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Abstract. There is a very close relation between convexity and generalized fractional operators (GFO) to improving the
fractional inequalities. In this article, we describe the new form of fractional operators, named generalized proportional
fuzzy fractional operators (GPFFO), and also discuss the refinements of well-known inequalities. We derive a modified
version of Hermite-Hadamard-type inequalities and their refinements by utilizing the GPFFO with harmonically fuzzy
convexity. Moreover, we discuss the numerical computations of our main results that show the existence of analytical
and numerical behaviors. This type of validation represents the strength of our results. These new results and their

numerical validations have a great contribution in the field of computational of inequalities.

1. INTRODUCTION

Convexity has provided a strong analytical mechanism, optimization and inequality theory.
The concept of convex functions leads to many well known inequalities. Out of which Hermite-

Hadamard (H — H) type inequalities have a central position [10,17]. Where Hermite-Hadamard
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inequality can be defined as if F : I € R — R a convex function which is defined on the interval I
of real numbers and (q, (; € I with {; < (o. The following inequality

F(C1;C2)< 1 fCZF(x)dng<C1)+F(CZ>

T G-G Jg 2 ’

holds. See [1,6] for detail about different forms of Hermite-Hadamard inequality. This inequality
provides brief estimates of integral mean through point wise values and has been generalized
in numerous ways [10,18]. Along with these generalizations, harmonically convexity has been
developed into an effective forms of representation. Instead of using algorithmic means, the
convexity condition is framed in terms of harmonic means, which makes it naturally suited to
reciprocal-type relationships in both theory and application [1,19,20].

Along with these developments and generalizations, fractional calculus has significantly deep-
ened the analysis of inequalities, including (H — H) type inequalities. Fractional integrals, such
as Riemann-Liouville and generalized proportional fractional operator (GPFO), allow for a more
refined interpolation between local and global behavior and can produce refined versions of clas-
sical inequalities [3,12,21]. In particular, generalized proportional fractional integrals (GPFIs)
have unified and extended various fractional operators and have been effectively used to derive
Hermite-Hadamard (H — H) inequalities under new structural assumption [19,22].

At the same time, mathematical models for uncertainty and impression increasingly rely on
fuzzy interval-valued functions (FIVs).This assign a fuzzy interval to each argument in the do-
main. This model obtains both interval-type uncertainty and fuzzy and fuzzy "degree of mem-
bership" structure. Which makes it appropriate for applications in decision making, systems with
imprecision and uncertainty quantification [4,23,24]. In FIV model, one typically define lower
and upper endpoints functions and then develop lower and upper fuzzy integrals by integrating
these endpoints functions level-wise , restoring a fuzzy interval in the result [25,26].

Integrating harmonic convexity with fuzziness establishes a structural approach. The idea
of fuzzy harmonically convex functions deals with both the reciprocal structure of harmonic
convexity and the interval uncertainty of fuzzy values. For such functions, previous work has
established Hermite-Hadamard (H — H) and Fejer type inequalities via fuzzy Riemann-Liouville
integrals, using a fuzzy order relation on intervals [6,9,27]. These studies show that the fuzziness
of the image can be addressed in a refined manner in inequality theory, preserving inclusion
relations and integral estimates. Also, existing literature has not fully addressed the integration of
fuzzy interval-valued functions under harmonic convexity with generalized proportional fuzzy
fractional integrals (GPFFI).

Previous fundamental results to harmonically convex fractional inequalities include Iscan’s
work on H — H inequalities for harmonic convexity [1] and the generalization to fractional integrals
by other authors [28]. Moreover, more recent advances in fractional convexity have expanded the
operator toolbox. For instance, harmonic convexity has been combined with generalized fractional

integrals in continuous difference models [26], and other works have explored H — H inequalities
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using Y-conformable fractional operators [19] or extended Mittag-Leffler kernels [29]. There
are also fractional H — H inequalities developed for exponentially convex functions [30], general
pre-invex functions under fractional integrals [4], and weighted fractional operators applied to
geometrically convex functions [9]. These advances underline the deep interrelation of convexity,
fuzziness, and fractional calculus.

In this paper, We attempt to align these perspectives by introducing harmonically fuzzy con-
vex IVFs and defining corresponding upper and lower GPFFIs. We develop some new Her-
mite-Hadamard type inequalities in this work, thus extending both the classical and fuzzy frac-
tional literature. Our results generalize the work of Sahoo et.al [3] in fuzzy context and they also
refine earlier harmonically fuzzy convex inequalities [6,9].

