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Abstract. We establish the block-atomic decomposition of grand mixed Herz spaces and, via this atomic characterization,

prove the boundedness of a class of sublinear operators on these scales. As an application, we further establish

boundedness criteria for sublinear operators on grand mixed Herz-Morrey spaces.

1. Introduction

The germ of Herz spaces can be traced back to Beurling [1] weighted algebras; Herz [2] later

crystallized them into homogeneous and inhomogeneous scales, using them to capture the local-to-

global behavior of Fourier series and transforms. In the 1990s, Lu-Yang [3, 4] formally introduced

the spaces K̇α,p
q (Rn) and Kα,p

q (Rn), extending the Lp-boundedness results of convolution operators,

singular integrals, and multipliers to the Herz scale, thereby anchoring these spaces at the heart of

harmonic analysis.

In recent years, mixed-norm Lebesgue spaces-viewed as the canonical lift of the classical

Lebesgue scale have returned to the spotlight. Benedek-Panzone [5] laid the groundwork by

verifying that Lp(Rn) inherits the usual pillars completeness, Hölder and Minkowski inequalities

thereby providing the functional backbone for subsequent developments. The mixed paradigm

quickly ramified: on the Hardy-space side, [6,7] delivered both real-variable and atomic portraits;

in 2019, Nogayama [8] opened a new chapter with mixed Morrey spaces, demonstrating novel

boundedness criteria for singular integrals and convolution operators, and further widening the

mixed-norm universe within harmonic analysis.

Since their introduction by Iwaniec and Sbordone in [9] for studying the integrability of the

Jacobian, grand Lebesgue spaces have been extensively studied and generalizations have been

obtained [10–12]. The idea of grand variable Herz spaces was introduced in [13] and proved
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the boundedness of sublinear operators in these spaces. Then boundedness of Marcinkiewicz

integrals, Multlinear Calderón-Zygmund integrals can be checked in [14]. Moreover the grand

variable Herz-Morrey spaces are the generalization of grand variable Herz spaces and it was

introduced in [15].

Anchored in both mixed-norm and grand Lebesgue scales, we introduce the grand mixed-Herz

space K̇α,~q
p),θ(R

n), which in limit cases simultaneously recovers mixed Lebesgue, grand Lebesgue

and classical Herz spaces. On this new scale we establish a central block-atomic characterization,

providing a direct route to boundedness criteria for a broad class of sublinear operators. As an

application, we further establish boundedness criteria for sublinear operators on grand mixed

Herz-Morrey spaces.

2. Preliminaries

Throughout this paper we adopt the following harmonic-analysis conventions. Vector expo-

nents: ~q = (q1, . . . , qn) ∈ (0,∞]n; 0 < ~q < ∞ means 0 < qi < ∞ for every i. We set 1
~q =

(
1
q1

, . . . , 1
qn

)
and let ~q′ = (q′1, . . . , q′n) denote the conjugate exponents with q′i = qi/(qi − 1). |B| stands for the

Lebesgue measure of the ball B; χE is the indicator of the set E. A ∼ B means A . B and B . A; [a]
is the integer part of a. Dyadic annuli: Bk = {x ∈ Rn : |x| ≤ 2k

}, Ak = Bk \ Bk−1 (k ∈ Z); we write

χk = χAk and set χ̃k = χk for k ≥ 1, χ̃0 = χB0 .

Definition 2.1 (Mixed Lebesgue spaces) [5] Let ~p = (p1, p2, . . . , pn) ∈ (0,∞]n. Then the mixed

Lebesgue space L~p (Rn) is defined to be the set of all measurable functions f such that

‖ f ‖L~p(Rn) :=


∫

R

. . .

∫
R

(∫
R

∣∣∣ f (x1, x2, . . . , xn)
∣∣∣p1 dx1

) p2
p1

dx2


p3
p2

. . . dxn


1

pn

< ∞

If p j = ∞, then we have to make appropriate modifications.

Definition 2.2 [16] Let α ∈ R, 0 < p 6 ∞, 0 < ~q 6 ∞. The mixed homogeneous Herz space K̇α,p
~q

(Rn)

is defined by

K̇α,p
~q

(Rn) :=

 f ∈ L~qloc (R
n) : ‖ f ‖K̇α,p

~q
(Rn) =

∑
k∈Z

2kαp
∥∥∥ fχk

∥∥∥p
L~q(Rn)


1/p

< ∞

 .

Definition 2.3 [17] Let α ∈ R,θ > 0, 0 < p 6 ∞, 0 < ~q 6 ∞. The grand mixed homogeneous Herz

space K̇p),θ
α,~q

(Rn) is defined by

K̇p),θ
α,~q

(Rn) :=

 f ∈ L~qloc (R
n) : ‖ f ‖K̇α,p

~q
(Rn) = sup

ε>0

εθ∑
k∈Z

2kαp(1+ε)
∥∥∥ fχk

∥∥∥p(1+ε)
L~q(Rn)


1/p(1+ε)

< ∞

 .

Now, we give an example in grand mixed Herz spaces.

