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Abstract. This paper aims to derive weak convergence analysis of the subgradient extragradient method with an

alternating inertial step for addressing equilibrium and fixed-point problems in real Hilbert spaces. Our approach

incorporates altered inertial techniques into a Halpern-type method, extending the classical subgradient extragradient

framework.

1. Introduction

In this paper, we investigate the problem of finding a fixed point of a specified nonlinear

operator and equilibrium problems in real Hilbert spaces. The motivation for studying these

problems arises from their practical significance in mathematical models representing systems

with constraints, formulated either as equilibrium or fixed-point problems. These scenarios have

wide-ranging applications in fields such as signal processing, composite minimization, optimal

control, and image restoration, as extensively discussed in the literature [30–35].

Let D be a nonempty, closed, and convex subset of a real Hilbert space X, equipped with the

inner product 〈·, ·〉 and norm ‖ · ‖. Consider L : X×X → R as a bifunction such that L(x, x) = 0

for all x ∈ X. The equilibrium problem (EP) is to find x∗ ∈ X satisfying:

L(x∗, x) ≥ 0, for all x ∈ D. (1.1)
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Equilibrium problems (EP) encompass a wide range of mathematical challenges, including

applications in non-cooperative game theory, saddle point problems, variational inequalities,

fixed-point problems, and both scalar and vector optimization problems. The formulation of EP, as

defined by (1.1), has gained recognition and application across various fields, such as poroelasticity

in petroleum engineering [1], the study of porous materials [2,3], economic modeling [11,12], image

reconstruction in image processing [13–15], telecommunication networks, public infrastructure

systems such as roads [16, 17], and non-cooperative game theory, particularly in relation to Nash

equilibria [18]. Frequently referred to as EP, it is also known as Ky Fan’s inequality, acknowledging

Fan’s contributions to this area [19]. Before its formalization within this framework, the problem

received limited attention. Nikaido identified Nash equilibria as solutions to EP [20], while

Gwinner employed it as a tool for solving optimization and variational inequality problems [21],

although neither proposed a distinct formal framework.

Flåm et al. [36] introduced a novel solution approach based on the auxiliary problem principle

to address EP as described by (1.1). Tran et al. [37] further investigated this method, termed the

proximal-like method, focusing on its convergence properties. In particular, Tran et al. [37] explored

settings where the equilibrium bifunction possesses Lipschitz continuity and pseudomonotonicity.

A notable technique in this context is the extragradient method, an iterative optimization strategy

designed for variational inequalities and equilibrium problems, which introduces an additional

step beyond the standard gradient method to enhance convergence rates.

We now turn to another important topic discussed in this paper: the fixed-point problem (FPP)

for a mapping T : X → X. This problem is expressed as follows:

Find τ∗ ∈ X such that T (τ∗) = τ∗. (1.2)

The set of solutions to the FPP, known as the fixed-point set ofT , is denoted by F(T ). The primary

objective of this paper is to address the following problem:

τ∗ ∈ X such that L(τ∗, x) ≥ 0 for all x ∈ X, and τ∗ ∈ F(T ). (1.3)

The primary focus of this study is on applying extragradient-type methods to solve problem

(1.3). Korpelevich [38] first introduced this approach for equilibrium problems in Euclidean

spaces, which was subsequently extended by Quoc et al. [26]. Recently, these methods have

been generalized to equilibrium problems in infinite-dimensional Hilbert spaces, building on the

foundational work of [26]. Notable contributions in this area include [4–7] and related research.

In 2015, Vuong et al. [22] introduced a numerical method for addressing a variational inequality

problem. The method seeks to identify a unique solution that lies within the intersection of the

solution set of an equilibrium problem and the set of fixed points of a demicontraction mapping.

The algorithm begins with an initial point u0 ∈ X and proceeds iteratively, updating for all n ∈N

as follows:
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vn = arg miny∈D
{
δnL(un, y) + 1

2‖y− un‖
2
}

,

zn = arg miny∈D
{
δnL(vn, y) + 1

2‖y− un‖
2
}

,

pn = zn − ξnF (zn),

un+1 = (1− ηn)pn + ηnT pn,

(1.4)

where {ξn} ⊂ [0, 1), {ηn} ⊂ (0, 1), and {δn} ⊂ (0,∞). The convergence of these iterates is established

through a combination of viscosity approximation and extragradient methods.

