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Abstract. In this article, we introduce the notion of graded multiplication-like modules over commutative graded rings

and we obtain some related results. Let G be a group with identity e. Let W =
⊕

g∈G Wg be a G-graded commutative

ring and D =
⊕

α∈G Dα a graded W-module. We say that D is a graded multiplication-like if for each graded ideal K of

W, there exists a graded submodule L of D with K = (L :W D).

1. Introduction

Throughout this article, we assume that W is a commutative G-graded ring with identity and

D is a unitary graded W-Module. Let G be a group with identity e and W be a commutative ring

with identity 1W. Then W is a G-graded ring if there exist additive subgroups Wg of W such that

W =
⊕

g∈G Wg and WgWh ⊆ Wgh for all g, h ∈ G. If a ∈ W, then a can be written uniquely as∑
g∈G ag, where ag is the component of a in Wg. Moreover, h(W) =

⋃
g∈G Wg. Let K be an ideal

of W. Then P is said to be a graded ideal of W if K =
⊕

g∈G(K
⋂

Wg). We mean by K ≤id
G W

that K is a G-graded ideal of W. Also, we mean by K <id
G W that K is a proper G-graded ideal of

W, see [13]. A Left W-module D is called a graded W-module if there exists a family of additive

subgroups {Dα}α∈G of D such that D =
⊕

α∈G Dα and WαDβ ⊆ Dαβ for all α, β ∈ G. Moreover,

h(D) = ∪α∈GDα. Let W =
⊕

α∈G Wα be a G-graded ring. A submodule V of D is called a graded
submodule of D if V =

⊕
α∈G(V ∩Dα) :=

⊕
α∈G Vα. We mean by V ≤sub

G D that V is a G-graded

submodule of D. Also, we mean by V <sub
G D that V is a proper G-graded submodule of D.
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Also, by V <sub
G D, we mean that V is a proper G-graded submodule of D, see [13]. Let W be a

G-graded ring, D a graded W-module and V a graded submodule of D. Then (V :W D) is defined

as (V :W D) = {r ∈ W|rD ⊆ V}. The annihilator of D is defined as (0 :W D) and is denoted

by AnnW(D), see [5]. The basic properties of graded rings and graded modules can be found

in [2, 13, 14].

Graded multiplication modules over commutative graded ring have been studied by many

authors extensively, for example, see [9,10,17]. A graded W-module D is called a graded multipli-

cation module (briefly, gr-m) module if for every V ≤sub
G D there exists J ≤id

G W such that V = JD,

see [9]. As a dual concept of gr-multiplication modules, graded comultiplication modules were

introduced and studied by many authors extensively, for example, see [1, 3, 4, 8, 11]. A graded

W-module D is called graded comultiplication (briefly, gr-com) module if for every V ≤sub
G D there

exists J ≤id
G W such that V = (0 :D J), where (0 :D J) = {d ∈ D : dJ = 0}. Also it was shown that D

is a gr-com module if and only if for each V ≤sub
G D, V = (0 :D AnnW(V)), see [8].

In this paper, a graded multiplication-like module is introduced, along with some basic results

and characteristics.

2. Multiplication-LikeModules

Definition 2.1. A graded W-module D is called graded multiplication-like (briefly, gr-m-l) W-module, if
for any K ≤id

G W, there exists L ≤sub
G D with K = (L :W D).

Lemma 2.1. Let W be a G-graded ring and D be a graded W-module. Then D is gr-m-l W-module if and
only if for every K ≤id

G W, K = (KD :W D).

Proof. ⇒ Assume that D is a gr-m-l W-module. Hence, there exists L ≤sub
G D with K = (L :W D). It

follows that KD ⊆ L. So K ⊆ (KD :W D) ⊆ (L :W D) = K. Thus K = (KD :W D) as desired.

⇐ clear �

Theorem 2.1. Let W be a G-graded ring and D be a graded W-module. Then D is gr-m-l W-module if and
only if for each K ≤id

G W, there exist Li ≤
sub
G D (i ∈ J), such that K =

∑
i∈J(Li :W D) = (

∑
i∈J Li :W D).

