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Abstract. We consider a nonlinear heat equation with memory terms and missing data. Motivated by its numerous
applications in captivating physical phenomena and engineering fields and other complex systems, the problem presents
considerable challenges due to the presence of a memory integral term and a moving control, and in addition, due
to the presence of incomplete data (pollution terms and incomplete data). This paper investigates the existence of
insensitizing controls sentinel for this equation. We show that finding a moving sentinel is equivalent to solving a
memory-type null-controllability problem. Our approach relies on the application of duality arguments to obtain an

observability inequality, using Carleman estimates.

1. INTRODUCTION

Equations with memory arise naturally in the modeling of various physical phenomena, such
as viscoelasticity and heat conduction. They are used in industrial and engineering applications
because of their capacity to dissipate mechanical energy, mitigate noise and vibrations, and improve
structural durability. Their origin can be traced back to the seminal works of Volterra [25], Maxwell
[17] and Boltzmann [6]. Other complex problems present pollution and missing terms.

In forestry, Jyotsna and Tandon [14] present a model considering soil and air pollution due to
mining activities. Non-local terms appear also in many diffusion models in biology. They can

describe biological systems on scales that are convenient for observation and data collection. The
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chemotaxis model is a classical example (see Biccari et al. [4]). In [7], Burger et al. present a non-
local Keller-Segel model for chemotaxis of a cell population in which the chemicals are produced
by the cells themselves.

Motivated by many applications, non-local models raised the interest of the mathematical
community. For example, on can refer to the paper of Vazquez [24] for a mathematical survey
containing different examples of non-local diffusion models. The primary challenge in analyzing
such equations stems from their nonlocal nature, which arises from the inclusion of the memory
term. These memory-based equations have been the focus of extensive research (see for instance
the works by Amendola et al. [2], Fabrizio and Giorgi [11], Renardy [21], Yong and Zhang [27] and
the references therein).

In the present paper, we will consider the case where perturbations and incomplete data occur
in the same problem. Indeed, some of the parameters of the nonlinear model are not directly ob-
servable, and the model is often disturbed by uncertainties in several parameters. Then, prediction
of the unknown data is necessary. We here use the sentinel method introduced by Lions [15]. The
method is well adapted to missing data problems. The sentinel method is a least-squares type
method, used for the identification of parameters with incomplete data. The sentinel concept relies
on the following three objects : a state equation, an observation function, and a control function to
be determined. Finding a sentinel is the same as studying the null-controllability.

Many authors used the sentinel method of Lions in several situations. See, for example, Ainseba

et al. [1], or the work by Bodart and Fabre [5]. A lot of articles followed since then, but in all these
works, the control function and the observation function have their supports in the same set called
the observatory. In this case there always exist a sentinel.
More recently, Miloudi et al. [18] generalize the notion of sentinels to the case where the observation
and control functions have their supports in two different sets, which makes the problem of finding
a sentinel non trivial. It is also a more realistic hypothesis. We also mention others works where
instantaneous sentinels are obtained. In [22] Segueni et al. study the case of approximate sentinels
(see also the references therein). In the present article, we show how to apply this method to
non-local diffusion problems of missing data.

Since insensitivity problems are closely related to controllability problems, we refer to Liu [16]
and [22] for the existence of insensitizing controls for some linear and semilinear heat equations,
respectively.

In this paper, the study of insensitizing control problems for the heat equation with memory
also represents a promising research direction. Therefore, we focus on the null controllability
property under certain conditions, which we will call the memory-type null controllability (a
precise definition will be given later).

In classical PDE control problems, the control function is defined over a fixed region w C (),
constant in time. However, in some complex systems with memory, this approach presents

fundamental limitations:
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e Nonlocal effects: Memory induces global temporal dependencies.
¢ Insufficient propagation: Local action cannot compensate for global memory effects.
e Established counterexamples: Even for the simple heat equation with memory, controlla-

bility fails under fixed control.

As far as we know, our study represents the first contribution to the problem of insensitizing
controls for the heat equation with memory, requiring the control and observation supports w(t)
and O(t) respectively, to evolve over time t € [0, T|, moving in such a way that they collectively
cover the entire domain over the given time interval.

To the best of our knowledge, only a limited number of results exist concerning the controllability
of parabolic equations with memory. For parabolic problems, one can however mention the articles
by Barbu and Iannelli [3], Guerrero and Imanuvilov [12], Halanay and Pandolfi [13], or by Taoa and
Gaob [23]. In particular, Chaves-Silva et al. [9] (see also [10]), focused on the control of viscoelastic
systems. Here, a key challenge arises: to ensure null controllability, the control support w(t) that
varies over time and must move and cover the entire domain. It is worth noting that all existing
Carleman inequalities for the heat equation in the literature are established under the assumption
that the control region is fixed. In our setting, however, the control region is time-dependent.