Example 2.3 Let α ∈ R,θ > 0, 1 < ~q, p < ∞ such that α ≥ n −
∑n

i=1
1
qi

and n
p =

∑n
i=1

1
qi

. For any

x = (x1, . . . , xn) ∈ Rn
\{0}, let
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f (x) =
n∏

i=1

|xi|
−

1
2qi χ(−1,1)n

then

f ∈ K̇p),θ
α,~q

(Rn)

The grand mixed-Herz scale K̇p),θ
α,~q

(Rn) is intrinsically a quasi-Banach space; it upgrades to a

Banach space as soon as min(q1, . . . , qn, p) ≥ 1. At the critical endpoint α = 0 with 0 < p = qi ≤ ∞

it collapses to the grand mixed-Lebesgue space Lp),~q(Rn). The scale expands monotonically with

p:

K̇p1),θ
α,~q

(Rn) ↪→ K̇p2),θ
α,~q

(Rn), 0 < p1 ≤ p2 ≤ ∞.

Also, we have the following embeddings.

Proposition 2.4 Let α, β ∈ R,θ > 0, 0 < ~q,~r, p ≤ ∞.

(i) If ~r ≤ ~q and β = α+
∑n

i=1
1
ri
−

∑n
i=1

1
qi

, then

K̇p),θ
β,~q

(Rn) ↪→ K̇p),θ
α,~r

(Rn) .

(ii) If 1 ≤ qn ≤ · · · ≤ q2 ≤ q1 < ∞, then

K̇p),θ
α,~q

(Rn) ↪→ K̇p),θ
α,~qt

(Rn) , where ~qt = (qn, . . . , q2, q1) .

Proof. (i) drops out immediately from a routine application of Hölder’s inequality

2kαp(1+ε)
∥∥∥ fχk

∥∥∥p(1+ε)
~r . 2kαp(1+ε)

∥∥∥ fχk

∥∥∥p(1+ε)
~q ‖χk‖

p(1+ε)
~s

. 2kβp(1+ε)
∥∥∥ fχk

∥∥∥p(1+ε)
~q

where ~s = (s1, . . . , sn) is defined by 1
ri
= 1

qi
+ 1

si
for any i ∈ {1, . . . , n}.

(ii) can be deduced from the Minkowski’s inequality. �

Definition 2.5 [19] Let α ∈ R,θ > 0, 0 ≤ λ < ∞ and 1 < p,~q ≤ ∞. Homogeneous grand mixed

Herz-Morrey spaces MK̇α,p),θ
~q,λ

(Rn) are defined by

MK̇p),θ
α,~q,λ

(Rn) :=
{

f ∈ L~qloc (R
n) : ‖ f ‖MK̇α,p,θ

~q,λ
(Rn)

< ∞

}
,

where

‖ f ‖
MK̇p),θ

α,~q,λ
(Rn)

= sup
ε>0

sup
k0>0

2−k0λ

εθ k0∑
k=−∞

2kαp(1+ε)
∥∥∥ fχk

∥∥∥p(1+ε)
L~q(Rn)


1

p(1+ε)

.

Lemma 2.6 [20] Let 0 < b < 1 and 0 < p ≤ ∞. Let {εk}k∈Z be a sequence of positive real numbers,

such that

∥∥∥{εk}k∈Z

∥∥∥
`p(Z)

= I < ∞.
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Then the sequences
{
δk : δk =

∑
j≤k bk− jε j

}
k∈Z

and
{
ηk : ηk =

∑
j≥k b j−kε j

}
k∈Z

belong to `p(Z), and∥∥∥{δk}k∈Z

∥∥∥
`p(Z)

+
∥∥∥{ηk

}
k∈Z

∥∥∥
`p(Z)

≤ cI,

with c > 0 only depending on b and p.

Now, we introduce the basic notation of block decomposition.

Definition 2.7 [21] Let 0 < α < ∞ and 1 < ~q < ∞.

(i)A function a on Rn is called a central ( α,~q )-block, if it satisfies

(1) supp a ⊂ Q(0, r) =
{
(x1, . . . , xn) ∈ Rn : |xi| ≤ r for i = 1, . . . , n} , r > 0.

(2) ‖a‖~q ≤ |Q(0, r)|−α/n, r > 0.

(ii) A function a on Rn is called a central ( α,~q )-block of restrict type, if it satisfies

(1) supp a ⊂ Q(0, r), r ≥ 1.

(2) ‖a‖~q ≤ |Q(0, r)|−α/n, r > 0.

3. Atomic characterization of grand mixed Herz spaces

We next establish an atomic characterization of the spaces K̇α,~q
p),θ(R

n) via central block decompo-

sitions, thereby obtaining boundedness of sublinear operators on these scales.

Theorem 3.1 Let 0 < α < ∞,θ > 0, 0 < ~q, p < ∞. The following two statements are equivalentes

(i) f ∈ K̇p),θ
α,~q

(Rn)

(ii) f can be represented by

f (x) =
∞∑

k=−∞

λkak(x), (3.1)

where the series converges in the sense of distributions, λk ≥ 0, each ak is a central (α,~q)-block

with support contained in Qk and ∞∑
k=−∞

λ
p(1+ε)
k


1

p(1+ε)

. ‖ f ‖
K̇p),θ
α,~q

(Rn)
.