Proof. Suppose that D is a gr-m-l and K ≤id
G W. By Lemma 2.1, K = (KD :W D). Thus, K =

∑
ki∈K

Wki

and for each ki ∈ K, Wki = (kiD :W D). Thus, K =
∑
ki∈K

Wki =
∑
ki∈K

(kiD :W D) = (
∑
ki∈K

kiD :W D). �

Theorem 2.2. Let W be a G-graded ring and D be a graded W-module. Then the following statements are
equivalent.

(i) D is gr-m-l W-module.
(ii) For each K ≤id

G W and every L ≤sub
G D with K ⊂ (L :W D), there exists U ≤sub

G D such that U ⊂ L and
K = (U :W D).

(iii) For each K ≤id
G W and every L ≤sub

G D with K ⊂ (L :W D), there exists U ≤sub
G D such that U ⊂ L and

K ⊂ (U :W D).
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Proof. (i)⇒ (ii) Assume that K ⊂ (L :W D). Then by Lemma 2.1, K = (KD :W D). Put U = KD∩ L.

Since K = (KD :W D) ⊂ (L :W D), U ⊂ L. So we get (U :W D) = (KD ∩ L :W D) = (KD :W
D)∩ (L :W D) = (KD :W D) = K.

(ii)⇒ (iii) It is clear.

(iii) ⇒ (i) Assume that K ≤id
G W and V = {U : U ≤sub

G D and K ⊂ (U :W D)}. Clearly V is a

non-empty set, so by Zorn,s Lemma, V has a minimal member like I and so K ⊂ (I :W D). Suppose

that K , (I :W D). Then there exists N ≤sub
G D with N ⊂ I and K ⊂ (N :W D) by part (iii). This

is a contradiction by the choice of I. Hence we have K = (I :W D). This implies that D is gr-m-l

W-module. �

a graded ring W is said to be a graded comultiplication ( briefly, gr-com) ring if, as a graded

W-module, W is a gr-com W-module, see [8]. A graded W-module D is said to be graded faithful

(briefly, gr-faithful) if sD = 0 implies s = 0 for s ∈ h(W), [5].

Theorem 2.3. If W is a gr-com ring and D is a gr-faithful W-module, then D is a gr-m-l W-module.

Proof. Let K <id
G W and sD ⊆ KD, for s ∈ h(W). Thus sAnnW(K)D = 0. We have s ∈ K, because D is

gr-faithful and W is a gr-com ring. Hence D is a gr-m-l W-module. �

Since W is a gr-com ring if and only if (K :W T) = (AnnW(T) :W AnnW(K)), for any two graded

ideals K and T of W. So by Theorem 2.3, we have:

Corollary 2.1. If W is a G-graded ring such that for each K ≤id
G W and T ≤id

G W, (K :W T) = (AnnW(T) :W
AnnW(K)), then every gr-faithful W-module is gr-m-l module.

Clearly, if D′ is a gr-m-l W-module and α : D → D′ is a graded W-epimorphism, then D is a

gr-m-l W-module. Also, Let D be a graded W-module and L be a graded submodule of D. If D
L is

a gr-m-l W-module, then we can conclude that D is a gr-m-l W-module.

Theorem 2.4. Let W be a G-graded ring and D be a gr-m-l W-module.

(i) If for L ≤sub
G D, L ⊆ KD for each non-zero K ≤id

G W and D
L is gr-faithful, then D

L is a gr-m-l W-module.
(ii) If D′ is a gr-faithful W-module, Ω : D→ D

′

is a graded epimorphism and for every non-zero K ≤id
G W,

ker(Ω) ⊆ KD, then D
′

is a gr-m-l W-module.

Proof. (i) Since K(D
L ) =

KD
L , so D

L is a gr-m-l W-module.

(ii) It is clear by part (i). �

A non-zero graded submodule V of D is called graded second (gr-second) if wV = V or wV = 0

for every w ∈ h(W), see [7].

Corollary 2.2. If L is a gr-faithful gr-second submodule of a gr-m-l W-module D, then for any non-zero K
≤

id
G W, there is U ≤sub

G
D
L such that K = (U :W D

L ).

