugate exponents with g/ = g;/(q; —1). |B| stands for the
Lebesgue measure of the ball B; x is the indicator of the set E. A ~ Bmeans A < Band B < A; [4]
is the integer part of 2. Dyadic annuli: By = {x € R" : |x| < 25}, Ax = By \ Bi_q (k € Z); we write
Xk = X4, and set xp = xx fork > 1, xo = x,.

Definition 2.1 (Mixed Lebesgue spaces) [5] Let § = (p1,p2,...,pn) € (0,0]". Then the mixed
Lebesgue space ¥ (IR") is defined to be the set of all measurable functions f such that

1
Pn

N
P1
Wl = f...[f(f|f(x1,xz,...,xn)|f’1dx1) dxz] cdxy| < oo
R R R

If p; = oo, then we have to make appropriate modifications.
Definition 2.2 [16] Let« € R,0 < p < 00,0 < § < 00. The mixed homogeneous Herz space K;f’p (R")
is defined by

keZ

1/p
K;i’p (R”) . f € LIOC( n) : ”f”K;p(]R” (Z zkap ||fX ||L'7 Rn ] <005,

Definition 2.3 [17] Leta € R, 6 > 0,0 < p < 00,0 < § < o0. The grand mixed homogeneous Herz
space KZ?; (R") is defined by

<00,

1/p(1+¢)
oP),0 . . _ k p(1+¢)
K (R 5= 3 € L (R") & Il oy = sup [ZZZ sl 17 o }
(S
Now, we give an example in grand mixed Herz spaces.
Example 2.3 Leta € R,0 > 0,1 < ,p < oo such thata > n—Y,
x = (x1,...,x,) € R"\{0}, let

n
Zlq—and” = )i 1q For any
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n

1
flx) = H il i x(—1,1)n
i=1
then

p),0
fe k(R
The grand mixed-Herz scale KZ?;(IR”) is intrinsically a quasi-Banach space; it upgrades to a

Banach space as soon as min(q, ..., qs,p) = 1. At the critical endpointa = 0 with0 <p =g; < o
it collapses to the grand mixed-Lebesgue space LP)7(IR"). The scale expands monotonically with

p:

P1),0 oP2),0
Kf;; (R") & Kfj; (R"), 0<p;<py<oo.
Also, we have the following embeddings.

Proposition 2.4 Let o, f € R, 9>0,0<cf,7p<oo

Ifr<fandB=a+ Y “—— ?1; then

KE{% (R") < K7 (R").
({)If1<g,<---<g2<q1 <o, then
K ) (R") — Kp) (]R”) where ¢ = (qu, ..., 92, 1) -
Proof. (i) drops out 1mmed1ately from a routine application of Holder’s inequality
214 |1 1) < 040 | 10 g+

< 2kﬁp(l+£) ||ka||Z(1+a

where §= (sy,...,s,) is defined by % = % + sll foranyiefl,..., n}.
(ii) can be deduced from the Minkowski’s inequality. m|

Definition 2.5 [19] Let « € R,0 > 0,0 < A < o0 and 1 < p,§ < oo. Homogeneous grand mixed
Herz-Morrey spaces MK;’;7 )6 (R") are defined by

MRD? (R") = {feLloc( n):||f||MK;f,e(M<oo},
where

_1

ko 1 ) p(l+¢)
—_ +a
A1l PO = sup sup 2750t | ¢? E kap(1+e) )
MK R0 & R")
0>0

k=-00

Lemma 2.6 [20] Let 0 < b <land 0 < p < co. Let {&)rez be a sequence of positive real numbers,
such that

||{6k}k€Z||gp(Z) =1<oo,
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Then the sequences {6k 1O = stk bk‘je]-}kez and {T]k M = ijk bj‘ke]-}kez belong to ¢/ (Z), and

“{6](}](62””(2) + H{nk}kGZ”ﬂ’(Z) <

with ¢ > 0 only depending on b and p.
Now, we introduce the basic notation of block decomposition.
Definition 2.7 [21] Let 0 < a < c0oand 1 < § < 0.
(i)A function a on R" is called a central ( a, §)-block, if it satisfies
(1) suppa c Q(0,r) ={(x1,...,xy) e R": |xj| <rfori=1,...,n}, r>0.
@) llally < 1Q(0, 1)/, r>0.
(ii) A function a on R" is called a central ( a, §)-block of restrict type, if it satisfies
(1) suppac Q(0,7), r=>1.
2) llally < 1Q0, NI/, 7> 0.