The article is organized as follows. In section 2, we present the problem for which we recall the
existence result. We also introduce the definition of the sentinel. In section 3, we show that the
existence of a sentinel is equivalent to a memory-type null-controllability problem. We then prove
the existence of a sentinel in section 4. We also give some complementary results and Carleman

estimates in the fifth section. Some concluding remarks are then presented in section 6.

2. PosiTioN OF THE PROBLEM

Let Q) be a non empty open and bounded connected subset of RN (N = 2 or 3) of class C* with a
smooth boundary dQ) and let T > 0. We will use the notation Q = (0,T) x Qand X = (0, T) X dQ).

We consider the following nonlinear heat equation with memory:

J f —~

a—g—Aerf(y)JrfM(t—s)y(s,x)ds:éJrAé in Q,
0

y=20 on %, 2.1)

y(0) = yo+pyo inQ,

where y = y(t,x) is the state variable, M(-,-) is a smooth memory kernel. We assume that
f : R — R is a globally Lipschitz-continuous function. The function & := &(t,x) represents
a given source in L?(Q).We take & and yp € L*(Q)) as known. Here, A and 7 are small real
parameters. The term /\E is called the pollution term, while 7y is the missing term; both are

considered unknown functions. We suppose that we have:

|4

<1,
12(Q)

|?0||L2(Q) <L
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Using standard methods, the problem (2.1) has a unique solution:
y € C(0,T;L*(Q)) N L*(0, T; Hy(Q)).

For a proof of this classical result, one can see for example, Cannarsa and Sforza [8], Pazy [20] or
Wang et al. [26].

2.1. The insensitizing control problem or the moving sentinel. Let T > 0 and t € [0, T| be fixed.
We introduce an open set O(t) c (), which is called the observatory set, and let i be some function
of L2((0,T) x O(t)). Now, let  C Q be a nonempty open subset, that is, the control support. We
suppose that the control and observation sets w(t) and O(t), respectively, vary on time, and that
they move collectively to cover the entire domain during the control time horizon [0, T]. For any

control function u € L?((0, T) X w(t)), we define the following functional:

T
D (A1) = j(: L(h){o(t) + u)(a,(t))y()\, T) dxdt, (2.2)

where y(A, 1) := y(t,x; A, 7) is the corresponding solution of the problem (2.1) we are looking at,
associated with A and 7. The mobility of O(t) allows a better coordination with the mobile control
w(t).

Remark 2.1. Because of the moving sets w(t) and O(t), we adopt the notion of moving control and later

on the notion of moving sentinel.
Now, we introduce the following definition of insensitizing controls for (2.1).

Definition 2.1. We shall say that the functional ® is a moving sentinel if the following conditions are
satisfied:

dD(A, 1)
Ve =0, (2.3)
IT  |ieso
dP(A, 1) B ”4
IA A=t=0 - ( ‘ )
luallr2((0,1)xa(ty) — min. (2.5)

Remark 2.2. If condition (2.3) is satisfied, we will say that the sentinel is insensitive to the missing term.
The minimum energy condition on L? given by (2.5), expresses the fact that we deviate as little as possible

from the average.

Remark 2.3. The insensitizing control problem “sentinel” is to find u such that the uncertainty in the
initial data does not affect the measurement. If the sentinel ® is determined, we obtain information on the

pollution term Ay since we can write:

A~

A=

((Dobs - CD(O/ O))
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where ,
Dps (/\/ T) = f(; f(;(hXO(t) + uXw(t))yobs</\r T) dx dt, (2.6)

Yous (£, X) being the observed solution over the domain Q.

3. EQUIVALENCE BETWEEN THE MOVING SENTINEL PROBLEM AND THE MEMORY-TYPE NULL

CoNTROLLABILITY ONE

The concept of insensitizing controls was first introduced by Lions in [15], sparking a wide
range of studies on the subject of elliptic, parabolic, and hyperbolic equations. The existence of
such controls for parabolic equations with Dirichlet or Neumann boundary conditions has been
extensively investigated by many authors (see [1], [5], [18] or Nakoulima et al. [19]).

We show here that the existence of a control function u and, consequently, a sentinel ® is equivalent
to a particular null-controllability problem. To begin with, it is straightforward to verify that

condition (2.3) is equivalent to:

dD(A, 1) T
— = f f (hxo() + uXw) Yo(A,T) dxdt =0, (3.1)
A=1=0 0 Ja
d 0,7)-y(0,0
where y; := a—z(0,0) = lir% (y( ) . s )) is the solution to:
Iy t ,
T Ayc + f'(Yo) Y« +f M(t=s)y.(s,x)ds = 0 inQ,
0
Yz 0 on2, (32)

yT(O) = ?0 in Q).