Proof. Assume that L is gr-second and gr-faithful, then KL = L, for each non-zero K ≤id
G W. This

implies that L ⊆ KD. The proof is completely by Theorem 2.4(i). �
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Theorem 2.5. If D is a gr-m-l W-module and K ≤id
G W, then D

KD is a gr-m-l W
K -module.

Proof. It is enough to show that ( T
K (

D
KD ) : W

K

D
KD ) ⊆

T
K for each T ≤

id
G W containing K. Suppose

that D is gr-m-l, so we have T = (TD :W D). If (r + K) ∈ ( T
K (

D
KD ) : W

K

D
KD ), so for every m ∈ h(D),

(r + K)(m + KD) ∈ T
K (

D
KD ) =

TD
KD . Thus rm ∈ TD. Hence r ∈ T. It follows that r + K ∈ T

K . �

Corollary 2.3. If D is a gr-m-l W-module, then for every K ≤id
G W with K ⊆ AnnW(D), D is a gr-m-l

W
K -module.

Proof. It is clear, by Theorem 2.5. �

Recall that a graded W-module D is said to be graded finitely generated (briefly, gr-f-gen) if

there exist xg1 , xg2 , ...., xgn ∈ h(D) such that D = Wxg1 + ..... + Wxgn , see [13].

Theorem 2.6. Let D be a graded W-module and B be a multiplicative closed subset of W.

(i) If D is a gr-f-gen gr-m-l W-module, then DB is a gr-m-l WB-module.
(ii) If DB is a gr-m-l WB-module and for any K ≤id

G W and any r ∈ h(W) −K, B∩ (K :W r) = ∅, then D
is a gr-m-l W-module.

Proof. (i) Assume that D is a gr-m-l W-module, then by Lemma 2.1 K = (KD :W D) for any K
≤

id
G W. Since D is gr-f-gen, so we get KB = (KBDB :WB DB) .

(ii) If K ≤id
G W and r ∈ (KD :W D)∩ h(W), we get r

1 DB ⊆ KBDB. Since DB is a gr-m-l WB-module,

we have r
1 ∈ KB. This implies that there exists u ∈ B such that ur ∈ K. If r < K, hence u ∈ B∩ (K :W r)

which is a contradiction so r ∈ K. �

A K <id
G W is called graded maximal (gr-maximal) ideal of W if B is a graded ideal of W such

that K ⊆ B ⊆W, then B = K or B = W, see [13].

Lemma 2.2. Let W be a graded ring and D be a graded W-module such that K , (KD :W D), for some K
≤

id
G W. Then there exists I ≤id

G W and r < I such that K ⊆ I and (I :W r) is graded maximal ideal of ring W.

Proof. Assume that s ∈ (KD :W D) and s < K for some s ∈ h(W). Let B denote the collection of

graded ideals J of W such that K ⊆ J and s < J. B clearly is non-empty, so by Zorńs Lemma, B has

a maximal member like I. Hence K ⊆ I and s < I. Let r ∈ h(W) such that r < (I :W s). Then I is

a proper subset of I + Wrs and hence I + Wrs < B. It implies that s ∈ I + Wrs. Thus, there exists

b ∈ h(W) and u ∈ I ∩ h(W) such that s = u + brs and so (1 − br)s ∈ I. So we have (I :W s) is a

graded maximal ideal of W. �

Theorem 2.7. Let W be a G-graded ring and D be a graded W-module. Then the following are equivalent

(i) D is a gr-m-l W-module.
(ii) K = (KD :W D), for any K ≤id

G W.

(iii) If K ≤id
G W and T ≤id

G W with KD ⊆ TD, then K ⊆ T.
(iv) If K ≤id

G W and s ∈ h(W) with sD ⊆ KD, then s ∈ K.
(v) If K ≤id

G W and s ∈ h(W) with sD ⊆ KD, then (K :W s) is not a graded maximal ideal.
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Proof. (i)⇔ (ii) By Lemma 2.1.

(ii)⇒ (iii) Suppose that KD ⊆ TD. Then (KD :W D) ⊆ (TD :W D). By (ii), K ⊆ T.

(iii)⇒ (ii) Since KD = (KD :W D)D. So by (iii), we have K = (KD :W D).

(iii)⇒ (iv) It is clear.