In 2017, Hieu [23] extended the Halpern subgradient extragradient method to address equi-

librium problems involving pseudomonotone and Lipschitz-type continuous bifunctions. The

method is defined by the following system of expressions:

vn = arg miny∈D
{
δnL(un, y) + 1

2‖y− un‖
2
}

zn = arg miny∈Xn

{
δnL(vn, y) + 1

2‖y− un‖
2
}

pn = ξnu0 + (1− ξn)zn

un+1 = (1− ηn)pn + ηnT pn,

(1.5)

where Xn = {v ∈ X : 〈(un − δntn) − vn, v − vn〉 ≤ 0} and tn ∈ ∂2L(un, vn). By integrating the

subgradient extragradient method with Halpern’s iteration, the authors established the strong

convergence of the generated sequence, under the conditions that the sequences {ξn} and {ηn}

satisfy: 0 < ξn < 1, limn→∞ ξn = 0,
∑
∞

n=1 ξn = +∞

0 < a ≤ ηn ≤
1−κ

2 .

Hieu [28] presented a novel hybrid algorithm in 2019 that approximates a common solution x∗ of

the equilibrium problem (EPFP) by combining the extragradient approach with a modified Mann

iteration. The algorithm is defined as follows:
vn = arg miny∈D

{
δnL(un, y) + 1

2‖y− un‖
2
}

,

zn = arg miny∈D
{
δnL(vn, y) + 1

2‖y− un‖
2
}

,

un+1 = (1− ξn − ηn)zn + ηnT zn,

(1.6)

where {ξn} ⊂ [0, 1], {ηn} ⊂ [0, 1], and {δn} ⊂ (0,+∞) satisfy the following conditions:
0 < δ ≤ δn < δ̄ < min

{
1

2c1
, 1

2c2

}
,

limn→∞ ξn = 0,
∑
∞

n=1 ξn = +∞,

ηn ∈ (a, b) ⊂ (0, 1) with b > a > 0.

In 2022, Tan et al. [29] presented an algorithm that demonstrates strong convergence of iterative

sequences under specific conditions. Let ℘n > 0, δ1 > 0, µ ∈ (0, 1), and ρ ∈
(
0, 2

1+µ

)
. Assume that



4 Int. J. Anal. Appl. (2026), 24:221

u0 and u1 are arbitrarily chosen elements in X. For the iterates un−1 and un, define ℘n as follows:

℘n =

min
{
℘, µn
‖un−un−1‖

}
, if un , un−1,

℘, otherwise.
(1.7)

Compute: 

νn = un + ℘n(un − un−1),

vn = arg miny∈D
{
δnL(νn, y) + 1

2‖νn − y‖2
}

,

pn = arg miny∈Xn

{
ρδnL(vn, y) + 1

2‖νn − y‖2
}

,

ϑn = (1− ξn)pn + ξnS(un),

un+1 = (1− ηn)Tϑn + ηnpn,

(1.8)

where Xn = {z ∈ X : 〈νn − δnUn − vn, z− vn〉 ≤ 0} andUn ∈ ∂2L(νn, vn). Define δn+1 as follows:

δn+1 =

min
{
δn, µ‖νn−vn‖

2+µ‖vn−pn‖
2

2[L(νn,pn)−L(νn,vn)−L(vn,pn)]

}
, if L(νn, pn) −L(νn, vn) −L(vn, pn) > 0,

δn, otherwise.
(1.9)

In 2023, Panyanak et al. [25] introduced an algorithm designed to solve both an equilibrium

problem and a fixed-point problem simultaneously. The algorithm uses a monotone step size

rule that does not depend on Lipschitz constants. It incorporates a Mann-type iteration for the

fixed-point problem and a two-step extragradient method for the equilibrium problem. Let a, b be

selected such that 0 < a, b < 1 − ρ and 0 < a, b < 1 − ηk. Given u0, u1 ∈ X, compute the following

sequence: 

νn = un + ℘n(un − un−1),

vn = arg miny∈D
{
δnL(νn, y) + 1

2‖νn − y‖2
}

,

pn = arg miny∈Xn

{
ρδnL(vn, y) + 1

2‖νn − y‖2
}

,

un+1 = (1− %n − ηk)pn + %nT (pn), n ∈N,

where Xn = {z ∈ X : 〈νn − δnUn − vn, z − vn〉 ≤ 0}, Un ∈ ∂2L(νn, vn), and ℘n, δn are defined as in

expressions (1.7) and (1.9), respectively.