Moreover, the grand mixed Herz space ‖ f ‖
K̇p),θ
α,~q

is equivalent to the atomic (quasi-)norm

inf
∥∥∥{λk}

∥∥∥
`p(1+ε) = inf

(∑
k∈Z

λ
p(1+ε)
k

)1/p(1+ε)
,

where the infimum runs over all atomic decompositions f =
∑

k∈Z λkak as in (3.1), hence K̇p),θ
α,~q

carries the canonical atomic structure.

Proof of Theorem 3.1. The proof follows the same line of argument as [ [18], Theorem 3.8], where

the variable-exponent case is treated. We first prove (i) implies (ii). For every f ∈ K̇α,p
~q

(Rn), we

decompose
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f (x) =
∞∑

k=−∞

f (x)χk(x)

=
∞∑

k=−∞

2kα
∥∥∥ fχk

∥∥∥
~q

f (x)χk(x)

2kα
∥∥∥ fχk

∥∥∥
~q

=
∞∑

k=−∞

λkak(x)

with coefficients λk := 2kα
‖ fχk‖~q and atoms ak(x) := f (x)χk(x)

2kα‖ fχk‖~q
,one immediately has supp ak ⊆ Qk

and

‖ak‖~q ≤ 2−kα.

Hence each ak qualifies as a central (α,~q)-block carried by Qk, and

sup
ε>0

εθ ∞∑
k=−∞

λ
p(1+ε)
k


1

p(1+ε)

= sup
ε>0

εθ ∞∑
k=−∞

2kαp(1+ε)
∥∥∥ fχk

∥∥∥p(1+ε)
~q


1

p(1+ε)

= ‖ f ‖
Kp),θ
α,~q

(Rn)
.

Now, we prove (ii) implies (i). Take an atomic representation f =
∑

k∈Z λkak furnished by hypoth-

esis (ii) of Theorem 3.1. Fix any j ∈ Z, an application of the Minkowski inequality on the dyadic

annulus A j gives ∥∥∥ fχ j
∥∥∥
~q .

∞∑
k= j

|λk| ‖ak‖~q . (3.2)

Under the condition 0 < α < ∞, an appeal to (3.2) combined with Lemma 2.6 (with the geometric

decay factor (b = 2−α ∈ (0, 1)) yields

‖ f ‖
K̇p),θ
α,~q

(Rn)
. sup

ε>0

εθ
∞∑

k=−∞

2kαp

 ∞∑
j=k

∣∣∣λ j
∣∣∣ ∥∥∥a j

∥∥∥
~q


p(1+ε)

1
p(1+ε)

. sup
ε>0

εθ
∞∑

k=−∞

 ∞∑
j=k

∣∣∣λ j
∣∣∣ 2−( j−k)α


p(1+ε)

1
p(1+ε)

. sup
ε>0

εθ ∞∑
k=−∞

λ
p(1+ε)
k


1

p(1+ε)

.

Accordingly, Theorem 3.1 has been proven. �

Remark 3.1 The building blocks in Theorem 3.1 may be chosen with supports lying inside dyadic

annuli, thus yielding a genuine annular-atomic decomposition.

Armed with the decomposition just established, we proceed to derive boundedness criteria for

a class of sublinear operators on the Herz scale.
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Theorem 3.2 Let α ∈ R,θ > 0, 0 < p < ∞, 1 < ~q < ∞ such that 0 < α < n
∑n

i=1
1
qi

. If a sublinear

operator T satisfies

|T f (x)| .
‖ f ‖1
|x|n

, if dis(x, supp f ) >
|x|
2

, (3.3)

for every compactly supported integrable function f , once the operator T is known to be bounded

on the mixed-Lebesgue scale L~q(Rn), its boundedness on the grand homogeneous Herz space

K̇p),θ
α,~q

(Rn) follows at once.

Proof of Theorem 3.2. It remains to verify that

‖T f ‖
K̇p),θ
α,~q

(Rn)
. ‖ f ‖

K̇p),θ
α,~q

(Rn)
.

Fix any f ∈ K̇p),θ
α,~q

(Rn), invoking the atomic flavour of Theorem 3.1 we can safely work with an

atomic representation of f and carry out the required estimate

f =
∞∑

i=−∞

λiai,

where λi ≥ 0 and ai ’s are ( α,~q )- block with supp ai ⊆ Qi. We get

‖T f ‖
K̇p),θ
α,~q

(Rn)
= sup

ε>0

εθ ∞∑
k=−∞

2kαp(1+ε)
∥∥∥T f · χk

∥∥∥p(1+ε)
~q


1/p(1+ε)

. sup
ε>0

εθ
∞∑

k=−∞

2kαp(1+ε)

 k−2∑
i=−∞

λi ‖Tai · χk‖~q


p(1+ε)

1/p(1+ε)

+ sup
ε>0

εθ
∞∑

k=−∞

2kαp(1+ε)

 ∞∑
i=k−1

λi ‖Tai · χk‖~q


p(1+ε)


1/p(1+ε)

=F1 + F2.