(iv) ⇒ (v) Assume taht sD ⊆ KD. So by (iv), s ∈ K, and hence (K :W s) = W. Thus, (K :W s) is

not a graded maximal.

(v) ⇒ (iv) Suppose that sD ⊆ KD and s < K. So by Lemma 2.2, there exists I ≤id
G W with K ⊆ I,

s < I and (I :W s) is graded maximal ideal, which is a contradiction. �

3. Properties of GradedMultiplication-LikeModules

A graded W-module D is said to be a graded-r-multiplication (briefly, gr-r-mult) module, when

KD , D for every K <id
G W. A V <sub

G W is called a graded prime (gr-prime) submodule if whenever

w ∈ h(W) and d ∈ h(D) such that wd ∈ V, then either w ∈ (V :W D) = {w ∈ W : wD ⊆ V} or d ∈ V,

see [5].

Theorem 3.1. Let D be a gr-m-l W-module. Then

(i) D is a gr-faithful W-module.
(ii) D is a gr-r-mult W-module.

(iii) The set of all graded prime submodules of a graded W-module D is non-empty (SpecW(D) , ∅).
(iv) For any K <id

G W, AnnW(K) = AnnW(KD).
(v) G-Z(W) = {a ∈ h(W) : there exists {0} , L ≤sub

G D such that (L :W D) , 0 and a(L :W D) , 0}.

Proof. (i) By Lemma 2.1, 0 = (0D :W D) = AnnW(D).

(ii) Let K <id
G W with KD = D, then by Lemma 2.1, K = (KD :W D) = W. Which is a

contradiction and so the proof is completed.

(iii) Assume that x ∈ Max(h(W)). Hence x = (xD :W D) by part (ii). This implies that xD is a

graded prime submodule of D.

(iv) Assume that s ∈ AnnW(KD)∩ h(W), then sKD = 0. By part (i), we have Ks = 0. This prove

that AnnW(KD) ⊆ AnnW(K).
(v) Assume that x ∈ G-Z(W). It follows that there exists 0 , y ∈ h(W) such that xy = 0. Since D

is gr-m-l W-module, x(yD :W D) = 0. The converse is clear. �

Theorem 3.2. If D is a graded W-module, then D is a vector space if and only if D is gr-m-l and gr-second
W-module.

Proof. It is sufficient to prove that W is a graded field. Let s ∈ h(W) such that s is non-unit, then

sD , D because D is gr-m-l W-module. Since D is gr-second and gr-faithful, s = 0. This implies

that the set of non-units is zero graded ideal. Hence W is a graded field and D is a graded vector

space. �

Theorem 3.3. If D is a gr-r-mult W-module such that every proper graded submodule is gr-m-l W-module,
then D is a gr-m-l. W-module.
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Proof. Assume that K ≤id
G W. Then by Lemma 2.1, K = (K2D :W KD). Let sD ⊆ KD. This implies

that KsD ⊆ K2D. Thus s ∈ K. It follows that, D is a gr-m-l W-module. �

Recall that a graded W-module D is said to be graded Noetherian (briefly, gr-Noeth) if D satisfies

the ascending chain condition for graded submodules, see [12, 13]. A graded ring in which every

nonzero homogeneous element is invertible is called a graded field (gr-field), see [13].

Theorem 3.4. If W is a gr-Noeth domain which is not a gr-field and D is a gr-m-l W-module, then every
non-zero graded maximal submodule of D, is gr-r-mult W-module.

Proof. Assume that L is not a gr-r-mult where L is a non-zero graded maximal submodule of D. So

there exists K ≤id
G W such that KL = L. As L is a graded maximal submodule and D is gr-m-l, we

have L = KD and K = K2 = (L :W D). Thus there exists a ∈ K such that (1 − a)K = 0. It follows

that K = W or K = 0 since W is graded domain, which is a contradiction. �

Theorem 3.5. If W is a local gr-Noeth ring that is not gr-field and D is a gr-m-l W-module, then every
non-zero graded maximal submodule of D is gr-r-mult W-module.

