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Abstract. This paper aims to derive weak convergence analysis of the subgradient extragradient method with an
alternating inertial step for addressing equilibrium and fixed-point problems in real Hilbert spaces. Our approach
incorporates altered inertial techniques into a Halpern-type method, extending the classical subgradient extragradient

framework.

1. INTRODUCTION

In this paper, we investigate the problem of finding a fixed point of a specified nonlinear
operator and equilibrium problems in real Hilbert spaces. The motivation for studying these
problems arises from their practical significance in mathematical models representing systems
with constraints, formulated either as equilibrium or fixed-point problems. These scenarios have
wide-ranging applications in fields such as signal processing, composite minimization, optimal
control, and image restoration, as extensively discussed in the literature [30-35].

Let D be a nonempty, closed, and convex subset of a real Hilbert space X, equipped with the
inner product (-,-) and norm || - ||. Consider £ : X x X — R as a bifunction such that L(x,x) = 0
for all x € X. The equilibrium problem (EP) is to find x* € X satisfying:

L(x*,x) >0, forall x e D. (1.1)
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Equilibrium problems (EP) encompass a wide range of mathematical challenges, including
applications in non-cooperative game theory, saddle point problems, variational inequalities,
tixed-point problems, and both scalar and vector optimization problems. The formulation of EP, as
defined by (1.1), has gained recognition and application across various fields, such as poroelasticity
in petroleum engineering [1], the study of porous materials [2,3], economic modeling [11,12], image
reconstruction in image processing [13-15], telecommunication networks, public infrastructure
systems such as roads [16,17], and non-cooperative game theory, particularly in relation to Nash
equilibria [18]. Frequently referred to as EP, it is also known as Ky Fan’s inequality, acknowledging
Fan’s contributions to this area [19]. Before its formalization within this framework, the problem
received limited attention. Nikaido identified Nash equilibria as solutions to EP [20], while
Gwinner employed it as a tool for solving optimization and variational inequality problems [21],
although neither proposed a distinct formal framework.

Flam et al. [36] introduced a novel solution approach based on the auxiliary problem principle
to address EP as described by (1.1). Tran et al. [37] further investigated this method, termed the
proximal-like method, focusing on its convergence properties. In particular, Tran etal. [37] explored
settings where the equilibrium bifunction possesses Lipschitz continuity and pseudomonotonicity.
A notable technique in this context is the extragradient method, an iterative optimization strategy
designed for variational inequalities and equilibrium problems, which introduces an additional
step beyond the standard gradient method to enhance convergence rates.

We now turn to another important topic discussed in this paper: the fixed-point problem (FPP)

for a mapping 7 : X — X. This problem is expressed as follows:
Find 7* € X such that 7 (7*) = . (1.2)

The set of solutions to the FPP, known as the fixed-point set of 7, is denoted by F(7"). The primary
objective of this paper is to address the following problem:

7" € X such that L(7",x) > 0forallx € X, and t° € F(7T). (1.3)

The primary focus of this study is on applying extragradient-type methods to solve problem
(1.3). Korpelevich [38] first introduced this approach for equilibrium problems in Euclidean
spaces, which was subsequently extended by Quoc et al. [26]. Recently, these methods have
been generalized to equilibrium problems in infinite-dimensional Hilbert spaces, building on the
foundational work of [26]. Notable contributions in this area include [4-7] and related research.

In 2015, Vuong et al. [22] introduced a numerical method for addressing a variational inequality
problem. The method seeks to identify a unique solution that lies within the intersection of the
solution set of an equilibrium problem and the set of fixed points of a demicontraction mapping.
The algorithm begins with an initial point uy € X and proceeds iteratively, updating for all n € IN

as follows:
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vy = argmingep {6n£(un,y) + %Ily - Mn”z},
zn = argmingep {65 L (0w, y) + 2y - ual?},
Pn = zn = EaF (20),

Uni1 = (1= 100)pn + 10T P,

(1.4)

where {£,} € [0,1), {n,} € (0,1), and {0,} C (0, c0). The convergence of these iterates is established
through a combination of viscosity approximation and extragradient methods.