Let us estimate F1. Observing that dist(x, supp ai) > 2k−1/2 > |x|/2, we invoke (3.3) to immediately

obtain

‖Tai · χk‖~q .


∫

Rn
k

· · ·


∫

R2
k

∫
R1

k

|x|−nq1 ‖ai‖
q1
1 dx1


q2
q1

dx2


q3
q2

· · · dxn


1

qn

. 2
k
(∑n

i=1
1
qi
−n

)
‖aiχi‖1 .

Applying Hölder inequality and Deffnition 2.7, we have

‖Tai · χk‖~q . 2
k
(∑n

i=1
1
qi
−n

)
‖ai‖~q ‖χi‖~q′

. 2
k
(∑n

i=1
1
qi
−n

)
2

i
(
n−

∑n
i=1

1
qi

)
‖ai‖~q

. 2−iα2
(i−k)

(
n−

∑n
i=1

1
qi

)
.
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Therefore,

F1 . sup
ε>0

εθ
∞∑

k=−∞

2kαp(1+ε)

 k−2∑
i=−∞

λi2−iα2
(i−k)

(
n−

∑n
i=1

1
qi

)
p(1+ε)

1/p(1+ε)

= sup
ε>0


∞∑

k=−∞

εθ k−2∑
i=−∞

λi2
(k−i)

(
α−n+

∑n
i=1

1
qi

)
p(1+ε)

1/p(1+ε)

= sup
ε>0


∞∑

k=−∞

2kαp(1+ε)

εθ k−2∑
i=−∞

λi2−iα2
(i−k)

(
n−

∑n
i=1

1
qi

)
p(1+ε)

1/p(1+ε)

,

Since α < n −
∑n

i=1
1
qi

, Lemma 2.6 applies with the geometric decay factorb = 2α−n+
∑n

i=1
1
qi ∈ (0, 1),

we get

F1 . sup
ε>0

εθ ∞∑
i=−∞

λ
p(1+ε)
i


1/p(1+ε)

. ‖ f ‖
K̇p),θ
α,~q

(Rn)
.

Next, we estimate F2. Invoking the L~q(Rn)-boundedness of T, condition (ii) in Definition 2.7 and

Lemma 2.6 with the geometric decay factor b = 2−α ∈ (0, 1), we obtain

F2 = sup
ε>0


∞∑

k=−∞

2kαp(1+ε)

εθ ∞∑
i=k−1

λi ‖Tai · χk‖~q


p(1+ε)


1/p(1+ε)

. sup
ε>0


∞∑

k=−∞

2kαp(1+ε)

εθ ∞∑
i=k−1

λi sup
ε>0
‖ai‖~q


p(1+ε)


1/p(1+ε)

. sup
ε>0


∞∑

k=−∞

εθ ∞∑
i=k−1

λi2−(i−k)α


p(1+ε)


1/p(1+ε)

. ‖ f ‖
K̇p),θ
α,~q

(Rn)
.

Accordingly, Theorem 3.2 has been proven. �

4. Boundedness for a class of sublinear operators on grand mixed Herz spaces

As an application of Theorem 3.1, we now examine a class of sublinear operators satisfying a

size condition

|T f (x)| .
∫

Rn

| f (y)|
|x− y|n

dy, x < supp f (4.1)

for integrable and compactly supported functions f . The following result present the K̇p),θ
α,~q

(Rn)-

boundedness of the sublinear operators T.
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Theorem 4.1 Let α ∈ R,θ > 0, 0 < p < ∞ and 1 < ~q < ∞ such that 0 < α < n−
∑n

i=1
1
qi

. If a sublinear

operator T satisfies the condition (4.1) and is bounded on L~q (Rn), then T is bounded on K̇p),θ
α,~q

(Rn).

Proof of Theorem 4.1. It remains to verify that

‖T f ‖
K̇p),θ
α,~q

(Rn)
. ‖ f ‖

K̇p),θ
α,~q

(Rn)
.

for all f ∈ K̇p),θ
α,~q

(Rn). Using Theorem 3.1, we get

f =
∞∑

i=−∞

λiai,

where λi ≥ 0 and ai ’s are ( α,~q )- block with supp ai ⊆ Qi. We obtain

‖T f ‖
K̇p),θ
α,~q

(Rn)
= sup

ε>0

εθ
∞∑

k=−∞

2kαp(1+ε)

 ∞∑
i=−∞

λi ‖Tai · χk‖~q


p(1+ε)


1/p(1+ε)

. sup
ε>0

εθ
∞∑

k=−∞

2kαp(1+ε)

 k−2∑
i=−∞

λi ‖Tai · χk‖~q


p(1+ε)

1/p(1+ε)

+ sup
ε>0

εθ
∞∑

k=−∞

2kαp(1+ε)

 ∞∑
i=k−1

λi ‖Tai · χk‖~q


p(1+ε)


1/p(1+ε)

=G1 + G2.