This paper is organized in a sequence such that in section three, we discuss preliminaries
to understand the results derived in this work, and also describe the generalized proportional
fuzzy fractional operators (GPFFOs). In sections four and fifth, we establish Hermite-Hadamard
inequalities and their further refinements by implementation of GPFFO with harmonically con-

vexity. Finally, in section six, we have discussed conclusions and future directions.

2. PRELIMINARIES

Before presenting the main results, we briefly recall the key ideas needed in this work. Since our
inequalities combine harmonic convexity with fuzzy interval-valued functions, we first outline the

basic definitions related to both concepts. These will help set the stage for the results that follow.
Definition 2.1. [2] A function F : [C1, (] — R is called convex function, if
FlpCi + (1-p)C] < pF(Ci) + (1-p)F(Ca).

Definition 2.2. [1-3]Let a real interval I ¢ R\{0} , then a function F : [C1,C2] — R is known as

harmonically convex function, if

Xy
F
px+(1-p)y
Definition 2.3. [6,15] A function F : [C1, (2] € R — K is referred to as an FIV-function. For every
¢ € (0,1, the ¢-level set generate a family of interval-valued functions

J <pF((1=p)y) + (1-p)F(x)

Fe(w) = [Fu(w, €),F(w, )], Yw € [C1, (2],

where, for each € € [0, 1], the midpoint function F.(-,€) and F*(-,€) : [C1, (2] — R are termed as lower and
upper function of F , respectively.

Definition 2.4. [14] Assume that 11, be the class of intervals and H € I1;.. Then

F=[F.,F]={aeRIF.<a<FY,(F., F €R).

IfF. = F*, then we say that F is degenerate.
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Definition 2.5. [13] Let ¢ € [0,1]. A fuzzy interval-valued (FIV) mapping F : T1 € R — Iy, is defined
by
Fe(x) = [F.(x, ), F(x,£)], VYxell,

where the left- and right-endpoint mappings F.(x,€) and F*(x,€) : IT — R are referred to as the lower and
upper functions of F, respectively.

If, for € € [0,1], both F.(x,€) and F*(x,€) are continuous at a point x € 11, then the FIV-function
F :II1 C R — I, is continuous at x € I'L

Proposition 2.1. [10] For (1, € F, c € Rand ¢ € [0, 1], we have
[aFa] = [+
[o%e] = [ x (),
¢l = alf,
[Fa] = e+l

Definition 2.6. [4,5] A fuzzy interval valued function F :1— Ris called convex if for every € € [0,1],
the {-level set F = [F*(x, f),F* (x, £)] satisfies:

FlpCi + (1-p)C] < pF(C2) F(1 - p)FCa.

Definition 2.7. [9]The harmonically convex fuzzy interval valued function for a mappingF 1[G, &) 2 R
is defined as follows:

Xy -~ —
Fl ———— | <pF(y)+(1-p)F(x (2.1)
)[px—i—(l—p)y) pF(y)+(1-p)F(x)
Definition 2.8. [6,9] The Hermite-Hadamard inequality for fuzzy interval valued function is defined as:
=G+ G 1 2 F(@)F F(&)
F( ) < f F(x)dx < ——————. 22
Definition 2.9. For [8] R(b) > R(a) > O, the Euler integral representation is:
') bt o o
Fig; 0, 2) = —=——7—— 2pa-l(1 —p)bma1 g, 2.
1F1(a; b; z) T(a)r(b—a)j; e (1-1) d (2.3)

Definition 2.10. [3,31] Let F € L[(1, (] and y € [0,1] then the generalized proportional fractional
integrals (GPFI) S‘g L and 3¢ of order o > 0 are defined as:
1 2

~& 1 * E X—u a—

SR = fc e 7 (x —w)* F (u)du, 0< G <x <y,

SYF(x) := L : e[y*;’](u_x)](u —x)*F(u)du, 0< G <x<C
GO T(@) e S >
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Definition 2.11. The left GPFFO for a function F is defined as follows:

1 e WO
IYF(x)]¢ = f el 7 W (x - w)*1F(u)du
YRR = s | (x— ) ()
L e a1 .
= ’ - F.(w,€),F(u,£)|[du0 < .
y"‘l“(a)fcle; (x—u) [ (u,€),F(u )]uO G<x<0Q
Where
1 X el
~ay _ [5-(-w)], _ a1
\Sq F.(x,¢) = ) fC; e (x—u) [F*(u,ﬁ)]du, 0<( <x<0,
and
SV (x,£) = ! f xe[%x—“”(x— w)*F (w,0)]du, 04 <x <.
Cl )/“F(a) 4

Similarly, we can define right GPFFO for a function.
Remark 2.1.