Lemma 3.1. Let M(.) € L'(0,T) be a memory kernel, and let y., q, € L*(0,T;L>(Q)) be. Then the
following equality holds

fono(fotM(t_s) Ye(s,) dS) q(t, x) dxdt
:LTL(ftTM(S—t)q(s,x) dS)yT(t,x) dxdt.

Proof - For 0 <s <t < T, let us consider:

Q(s,t,x) = M(t—s) y-(s,x)q(t, x).

Then we have:

T T AT
ff fg(s,t,x)dsdtdx = ff f 10,4 (s) g(s, t,x) dsdt dx
aJo Jo aJo_Jo
= ff f T571(t) 8(s, £, x) dt ds dx (3.3)
aJo_Jo
T 5 AT
= ff f Q(s,t,x)dtdsdx.
O Jo S

Doing the change of variable t = s in the integral, we obtain the desired equality. [
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The following results on the existence of insensitizing control are based on the associated adjoint
system. Let g := g(t,x;u) be the solution to the adjoint of problem (2.1) with a moving control
region w(.) and a moving source when the observation O(.)(c Q). The adjoint problem is then
defined by:

P T
_a_z—Aq+f’(yo)q+f M(s=1)q(s,x)ds = hxop +uxer I Q
t
g = 0 on %,
g(T) = 0 in Q.

(3.4)

Going a step further, we introduce the following concept of memory-type null controllability.

Definition 3.1. For a given memory kernel M(-) € LY(0, T), which is not necessarily identical to M(-), the
system is called memory-type null-controllable if there exists a control u(-) € L2(0, T; U) such that the
corresponding solution q(-) to (3.4) satisfies the following:

q(0) =0 and fTM(T—s) q(s,x)ds = 0.
0

Remark 3.1. The notion of memory-type null controllability for evolution equations incorporating memory
terms was first introduced by Zuazua et al. [9], specifically in the context of controlled ordinary differential

equations (ODEs) and parabolic equations with memory.

Remark 3.2. Accordingly, for a retrograde system, condition

T
f M(T -s)q(s,x)ds =0
0
guarantees that this information is correctly used to bring the primal system to a full rest.

Let us now specify our equivalence result from the following proposition:

Proposition 3.1. The existence of a moving sentinel to the problem (2.1) is equivalent to the existence of a
control u and a condition:

fTM(T—s) q(s,x)ds =0,
0

such that the solution of (3.4) verifies:

Proof - We multiply the first equation in (3.2) by y;. Using the Green formula and the result in

Lemma 3.1, we obtain:
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LTL(hXO(t)JruXw(t))dexdt = j;
“,
L,
+ fo :
(1) ye(T) dx + [ q(0)0s(0) d

‘7 Cé]/f
3 do—l—f do.
f S aQq v

Since y. and g are solutions of equations (3.2) and (3.4), respectively, we obtain:

ffh)(o + UX (1) ) Yyedxdt = fq )y.(0 (3.6)

g(0) = 0, inQ forall y,(0) € L*(Q).

d
(——q—Aquf (y0)q )dexdt
T

:ﬁo%

M(s—1t)q(s, x)ds) Yo dxdt

t

( ayT Ay + f' (yo)yf)qudt

M t—5)y.(s, x)ds)qudt

D%

b%

Finally,

This shows the existence of a moving sentinel. [

4. EXISTENCE OF A MOVING SENTINEL

As previously shown, the existence of a moving sentinel problem is equivalent to that of memory-
type null controllability. We aim to prove that there exists a solution to problem (3.4) subject to

(2.5). For this purpose, we introduce the following constrained optimization problem:

min [|ullz2(0,7)xw(t))

0 T )

—a—z —Aq+ f(yo)q + ft M(s—=t)q(s,x)ds = hxop +uxer in Q,
(P) = 0 on X, 4.1)

(A) ! _ .

= qr in Q,
T —~—
0) =0and f M(T -s)q(s,x) ds = 0.
0

Our objective in this section is to establish that the constraint set (A) is non-empty, thereby
guaranteeing the existence of a moving sentinel. The main analytical tool employed to address

this issue is an observability inequality for the solution of the following backward dual problem:

t
wt—Aw+f’(yo)w—l—f0M(t—s)w(s,x)ds = M(T-t)zp in Q,

w = 0 on 2, (4.2)

w(0) = wy in Q,.

where w denotes the adjoint state variable of problem (4.2) where M (+) is a given memory kernel
and where wy, zg € L?>(Q)).
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Remark 4.1. In the adjoint equation (4.2), an additional term M(T — t)zg appears. This term arises because

we consider not only the final condition on q (i.e. q(0) = 0), but also the condition involving the memory
T

term (i.e. f M(T -5s) q(s,x) ds = 0). Consequently, the adjoint system takes into account two conditions.