Proof. Assume that L is a non-zero graded maximal submodule of D and L is not a gr-r-mult

W-module. So there exists K ≤id
G W such that KL = L. As L is a graded maximal submodule and

D is gr-m-l W-module we get L = KD and K = K2 = (L :W D), by graded version of Nakayama’s

Lemma, K = 0, which is a contradiction. Thus L is a gr-r-mult W-module. �

Lemma 3.1. Let D be a gr-m W-module. Then D is a gr-m-l if and only if D is gr-f-gen and gr-faithful
W-module.

Proof. Assume that D is a gr-m-l W-module. Then by Theorem 3.1, D is gr-faithful and for every

K <id
G W, KD , D. This implies that D is gr-f-gen W-module. Conversely, suppose that K

<id
G W. Then KD = (KD :W D)D. Since D is gr-m W-module, gr-faithful and gr-f-gen W-module,

K = (KD :W D). Therefore, D is gr-m-l W-module. �

Theorem 3.6. Let D be a gr-faithful, gr-m W-module. Then D is a gr-r-mult if and only if D is a gr-m-l
W-module.

Proof. Asuume that D is a gr-m-l W-module. Then by Theorem 3.1, D is gr-r-mult W-module.

Conversely, suppose that K ≤id
G W. Note that KD = (KD :W D)D. Then D is gr-f-gen W-

module, since D is gr-faithful, gr-m and gr-r-mult W-module. Now by Lemma 3.1, D is gr-m-l

W-module. �

A graded W-module D is said to be graded strong comultiplication ( strong gr-com ), if for every

graded submodule L of D there is exactly one graded ideal K of W with L = (0 :D K).

Theorem 3.7. Let D be a gr-com and gr-m-l W-module. Then D is a strong gr-com W-module.

Proof. Assume that L ≤sub
G D , K ≤id

G W and T ≤id
G W with L = (0 :D K) and L = (0 :D T), then

by [8, Theorem 3.7(c)], KD = TD. Now by Theorem 2.7, K = T. �
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Theorem 3.8. . If D is a gr-com and gr-m-l W-module, then for every L ≤sub
G D, there exists K ≤id

G W such
that (L :W D) = AnnW(K).

Proof. Assume that L ≤sub
G D. Suppose that D is a gr-com W-module, this implies that there exists K

≤
id
G W with L = (0 :D K), and so we get (L :W D) = ((0 :D K) :W D) = AnnW(KD) = AnnW(K). �

Theorem 3.9. If D is a gr-m-l W-module, then for any K ≤id
G W and T ≤id

G W, we have

(i) (KTD :W D) = (KD :W D)(TD :W D).
(ii) (KD + TD :W D) = (KD :W D) + (TD :W D).

(iii) ((K ∩ T)D :W D) = (KD :W D)\(TD :W D).

Proof. It is clear by Lemma 2.1. �

Theorem 3.10. If D is a gr-Noeth gr-m-l W-module, then W is gr-Noeth.

Proof. Assume that K1 ⊆ K2 ⊆ K3... is an ascending chain of graded ideals of W. Then K1D ⊆
K2D ⊆ K3D... is an ascending chain of graded submodules of D. It follows that there exists a

positive integer m such that KmD = Km+1D = .... Since D is gr-m-l W-module, so we have

Km = Km+1 = .... �

Let K ≤id
G W. The graded radical of K, denoted by Gr(K), is the set of all w =

∑
h∈G wh ∈ w such

that for each h ∈ G there exists th > 0 with wth
h ∈ K, see [15]. A proper graded ideal K of W is called

a graded primary ideal, if whenever a, b ∈ h(W) with ab ∈ K, then a ∈ K or b ∈ Gr(K), see [15].

Theorem 3.11. If D is a gr-faithful W-module over a gr-Noeth ring W such that for any graded primary
ideal c of W, c = (cD :W D), then D is gr-m-l W-module.

Proof. Assume that K ≤id
G W and let K = ∩n

i=1ci be a gr-reduced primary decomposition of K in W,

such that ci are graded primary. This implies that K(KD :W D) = ((∩n
i=1ci)D :W D) ⊆ ∩n

i=1(ciD :W
D) = ∩n

i=1ci = K. �

Theorem 3.12. If D is a gr-m-l W-module and every graded submodule of D has a graded reduced primary
decomposition, then any graded ideal of W has a graded reduced primary decomposition.