In 2017, Hieu [23] extended the Halpern subgradient extragradient method to address equi-
librium problems involving pseudomonotone and Lipschitz-type continuous bifunctions. The
method is defined by the following system of expressions:

v, = argmin,cp {6n£(un,y) + %Ily - Hn||2}
zy = arg minyey, {6n£(vn,y) + %Ily - “n||2}
pn = Entho + (1= &n)zu

Un1 = (1= 10)pn + 0uT Pa,

(1.5)

where X, = {v € X : ((uy — Onty) —vn,v—0v,) < 0} and t, € d2L(1y,vy). By integrating the
subgradient extragradient method with Halpern’s iteration, the authors established the strong
convergence of the generated sequence, under the conditions that the sequences {&,,} and {n,}
satisfy:

0<& <1, limseén =0, 2:1021 & = +o0

0<a<n, <L
Hieu [28] presented a novel hybrid algorithm in 2019 that approximates a common solution x* of

the equilibrium problem (EPFP) by combining the extragradient approach with a modified Mann

iteration. The algorithm is defined as follows:

Uy = arg minyeD {6n-£(“n/ y) + %”y - Mnllz} ’
2y = argminyep {6, L(vn, y) + lly - wall?}, (1.6)
Upt1 = (1 —&n— nn)zn + T]nTZn/

where {£,} C [0,1], {n,} € [0,1], and {6,} C (0, +-0) satisfy the following conditions:

N il 11
0<06<06n <6<m1n{2cl,262},

lim; 50 &n =0, Z;ozl En = +oo,
nn € (a,b) € (0,1) withb >a > 0.

In 2022, Tan et al. [29] presented an algorithm that demonstrates strong convergence of iterative

sequences under specific conditions. Let ¢, > 0,061 >0, u € (0,1),and p € (0, ﬁ) Assume that
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up and u; are arbitrarily chosen elements in X. For the iterates u,_; and u,,, define g, as follows:

o, — min{p, ||un—ygn_1ll]’ if u, # u,_1, w7
0, otherwise.
Compute:
Vi = Uy + P (tn — Un-1),
vy = argminyep {8, L(va, y) + 3lva = yIP},
pn = argminex, {p8uL(vn,y) + Hva = yI?}, (1.8)
O = (1=&)pn + EnS(uy),
U1 = (1= 10)T 9 + Nup,

where X, = {z € X : (v, = 6, Uy — vy, z — v,y < 0} and U, € D2 L(vy, vy). Define 6,41 as follows:

- H||Vn—7]n||2+#||vn—}7n||2 .
min {671, Z[L(Vn,pn)_L(Vn/vn)_L(vn/pn)] } Vi lf L(V}’l/ p}’l) - L(Vﬂ/ vn) - L(Uﬂl pi’l) > 0/

On, otherwise.

On+1 = (1.9)

In 2023, Panyanak et al. [25] introduced an algorithm designed to solve both an equilibrium
problem and a fixed-point problem simultaneously. The algorithm uses a monotone step size
rule that does not depend on Lipschitz constants. It incorporates a Mann-type iteration for the
tixed-point problem and a two-step extragradient method for the equilibrium problem. Let a, b be
selected such that 0 <a,b <1-pand 0 <a,b < 1—n. Given ug, u; € X, compute the following

sequence:

Vi = Uy + Qn (U = Un-1),

vy = argmingep {6n£(Vn,]/) + %an - ]/||2},
pn = argmin,ex, {pénL(Un; y) + %“Vn - y||2} ,

1 = (1= 00 = )P + 0T (pn), meN,
where X;, = {z € X : (v, =0, Uy — v,z —vy) <0}, Uy, € 2L(vy,vy), and ¢y, 6, are defined as in
expressions (1.7) and (1.9), respectively.

Inspired by the works of [22,23,25,28,29], we have developed a new algorithm that efficiently
tackles equilibrium and fixed-point problems using a subgradient extragradient-type method with

inertial effects. Our research offers several significant contributions:

(a) We introduce a novel inertial self-adaptive subgradient extragradient algorithm that operates
without requiring prior knowledge of the Lipschitz constant. Unlike methods with fixed step
sizes, our algorithm permits variable step sizes 6,, without the necessity for lim, . 0, = 0 or
Y1 6n = 0, thus enhancing its flexibility.

(b) The algorithm features an inertial term that substantially improves convergence rates. This
distinguishes our method from those discussed in [22,23,25,28,29], as it eliminates the need to

compute the norm difference between consecutive iterates for determining the inertial factor 0,,.
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The paper is structured as follows: Section 2 reviews relevant preliminary results. Section 3
explores the convergence of the algorithms proposed in this study. Lastly, Section 4 provides a

summary of the results.