If u # 0, then we take function i(u) = 1.

3. ANarysis oF HERMITE-HADAMARD INEQUALITIES BY GPFFO aAnD HarRMoONICALLY CONVEXITY

In this section, we will discuss the refinement of the Hermite-Hadamard-type inequality by

implementation of the GPFFO with harmonically fuzzy convex function.

Theorem 3.1. Let F : [C1, (o] — I(R), be a positive fuzzy interval valued function with 0 < Cy < Cp and

Fe L[Cq,Co). IfF is a harmonically convex function, then we have:

= 2G1C yT(a+1)
F(Cl + Cz) <

G1C2 )"‘

7. 1F1(zx,a +1, 7/7—1(%—CC21 ))(C2 -G

R e

Proof. Letx,y € [C1,Cy], if F is a harmonically convex function, then

A2L) F(x)+F ()

xX+y 2 ’ (32)
for every ¢ € [(y, (3] , we can define lower and upper FIV function as
2 F(x, €)+F(y, ¢
F*( Y {,) OO (3.3)
xX+vy 2
Similarly
2 F.(x, €)+F.(y, ¢
(=50 < & Oy 0 (3.4)
x+y 2
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Now solve for upper FIV function and put x = % and y = m

2xy _ 201G
x+y G+&

put values of x and y in (3.3),

2 ) op( 8 (bl
G+&’ )S (kcz+(1_k)clff)+F (kC1+(1—k)C2’€)' (3.5)

2F*(

1| G- Cl)
Now multiply both sides by )/er( T (@) € ! ( 12 Jka-1 | and performing integration with respect to k

over the interval [0, 1], we get:
1
2F*( 2618 ) 1 f B a1x
G+ Gy (a) Jo
1 o (o
< f eyy_lk( i )k“‘lF*(L,f)dk
vl (a) Jo kG + (1-k)G
1 (C ) a1
Py 102
+ e v \ag Jjo- 1F*(—,€)dk
yoT () L kG + (1-k)C2

Now aplly change of veriable technique , we obtain

1 CR ol &1 (u_ C2 Cl[ C1C2 ( 1 ):la_l *(1 ) CZCl
~ — eV -4 C2‘71 u—— F -, C|du
V9 yaT () j:_z -G ) u -G

Similarly

-G/ \ &
Also we have
2 1 7= 1k(CC21521) 2 CZ_Cl
e \ 0% Jpa- 1dk——F(aa+1 ( )) 3.7
wr<a)fo yTa+1)" ! y \ GG G7)
Now by substituting the value of 3, , J and (3.7) into (3.6) we get,
F*( 200 f) < y*T(a+1) ( GG )
C1+C2 2. Fl(Oé 0(-|—1 Y- 1(%1521)) CZ_Cl
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[(3“1_”_ (F o l,b))(é) NCHAGE lp))(é)] (38)

G

Similarly for lower FIV function we will have

aT( ) a
A (Czl(:lcéz f) - 2- Fl(ayar+a1+y11(célcczl ))(Cfl—ca)
[(S?(F o ¢))(é) + (f;z (F.o ¢))( )] (3.9)
Now by combining (3.8) and (3.9) we obtain
: T(a+1) .
F( Czlc—féz) ) 2. Fl(;ar—f—i—i_yll (%Cczl ))(Czc 1—C2C1 )
[(sﬁ; Fo lp))(é) (" e " Fou)) Cll I (3.10)

This Completes the first part of our theorem.
To establish the second part of the inequality , we utilize the definition of harmonically convex

function for lower FIV function, which is given as follows:

. GG . GG . .
: (kCz +(1 —k)C1’€)+F (kcl +(1 —k)cz’f) <F(C, O +F (G, 0). (3.11)

v ﬂ)
By multiplying both sides of inequality b o (Cm k%1, and integrating with respect to k
y plying quality by r YaT(@) € g & p

over the interval [0, 1] , the following results is obtained:

emret I (G E0) (oY ) (o))