Let us estimate G2. Invoking the L~q(Rn)-boundedness of T, condition (ii) in Definition 2.7 and

Lemma 2.6 with the geometric decay factor b = 2−α ∈ (0, 1), we arrive at

G2 . sup
ε>0

εθ
∞∑

k=−∞

2kαp(1+ε)

 ∞∑
i=k−1

λi ‖ai‖~q


p(1+ε)


1/p(1+ε)

. sup
ε>0

εθ
∞∑

k=−∞

2kαp(1+ε)

 ∞∑
i=k−1

λi2(k−i)α


p(1+ε)


1/p(1+ε)

. sup
ε>0

εθ ∞∑
i=−∞

λ
p(1+ε)
i


1/p(1+ε)

. ‖ f ‖
K̇p),θ
α,~q

(Rn)
.

Let us estimate G1. By the condition (4.1) and the fact if x ∈ Rk, y ∈ Qi and i ≤ k− 2, then |x− y| ≈ |x|,
we get
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∣∣∣Tai(x)
∣∣∣ . ∫

Qi

∣∣∣ai(y)
∣∣∣

|x|n
dy

. 2−kn
∫

Qi

∣∣∣ai(y)
∣∣∣ dy

Using (4.1), a routine application of Hölder’s inequality (with 1 = 1
q̄ +

1
q̄′ ) and condition (ii) in

Definition 2.7, we obtain ∣∣∣Tai(x)
∣∣∣ . 2−kn

‖ai‖~q

∥∥∥χQi

∥∥∥
~q′

. 2−kn−αi+ni−i
∑n

i=1
1
qi ,

which obtain

‖Tai · χk‖~q . 2−kn−αi+ni−i
∑n

i=1
1
qi ‖χk‖~q . 2

k
(
−n+

∑n
i=1

1
qi

)
+i

(
−α+n−

∑n
i=1

1
qi

)
,

Since α − n +
∑n

i=1
1
qi
< 0, Lemma 2.6 applies with the geometric decay factor b = 2α−n+

∑n
i=1

1
qi ∈

(0, 1), yielding

G1 . sup
ε>0

εθ
∞∑

k=−∞

 k−2∑
i=−∞

λi2
(k−i)

(
α−n+

∑n
i=1

1
qi

)
p(1+ε)

1/p(1+ε)

. sup
ε>0

εθ ∞∑
k=−∞

λ
p(1+ε)
k


1/p(1+ε)

. ‖ f ‖
K̇p),θ
α,~q

(Rn)
.

Accordingly, Theorem 4.1 has been proven. �

Remake 4.1

(1) Condition (4.1) is fulfilled by a host of classical operators—Calderón–Zygmund and Hardy–

Littlewood maximal among them.

(2) Since [22, 23] already establish the L~q-boundedness of these maps, an immediate check of

Theorem 4.1 upgrades their boundedness to the mixed-Herz scale.

5. Some applications

The principal aim of this section is to transplant boundedness results for sublinear operators

into the framework of grand mixed Herz-Morrey spaces.

Theorem 5.1 Let α ∈ R,θ > 0,λ > 0, 0 < p < ∞, 1 < ~q < ∞ such that 0 < α < n
∑n

i=1
1
qi

. If a sublinear

operator T satisfies

|T f (x)| .
‖ f ‖1
|x|n

, if dis(x, supp f ) >
|x|
2

, (5.1)

for every compactly supported integrable function f , once the operator T is known to be bounded

on the mixed-Lebesgue scale L~q(Rn), its boundedness on the grand homogeneous Herz-Morrey

space MK̇p),θ
α,~q,λ

(Rn) follows at once.
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Proof of Theorem 5.1. It remains to verify that

‖T f ‖
MK̇p),θ

α,~q,λ
(Rn)
. ‖ f ‖

MK̇p),θ
α,~q,λ

(Rn)
.

Fix any f ∈ MK̇p),θ
α,~q,λ

(Rn), invoking the atomic flavour of Theorem 3.1 we can safely work with an

atomic representation of f and carry out the required estimate

f =
∞∑

i=−∞

λiai,

where λi ≥ 0 and ai ’s are ( α,~q )- block with supp ai ⊆ Qi. We get

‖T f ‖
MK̇p),θ

α,~q,λ
(Rn)

= sup
ε>0

sup
k0>0

2−k0λ

εθ ∞∑
k=−∞

2kαp(1+ε)
∥∥∥T f · χk

∥∥∥p(1+ε)
~q


1/p(1+ε)

. sup
ε>0

sup
k0>0

2−k0λ

εθ
∞∑

k=−∞

2kαp(1+ε)

 k−2∑
i=−∞

λi ‖Tai · χk‖~q


p(1+ε)

1/p(1+ε)

+ sup
ε>0

sup
k0>0

2−k0λ

εθ
∞∑

k=−∞

2kαp(1+ε)

 ∞∑
i=k−1

λi ‖Tai · χk‖~q


p(1+ε)


1/p(1+ε)

=J1 + J2.