0
We obtain an adjoint formulation involving two parameters wy and zg

To prove the memory-type null-controllability of problem (3.4) when O(t) constitutes a moving
observatory domain distinct from the control domain w(t), it is necessary to assume that the control

domain satisfies the inequality of observability. Then we have the proposition:

Proposition 4.1. The problem (4.1) is memory-type null-controllable (with the memory kernel M) if and
only if there exists a constant C > 0 such that for any h € L*((0, T) x O) verifying llhx o ll2q) < +°,
the solution of (4.2) satisfies:

T
|w(T)|i2(Q) <C fo fw Y lw(t, x)?dxdt,  Vwy,zo € L*(Q). (4.3)

Proof - The proof is standard. For clarity, we present the details here. We first establish the
“if” part by employing the duality method (see Proposition 2.1 [10]). We proceed by defining the
space:

Q= {wa(')| | w solution of (4.2), for all wy, zg € LQ(Q)}.

Define the linear functional & on £ by:

T
F(wxa) = —~(@(T), 4(T)) 120y - fo fﬂ whyoq dxdt. (4.4)

We aim to show that & is bounded on £ endowed with the norm [[wll;2(o 712 (w(t)))- We consider the

T
f f whx o) dx dt
0 (9]
Using the de Cauchy-Schwarz inequality,

|(w(T), (T)) 120y | < (T2 (g (T)llz2

T
ffwh)(o(t)dxdt
0o Jo

as O(t) c Q. Using a standard energy estimate and the inequality (4.3), we obtain:

following:

|F(wxe)| < 1(w(T),q(T)) 2| + (4.5)

and

< hxomliz (o) llwllrz(q),

1§ (wxo)l < Cllw(T)llzz (-

Thus, & is bounded on L. By the Hahn-Banach theorem, ¥ extends to a bounded linear functional
on L2(0,T; L?(w(t))). By the Riesz representation theorem, there exists n € L2(0, T; L?(w(t))) such

that:
T T
jo‘ waw(t)ndxdt:—(w(T),q(T))Lz(Q)—j(; Lwhxo(t) dx dt. (4.6)
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We chose the control
u() = n(.). @7)
Let q be the solution of (4.1) with this control u. We want to show that:
T —~
f(; M(T -5s)q(s,x)ds = 0and g(0) = 0.
For any wy, zo € L*(Q)), it follows from (4.1) and (4.2) that:

(wr, q(T))12() — (w(0),4(0)) 20y
T
- [ G+ 5| a

T
:\f(: (Aw ' (yo)w fMt—s) w(s, x)ds + M(T —t)zo,q)Lz(Q) dt 48)

T
—i—f (w -Aq+ ' (o) q—i—fMt—s)y(s X) ds — Ux () — h)(o()) dt

(zo,fM —t)gq dt) ffwh)(o dxdt—f fwu)(w dxdt.
LZ

Combining equations (4.6), (4.7), and (4.8), we derive:

—(wo,q(0) (zo,f M(T —t)g dt) 0, Ywo,zo€L?*(Q). (4.9)
This implies that:
T —~—
q(0) =0 andf M(T —t)q(t)dt = 0.
0

Next, we establish the "only if" direction. For any wy,zo € Lz(Q). Equation (4.2) enables us to
define a bounded linear operator F : L?(Q) x L>(Q)) — L*(Q)) as follows.

F(wo,z0) = w(T).

We proceed by contradiction, assuming that (4.3) is false. Then there exist sequences (wf, z5)ren

such that the corresponding solutions w* satisfy:

T
1
fo fw [k (£)[? dx dt < k—2||wk(ir)||§2(m, Vk € N. (4.10)

Set
~k Vk k K Vk &

Wy = ———W,, Zy = T
O k(D2 ° O (Dl

and let @ (-) be the solution of (4.2) corresponding to (@, 25 )en, then we have:

T
1
1@(T)ll2 () = IF(@0, 20)ll2) = Yk and f flwk(t)lzdxdt<E. (4.11)
0 @
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Define o* = @/ Vk so that [|[oF(T)|| = 1 and o* are bounded. By a compactness argument, we

can extract a subsequence (still called o) such that:
oF - v* strongly in L?(Q), and  of(T) — v*(T) weakly in L2(Q)),

for some v* € L2(Q).
Let u be the control whose existence is guaranteed by the memory-type null controllability
property. Following the same steps as in the derivation of (4.8) and using (4.1) together with (4.2),

we obtain

T T
(w(T),q(T))Lz(Q):—fO wi”Xw(t)dth—fo Lwhxo(t)dxdt. (4.12)