F(Cy,€) +F (G2, £) Y OG-0
S T 1F1( a1, 7(E)) (3.12)

Similarly for upper FIV function

emey I GRG0 ot B CHALEERR) )

F.o(Cq,€) + F(Co, €) O-G
yaT(a+1) iF ( +1 Y ( GG )) (3.13)

After combining (3.12) and (3.13) and after some rearrangements we obtain:

yar(a+1)(cz cl))(CZCI—CZQ) [(Naly/(*w))(g) ( & (Folp))(gl)]

2'1F(CKC¥+1 e ¢

_FQ) +F(@)
A > .
After combining equation (3.10) and (3.14) we get our desired results of equation (3.1). m]

(3.14)
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Example 3.1. We consider a fuzzy interval valued function F(x) = [x%, f—z] ,  x € [1,2] and solve it to
validate the theorem 3.1. We will consider C; = 1and (; =2,y = % and we manipulate the graph for
different values of a. For the left and right term of inequality we will get a fix value, i.e.

201G
F.
(Cl + G

) = 0.5625,
and

F.(C1) +F.(C) — 0.6250
5 = 0.6250.

For different values of «, we get different values of middle term as table below is given,

a | Middle Term
0.1 0.61486
0.2 0.60702
0.3 0.60093
0.4 0.59618
0.5 0.59248
0.6 0.58960 vae
0.7 | 0.58736
0.8 0.58565
0.9 0.58434
1.0 0.58337

Ficure 1. table
Values of middle term for different values of o

Ficure 2. figure

for £ Graph for lower bound of function
Similarly,
266
F ) = 16875,
G +0G
and
Fa{- F*
Fla) t7(&) ;L (&) _ 1 g750.

For different values of a, we will have the following values:
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a | Middle Term

0.1| 1.84458

02| 1.82107 R
03| 1.80280 "
04| 1.78856

05| 1.77745

0.6 1.76880

0.7 1.76210

0.8| 1.75695

0.9| 1.75304

1.0| 1.75013

Ficure 3. table
Values of middle term for different values of o
for F*

Ficure 4. figure

Graph for upper bound of function

Theorem 3.2. Let F : [C1,C2] = I(R), be a positive fuzzy interval-vlaued function with 0 < {; < Cp and
Fe L[, &) If Fis harmonically convex then following inequality holds:

s v ==y )

y \24G
R (Fo gb)(l)l
(32) G

Proof. Letx,y € [Cy, (o). If Fbea positive fuzzy integral valued and harmonically convex function,
then

g ool ) <5

201Gy

(3.15)

F( 2xy )< F(x)+F(y) (3.16)

x+y 2 ’

for every ¢ € [(1,(z] , we can write lower and upper fuzzy integral valued function as follows:

F*(ijiyy/g) < Fi(x,{) ;F*(]/rf)/ (3.17)
and
F*(x2iyy,€) < F*(x,¢) ;F*(%f). (3.18)
Now, first we will solve for upper fuzzy interval valued function and choosing x = I Cfﬁ% 3 and
y= gclig%cz, we have
ZF( 2016 ,{,) < F*( GG )+F*( C1G2 ) (3.19)
G+0G Ko+ 3G ko + 3¢
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&-G
204

1 )
Multiply both sides by ﬁe ! k*~1 and applying integration with respect to k over the

interval [0, 1], we get:

ZF( 2010 {,) 1 fl ey;;'lk(gzq_cc; )k“‘ldk
G+ & yT(a) Jo

1 —k(é—c) 26,
e’ \¥ k‘HF*(—, f)dk
7T (@) fo kG + (2-Kk)G

1 Ek(?_gl) ZC C
+ e T\ jetp (=2 )ak
7T (a) fo kG + (2-K)C

= T+T (3.20)

IA

Applying change of variable technique , we get the following result:

G1+0
26,6 )“ 1 fz_tlcz -4 )( 1 )a—l *(1 )
N ev u—-—| F(=,¢)du
7 (Cz —G/ yT(a) Jo G ”

.
(2[5, oo))2)

20C

Similarly,

1
. 2016\ 1 Tl 1 a-1_ 1
u- (5 f PE (=) F(L )
2 -G/ yT'(a) Juo2 ¢ G DAY

([ o))