Let us estimate J1. Observing that dist(x, supp ai) > 2k−1/2 > |x|/2, we invoke (3.3) to immediately

obtain

‖Tai · χk‖~q .


∫

Rn
k

· · ·


∫

R2
k

∫
R1

k

|x|−nq1 ‖ai‖
q1
1 dx1


q2
q1

dx2


q3
q2

· · · dxn


1

qn

. 2
k
(∑n

i=1
1
qi
−n

)
‖aiχi‖1 .

Applying Hölder inequality and Deffnition 2.7, we have

‖Tai · χk‖~q . 2
k
(∑n

i=1
1
qi
−n

)
‖ai‖~q ‖χi‖~q′

. 2
k
(∑n

i=1
1
qi
−n

)
2

i
(
n−

∑n
i=1

1
qi

)
‖ai‖~q

. 2−iα2
(i−k)

(
n−

∑n
i=1

1
qi

)
.

Therefore,

J1 . sup
ε>0

sup
k0>0

2−k0λ

εθ
∞∑

k=−∞

2kαp(1+ε)

 k−2∑
i=−∞

λi2−iα2
(i−k)

(
n−

∑n
i=1

1
qi

)
p(1+ε)

1/p(1+ε)
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= sup
ε>0

sup
k0>0

2−k0λ


∞∑

k=−∞

εθ k−2∑
i=−∞

λi2
(k−i)

(
α−n+

∑n
i=1

1
qi

)
p(1+ε)

1/p(1+ε)

= sup
ε>0

sup
k0>0

2−k0λ


∞∑

k=−∞

2kαp(1+ε)

εθ k−2∑
i=−∞

λi2−iα2
(i−k)

(
n−

∑n
i=1

1
qi

)
p(1+ε)

1/p(1+ε)

,

Since α < n−
∑n

i=1
1
qi

, Lemma 2.6 applies with the geometric decay factorb = 2α−n+
∑n

i=1
1
qi ∈ (0, 1),

we get

J1 . sup
ε>0

sup
k0>0

2−k0λ

εθ ∞∑
i=−∞

λ
p(1+ε)
i


1/p(1+ε)

. ‖ f ‖
K̇p),θ
α,~q,λ

(Rn)
.

Next, we estimate J2. Invoking the L~q(Rn)-boundedness of T, condition (ii) in Definition 2.7 and

Lemma 2.6 with the geometric decay factor b = 2−α ∈ (0, 1), we obtain

J2 = sup
ε>0

sup
k0>0

2−k0λ


∞∑

k=−∞

2kαp(1+ε)

εθ ∞∑
i=k−1

λi ‖Tai · χk‖~q


p(1+ε)


1/p(1+ε)

. sup
ε>0

sup
k0>0

2−k0λ


∞∑

k=−∞

2kαp(1+ε)

εθ ∞∑
i=k−1

λi sup
ε>0
‖ai‖~q


p(1+ε)


1/p(1+ε)

. sup
ε>0

sup
k0>0

2−k0λ


∞∑

k=−∞

εθ ∞∑
i=k−1

λi2−(i−k)α


p(1+ε)


1/p(1+ε)

. ‖ f ‖
MK̇p),θ

α,~q,λ
(Rn)

.

Accordingly, Theorem 5.1 has been proven. �

Theorem 5.2 Let α ∈ R,θ > 0,λ > 0, 0 < p < ∞ and 1 < ~q < ∞ such that 0 < α < n −
∑n

i=1
1
qi

. If a

sublinear operator T satisfies the condition (4.1) and is bounded on L~q (Rn), then T is bounded on

MK̇p),θ
α,~q,λ

(Rn).

Proof of Theorem 5.2. It remains to verify that

‖T f ‖
MK̇p),θ

α,~q,λ
(Rn)
. ‖ f ‖

MK̇p),θ
α,~q,λ

(Rn)
.

for all f ∈MK̇p),θ
α,~q,λ

(Rn). Using Theorem 3.1, we get

f =
∞∑

i=−∞

λiai,

where λi ≥ 0 and ai ’s are ( α,~q )- block with supp ai ⊆ Qi. We obtain
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‖T f ‖
MK̇p),θ

α,~q,λ
(Rn)

= sup
ε>0

sup
k0>0

2−k0λ

εθ
∞∑

k=−∞

2kαp(1+ε)

 ∞∑
i=−∞

λi ‖Tai · χk‖~q


p(1+ε)


1/p(1+ε)

. sup
ε>0

sup
k0>0

2−k0λ

εθ
∞∑

k=−∞

2kαp(1+ε)

 k−2∑
i=−∞

λi ‖Tai · χk‖~q


p(1+ε)

1/p(1+ε)

+ sup
ε>0

sup
k0>0

2−k0λ

εθ
∞∑

k=−∞

2kαp(1+ε)

 ∞∑
i=k−1

λi ‖Tai · χk‖~q


p(1+ε)


1/p(1+ε)

=I1 + I2.