Now apply the duality identity to v*. For any gr, the first term on the right-hand side in (4.12)

tends to 0. Hence, passing to the limit gives

T
(v*(T),qT):—f fv*h)(o(t) dxdt  Vqr.
0o Jo

The right-hand side is independent of g1, so v*(T) = 0 and f fQ v'hxo(t)dxdt = 0. By unique

continuation, v* = 0; thus
T
ok =0, f f vkhxo(t) — 0.
0 Ja

T
fofﬂwkhmt)dxdtzo(@).

Taking gr = @*(T)/ Vk in the duality for @* form (4.12), we obtain:

T T
~Vk = f f @ udxdt + f f W hx o dx dt.
0 Jo(t) 0 Q

Consequently Vk = o(1/ Vk) + o( Vk), impossible. Thus (4.3) holds. ]

Now @* = Vko* gives :

5. THE OBSERVABILITY INEQUALITY

5.1. Hypothesis an preliminary results. We next provide a detailed formulation of the assump-
tions regarding the moving control support and analyze their consequences. These will serve as a
key foundation for addressing the controllability of the heat equation with memory.

In general, the motion of the control and observatory regions can be assumed to follow the dy-
namics of flow X(x,t,ty) (called admissible trajectories), governed by underlying vector fields
n € C([0, T]; W2 (R"; R")) satisfying:

oX(x,t,ty)
= = (X (x k), te[0T), (5.1)

X(x, T, T) =x€R",

We adopt the following structural condition from [10], inspired by [9].
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Hypothesis 5.1. There exist a flow X(x,t, T) generated by a velocity field n € C([0, T]; W>*(RR"; R"))
a bounded, smooth, and open sets wo, Op C Q, and a curve T'(-) € C*[0, T];R"), and two numbers ty, t
with 0 < 1 < tp < T such that:

) @(f) = X(wo,t,T), and O(t) = X(Oo,t,T),
i) OgNawy # 0

T(t) € X(wo,t, T)NQ, Vte[0,T],
Q C Urepor) (X(wo, t, T)) = {X(x,t,T) | x €wp, t € [0, T},
O\ X(wo, t, T) is nonempty and connected for t € [0,41] U [t2, T),

Q\ X(wo, t, T) has two (nonempty) connected components for t € (t1,t2),

Vy(-) € C([0,T};Q),3t € [0,T] : y(F) € X(wo, |, T).
We will need a known weight function. This is given by the following result.

Lemma 5.1. [9] Consider two nonempty open subsets w, w1 in R™ with the property that wy C w1,
@71 C w. Then, under hypothesis 5.1, there exists a parameter 6 € (0,T/2) and a smooth weight function
Y € C°(Q) with the following properties:

Vi (t,x) #0, (t,x) € [0,T] X (Q\ Xwy,t,T),
Vi(t,x) 20, (t,x) € [0, T] x Q\ X(w1,t,T),
Pi(t,x) >0, (t,x) €[0,6] x O\ X(w1,t,T),
Wi(t,x) <0, (t,x) € [T=6,T| x Q\ X(w1,t,T),
g—’f(t,x) <0, (t,x) € [0, T] x 90,

W(t,x) > S’Inlpnm@), (t,x) € [0, T] x Q.

As in [9], we introduce a function g € C*(0,T) such that:

t! 0<t<o/2

strictly decreasing 0 <t <0
8(t) =

1 0<t<T/2

g(T—t) T/2<t<T

For A > 0, define the following weight functions, which will be used in the Carleman estimates.

p(t,x) = g(t) [e%/\”‘PHL"“(Q) _EW(EX)], 0(t,x) = g(£)eVE),
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Let (p,p) € HY*(Q) x L*(Q) be any function, and let s > 0 be a parameter; we introduce the following

notation:

T 0 2
= f f [(59)_1(|Ap|2+’8—;:’ ) + A2s0|Vp? + A% (s0)3|p|? | e > dxdt, (5.2)
0 Q

T
I(p) = A% f f 6 |p[ e dx dt. (5.3)
0 Q

In what follows, we use C to denote a generic positive constant that can change from one line to

and

the next (unless specified otherwise). The next two results are established in [9].