201Gy

Also we have,

1 c
F*( 2162 ,5) 2 fe’y LCo)
y*T(a) Jo

-G
F*(C?C—lkcéz' )yar(i +1) 1F1(a a+l, T(CZZC;CC; )) (3.21)
Put the value of 3, T and (3.21) in (3.20) , we get:
. T(a+1) «
e =
3?2%55) ( e 1/))(é) i 3?31*?) ( Fo ”b)](cll)} (3:22)

Similarly for lower fuzzy integral valued function we can have,
F. ( 2C1C2 5) < yr(a+1) ( 2C:C )“
G+G6’ 7. Fl(aa+1 Y= 1(%%)) -G
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e o) o)) o

201G 206

After combining and simplifying (3.22)and (3.23) we get following:

— a ( ) a
F(%’ 5) ) 2-1F (:O:_a:—y)_;(%)) ( szicczl )
Ve, ool Foo))E)] 028

This completes the proof of first part of theorem.
To find the second part of inequality , we aply the definition of upper fuzzy interval valued

function on harmonically fuzzy convex function, then we will have:

. GG 2—k_, k_,
A< F (G, €) + =F* (04, €), 3.05
and
GG 2—k k
) RARS F*(C,€) + =F* (0, 0), (3.26)
§C1+22;kC2] k (G 6) 2 (G2, 0)
adding both equations, we get:
266 2010
\Gre-ng N o | s F (G O +F (G, 0). 3.27
kCo + (2 -k)Cy )+ kCi + (2-Kk)C, ]< (C1, ) +F (L2, ) (3.27)

Y- Kk )
Multiply both sides by me k*~1 and applying integration with respect to k over the

interval [0, 1], we get:

=1 L=t
1 fl F*( 2C1 CZ )e%k( 2261221 )ka—ldk
0

7T (a) ko + (2-k)Cy
1 ! 2010 /1;1(27?) -1
Fl—22 2 gtk
T (kcl ¥ (2—k)C2)e
<(F (G, €) +F(Ca, € PR a1k, 3.28
Feo+r@o) [ < 328)

which gives us:

E e (o) [ ool

2016 206

SF*(CLf)‘FF*(Cz,f)lFl( V—l(Cz—C1)]

(3.29)

a,a+1,——
yal(a+1) y 201G
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Similarly for upper fuzzy interval valued function we will have:

(%)[\5(_) (F. ow)( ) (‘”?Z@ZV(F*"”")](%)}

200 216
F.(C,€) +F.(Cp, C) O-0
F Li— .
SV ( at1, — 200G )] (3.30)

After combining (3.29)and (3.30) we will have:
( 24,6 )“

OG-0 3?2%2 )'(FO ¢)(é) M (3?6223 )+(~° ¢)](Cll)}

FGQ 0T (. V_—l(ﬁ)) @31)
4 4 ,)/ ’

yT(a+1)
By combining (3.24) and (3.31) and applying few rearrangements, we will get our desired results.

1F1

O

4. ReFINEMENTS OF HERMITE-HADAMARD INEQUALITY WITH GPFFO

In this section, further refinements of Hermite-Hadamard type inequalities are obtained by

applying GPFFO with harmonically fuzzy convexity.

Theorem 4.1. Let F : [C1,C2) = I(R) be a twice differentiable, fuzzy interval-valued function with
0<C <@ and F € LG, G IfF is bounded on [Cy, Cp] and F( ) = (C1Cz) then we have the following
inequalities for GPFFIs:

51+

mo f (CZ—Cl _x)z
2(C2 =) 1F1(a,a+1 r= 1(C2 Cl)) G 2

GG

r-1 i
[eT(X_Cl) (x _ Cl)a_l + e)T(Cz—X) (CZ _ x)a—l dx

) T ))[W;/(‘Ol’b)( )—F:S ( l'b)(Cl )] Tczlc—féz

2(C—C1)” 1F1(04 a+1,5 1(%5;

Ma
(Cz Cl))
616
2
G+0o n x) eﬂ

<

2(C =) 1F1(

9o
f 2
G
Proof. By applying change of veriable technique, we have

YT (a +1)(G5) [@w - (1) (o (1 )]
L A\Fey) |+ L+ Foy)l=—
Z(CZ—Cl)“lFl(a,a+1, y;l(%)) Ja ( ) G \56 ( ) @

dx.