3. ATOMIC CHARACTERIZATION OF GRAND MIXED HERZ SPACES

We next establish an atomic characterization of the spaces KZ;’Q

sitions, thereby obtaining boundedness of sublinear operators on these scales.

N
7/

(R") via central block decompo-

Theorem 3.1 Let 0 < a < 00,0 > 0,0 < §,p < co. The following two statements are equivalentes
. .p),0

()f €K7 (R")

(ii) f can be represented by

Foo) =) M), (3.1)

where the series converges in the sense of distributions, Ay > 0, each a is a central (e, §)-block

with support contained in Qx and

0 i)
/\p(l—i-e) P <
Z k > “f”KZ);(R")'

k=—00

Moreover, the grand mixed Herz space [|fl|;,)0is equivalent to the atomic (quasi-)norm

;
a,q

in4|{/\k}”ﬂ;(1ﬂ,) = 11’1[(2 AZ(lJre))l/p(l—Fe),
keZ

),0

where the infimum runs over all atomic decompositions f = Y <z Ak as in (3.1), hence KZ ;

carries the canonical atomic structure.

Proof of Theorem 3.1. The proof follows the same line of argument as [ [18], Theorem 3.8], where
the variable-exponent case is treated. We first prove (i) implies (ii). For every f € K;f’p (R"), we

decompose
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)= X fom

= Y 2, L
e )
= Z Axax(x)
k=—co
with coefficients Ay := 25||f X¢ll; and atoms ag(x) :== ﬁfﬁﬁiﬁz'om immediately has suppa; C Qx
q
and
laglly < 27

Hence each a; qualifies as a central (a, §)-block carried by Q, and

1 ll+e) 0 P 1+g P(ll‘H)

+

sup[ E )\p ‘ ) = sug) (69 E pkar(Fe) || £y || = ”f”K”)f’(]Rn)-
&> a4

e>0 k=—00 k=—00

Now, we prove (ii) implies (i). Take an atomic representation f = ) ;.7 Axax furnished by hypoth-
esis (ii) of Theorem 3.1. Fix any j € Z, an application of the Minkowski inequality on the dyadic

annulus A; gives
IF il < Y Al llaely- (3.2)
k=j

Under the condition 0 < a < oo, an appeal to (3.2) combined with Lemma 2.6 (with the geometric
decay factor (b =27* € (0,1)) yields

o p(1+e)\TF]
9 kap
“f”Kﬁ)f(R”) S sup| ¢ Z 2 [Z A ]
. k=—0c0
p(1+€) p(11+é')

Ssup|e Aj|27G=Re

e>0 k_Z—oo {]Z | |

1
(1+¢) P

<Ssup|e AV .

e>0 k;oo ]

Accordingly, Theorem 3.1 has been proven. m]

Remark 3.1 The building blocks in Theorem 3.1 may be chosen with supports lying inside dyadic
annuli, thus yielding a genuine annular-atomic decomposition.
Armed with the decomposition just established, we proceed to derive boundedness criteria for

a class of sublinear operators on the Herz scale.
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Theorem 3.2 Let o € R,0 > 0,0 <p < 0,1 < 57 <oosuchthat0O<a <n Zle % If a sublinear
operator T satisfies

ITf(x)| < %, if  dis(x,supp f) > %, (3.3)

for every compactly supported integrable function f, once the operator T is known to be bounded
on the mixed-Lebesgue scale L7(IR"), its boundedness on the grand homogeneous Herz space
KZ )L%G(IR”) follows at once.

Proof of Theorem 3.2. It remains to verify that
I g gy Wl gy

Fix any f € KZ ) ;(R“), invoking the atomic flavour of Theorem 3.1 we can safely work with an
atomic representation of f and carry out the required estimate
f= Z Aia;,
i:—OO

where A; > 0 and 4; ’s are ( «, 7 )- block with suppa; € Q;. We get

o 1/p(1+¢)
ap(1+e p(l+e)
”Tf”KZ);(]R”) :s:ig) {59 Z ok p(1+¢) ||Tka||lf }

k=—00

p(l+€) 1/p(1+£)

0 k-2
<sup{e? Z 2’“”’(”6)(2 AillTai'XkH,j]

e>0 k=—o00 i=—o0

p(1+€) 1/p(1+$)

+ sup{ &? Z Zk“”(lﬂ)(z illTai'XkH,y]
e>0 k=—c0 i=k-1
:F1 + F>.