Lemma 5.2. Let w; be a subset as found in Lemma 5.1. Then, under hypothesis 5.1, there exist constants
Ao > 0,80 > 0, and C > 0 such that for any A > Ao, s > so, and any function p € C([0, T]; L2(Q)) with
pi — Ap € L2(0, T; L?(Q))), the following estimate holds:

ap 2 T
<C f ’— — Ap| e *Pdxdt + /\433f f lplPe > dx dt .
qldt 0 JIX(whT)

Lemma 5.3. Let w be as in Lemma 5.2. Then, under hypothesis 5.1, there exist constants A1 > Ag, 51 = so,
and C > 0 such that for any A > Ay, s > s1, and any p € H'(0, T; L*>(Q)), the following inequality holds:

~12 T
I(p) <C e~ 2P dxdt + A%s? f f 62 |p|2 2P dxdt |
Q 0 X(w,t,T)

The following result follows directly from Lemma 5.3.

Corollary 5.1. Under the hypothesis of Lemma 5.3, the following estimate holds for any m € IN, and for
any p € H™(0, T; L*(Q)):

Z (2'p) <c( f |07 e~ dxdt + f f (As0)PUM) |52 ZS(dedt)
X(w,t,T)

where P(m) is a polynomial in m.

5.2. The main result. We prove here our main result. We suppose that hypothesis 5.1 holds, then

w is any open set in () such that wg C w. We have the:

Theorem 5.1. Assume the memory kernels M(-) and M(-) admit the following polynomial-exponential

structure:
K

K
M(t) =" Z att, ]\7I(t) =" Z bt~
k=0

k=0
where K € IN and a,a, by € R are real coefficients. Then, for all wy,zo € L%(Q)), there exists a constant
C > 0 such that, for any solution w of (4.2), the observability inequalities are satisfied:

T
|w(T) izm) <C fo fw . lw|?dxdt. (5.4)
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Proof - The proof of this theorem uses the ideas of [10]. We proceed in several steps.
Without loss of generality, we assume 4 = 0 in the memory kernels. If 2 # 0, we perform the
transformation w(t,x) — e w(t,x), which preserves the structure of the memory terms while
eliminating the exponential factor.

Define then the auxiliary variable:

st—t (s)ds + M(T — t)z.

The adjoint system becomes:

W _pw = Z in Q,

ot (5.5)

w = 0 onZX.
Under the polynomial assumption M(t) = Z;I((:O gt and M(t) = Zf:o byt*, we compute the (K + 1)

time derivative of Z:
8K+1Z Z kk|ak8[< k

We then introduce @ = 8f<+1w Differentiating (5.5) (K + 1) times, gives the coupled system:

ot
(5.6)

A,

w =

K
8 A,
v _ AD = Z k'a;ﬁ{(‘kw inQ,
k=0
0 onx,
K+1 :
o Mw = in Q.
Apply now Lemma 5.2 to @ and Corollary 5.1 to w and its time derivatives. After absorbing

lower-order terms for sufficiently large Carleman parameters s and A, we obtain:

K T
[(@) + I(w Z (As0)PE) jwPe259 dxgt, (5.7)
— w(t)

where P(K) is a polynomial in K.
Finally, we get from inequality (5.7) and standard energy estimates for the backward heat equation,

we deduce the existence of a constant C > 0 such that:

llew(T <c f f w(t, x)[Pdxdt.

The memory-type null-controllability result for equation (3.4), follows directly from Theorem

5.1 through the duality framework provided by Proposition 4.1. We have the:

Theorem 5.2. Under hypothesis 5.1 and for memory kernels M(-), M (+) of polynomial-exponential type as
in Theorem 5.1, the system (3.4) is memory-type null-controllable. That is, there exists a control u € L*(Q)
with w(t) = X(w, t,T) for t € (0, T) such that the solution satisfies:

T —_—
qg(T) =0 and jo‘ M(T-s)y(s)ds =0 inQ.
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Remark 5.1. Many control functions having the property (i.e. (u,q) € A) may exist. We select in the

proposition below the control of minimal norm.

In the following proposition, we prove the existence of an optimal control of (#),under the addi-
tional condition q(T) = 0, which itself requires the existence of a Moving sentinel for observation

without noisy terms.
Proposition 5.1. The problem (P) has a unique solution (1, §).

Proof - Indeed, from proposition 4.1, we deduce that the domain A is non empty, closed, and
convex. Moreover, the mapping u + ||ull;2 (@) is continuous, coercive, and strictly convex.

Then, there exists a unique solution to the problem (#) noticed by (%, §) € A and which satisfy :

itz o) < lullizgy,  Y(u,q) € A

6. CONCLUSION

In this paper, we have established the null-controllability of a heat equation with a memory term.
We presented a new definition of a sentinel and addressed the problem of retrieving information
at a desired time, about the pollution term in the equation with memory and with incomplete
initial data. We showed that the problem of finding a moving sentinel is equivalent to a memory
null-controllability problem. The method can be applied to industrial (or complex) problems
governed by memory-based diffusion equations. Here, a sentinel gives a precise identification of
the pollution. We think that this method can give significant results from a computational point
of view.