Let us estimate I2. Invoking the L~q(Rn)-boundedness of T, condition (ii) in Definition 2.7 and

Lemma 2.6 with the geometric decay factor b = 2−α ∈ (0, 1), we arrive at

I2 . sup
ε>0

sup
k0>0

2−k0λ

εθ
∞∑

k=−∞

2kαp(1+ε)

 ∞∑
i=k−1

λi ‖ai‖~q


p(1+ε)


1/p(1+ε)

. sup
ε>0

sup
k0>0

2−k0λ

εθ
∞∑

k=−∞

2kαp(1+ε)

 ∞∑
i=k−1

λi2(k−i)α


p(1+ε)


1/p(1+ε)

. sup
ε>0

sup
k0>0

2−k0λ

εθ ∞∑
i=−∞

λ
p(1+ε)
i


1/p(1+ε)

. ‖ f ‖
MK̇p),θ

α,~q,λ
(Rn)

.

Let us estimate I1. By the condition (4.1) and the fact if x ∈ Rk, y ∈ Qi and i ≤ k− 2, then |x− y| ≈ |x|,
we get

∣∣∣Tai(x)
∣∣∣ . ∫

Qi

∣∣∣ai(y)
∣∣∣

|x|n
dy

. 2−kn
∫

Qi

∣∣∣ai(y)
∣∣∣ dy

Using (4.1), a routine application of Hölder’s inequality (with 1 = 1
q̄ +

1
q̄′ ) and condition (ii) in

Definition 2.7, we obtain ∣∣∣Tai(x)
∣∣∣ . 2−kn

‖ai‖~q

∥∥∥χQi

∥∥∥
~q′

. 2−kn−αi+ni−i
∑n

i=1
1
qi ,

which obtain

‖Tai · χk‖~q . 2−kn−αi+ni−i
∑n

i=1
1
qi ‖χk‖~q . 2

k
(
−n+

∑n
i=1

1
qi

)
+i

(
−α+n−

∑n
i=1

1
qi

)
,
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Since α − n +
∑n

i=1
1
qi
< 0, Lemma 2.6 applies with the geometric decay factor b = 2α−n+

∑n
i=1

1
qi ∈

(0, 1), yielding

I1 . sup
ε>0

sup
k0>0

2−k0λ

εθ
∞∑

k=−∞

 k−2∑
i=−∞

λi2
(k−i)

(
α−n+

∑n
i=1

1
qi

)
p(1+ε)

1/p(1+ε)

. sup
ε>0

sup
k0>0

2−k0λ

εθ ∞∑
k=−∞

λ
p(1+ε)
k


1/p(1+ε)

. ‖ f ‖
MK̇p),θ

α,~q,λ
(Rn)

.

Accordingly, Theorem 5.2 has been proven. �

Acknowledgments: This research was supported by the research project No. 022026290.

Conflicts of Interest: The author declares that there are no conflicts of interest regarding the

publication of this paper.

References

[1] A. Beurling, Construction and Analysis of Some Convolution Algebras, Ann. Inst. Fourier 14 (1964), 1–32. https:

//doi.org/10.5802/aif.172.

[2] C. Herz, Lipschitz Spaces and Bernstein’s Theorem on Absolutely Convergent Fourier Transforms, Indiana Univ.

Math. J. 18 (1968), 283–323. https://doi.org/10.1512/iumj.1969.18.18024.

[3] S. Lu, The Littlewood-Paley Function and φ-Transform Characterizations of a New Hardy Space HK2 Associated

with the Herz Space, Stud. Math. 101 (1992), 285–298. https://doi.org/10.4064/sm-101-3-285-298.

[4] S. Lu, D. Yang, Some New Hardy Spaces on Locally Compact Vilenkin Groups, Colloq. Math. 65 (1993), 117–138.

https://doi.org/10.4064/cm-65-1-117-138.

[5] A. Benedek and R. Panzone, The Space Lp with Mixed Norm, Duke Math. J. 28 (1961), 301–324. https://doi.org/10.

1215/S0012-7094-61-02828-9.

[6] G. Cleanthous, A.G. Georgiadis, M. Nielsen, Anisotropic Mixed-Norm Hardy Spaces, J. Geom. Anal. 27 (2017),

2758–2787. https://doi.org/10.1007/s12220-017-9781-8.

[7] L. Huang, J. Liu, D. Yang, W. Yuan, Atomic and Littlewood-Paley Characterizations of Anisotropic Mixed-

Norm Hardy Spaces and Their Applications, J. Geom. Anal. 29 (2018), 1991–2067. https://doi.org/10.1007/

s12220-018-0070-y.

[8] T. Nogayama, Mixed Morrey Spaces, Positivity 23 (2019), 961–1000. https://doi.org/10.1007/s11117-019-00646-8.

[9] T. Iwaniec, C. Sbordone, On the Integrability of the Jacobian under Minimal Hypotheses, Arch. Ration. Mech. Anal.

119 (1992), 129–143. https://doi.org/10.1007/BF00375119.

[10] G. Anatriello, A. Fiorenza, Fully Measurable Grand Lebesgue Spaces, J. Math. Anal. Appl. 422 (2015), 783–797.

https://doi.org/10.1016/j.jmaa.2014.08.052.