Inspired by the works of [22, 23, 25, 28, 29], we have developed a new algorithm that efficiently

tackles equilibrium and fixed-point problems using a subgradient extragradient-type method with

inertial effects. Our research offers several significant contributions:

(a) We introduce a novel inertial self-adaptive subgradient extragradient algorithm that operates

without requiring prior knowledge of the Lipschitz constant. Unlike methods with fixed step

sizes, our algorithm permits variable step sizes δn, without the necessity for limn→∞ δn = 0 or∑
∞

n=1 δn = 0, thus enhancing its flexibility.

(b) The algorithm features an inertial term that substantially improves convergence rates. This

distinguishes our method from those discussed in [22, 23, 25, 28, 29], as it eliminates the need to

compute the norm difference between consecutive iterates for determining the inertial factor θn.
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The paper is structured as follows: Section 2 reviews relevant preliminary results. Section 3

explores the convergence of the algorithms proposed in this study. Lastly, Section 4 provides a

summary of the results.

2. Preliminaries

LetD be a nonempty, closed, convex subset of X, where X is a real Hilbert space. We represent

weak convergence by un ⇀ u and strong convergence by un → u. For any t1, t2 ∈ X and φ ∈ R, the

following properties hold:

(1) ‖t1 + t2‖
2 = ‖t1‖

2 + 2〈t1, t2〉+ ‖t2‖
2,

(2) ‖t1 + t2‖
2
≤ ‖t1‖

2 + 2〈t2, t1 + t2〉,

(3) ‖φt1 + (1−φ)t2‖
2 = φ‖t1‖

2 + (1−φ)‖t2‖
2
−φ(1−φ)‖t1 − t2‖

2.

Every point u ∈ X has a unique nearest point inD, represented by PD(u), such that

PD(u) = arg min
v∈D
‖u− v‖.

The metric projection of X ontoD is denoted by PD. It fulfills the subsequent characteristic:

〈u− PD(u), v− PD(u)〉 ≤ 0, ∀v ∈ D. (2.1)

Definition 2.1. LetD be a subset of a real Hilbert space X, and let J : D→ R be a convex function.

(1) A normal cone at t1 ∈ D is defined by ND(t1) = {t3 ∈ X | 〈t3, t2 − t1〉 ≤ 0 for all t2 ∈ D}.

(2) The subdifferential of J at t1 ∈ D is defined by

∂J(t1) = {t3 ∈ X | J(t2) −J(t1) ≥ 〈t3, t2 − t1〉 for all t2 ∈ D}.

Definition 2.2. [39] Let L : X×X → R be a bifunction defined on the setD, and let γ > 0 be a positive
constant. The bifunction L is said to be:

(1) strongly monotone if L(t1, t2) +L(t2, t1) ≤ −γ‖t1 − t2‖
2 for all t1, t2 ∈ D,

(2) monotone if L(t1, t2) +L(t2, t1) ≤ 0 for all t1, t2 ∈ D,

(3) strongly pseudomonotone if L(t1, t2) ≥ 0 =⇒ L(t2, t1) ≤ −γ‖t1 − t2‖
2 for all t1, t2 ∈ D,

(4) pseudomonotone if L(t1, t2) ≥ 0 =⇒ L(t2, t1) ≤ 0 for all t1, t2 ∈ D,

Definition 2.3. Let T : D→D be a mapping with F(T ) , ∅. The mapping T is classified as follows:

(1) nonexpansive if ‖T (t1) −T (t2)‖ ≤ ‖t1 − t2‖, ∀ t1, t2 ∈ D,

(2) quasi-nonexpansive if ‖T (t1) − t3‖ ≤ ‖t1 − t3‖, ∀ t3 ∈ F(T ) and t1 ∈ D.

Definition 2.4. [40] If the following statement holds for rn ∈ X, we define a nonlinear operatorT : X → X

to have an empty fixed point set (Fix(T ) , ∅):rn ⇀ r

(I −T )rn → 0,
(2.2)

which implies that r ∈ Fix(T ). Moreover, I stands for the identity operator. In these situations, we say that
I −T is demiclosed at zero.
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Lemma 2.1. [28] Consider J : D→ R is a lower semicontinuous, convex and subdifferentiable function
onD. A minimizer of J is an element t1 ∈ D if and only if

0 ∈ ∂J(t1) + ND(t1),

where ∂J(t1) represents the subdifferential of J at t1, and ND(t1) denotes the normal cone toD at t1.