The mathematical framework developed here can be applied to engineering sectors as well as to
complex systems in biology with diffusion, and to real-world industrial in general. For example,
a relevant industrial application can be found in the thermal regulation of aerospace components
during the curing process, wherein this theoretical model acts as a predictive tool for the operation
of a mobile laser control system (controller w(t)) and the spatial configuration of infrared sensor

arrays (observatory O(t)).

Conflicts of Interest: The authors declare that there are no conflicts of interest regarding the

publication of this paper.

REFERENCES

[1] B.-E. Ainseba, J.-P. Kernevez, R. Luce, Application des sentinelles a I'identification des pollutions dans une riviere,
ESAIM Math. Model. Numer. Anal. 28 (1994), 297-312. https://doi.org/10.1051/m2an/1994280302971.

[2] G. Amendola, M. Fabrizio, ].M. Golden, Thermodynamics of Materials with Memory, Springer US, 2012. https:
//doi.org/10.1007/978-1-4614-1692-0.


https://doi.org/10.1051/m2an/1994280302971
https://doi.org/10.1007/978-1-4614-1692-0
https://doi.org/10.1007/978-1-4614-1692-0

Int. ]. Anal. Appl. (2026), 24:352 15

[3] V. Barbu, M. Iannelli, Controllability of the Heat Equation with Memory, Differ. Integr. Equ. 13 (2000), 1393-1412.
https://doi.org/10.57262/die/1356061131.
[4] U. Biccari, V. Herndndez-Santamarfa, L. Louison, A. Omrane, Optimal Control of Linear Non-local Parabolic
Problems with an Integral Kernel, arXiv:2106.16001, 2021. https://doi.org/10.48550/arXiv.2106.16001.
[5] O.Bodart, C. Fabre, Contrdle insensibilisant la norme de la solution d"une équation de la chaleur semi-linéaire, C.
R. Acad. Sci. Paris Sér. I Math. 316 (1993), 789-794.
[6] L. Boltzmann, Zur Theorie der elastischen Nachwirkung, Ann. Phys. 241 (1878), 430-432. https://doi.org/10.1002/
andp.18782411107.
[7] M.Burger, M. Di Francesco, Y. Dolak-Struss, The Keller-Segel Model for Chemotaxis with Prevention of Overcrowd-
ing: Linear vs. Nonlinear Diffusion, SIAM J. Math. Anal. 38 (2006), 1288-1315. https://doi.org/10.1137/050637923.
[8] P. Cannarsa, D. Sforza, Global Solutions of Abstract Semilinear Parabolic Equations with Memory Terms, NoDEA
Nonlinear Differ. Equ. Appl. 10 (2003), 399-430. https://doi.org/10.1007/s00030-003-1004-2.
[9] EW. Chaves-Silva, L. Rosier, E. Zuazua, Null Controllability of a System of Viscoelasticity with a Moving Control,
J. Math. Pures Appl. 101 (2014), 198-222. https://doi.org/10.1016/j.matpur.2013.05.009.
[10] EW. Chaves-Silva, X. Zhang, E. Zuazua, Controllability of Evolution Equations with Memory, SIAM ]. Control
Optim. 55 (2017), 2437-2459. https://doi.org/10.1137/151004239.
[11] M. Fabrizio, C. Giorgi, V. Pata, A New Approach to Equations with Memory, Arch. Ration. Mech. Anal. 198 (2010),
189-232. https://doi.org/10.1007/s00205-010-0300-3.
[12] S.Guerrero, O.Yu. Imanuvilov, Remarks on Non Controllability of the Heat Equation with Memory, ESAIM Control
Optim. Calc. Var. 19 (2013), 288-300. https://doi.org/10.1051/cocv/2012013.
[13] A.Halanay, L. Pandolfi, Approximate Controllability and Lack of Controllability to Zero of the Heat Equation with
Memory, ]. Math. Anal. Appl. 425 (2015), 194-211. https://doi.org/10.1016/j.jmaa.2014.12.021.
[14] K. Jyotsna, A. Tandon, A Mathematical Model to Study the Impact of Mining Activities and Pollution on Forest
Resources and Wildlife Population, J. Biol. Syst. 25 (2017), 207-230. https://doi.org/10.1142/50218339017500115.
[15] J.-L.Lions, Sentinelles pour les systemes distribués a données incompletes, Masson, 1992. https://zbmath.org/?q=an:
0759.93043.
[16] X. Liu, Insensitizing Controls for a Class of Quasilinear Parabolic Equations, J. Differ. Equ. 253 (2012), 1287-1316.
https://doi.org/10.1016/j.jde.2012.05.018.
[17] J.C. Maxwell, On the Dynamical Theory of Gases, Philos. Trans. R. Soc. Lond. 157 (1867), 49-88. https://doi.org/10.
1098/rstl.1867.0004.
[18] Y. Miloudi, O. Nakoulima, A. Omrane, A Method for Detecting Pollution in Dissipative Systems with Incomplete
Data, ESAIM Proc. 17 (2007), 67-79. https://doi.org/10.1051/proc:071706.
[19] O. Nakoulima, A Revision of J.-L. Lions” Notion of Sentinels, Port. Math. 65 (2008), 1-22. https://doi.org/10.4171/
PM/1795.
[20] A. Pazy, Semigroups of Linear Operators and Applications to Partial Differential Equations, Springer New York,
1983. https://doi.org/10.1007/978-1-4612-5561-1.
[21] M. Renardy, Mathematical Analysis of Viscoelastic Flows, Society for Industrial and Applied Mathematics, 2000.
https://doi.org/10.1137/1.9780898719413.
[22] F. Segueni, M.H. Mortad, A. Omrane, Approximate Sentinels for Diffusion Phenomena with Pollution, Math.
Slovaca 68 (2018), 1065-1074. https://doi.org/10.1515/ms-2017-0168.
[23] Q. Tao, H. Gao, On the Null Controllability of Heat Equation with Memory, J. Math. Anal. Appl. 440 (2016), 1-13.
https://doi.org/10.1016/j.jmaa.2016.03.036.
[24] J.L. Vazquez, The Mathematical Theories of Diffusion. Nonlinear and Fractional Diffusion, arXiv:1706.08241, 2017.
https://doi.org/10.48550/arXiv.1706.08241.