2. PRELIMINARIES

Let O be a nonempty, closed, convex subset of X, where X is a real Hilbert space. We represent
weak convergence by u, — u and strong convergence by u, — u. Forany t1,t, € X and ¢ € IR, the
following properties hold:

(D) [t + t2l* = (1t + 2t 1) + [IE211%,
(2) it + tal® < 11117 + 2(t2, 1 + 1),
() lipts + (1 = P)tall* = Pl l* + (1 = P)liE2l> — (1 = )ity — £

Every point 1 € X has a unique nearest point in D, represented by Py (1), such that
Pp(u) = argmin |[u — 9||.
veD
The metric projection of X onto D is denoted by Pop. It fulfills the subsequent characteristic:
(u—Pp(u),v—Pp(u)) <0, VYveD. (2.1)

Definition 2.1. Let D be a subset of a real Hilbert space X, and let J : D — R be a convex function.
(1) A normal cone at t1 € D is defined by Np(t1) = {tz € X | {t3,tp —t1) < 0 for all t; € D}.
(2) The subdifferential of J at t1 € D is defined by
8j(t1) = {t3 eX | j(tz) —j(h) > <t3,t2 - t1>f01’ all tr € Z)}

Definition 2.2. [39] Let L : X X X — R be a bifunction defined on the set D, and let y > 0 be a positive
constant. The bifunction L is said to be:

(1) strongly monotone if L(t1,t2) + L(t2, t1) < —ylit1 — t2|* for all ty, t, € D,

(2) monotone if L(t1,t2) + L(t2,t1) <0 forall ty,tr € D,

(3) strongly pseudomonotone if L(t,t2) >0 = L(t2,t1) < —yllty — kol forall 1,1, € D,

(4) pseudomonotone if L(t1,t2) 20 = L(tp,t1) <0 forallty, tr € D,

Definition 2.3. Let 7 : D — D be a mapping with F(T") # 0. The mapping T is classified as follows:
(1) nonexpansive if [T (t1) =T (t2)Il < llh — t2ll, Vt1,t2 € D,
(2) quasi-nonexpansive if [T (t1) — t3l| < ||th — t3ll, Vi3 € F(T ) and t € D.

Definition 2.4. [40] If the following statement holds for r, € X, we define a nonlinear operator 7 : X — X
to have an empty fixed point set (Fix(7") # 0):

rn —71

(I_T>rn — 0,

(2.2)

which implies that r € Fix(7"). Moreover, I stands for the identity operator. In these situations, we say that
I =T is demiclosed at zero.
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Lemma 2.1. [28] Consider J : D — R is a lower semicontinuous, convex and subdifferentiable function

on D. A minimizer of J is an element t1 € D if and only if

0€dTJ(t1) + Np(t),
where dJ (t1) represents the subdifferential of J at t1, and Np(t1) denotes the normal cone to D at t;.

Lemma 2.2 ( [24]). Let {&,) be a sequence in (0,1) such that ),,> &, = oo, and let {b,} be a sequence of

nonnegative real numbers. Take {c,} to be a real number sequence. Assume that foralln > 1,
byt < (1= En)bu + Encn

If every subsequence {by, } of {b,} satisfies
lim inf(by, 1= by) > 0,

then limsup,_, ¢y, < 0, which implies limy, . b, = 0.

Lemma 2.3. [39] Forallu € X,v € D, and 6 > 0, the following inequality holds:

o [j(v) —f(proxéj(u))] > (u—proxsq(u),v — proxs o (u)).

3. MaiIN Resurts

In this section, we introduce a new algorithm designed to find the common solution to the
given problem. Our approach integrates both monotonic and non-monotonic step size strategies
within an inertial subgradient extragradient framework. We begin by selecting two points, g
and uy, from the set O. The algorithm then generates a sequence of iterates {i,} according to the
steps provided in Algorithm 3.1. To support the convergence analysis, we impose the following

assumptions at the outset.

Assumption 3.1. Let X be a real Hilbert space and D a nonempty, closed, and convex subset of X. We
adopt the following assumptions throughout this investigation:

(c1) The bifunction L is pseudomonotone and Lipschitz continuous on D.

(c2) For each fixed x € X, the function L(x;-) is convex and subdifferentiable on X.

(c3) The operator T : X — X is quasi-nonexpansive mapping.