Let us estimate F;. Observing that dist(x, suppa;) > 2k=1/2 > |x|/2, we invoke (3.3) to immediately

2 \@
B n q1
ITa; - xally < f f f W gl dxy | da| e da
R" RZ\JR}

k k

obtain

n 1

< Zk( - q_i_n) llaixilly -
Applying Holder inequality and Detfition 2.7, we have

n 1

k( i —,—n)
ITa; - xxlly < 23775 laillz llxills

n 1

< 2k( i=1 q_i—ﬂ)zi(n—Z?:l ql_,) ”alllrf

< i H(-EE )
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Therefore,

- 42 ( ) P(1+f) 1/P(1+6)
(i=k)(n-Li 3
Fl <su 0 ZkDLp (1+4¢) A - laz i=1 g

e>¥)) —Z—oo 1_200

}7(1"!‘8) 1/p(1+8)

[S¢]

~ aup Z( z 2))

e>0 k=—00 _
p(1+s) 1/P(1+£)

= sup i zkap (14¢) ( Z A2” zaz Vl L 14,)] ,

>0 k=—00 j=—00

Sincew <n—Y.1 %, Lemma 2.6 applies with the geometric decay factorb = 2~ LG € (0,1),
we get

]1/p(1+£)

Fl < sup (56 Z /\f(lJrS)

e>0 i=—00
< ”f”Kp)/B(]R”) .
aq

Next, we estimate F. Invoking the L7(R")-boundedness of T, condition (ii) in Definition 2.7 and

Lemma 2.6 with the geometric decay factor b = 27* € (0,1), we obtain

p(1+€) l/p(1+8)

F, = sup Z pkap(l+e) (66 Z /\i”Tai'Xk”q’]

e>0 | r=—co i=k—1

p(l+£) 1/p(1+€)

< sup Z okap(1+¢) [ Z )\isupIIIZill,T]

>0 k=—co i=k—1 >0

o0 o0 p(i+e)) 1/P+E)

< sup Z [89 Z )\iZ_(l_k)“)

>0 | ="\ i=k-1
< ”f”f(p)'_,e(]R”)'

a,q
Accordingly, Theorem 3.2 has been proven. ]

4. BOUNDEDNESS FOR A CLASS OF SUBLINEAR OPERATORS ON GRAND MIXED HERZ SPACES

As an application of Theorem 3.1, we now examine a class of sublinear operators satisfying a

size condition

ITf(x)l s f}R )l dy, x¢suppf 4.1)

n x =yl

for integrable and compactly supported functions f. The following result present the KZ ?0’76 (R™)-

boundedness of the sublinear operators T.
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n 1

Theorem4.1Leta € R,0>0,0<p<oocandl < (T< cosuchthat0 <a<n-}71 o If a sublinear

operator T satisfies the condition (4.1) and is bounded on L7 (R"), then T is bounded on KZ ) [’; (R™).

Proof of Theorem 4.1. It remains to verify that

forall f € KZ );79 (R"). Using Theorem 3.1, we get

f= i Aiaj,

i=—co
where A; > 0 and 4; ’s are ( a, § )- block with suppa; € Q;. We obtain

p(l-i—f) 1/p(1+€)

[S¢]

IT fllro gy =sUP§e® D 2T N AiliTai - xilly
aq e>0 k=—00 j=—00

p(1+¢) 1/p(1+¢)

(o]

k=2
<sup{ef Z 2kap(l+e) Z AillTa; - xillz

e>0

k=—c0 i=—00

-~ P(1+5) 1/p(1+¢)
Y AinTai-xknq»]
—k—

+ sup &0 Z zkap(l-i—s)(
1

e>0

k=—00 i

=G1 + Go.