y— a-1
> - (x=C1) (X _ Cl)a—l + ET](C2_X)(C2 _ X)

&1
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YT (a+1)(G0)Y
2(C—0Gp) 1F1(“ a+1,k (%1521))

1 _ - _
1 yT(a)

G
o

2(&-G)” 1F1(04 a+1,k (%Cczl))
sz [e}’%,l(u—cl)(u_cl)aq 47 @ (g, _y)o 1]F*(C1C2 )du

24

2(C—Cy)" 1F1(a a+1,= 1(%5;))
j;cz [e”? (4=00) (g = )01 4 5 (@ )(Cz—U)“'l]F*(L,g)du,

G+CG-u

which now gives,

(a4 1)(CG)? )) [Sa{y (o ¢)(é) +3Y(F o #})(Cll)]

2G-G)nF(aa+1, 50| 5
lata
+ Fﬁ H—)()J &l

Since
EET T

(5 f)+F*(%lf)—zp(écfé/)]

+C2

is symmetric about S8 and we get,

r-1 (x Cl)(x Cl)a—l + eyT(Cz—X)(CZ _x)a—l]

a Co
4(C2 - C1)"‘1F1(a,a +1, 7’)—_/1(@2‘51 )) fcl [e

GG
[ (% )+ *(cl fccj —x"))_zp(czlcféz’f)]dx
G1+C
= a f 2 [e}');/l(x—(,])(x_cl)a—l _i_e)?—(Cz x)<C2_x)a—1]

2(C2 - Cl)“lFl(Oé,Oé +1, %(%)) G
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14
«C1C +f_ GcC . 2G.C
R el el
4.2)
Which gives,
T (@ +1)(G)" o7 (o ( 1 ) o (g ( 1 )]
Z(CZCl)a1F1(a,a+1,V71(%))[\5% (F gb) & +\5%+(F 4’) @
| 26
- Clj-ézlg
a+o
— @ : y);,l(X—Cl) _rya-1 %(Cz—x) a-1
2(C2—C1)“1F1(a,a+1,%(%)) 4 [e (x=0C1)" " e (G2 —x) ]
[F(% {’) + F’*(—Cl f_lg’;_ - 5) - 2F*( Czlcféz , {’)]dx. 4.3)
S;
::e GG )\ o208\ _pe NGl ) (O
(C1+C2—X' )_ (C1+C2)_ (C1+Cz—x,)— ( 2 ’)_f# (k £)
and
Qo
(B () (3 e - [ o
then , we get
F*(Cl_xcz'f)#*(cl flgj—x’g)_w(%’f):f;;cz_xp’(k/f)dk—f:l? F* (k, £)dk
Shat) G+o Gq+o

’ F*’(C1+Cz—k,€)dk—f ’ F*’(k,z)—f i [F*’(Q+cz—k,€)—F*’(k,f)]dk. (4.4)

X

Since
C1+C—k

F G+ Gk £) — F (K, ) = fk F (y)dy,

fork e [Cl, %],one has

m(G + G —2k) <F (G + G-k ) —F'(k,€) < M({ + & - 2K).

Hence

C1+Cp
2

m(Cy + G — 2k)dk < F(% 5) + F*(—Cl fg;_ ,¢)- 2F*( szjféz, 5)

C1+Cp
2

< f M(C1 + G — 2k)dk. (4.5)

X
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So,
e R e e e U e |
ie N
2(C2—Cy)” 1F1(0¢ a+1,E 1(%5))
Tla+1)(G&)" s i
e A k)
- Czlc—lkcéz'f
< Mua

2(0 - C1)” 1F1(“ a+1,t (%CC;))
132 (x=C1) (x—C1)* '+ VT(CZ x)(Cz - x)

fz
€]

Similarly for upper fuzzy integral valued function, we will have:

a-1

G+0G
2

<[
—_

TX dx. (4.6)

ma
2G - Gy (aa+ 1,5 %2)
s1+,
f 7 (ﬂ _ X)2 ey};l(x—Cl)(x _ Cl)a—l + ey);/l(f,z—x)(Cz _ X)a_l}dx
(6] 2
7T (a+1)(G6)" {@a " ( ) . ( . )]
= F.oy S F.ooy)|—
2(6L-G1)- 1F1(0c a+1,L5 1(%1521)) = ( ) L ( ) o
201G
ik G+ Cz’g
< Ma