(c4) The set T = EP(L, D) NF(T) is nonempty.

1-4 1-
(c5) ye(O,l),@e( 4H,T‘u),<l>€(y,1—29),0<1n<min{

1-&-20 1-0
20 140/

Algorithm 3.1. Initialization: Let ug, u; € X be chosen arbitrarily, while n > 1.
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STEP 1: Given the iterates u,_y and uy, for n > 1, compute

Uy, n = even,
tn — (3.1)
Uy + 0(uy —uy—1), n=odd.
STEP 2: Compute

vy = arg mingeqp {6n£(tn,y) + %th - ]/||2}
2y = argminyex, {00 L(0n, ) + 3t = Y17}, (32)
Upi1 = (1—=1tw)zy + 0T 20, neNN,

where X, = {z€ X : {t, — 6, Uy — vy, z—vy) <0}, and Uy, € 2 L(ty, vy).

STEP 3: Update 0,41 by

. lltn =0l pllon =24l .
min {671, Z[L(Tn,zn)zii(tnﬁinz;—z(vn,zn)] } lf.E(tnr Zn) - L(tnr vn) - -E(Un/ Zn) > O/

On, otherwise.

Op+1 = (3.3)

Lemma 3.1. The sequence {6,,} produced by the update rule (3.3) in Algorithm 3.1 is non-increasing and

. [
0120, 2 —,01¢.
1= On = TR {2 max{c!, ¢?} 1}

satisfies

Proof. From equation (3.3), it is clear that the sequence {6,} is non-increasing. Furthermore, apply-
ing the Lipschitz condition to L yields the following inequality:

> =
L(Vnzqn) - L(vy, ]/n) - L(ynr qn) 2 cMy, - an|2 + C2||f1n - ynllz

U

> —.
2 max{c!, c2}

E “Vn_]/nllz‘i‘”]/n_QnHZ 1% ”Vn_]/n”Z‘i‘”]/n_Qn”Z
2

Thus, the sequence {6, } is non-increasing and bounded below. Furthermore, we have lim, . 6, =
0. O

The following lemma is essential for demonstrating the boundedness of an iterative sequence

and plays a pivotal role in establishing the convergence of the sequence to a common solution.

Lemma 3.2. Consider {z,}, {t,}, and {v,} be sequences generated by Algorithm 3.1. Then, the following
inequality holds, for every il € T

o) o)
lzw — A2 < It — A2 - (1 — o )utn — o2 - (1 — Lo )nzn — ol (34)
6n+1 6n+1

Proof. By applying Lemma 2.1, we have:

1
0e€ads (6n-£(vn/ ) + E”tn - ”2) (Zn) + NXn (Zn)/
which implies there exist w € dL(vy, z,) and @ € Ny, (z,) such that:

Oopyw+2z,—t, +@=0.
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Hence, we have:
<tn_zn;y_zn> = 6n<w/]/_zn>+<wr]/_zn>/ VyEXn

Since @ € Ny, (z,), for every y € X, (@, y — z,) < 0. Therefore:
oW, Y = 2n) 2 {tw =20, Y = 2n), Yy € Xy, (3.5)
Given w € d.L(vy,z,), and using the definition of the subdifferential, we obtain:
L(n, y) = L(n,zn) 2w,y —2z4), VyeX. (3.6)
When we combine the inequalities (3.5) and (3.6), we get:
On (L(vn,y) = L(vn,2n)) = tn =20, Yy —2zn), Yy € Xy. (3.7)
By changing y with 7 into inequality (3.7), we acquire:
On (L(v, 1) = L(0n,20)) = {tn — 20, 1 — Zp). (3.8)

Given that 1 € EP(L, D), we have L(il,v,) > 0. By the pseudomonotonicity of the bifunction £,

we deduce that L(vy, 1) < 0. Therefore, from inequality (3.8), we conclude:
(tn = zn, 20 = 1) 2 0,.L(V, Z1). (3.9)
From the definition of the half-space X, we derive:
On(Un, zn — V) 2 (tn — U, Zn = Vn). (3.10)
Since U, € dL(t,,v,), we attain:
L(tn,y) = L(tw,vn) 2 (U, y—vy), VyeX. (3.11)
If we replace y = z, in inequality (3.11), we obtain:
L(tn, zn) = L(tn, vn) = (U, 20 = On)- (3.12)
Combining (3.10) and (3.12), we achieve:
On (L(tn, zn) — L(tn,vn)) = (tn — Vn, Zn — Un). (3.13)
Starting from the definition of 6,1, we derive the following inequality:
Oni1 (L{tn20) = Lt 00) = L0, 2)) < 5 (It = 04l + 1l = 04l (314)

which can be equivalently expressed as:

o
8 (1t = 0alP + Iz — 0ulP). (3.15)
n+1 2

On (L(tn, zn) = L(tn, vn) = L(0n,20)) < 5

By substituting (3.15) into (3.13), we obtain:

Ou W

(th = Vn, Zn — Un) < 00 L(Vn, 20) +
6n+1 2

(It = 0al® + llzn = vall?) . (3.16)
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Summing (3.9) and (3.16), we get:

R 0
(tn = Oy 20 = On) < (b = 2y 20 = ) + 2 & (It = 0al? + Nz = 0al?).. (3.17)
6n+1 2
Additionally, the following equality exist:
2ty = zn, 20 — 0y = Ity — A7 = llzn — tall® = llz0 — 21, (3.18)
and
2ty —Un, Zn — Un) = Ity — UnHZ + Iz — Unllz — Ity - Zn”z- (3.19)

By substituting expressions (3.18) and (3.19) into (3.17), we deduce:

2 2 2
It = vall” + 1z = vl = It — zall

A2 2 ~112
< (It = 21 = Iz = tal® = llz = 211

o)
+ 5nilu(||tn — 0l + llzu = 0al?),
which is equivalent to:
o) o)
iz — A1 < It —ﬁ||2—(1— Hon )utn —vnnz—(l— el )nzn — ol (3.20)
On+1 Ont1

O

The key lemma employed to demonstrate the boundedness of an iterative sequence is given

below. This theorem establishes the boundedness of the sequence.

Lemma 3.3. Assuming the validity of Assumption 3.1, let {u,} be a sequence produced by Algorithm 3.1.
Then, {u,} is a bounded sequence.

Proof. Recall that 6, is monotonically decreasing. Based on Lemma 3.1, {6,} is convergent, with a
limit of 6 > min {m, 61} > 0. Since {0} is monotonically decreasing, we have 6, > 6 Vn > 1.
0
Let ® be a fixed number in the interval (u, 1 —26). Moreover, since lim;,_,0 6L# = u < P, there
n+1
Onpt

< ®,V¥n > N. For any n > IN, we thus have
n—+1

exists a natural number N, such that

o
on 26, = <@, (3.21)
Plugging (3.21) in (3.20), we have for alln > N

lzn = AP < it = 21 = (1= @) Ity = 0all = (1= @) ll2 — val . (3.22)
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Definition of {u,+1} and (3.22) implies that
g1 = AP = 11(1 = Tn)zn + TuT 2 = 8
= lltn(Tzn — ) + (1= ) (20 — )|
= Tll T 20 — A + (1= T)ll(z0 = D)1 = T (1 = )17 20 — 2al
< Tullzn = AP + (1= 10)ll(z0 = D) = 70 (1 = T)IT 20 = 20l
= llzn = AP = T (1 = 7)1 T 20 = 2al?
In particular,

luansa — A% < litonsr — 8% = (1= @) llt2n1 — 201l

2 2
— (1= @) llzon+1 — v20+1ll” = 12041 (1 = T2n )17 22041 — 22041l

Equation (3.1) provides us the following;:
lb2n 41 = 217 = (201 + 6(t12041 = 12n)) = 2P
< (14 0)lluznsr =l = Olluzn = P + O(1 + O)lluzn 1 =zl
Using (3.23) as an additional special case, we have:
2041 = 8P < Nz = 21 = (1= @) Il = 020l = (1 = @) llz2n = 020

2
- Tzn(l - TZn)HTzzn — zo||

2 2
5 [[t121, — 24| _72n(1_T2n)||TZZn_ZZn” .

< |l — I -
By putting (3.26) into (3.25), we obtain:

(14+0)(1-9)
2
— Ton (1= T2n) (14 0) |7 220 — 2nl* + O(1 + 0)|tizy 1 — izl

By putting (3.27) into (3.24), we attain:

12, — Z72n||2

A2 A2
lt2n41 — " < fJuzn — a7 -

(14+0)(1-®)
2
— Ton (1= T2n) (14 0) |7 220 — z2nl* + O(1 + 0)|li2n 41 — tianl*

lltanta — A% < llugy — Al* - 2y — vanl®

~ (1= @) lit2n41 = V2041l = (1= @) llz2041 = V20411
— Tons1 (1 = T2 )17 Z2n 41 — Z2nga I
where
241 — uonll® = (1 = Tan)zan + TonT 220 — ti2nll?
= llzan — t2n + Ton(T 220 — z2n)I?