Lemma 2.2 ( [24]). Let {ξn} be a sequence in (0, 1) such that
∑
∞

n=1 ξn = ∞, and let {bn} be a sequence of
nonnegative real numbers. Take {cn} to be a real number sequence. Assume that for all n ≥ 1,

bn+1 ≤ (1− ξn)bn + ξncn.

If every subsequence {bnk} of {bn} satisfies

lim inf
k→∞

(bnk+1 − bnk) ≥ 0,

then lim supk→∞ cnk ≤ 0, which implies limn→∞ bn = 0.

Lemma 2.3. [39] For all u ∈ X, v ∈ D, and δ > 0, the following inequality holds:

δ
[
J(v) − f (proxδJ (u))

]
≥ 〈u− proxδJ (u), v− proxδJ (u)〉.

3. Main Results

In this section, we introduce a new algorithm designed to find the common solution to the

given problem. Our approach integrates both monotonic and non-monotonic step size strategies

within an inertial subgradient extragradient framework. We begin by selecting two points, u0

and u1, from the set D. The algorithm then generates a sequence of iterates {un} according to the

steps provided in Algorithm 3.1. To support the convergence analysis, we impose the following

assumptions at the outset.

Assumption 3.1. LetX be a real Hilbert space andD a nonempty, closed, and convex subset ofX. We
adopt the following assumptions throughout this investigation:

(c1) The bifunction L is pseudomonotone and Lipschitz continuous onD.
(c2) For each fixed x ∈ X, the function L(x; ·) is convex and subdifferentiable on X.
(c3) The operator T : X → X is quasi-nonexpansive mapping.
(c4) The set Γ = EP(L,D)∩ F(T ) is nonempty.

(c5) µ ∈ (0, 1), θ ∈
(

1− µ
4

,
1− µ

2

)
, Φ ∈ (µ, 1− 2θ), 0 < τn < min

{
1−Φ − 2θ

2θ
,

1− θ
1 + θ

}
.

Algorithm 3.1. Initialization: Let u0, u1 ∈ X be chosen arbitrarily, while n ≥ 1.
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STEP 1: Given the iterates un−1 and un, for n ≥ 1, compute

tn =

un, n = even,

un + θ(un − un−1), n = odd.
(3.1)

STEP 2: Compute 
vn = arg miny∈D

{
δnL(tn, y) + 1

2‖tn − y‖2
}

zn = arg miny∈Xn

{
δnL(vn, y) + 1

2‖tn − y‖2
}

,

un+1 = (1− τn)zn + τnT zn, n ∈N,

(3.2)

where Xn = {z ∈ X : 〈tn − δnUn − vn, z− vn〉 ≤ 0}, andUn ∈ ∂2L(tn, vn).

STEP 3: Update δn+1 by

δn+1 =

min
{
δn, µ‖tn−vn‖

2+µ‖vn−zn‖
2

2[L(tn,zn)−L(tn,vn)−L(vn,zn)]

}
if L(tn, zn) −L(tn, vn) −L(vn, zn) > 0,

δn, otherwise.
(3.3)

Lemma 3.1. The sequence {δn} produced by the update rule (3.3) in Algorithm 3.1 is non-increasing and
satisfies

δ1 ≥ δn ≥ min
{

µ

2 max{c1, c2}
, δ1

}
.

Proof. From equation (3.3), it is clear that the sequence {δn} is non-increasing. Furthermore, apply-

ing the Lipschitz condition to L yields the following inequality:

µ

2
‖νn − yn‖

2 + ‖yn − qn‖
2

L(νn, qn) −L(νn, yn) −L(yn, qn)
≥
µ

2
‖νn − yn‖

2 + ‖yn − qn‖
2

c1‖νn − yn‖2 + c2‖qn − yn‖2

≥
µ

2 max{c1, c2}
.

Thus, the sequence {δn} is non-increasing and bounded below. Furthermore, we have limn→∞ δn =

δ. �

The following lemma is essential for demonstrating the boundedness of an iterative sequence

and plays a pivotal role in establishing the convergence of the sequence to a common solution.