2(G—G)” 1F1(a a+1,L (%cczl))

G+t C C 2
z 1+ G
— +X
[

Combining and rearranging (4.6) and (4.7), we have:

i y— a-1
3%()(_61) (x—C)* '+ e}}_’l(cz_)()(cz - X) dx. (4.7)

01+Cy

ma f (Cz—Cl _x)z
2(C—-Gy) 1F1(a a+1,5 1(52 Cl)) G 2

&1
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[e%(x—g)(x _ Cl)a—l + ey};,l(éz—x)(cz _ X)a—l dx

Var(a+1)(C1C2 @ay ( ) ~ay ( )] ‘[ 201G
< o +3 1 \ )
2(-G) 1F1(01 a+1,L (%5;)) a ( ) (~ ) G G+ G
<
2(G- G cx+1,V1(%ﬂ§))
cl+cz i
jc‘l G ‘;‘ G X) el’;l (x=G1) (X _ Cl)a—l + ey/%l(cz—x)(cz B x) ﬂdx‘

O

Theorem 4.2. Let F : [C1,C2] = I(R) be a twice differentiable, fuzzy interval-valued function with
0<C <CpandF e L[Cy, . IfF is bounded on [Cq, (o) and F(x) = (Cl%), then we ave the following
inequalities for F-GPFlIs:

014Gy

—Ma f (Cz -0 _x)z
2(G-Gr)e 1F1(a,a—|—1 r- 1(C2 Cl)) G 2

&1

y-1 ~ y-1,,
[eT(x_Cl) (x— C1)“_1 + e v () (G- x)”‘_1 dx

) el aar cl))[w(’?w)( )*3 (Fo w)(cl)l {cszéz

2(0 - G)*F1|a,a+1, L (C162

e
< Ao

2(G-)MF|ea+1, 5 1(%5;))
C1+C2 1
-1 y-1 “
f Cl —;— CQ X) 617’ (x=G1) <X _ Cl)a—l + 677(62_’() (CZ - x) \dx (48)
G

Proof. Using the same notations and assumptions as theorem (4.1) , and equation (4.3) and foe

upper fuzzy integral valued function, one gets:
YT (@ +1)(GG5)° ”7(°¢K ) 1@%¢xlﬂ
sarafae Sl 1 G
_F*(CLK) +F*(C, 0)

2
L2 1 L N
) 4(Cr = Cp)e 1F1(aaa+1 Y= 1(%51)) 4 [e B C)(X_C1) Te7 € )(Cz—x) 1]
{F(B2 ) r (i) - Fao +r@ ol wo)
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since
T -0 e T O (G- P2 ) 4 (8 o) - [P0 + P 0|
is symmetric about ﬂ, we get
e+ DG)” R (F* o IP)(l) +3% (F* o w)(l)
) (o= )\|[T& ) & G
2(6-04) 1F1(04,04+1, > (ClCz )) 1 5
_F*(Clr 5) +F*(C2/ 5)
2
{+C
_ a f [ x-t) a1, NG a-1
= — e’ (x=C)" +e (C2—x)
2(C2—C1)“1F1(a,0¢+1,§(%;@?)) G [ ]
[C1C2 . 616 . .
Since
* = ClCZ = = _ _ © +/
F (G, 0) F(—C1+C2_X,5)_F (Ca, €)= F*(C1 + G2 - %, 0) _fC1+C2_xF (k, £)dk
and
F(E20)-F @ =P 0 -F@0 = [ Fodk
C1
then

X Co
F(2,0) 4 (22 ) - [F(0, )+ F (@2, 0)) = f F (k, £)dk - f F* (I, £)dk

G+G—x

S fc (@ G- k) - F (i )] dic

We again have

G

G+C—x

(4.11)

, , Gt+l-k
[F/ Q1+ G- K) - F (k)] = fk F (2, £)dz.

Now fork € [Cl, #], we have:

m(G + G —2k) <F (G + G -k, &) —F'(k,£) < M(G + & - 2k).