= llzan — uonll® + T3, 1T 220 — Z2nl* + 2T20(2on — tizn, T Zon — Ui2n)

< llzon — tianl® + 73, 17 Zan — zoall* + Tan (lz2n — ti2nl® + 117 221 — z24l?)

= (1 + 7——271)”2211 - u2n||2 + T2n<T2n + 1>||TZZn _ZZn”z-

(3.23)

(3.24)

(3.25)

(3.26)

(3.27)

(3.28)

(3.29)
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Combining (3.28) with last inequality yields:
(1+0)(1-9)
2
- [T2n(1 —T21) (14 0) — O(1 + 0) Tou(T20 + 1)]||TZZn — 2l

lhtzasa = P < luze — I = | ~0(1+ 0) (1 + an)|llzn — 2l

(3.30)
= (1= @) lltans1 = v2n 41l = (1 = @) 2241 = V20417
= Tan1 (1 = Ton )T 22011 = 22011
By using the conditions on 7, and 0, we get:
242 = A < lluzn — 2. (3.31)

Thus, by (3.31), we conclude that the sequence {uy,} is bounded, which completes the proof of
Lemma 3.3. O

The main result of our work is the following theorem, which demonstrates that the sequence
obtained through the proposed method weakly converges to a unique solution of the problem

(1.3). Now let us prove the main theorem of this paper.

Theorem 3.1. Let D be a nonempty closed convex subset of a real Hilbert space X. Assume that L is a
pseudomonotone Lipschitz continuous bifunction and that T : X — X is a quasi-nonexpansive mapping.

If Assumption 3.1 is satisfied, then the sequence {u,} converges weakly to the solution set.

Proof. Since {u,} is a bounded sequence, there exists a subsequence {u,, } such that uy, — 7. Now,

we have to show that i € I'. We can infer from (3.30) and the convergence of {||uy, — iil|} that:
lltizn = Il — O, [[u2n — v2ull — 0,
T z2n — t2nll = 0, l|z2n — v2nll — 0O, (3.32)

T 22041 — tont1ll = 0, l|lz2041 — 020 41ll > 0, asn — oo.

By (3.32), we obtain:
1z2n — tnll < llzon — voull + llv2n — uznll = 0, asn — oo (3.33)

Furthermore, (3.32) and (3.33) make us to reach:

17 220 — zoull = 1T 220 — U2n + 2y — Z2l|
(3.34)
< T zan — uzull + llu2n — zoull = 0, asn — oo,
Using (3.33) as well as 1, — 7, we can obtain:
Zop, — 1. (3.35)

Given the demicloseness of 7 at zero, the definitions of 3.34, (3.34) and (3.35) suggest:

il € Fix(7). (3.36)
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Moreover, we show that u € EP(L, X). From equations (3.8) and (3.14), we obtain:

62nk~£(02nk1 ﬁ) 262nk-£(02nk122nk) + <t2nk - Zan/ ﬁ - Zan>

2<t2}’lk - Uan/Zan - vZf’lk> + <t2nk — Z22ny, - Zan> (3 37)
621’1k E

2 2
=505 (M2 = 020l + Nz, = 020, 1F)
ne+

Using (3.32) and ty,, = u2,, and letting k — +o0 in (3.37), we get that the right hand side of (3.37)
tends to 0. Furthermore, vy, — 7 by (3.32) and limy_, 024, = 6 > 0 together implies that:

0 < limsup L(van, y) = L(4,y), YyeX.

k—o0

Thus, i1 € EP(L, X). Hence, i1 € T. O

4. CONCLUSION

In summary, the proposed study introduces methods that are particularly relevant for solving
equilibrium problems involving a pseudomonotone and Lipschitz-type bifunction in a real Hilbert
space. The algorithm utilizes variable step sizes, which are updated at each iteration based on
previous iterates. A notable advantage of these algorithms is their independence from prior

knowledge of Lipschitz-type constants and the elimination of the need for a line search procedure.
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