Let us estimate G,. Invoking the L7(R")-boundedness of T, condition (ii) in Definition 2.7 and

Lemma 2.6 with the geometric decay factor b = 27 € (0, 1), we arrive at

w o p(1+e)) 1/P0Fe)
Gy < suplef Z kap(1-+e) Z /\i”ﬂi”q’]
>0 k=—00 i=k-1
© 0o p(l+e¢) 1/p(1+e)
< sup 0 Z okap(1+e) Z /\iz(k—i)a]
>0 k=—c0 i=k-1
o 1/p(1+¢)
< sup|e? AP+
e>0 [ i_Zoo !

S 1l g
af

Let us estimate G1. By the condition (4.1) and the factif x € Ry, y € Q;andi < k-2, then|x—y| ~ x|,

we get
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()

f IXI”

<ot f la:()| dy
Qi

Using (4.1), a routine application of Holder’s inequality (with 1 = % + %) and condition (ii) in

llq

Definition 2.7, we obtain
|Ta;(x)| < 27" llaillz

< 2—kn ai+ni—i )}

~

which obtain

ol 27 o 2T et )
Since a —n + Y7, q_ < 0, Lemma 2.6 applies with the geometric decay factor b = 2%~ Il e
(0,1), yielding
o [ k=2 p(1+e) 1/p(1+e)
G < suplef Z Z /\'z(k_i)(a_“z?:l @17)
~ 1
e>0 k= —o0 \im—oo
o0 1/p(1-+e)
S>£) [ k;OO k
Accordingly, Theorem 4.1 has been proven. 0
Remake 4.1

(1) Condition (4.1)is fulfilled by a host of classical operators—Calderén-Zygmund and Hardy—
Littlewood maximal among them.
(2) Since [22,23] already establish the Li-boundedness of these maps, an immediate check of

Theorem 4.1 upgrades their boundedness to the mixed-Herz scale.

5. SOME APPLICATIONS

The principal aim of this section is to transplant boundedness results for sublinear operators
into the framework of grand mixed Herz-Morrey spaces.
Theorem5.1Leta € R,0>0,A>0,0<p<oo,1<f<oosuchthat0 <a<n), % If a sublinear

operator T satisfies

ITf(x)| < l:f||7|11, if  dis(x,supp f) > %, (5.1)

for every compactly supported integrable function f, once the operator T is known to be bounded
on the mixed-Lebesgue scale L7(R"), its boundedness on the grand homogeneous Herz-Morrey

space MKP) (R") follows at once.
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Proof of Theorem 5.1. It remains to verify that
ITAN om0 gy S WfIL gm0 -
f MK (R") f MK (R")
Fix any f € MK" )6 (R"), invoking the atomic flavour of Theorem 3.1 we can safely work with an
a,q,A

atomic representation of f and carry out the required estimate

where A; > 0 and 4; s are ( a, §)- block with supp a; € Q;. We get

o 1/p(14-¢)
- - (1+¢)
ITfNl, g0 (&%) = sup sup 2 fot {59 Z pkap(1+e) ||Tf')(k||Z» }
aqA e>0 k>0

k=—00

. o p(1+e) 1/p(1+¢)
<sup sup 270t d 0 Z Zk“p(”s)[z Ai”Tai'Xk”,jJ

e>0 ko>0 k——o0

j=—00

- - p(1+e)) 1/pP(1+e)
+ sup sup 27504 { 0 Z 2k“p(1+6)(2 illTﬂi'Xqu*]

e>0 k>0 k=—o0 i—k—1

=h+ .

Let us estimate J;. Observing that dist(x, supp a;) > 25172 > |x|/2, we invoke (3.3) to immediately

obtain
1

[ 2 n
— ¢h n
ITas -l L[‘--- bf‘ L[“|x|*W1uaAh dul| du| - dy
v (JrelUr

n 1

o5,
< 250 axlly -

Applying Holder inequality and Deffnition 2.7, we have

5.4
ITa; - xilly < 2377 % laillz llxilly

n 1

HEs fon)yimzi )
< 2 TN gy

< 2—ia2(i—k) (”_Z?:l ql_l)

Therefore,
0 k=2 p(1+e)) 1/p(1+e)
J1 < supsup 2ot 0 Z okap(1+e) Z Aiz—iaz(i_k)(”_Z?zlﬂli)

>0 ko>0 k—=—o0 j——00
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= sup sup 27 i [66 kz_i /\iz(k_i)(a_n+z7—14li)]

e>0 ko>0 k=—o0 i=—00

p(1+e) 1/p(1+¢)