Lemma 3.2. Consider {zn}, {tn}, and {vn} be sequences generated by Algorithm 3.1. Then, the following
inequality holds, for every û ∈ Γ

‖zn − û‖2 ≤ ‖tn − û‖2 −
(
1−

µδn

δn+1

)
‖tn − vn‖

2
−

(
1−

µδn

δn+1

)
‖zn − vn‖

2. (3.4)

Proof. By applying Lemma 2.1, we have:

0 ∈ ∂2

(
δnL(vn, ·) +

1
2
‖tn − ·‖

2
)
(zn) + NXn(zn),

which implies there exist w ∈ ∂L(vn, zn) and w̄ ∈ NXn(zn) such that:

δnw + zn − tn + w̄ = 0.
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Hence, we have:

〈tn − zn, y− zn〉 = δn〈w, y− zn〉+ 〈w̄, y− zn〉, ∀y ∈ Xn.

Since w̄ ∈ NXn(zn), for every y ∈ Xn, 〈w̄, y− zn〉 ≤ 0. Therefore:

δn〈w, y− zn〉 ≥ 〈tn − zn, y− zn〉, ∀y ∈ Xn. (3.5)

Given w ∈ ∂L(vn, zn), and using the definition of the subdifferential, we obtain:

L(vn, y) −L(vn, zn) ≥ 〈w, y− zn〉, ∀y ∈ X. (3.6)

When we combine the inequalities (3.5) and (3.6), we get:

δn (L(vn, y) −L(vn, zn)) ≥ 〈tn − zn, y− zn〉, ∀y ∈ Xn. (3.7)

By changing y with û into inequality (3.7), we acquire:

δn (L(vn, û) −L(vn, zn)) ≥ 〈tn − zn, û− zn〉. (3.8)

Given that û ∈ EP(L,D), we have L(û, vn) ≥ 0. By the pseudomonotonicity of the bifunction L,

we deduce that L(vn, û) ≤ 0. Therefore, from inequality (3.8), we conclude:

〈tn − zn, zn − û〉 ≥ δnL(vn, zn). (3.9)

From the definition of the half-space Xn, we derive:

δn〈Un, zn − vn〉 ≥ 〈tn − vn, zn − vn〉. (3.10)

SinceUn ∈ ∂L(tn, vn), we attain:

L(tn, y) −L(tn, vn) ≥ 〈Un, y− vn〉, ∀y ∈ X. (3.11)

If we replace y = zn in inequality (3.11), we obtain:

L(tn, zn) −L(tn, vn) ≥ 〈Un, zn − vn〉. (3.12)

Combining (3.10) and (3.12), we achieve:

δn (L(tn, zn) −L(tn, vn)) ≥ 〈tn − vn, zn − vn〉. (3.13)

Starting from the definition of δn+1, we derive the following inequality:

δn+1 (L(tn, zn) −L(tn, vn) −L(vn, zn)) ≤
µ

2

(
‖tn − vn‖

2 + ‖zn − vn‖
2
)

, (3.14)

which can be equivalently expressed as:

δn (L(tn, zn) −L(tn, vn) −L(vn, zn)) ≤
δn

δn+1

µ

2

(
‖tn − vn‖

2 + ‖zn − vn‖
2
)

. (3.15)

By substituting (3.15) into (3.13), we obtain:

〈tn − vn, zn − vn〉 ≤ δnL(vn, zn) +
δn

δn+1

µ

2

(
‖tn − vn‖

2 + ‖zn − vn‖
2
)

. (3.16)
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Summing (3.9) and (3.16), we get:

〈tn − vn, zn − vn〉 ≤ 〈tn − zn, zn − û〉+
δn

δn+1

µ

2

(
‖tn − vn‖

2 + ‖zn − vn‖
2
)

. (3.17)

Additionally, the following equality exist:

2〈tn − zn, zn − û〉 = ‖tn − û‖2 − ‖zn − tn‖
2
− ‖zn − û‖2, (3.18)

and

2〈tn − vn, zn − vn〉 = ‖tn − vn‖
2 + ‖zn − vn‖

2
− ‖tn − zn‖

2. (3.19)

By substituting expressions (3.18) and (3.19) into (3.17), we deduce:

‖tn − vn‖
2 + ‖zn − vn‖

2
− ‖tn − zn‖

2

≤

(
‖tn − û‖2 − ‖zn − tn‖

2
− ‖zn − û‖2

)
+

δn

δn+1
µ
(
‖tn − vn‖

2 + ‖zn − vn‖
2
)

,

which is equivalent to:

‖zn − û‖2 ≤ ‖tn − û‖2 −
(
1−

µδn

δn+1

)
‖tn − vn‖

2
−

(
1−

µδn

δn+1

)
‖zn − vn‖

2. (3.20)

�

The key lemma employed to demonstrate the boundedness of an iterative sequence is given

below. This theorem establishes the boundedness of the sequence.