[11] C. Capone, A. Fiorenza, On Small Lebesgue Spaces, J. Funct. Spaces 3 (2005), 73–89. https://doi.org/10.1155/2005/

192538.

[12] C. Capone, M.R. Formica, R. Giova, Grand Lebesgue Spaces with Respect to Measurable Functions, Nonlinear

Anal. 85 (2013), 125–131. https://doi.org/10.1016/j.na.2013.02.021.

[13] H. Nafis, H. Rafeiro, M.A. Zaighum, A Note on the Boundedness of Sublinear Operators on Grand Variable Herz

Spaces, J. Inequal. Appl. 2020 (2020), 1. https://doi.org/10.1186/s13660-019-2265-6.

https://doi.org/10.5802/aif.172
https://doi.org/10.5802/aif.172
https://doi.org/10.1512/iumj.1969.18.18024
https://doi.org/10.4064/sm-101-3-285-298
https://doi.org/10.4064/cm-65-1-117-138
https://doi.org/10.1215/S0012-7094-61-02828-9
https://doi.org/10.1215/S0012-7094-61-02828-9
https://doi.org/10.1007/s12220-017-9781-8
https://doi.org/10.1007/s12220-018-0070-y
https://doi.org/10.1007/s12220-018-0070-y
https://doi.org/10.1007/s11117-019-00646-8
https://doi.org/10.1007/BF00375119
https://doi.org/10.1016/j.jmaa.2014.08.052
https://doi.org/10.1155/2005/192538
https://doi.org/10.1155/2005/192538
https://doi.org/10.1016/j.na.2013.02.021
https://doi.org/10.1186/s13660-019-2265-6


14 Int. J. Anal. Appl. (2026), 24:236

[14] H. Nafis, H. Rafeiro, M.A. Zaighum, Boundedness of the Marcinkiewicz Integral on Grand Variable Herz Spaces,

J. Math. Inequal. 15 (2021), 739–753. https://doi.org/10.7153/jmi-2021-15-52.

[15] B. Sultan, F.M. Azmi, M. Sultan, T. Mahmood, N. Mlaiki, et al., Boundedness of Fractional Integrals on Grand

Weighted Herz-Morrey Spaces with Variable Exponent, Fractal Fract. 6 (2022), 660. https://doi.org/10.3390/

fractalfract6110660.

[16] M. Wei, Extrapolation to Mixed Herz Spaces and Its Applications, Math. Nachr. 297 (2024), 2067–2091. https:

//doi.org/10.1002/mana.202100134.

[17] B. Sultan, F. Azmi, M. Sultan, M. Mehmood, N. Mlaiki, Boundedness of Riesz Potential Operator on Grand

Herz-Morrey Spaces, Axioms 11 (2022), 583. https://doi.org/10.3390/axioms11110583.

[18] D. Drihem, R. Heraiz, Boundedness of Some Bilinear Operators on Variable Herz-Type Hardy Spaces, J. Pseudo-

Differ. Oper. Appl. 10 (2018), 601–648. https://doi.org/10.1007/s11868-018-0258-8.

[19] X. Xia, J. Zhou, Homogeneous Grand Mixed Herz-Morrey Spaces and Their Applications, Axioms 13 (2024), 713.

https://doi.org/10.3390/axioms13100713.

[20] T. Nogayama, Boundedness of Commutators of Fractional Integral Operators on Mixed Morrey Spaces, Integral

Transf. Spec. Funct. 30 (2019), 790–816. https://doi.org/10.1080/10652469.2019.1619718.

[21] A. Djeriou, R. Heraiz, Boundedness of Some Sublinear Operators on Mixed Herz Spaces, J. Appl. Math. Inform. 42

(2024), 1401–1412. https://doi.org/10.14317/jami.2024.1401.

[22] A. Stefanov, R.H. Torres, Calderón-Zygmund Operators on Mixed Lebesgue Spaces and Applications to Null

Forms, J. Lond. Math. Soc. 70 (2004), 447–462. https://doi.org/10.1112/s0024610704005502.

[23] K. Yabuta, Comments on multilinear strong maximal operators on mixed Lebesgue spaces, RIMS Kôkyûroku 2095

(2018), 57–63.

https://doi.org/10.7153/jmi-2021-15-52
https://doi.org/10.3390/fractalfract6110660
https://doi.org/10.3390/fractalfract6110660
https://doi.org/10.1002/mana.202100134
https://doi.org/10.1002/mana.202100134
https://doi.org/10.3390/axioms11110583
https://doi.org/10.1007/s11868-018-0258-8
https://doi.org/10.3390/axioms13100713
https://doi.org/10.1080/10652469.2019.1619718
https://doi.org/10.14317/jami.2024.1401
https://doi.org/10.1112/s0024610704005502

	1. Introduction
	2. Preliminaries
	3. Atomic characterization of grand mixed Herz spaces
	4.  Boundedness for a class of sublinear operators on grand mixed Herz spaces
	5. Some applications
	Acknowledgments:
	 Conflicts of Interest:

	References