https://doi.org/10.57262/die/1356061131
https://doi.org/10.48550/arXiv.2106.16001
https://doi.org/10.1002/andp.18782411107
https://doi.org/10.1002/andp.18782411107
https://doi.org/10.1137/050637923
https://doi.org/10.1007/s00030-003-1004-2
https://doi.org/10.1016/j.matpur.2013.05.009
https://doi.org/10.1137/151004239
https://doi.org/10.1007/s00205-010-0300-3
https://doi.org/10.1051/cocv/2012013
https://doi.org/10.1016/j.jmaa.2014.12.021
https://doi.org/10.1142/S0218339017500115
https://zbmath.org/?q=an:0759.93043
https://zbmath.org/?q=an:0759.93043
https://doi.org/10.1016/j.jde.2012.05.018
https://doi.org/10.1098/rstl.1867.0004
https://doi.org/10.1098/rstl.1867.0004
https://doi.org/10.1051/proc:071706
https://doi.org/10.4171/PM/1795
https://doi.org/10.4171/PM/1795
https://doi.org/10.1007/978-1-4612-5561-1
https://doi.org/10.1137/1.9780898719413
https://doi.org/10.1515/ms-2017-0168
https://doi.org/10.1016/j.jmaa.2016.03.036
https://doi.org/10.48550/arXiv.1706.08241

16 Int. ]. Anal. Appl. (2026), 24:352

[25] V. Volterra, Sur les équations intégro-différentielles et leurs applications, Acta Math. 35 (1912), 295-356. https:
//doi.org/10.1007/BF02418820.

[26] G. Wang, Y. Zhang, E. Zuazua, Flow Decomposition for Heat Equations with Memory, J. Math. Pures Appl. 158
(2022), 183-215. https://doi.org/10.1016/j.matpur.2021.11.005.

[27] J. Yong, X. Zhang, Heat Equation with Memory in Anisotropic and Non-Homogeneous Media, Acta Math. Sin.
Engl. Ser. 27 (2011), 219-254. https://doi.org/10.1007/s10114-010-0077-1.


https://doi.org/10.1007/BF02418820
https://doi.org/10.1007/BF02418820
https://doi.org/10.1016/j.matpur.2021.11.005
https://doi.org/10.1007/s10114-010-0077-1

	1. Introduction 
	2. Position of the Problem
	2.1. The insensitizing control problem or the moving sentinel

	3. Equivalence Between the Moving Sentinel Problem and the Memory-Type Null Controllability One
	4. Existence of a Moving Sentinel
	5. The Observability Inequality
	5.1. Hypothesis an preliminary results
	5.2. The main result

	6. Conclusion
	Conflicts of Interest:

	References