Lemma 3.3. Assuming the validity of Assumption 3.1, let {un} be a sequence produced by Algorithm 3.1.
Then, {un} is a bounded sequence.

Proof. Recall that δn is monotonically decreasing. Based on Lemma 3.1, {δn} is convergent, with a

limit of δ ≥ min
{

µ
2 max{c1,c2}

, δ1

}
> 0. Since {δn} is monotonically decreasing, we have δn ≥ δ ∀n ≥ 1.

Let Φ be a fixed number in the interval (µ, 1 − 2θ). Moreover, since limn→∞
δnµ

δn+1
= µ < Φ, there

exists a natural number N, such that
δnµ

δn+1
< Φ,∀n ≥ N. For any n ≥N, we thus have

δn ≥ δ,
δnµ

δn+1
< Φ. (3.21)

Plugging (3.21) in (3.20), we have for all n ≥ N

‖zn − û‖2 ≤ ‖tn − û‖2 − (1−Φ) ‖tn − vn‖
2
− (1−Φ) ‖zn − vn‖

2. (3.22)
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Definition of {un+1} and (3.22) implies that

‖un+1 − û‖2 = ‖(1− τn)zn + τnT zn − û‖2

= ‖τn(T zn − û) + (1− τn)(zn − û)‖2

= τn‖T zn − û‖2 + (1− τn)‖(zn − û)‖2 − τn(1− τn)‖T zn − zn‖
2

≤ τn‖zn − û‖2 + (1− τn)‖(zn − û)‖2 − τn(1− τn)‖T zn − zn‖
2

= ‖zn − û‖2 − τn(1− τn)‖T zn − zn‖
2

(3.23)

In particular,

‖u2n+2 − û‖2 ≤ ‖t2n+1 − û‖2 − (1−Φ) ‖t2n+1 − v2n+1‖
2

− (1−Φ) ‖z2n+1 − v2n+1‖
2
− τ2n+1(1− τ2n+1)‖T z2n+1 − z2n+1‖

2
(3.24)

Equation (3.1) provides us the following:

‖t2n+1 − û‖2 = ‖(u2n+1 + θ(u2n+1 − u2n)) − û‖2

≤ (1 + θ)‖u2n+1 − û‖2 − θ‖u2n − û‖2 + θ(1 + θ)‖u2n+1 − u2n‖
2.

(3.25)

Using (3.23) as an additional special case, we have:

‖u2n+1 − û‖2 ≤ ‖u2n − û‖2 − (1−Φ) ‖u2n − v2n‖
2
− (1−Φ) ‖z2n − v2n‖

2

− τ2n(1− τ2n)‖T z2n − z2n‖
2

≤ ‖u2n − û‖2 −
1−Φ

2
‖u2n − z2n‖

2
− τ2n(1− τ2n)‖T z2n − z2n‖

2.

(3.26)

By putting (3.26) into (3.25), we obtain:

‖t2n+1 − û‖2 ≤ ‖u2n − û‖2 −
(1 + θ) (1−Φ)

2
‖u2n − v2n‖

2

− τ2n(1− τ2n) (1 + θ) ‖T z2n − z2n‖
2 + θ(1 + θ)‖u2n+1 − u2n‖

2.
(3.27)

By putting (3.27) into (3.24), we attain:

‖u2n+2 − û‖2 ≤ ‖u2n − û‖2 −
(1 + θ) (1−Φ)

2
‖u2n − v2n‖

2

− τ2n(1− τ2n) (1 + θ) ‖T z2n − z2n‖
2 + θ(1 + θ)‖u2n+1 − u2n‖

2

− (1−Φ) ‖t2n+1 − v2n+1‖
2
− (1−Φ) ‖z2n+1 − v2n+1‖

2

− τ2n+1(1− τ2n+1)‖T z2n+1 − z2n+1‖
2.

(3.28)

where

‖u2n+1 − u2n‖
2 = ‖(1− τ2n)z2n + τ2nT z2n − u2n‖

2

= ‖z2n − u2n + τ2n(T z2n − z2n)‖
2

= ‖z2n − u2n‖
2 + τ2

2n‖T z2n − z2n‖
2 + 2τ2n〈z2n − u2n,T z2n − u2n〉

≤ ‖z2n − u2n‖
2 + τ2

2n‖T z2n − z2n‖
2 + τ2n(‖z2n − u2n‖

2 + ‖T z2n − z2n‖
2)

= (1 + τ2n)‖z2n − u2n‖
2 + τ2n(τ2n + 1)‖T z2n − z2n‖

2.