Proof. Let K ≤id
G W, then K = (KD :W D) as D is gr-m-l W-module. By hypothesis, KD = ∩n

i=1ci,

when ci are graded Pi-primary. So K = (KD :W D) = (∩n
i=1ci :W D) = ∩n

i=1(ci :W D). It implies that

K has graded reduced primary decomposition in W. �

Recall that the graded submodule L is called a pure graded submodule, if KL = L∩KD for every

graded ideal K of W, see [5].

Theorem 3.13. Let L be a pure graded submodule of a graded W-module D. If L is a gr-m-l W-module,
then D is a gr-m-l W-module.

Proof. Assume that K ≤id
G W. This implies that K = (KL :W L). Suppose that xD ⊆ KD. So we have

xL ⊆ KL because L is a graded pure. Thus x ∈ K. Therefore, D is gr-m-l W-module. �
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Recall that a graded ring W is graded discrete valuation ring gr-DVR if and only if it is graded

valuation and gr-Noeth ring. If W is a gr-DVR then every non-zero K ≤id
G W is uniquely of the type

K = cm for some m ∈N, where c is the unique graded maximal ideal W, see [16].

Theorem 3.14. If D is a gr-faithul gr-f-gen W-module over a gr-DVR W, then D is a gr-m-l W-module.

Proof. Assume that K ≤id
G W and c be the unique graded maximal ideal. It follows that there

exists m ∈ N such that K = cm. This implies that cm(cmD :W D) ⊆ cm−1. Thus cm = (cmD :W D)

or (cmD :W D) = cm−1. If (cmD :W D) = cm−1, then cmD = cm−1D. So by graded version of

Nakayama’s Lemma, m = 0 which is a contradiction. Hence (cmD :W D) = mc. �

Let V ≤sub
G D. The graded radical of V, denoted by GrD(V), is defined to be the intersection of

all gr-prime submodules of D containing V. If V is not contained in any gr-prime submodule of D,

then GrD(V) = D, see [6]. A V <sub
G D is called a graded primary-like ( gr-primary-like) submodule

if whenever w ∈ h(W) and d ∈ h(D) with wd ∈ V, then either w ∈ (V :W D) or d ∈GrD(V), see [4].

Theorem 3.15. .If L ≤sub
G D is a gr-m-l such that for any K ≤id

G W, KL is a gr-primary-like submodule and
radW(KL) ⊂ L, then D is a gr-m-l W-module.

Proof. Let K ≤id
G W. Thus K = (KL :W L), becuse L is a gr-m-l W-module. So KD ⊆ KL. It follows

to prove that K ⊆ (KL :W D). Let s ∈ K ∩ h(W). Since GrW(KL) ⊂ L, so we can find an element

n ∈ L∩ h(D) −GrW(KL). Then sn ∈ KL. Therefore, s ∈ (KL :W D), as KL is a graded primary-like.

Hence D is gr-m-l W-module. �

Theorem 3.16. If D is a distributive gr-m-l W-module and for every two L1 ≤
sub
G D , L2 ≤

sub
G D,

(L1 :W D) + (L2 :W D) = (L1 + L2 :W D). Then W is a graded distributive ring.

Proof. Assume that A1 ≤
id
G D , A2 ≤

id
G W and A3 ≤

id
G W. Then there exist L1 ≤

sub
G D , L2

≤
sub
G D and L3 ≤

sub
G D with A1 = (L1 :W D), A2 = (L2 :W D) and A3 = (L3 :W D), Because

D is gr-m-l W-module. So we get (A1 + A2) ∩ A3 = ((L1 :W D) + (L2 :W D)) ∩ (L3 :W D)

= (L1 + L2 :W D)∩ (L3 :W D) = ((L1 + L2)∩L3 :W D) = ((L1 ∩L3) + (L2 ∩L3) :W D), = (L1 ∩L3 :W
D) + (L2 ∩ L3 :W D) = (L1 :W D)∩ (L3 :W D) + (L2 :W D)∩ (L3 :W D) = A1 ∩A3 + A2 ∩A3: �
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