2

Hence
[Shac
‘f M(Gy + G —2k)dk < F*(%,g) +F*(%
< —

ie
_M(X - Cl)(CZ - x> S F*(%) _'_F*(%

X

Vo)l

C1+Co

(€1, 0) +F (&, 0)]

m(Cy + G —2k)dk,

)-[F .o +F o)
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—m(x—C01) (G —x). (4.12)

Similarly for lower fuzzy integral valued function

G1Co GG
CM(x— _ ( )+F(—)—[F* ) +Fu(Go, €
(x=0) (@) < F(A2)+ A (2= ) - [F@ 0 + R0
—m(x—C1)(Cr —x). (4.13)
After combining and simplifying (4.12) and (4.13) we get our desired result, which is (4.8).
m]
Next, we will prove the results of theorem (4.1) and (4.2) without harmonically fuzzy convex
property.
Theorem 4.3. Let F :— I(IR) be a positive and twice differentiable function with 0 < {; < Cp , and

Fe L[G, Gl IfF*’(Cl + 0 —-x) > F (x) ,¥x € [Cl, %], where F(x) = Fl-:(%), then we have the
following inequalities for GPFFIs:

— a ( ) a
) S
Vi PPl Fol) ) S

Proof. From equation ((4.3)) and ((4.4)) we can get:

V“r(a+1)(clcz)“ S 57 (o
2o i{aa+1,2(52)) il w)( ) 3 w)( )]

2010

_F* ,
G+0G

= a f [EJT(X—Q) (X _ Cl)a—l + EVT(Cz—x) (CZ _ X)a_l]
Z(CZ_Cl) 1F1(CK a+1 (CC21CC21)) G

) o (e

= a e v Q) (x—3)*t + e 7 (e (G- x)“_l]

2(C - )" 1F1(aa+1 (%5)) G

Shit) ]

2 ’ ’
x{f [ G+ o=k -F (k,f)]dk .
Similarly for lower fuzzy integral-valued function, we will have:

YT (a+1)(GG)"

o (Fou) L) o 5
z(cz—cl)alFl(a,aH,%(%))[Jﬁ)(F* ¢)(Cz) L (Fo w)( )]
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201G

—F. )
G+0G

¢

C1+Cp

-1

5 (x=G) (X _ Cl)a—l YT(CZ X) (CZ _ X)a—l]

[

2(C2 =) 1F1(a a+1,~ (%lél)) G [e

a+h
xlf [F'*(Cl + G-k, t) -F.(k, 5)]011( .

Combining and simplifying the valued at upper and lower fuzzy integral valued function, we will
have the following;:

‘Tla+1)(GG)" o ~ 20,C
Z(Cz—Cj/) 1F1(aa+112 (C2 Cl))[ y(o )( )+‘5 (~ lP)(Clﬂ ‘[Cﬁl-éz)

GG

G1+C
2 1 =0, —x -
— 24 - C C f [ET(X—C])(X_Cl)a—l +€ ¥ (Cz )(Cz_x)a 1]
2(C = ()™ 1F1(04 a+1,5 (CZIC;)) =

x{f_ [F(C1+ &2 - k) —F(k)|dk| > 0.

Similarly from equation (4.10) and (4.11), and after simplifying upper and lower fuzzy interval-
valued function we will have the following:

yT(a+1)(GiG)"
2(G—-G)” 1F1(a, a+1,1L (Cczlcil ))

F(C)FF(G)
B 2

G+ L
_ a - f [[e'T(X—Cl) (x - Cl)a—l 7T(Cz x) (Co— x)f’é—l]
2(6 - Cl)“lFl(Ol,

32 Fe oLy Fen(L)

CONCLUSION

In this study, we described the newly generalized proportional fuzzy fractional operators (GPF-
FOs) and modified the Hermite-Hadamard inequalities to fuzzy interval-valued functions (FIVFs)
under the concepts of harmonically convex functions by implementation of newly developed

GPFFO. After defining upper and lower fuzzy proportional fractional integrals, we established
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further refinements of Hermite-Hadamard-type inequalities with harmonically convexity. The-
oretical concepts will provide a strong foundation for further investigations in fuzzy fractional
analysis, offering potential applications in uncertain modeling and systems with imprecise or
interval-valued data. Moreover, we discussed the numerical computations of our main results,
which show the validation of analytical and numerical behaviors. Future research may explore
more general convexity types, alternative fractional operators, and higher-dimensional extensions.
We concluded that such type of refinements could be possible for analytical and numerical behavior

by implementation of GPFFO with harmonically fuzzy convexity.
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