(3.29)
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Combining (3.28) with last inequality yields:

‖u2n+2 − û‖2 ≤ ‖u2n − û‖2 −
[ (1 + θ) (1−Φ)

2
− θ(1 + θ)(1 + τ2n)

]
‖z2n − u2n‖

2

−

[
τ2n(1− τ2n)(1 + θ) − θ(1 + θ)τ2n(τ2n + 1)

]
‖T z2n − z2n‖

2

− (1−Φ) ‖t2n+1 − v2n+1‖
2
− (1−Φ) ‖z2n+1 − v2n+1‖

2

− τ2n+1(1− τ2n+1)‖T z2n+1 − z2n+1‖
2.

(3.30)

By using the conditions on τn and θ, we get:

‖u2n+2 − û‖2 ≤ ‖u2n − û‖2. (3.31)

Thus, by (3.31), we conclude that the sequence {u2n} is bounded, which completes the proof of

Lemma 3.3. �

The main result of our work is the following theorem, which demonstrates that the sequence

obtained through the proposed method weakly converges to a unique solution of the problem

(1.3). Now let us prove the main theorem of this paper.

Theorem 3.1. Let D be a nonempty closed convex subset of a real Hilbert space X. Assume that L is a
pseudomonotone Lipschitz continuous bifunction and that T : X → X is a quasi-nonexpansive mapping.
If Assumption 3.1 is satisfied, then the sequence {u2n} converges weakly to the solution set.

Proof. Since {u2n} is a bounded sequence, there exists a subsequence {u2nk} such that u2nk ⇀ û. Now,

we have to show that û ∈ Γ. We can infer from (3.30) and the convergence of {‖u2n − ū‖} that:

‖u2n − û‖ → 0, ‖u2n − v2n‖ → 0,

‖T z2n − u2n‖ → 0, ‖z2n − v2n‖ → 0,

‖T z2n+1 − t2n+1‖ → 0, ‖z2n+1 − v2n+1‖ → 0, as n→∞.

(3.32)

By (3.32), we obtain:

‖z2n − un‖ ≤ ‖z2n − v2n‖+ ‖v2n − u2n‖ → 0, as n→∞ (3.33)

Furthermore, (3.32) and (3.33) make us to reach:

‖T z2n − z2n‖ = ‖T z2n − u2n + u2n − z2n‖

≤ ‖T z2n − u2n‖+ ‖u2n − z2n‖ → 0, as n→∞,
(3.34)

Using (3.33) as well as u2nk ⇀ û, we can obtain:

z2nk ⇀ û. (3.35)

Given the demicloseness of T at zero, the definitions of 3.34, (3.34) and (3.35) suggest:

û ∈ Fix(T ). (3.36)
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Moreover, we show that u ∈ EP(L,X). From equations (3.8) and (3.14), we obtain:

δ2nkL(v2nk , û) ≥δ2nkL(v2nk , z2nk) + 〈t2nk − z2nk , û− z2nk〉

≥〈t2nk − v2nk , z2nk − v2nk〉+ 〈t2nk − z2nk , û− z2nk〉

−
δ2nk

δ2nk+1

µ

2

(
‖t2nk − v2nk‖

2 + ‖z2nk − v2nk‖
2
)

.

(3.37)

Using (3.32) and t2nk = u2nk and letting k→ +∞ in (3.37), we get that the right hand side of (3.37)

tends to 0. Furthermore, v2nk ⇀ û by (3.32) and limk→∞ δ2nk = δ > 0 together implies that:

0 ≤ lim sup
k→∞

L(v2nk , y) = L(û, y), ∀y ∈ X.

Thus, û ∈ EP(L,X). Hence, û ∈ Γ. �

4. Conclusion

In summary, the proposed study introduces methods that are particularly relevant for solving

equilibrium problems involving a pseudomonotone and Lipschitz-type bifunction in a real Hilbert

space. The algorithm utilizes variable step sizes, which are updated at each iteration based on

previous iterates. A notable advantage of these algorithms is their independence from prior

knowledge of Lipschitz-type constants and the elimination of the need for a line search procedure.
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