P(l‘l’é‘) 1/p(1+€)

= sup sup z—ko/\ i zkocp (1+¢) ( Z A2 1a2 n Y 7 )] )

e>0 ko>0 oo e oo

gy L
Sincea < n—Y!" ; 1, Lemma 2.6 applies with the geometric decay factorb = 2 Ll e 0,1),

i= 1q
we get

o0 1/p(1+e)
J1 < supsup 27kt [86 Z /\f(lJrS)]

e>0 k0>0

j=—00

Sl g

a,q,/ \
Next, we estimate [,. Invoking the L7 (R")-boundedness of T, condition (ii) in Definition 2.7 and

Lemma 2.6 with the geometric decay factor b =27 € (0, 1), we obtain

p(1+¢) 1/p(1+¢)

J» = sup sup 27F0? Z pkap(l+e) [66 Z /\i||Tﬂi')(k||L7]
i

e>0 ko>0 k=—o00 —k—1

p(l+e) 1/p(1+e)

< sup Sup2 koA Z zkaP (1+e¢) [ Z A Supllazllq]
i=

>0 ko>0 k——oo 1 >0
o0
[ ¥ 2
i=k—

p(1+€) 1/P( +€)
1 J

oo
< sup sup pal Z
e>0 ko>0 —

< flyis oy
Accordingly, Theorem 5.1 has been proven. m]

If a
sublinear operator T satisfies the condition (4.1) and is bounded on L7 (IR™), then T is bounded on
MKP) (]Rn)

Theorem 5.2 Leta € R,0 >0, >0,0<p<oandl <f<cosuchthat0 <a<n-Y" lq

Proof of Theorem 5.2. It remains to verify that

I g9 gy < Wi oy

forall f € MKP )6 (IR”) Using Theorem 3.1, we get

f= i Aiai,

i=—o00

where A; > 0 and 4; ’s are ( «, 7 )- block with suppa; € Q;. We obtain
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- o p(1+e)) 1/P+e)
- =supsup 2ot {0 Z pkap(l+e) Z AillTa; - xillz

e>0 k0>0 k=—c0 j=—00

I flly

ial
. o p(1+e) 1/p(1+¢)
SSupsupZ_kOA e Z kap(1-+e) Z Ai”Tﬂi'Xk”,j

e>0 k>0 k=—0c0 i=—co
. - p(14¢)) 1/P(1+e)
+ sup sup 27504 { 0 Z pkap(l+e) Z illTa; - xlly
e>0 k>0 k=—c0 i=k—1
=1 + L.

Let us estimate I;. Invoking the L7(R")-boundedness of T, condition (i) in Definition 2.7 and

Lemma 2.6 with the geometric decay factor b = 27* € (0,1), we arrive at

o o p(1+e)) /P+e)
I, < supsup 27t {0 Z pkap(1+e) 2 Aillaillz
e>0 ko>0 k=—00 i=k-1
. . p(1+e) 1/p(1+¢)
< supsup 2ot § 0 Z pkap(i+e) Z A2tk=a
e>0 ko>0 k=—o00 i=k—1

Jl/p(l-i-s)

(o)
- 1
< supsup 270t | £? E /\f( )
e>0 ko>0

i=—00

[ T —
MK (R7)

Let us estimate I;. By the condition (4.1) and the factif x € Ry, y € Q;and i < k-2, then [x — y| = ||,

we get

Using (4.1), a routine application of Holder’s inequality (with 1 = % + %) and condition (ii) in
Definition 2.7, we obtain
[Tai ()| < 27 llailly x|

R ) iy 1
<2 kn—ai-+ni—i 31, s

which obtain

L 1 — noo 1) —ynr 1
gl 27T g, < 2 E g Jolezig)
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gy L
Since a —n+ Y.\, % < 0, Lemma 2.6 applies with the geometric decay factor b = 2° ML ¢
(0,1), yielding
- 42 p(1+¢) 1/p(1+¢)
I; < supsup 270t ef Z Z )\‘Z(k_i)(a_wrz’n:1 ‘717)
~ 1
>0 ko>0 k=—o00 \i=—00
0o 1/p(1+e)
< sup sup 2701 | 0 Z Az(lJrs)
e>0 ko>0 k=—o0
Accordingly, Theorem 5.2 has been proven. m]
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