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Abstract. This study addresses the challenging problem of deriving exact analytical solutions for the higher-order
Boussinesq-Burgers (HOBB) equation, a fundamental nonlinear model that captures complex wave propagation
phenomena arising from the intricate interplay between nonlinearity, dispersion, and higher-order effects in various
physical contexts, including fluid dynamics and plasma physics. Despite its significance, extracting explicit solutions for
such models remains highly nontrivial. To tackle this difficulty, we implement the Modified Extended Mapping Method
(MEMM) as a robust and systematic analytical framework. By applying an appropriate traveling wave transformation,
the original nonlinear partial differential equation is converted into an ordinary differential equation, which facilitates
the derivation of a wide class of exact analytical solutions in explicit form. In parallel, a rigorous bifurcation analysis is
conducted to investigate the qualitative behavior of the corresponding dynamical system and to classify the stability

properties of its equilibrium states.

1. INTRODUCTION

Nonlinear partial differential equations (NLPDEs) represent a central mathematical framework
for describing a broad range of complex physical processes where nonlinear effects are predominant.
Such interactions arise naturally in many realistic systems where the response is not proportional
to the input, leading to rich dynamical behaviors that cannot be captured by linear theories.

Although the presence of nonlinearity significantly complicates the derivation of exact solutions, it
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simultaneously enables the emergence of remarkable physical structures such as solitons, wave
localization, and pattern formation. Such characteristics render NLPDEs essential for modeling
nonlinear phenomena across various disciplines, including fluid dynamics, plasma physics,
nonlinear optics, and condensed matter physics [1].

From a physical perspective, Solitons are stable, localized wave structures that maintain their
form and propagation speed as a result of a precise balance between nonlinear effects and
dispersion. This balance is a central concept in nonlinear science and has been reported in numerous
experimental settings, for instance, waves propagating in shallow water regions, optical fibers
and plasma environments. Consequently, the construction of exact analytical solutions is not only
of mathematical interest and simultaneously provides important insights into the fundamental
physical mechanisms governing these systems.

To address the inherent complexity of NLPDEs, a wide range of analytical techniques has
been developed. Among the most effective methods are the Kudryashov method [2, 3], the Exp-
function method [4], the (G’/G,1/G)-expansion method [5-7], and the extended tanh-function
method [8-10]. These approaches have proven successful in generating diverse classes of exact
solutions, including solitary waves, periodic structures, and singular solutions, thereby contributing
significantly to the qualitative and quantitative understanding of nonlinear wave propagation.

The Higher-Order Boussinesq—Burgers equation (HOBB) represents an important physical model
that describes the propagation of nonlinear dispersive waves in media where higher-order nonlinear
and dissipative effects cannot be neglected. This equation extends the classical Boussinesq-Burgers
model originally proposed by Zhang [11], incorporating additional terms that account for complex
interactions such as wave steepening, higher-order dispersion, and nonlinear coupling between
wave components. These effects are particularly relevant in fluid flow, plasma dynamics, and
nonlinear optical media, where wave evolution is governed by competing physical mechanisms.

The governing system is

uy = 3gutuy + 3g(uv)yx — 1gun = 0, a1

Ut + %gvvx - 3g(uzv)x + 3guxuxx + %g”uxxx - }Igvxxx =0,

for which u = u(x,t) and v = v(x, t) represent the wave amplitudes, and g € R\ {0} is a constant
parameter controlling the strength of nonlinearity and dispersion. Physically, the interaction
between the two fields u and v reflects coupled wave dynamics, which may correspond to
multi-component wave propagation in complex media.

In recent years, the HOBB model has attracted considerable attention due to its ability to capture
a wide range of nonlinear wave phenomena. Zhang [11] derived quasi-periodic solutions using
the nonlinearization method, while Zuo and Zhang [12] applied the Hirota bilinear technique to
construct soliton solutions. Wazwaz [13] further extended this framework to obtain both periodic
and solitary wave structures. Additional contributions include the work of Guo [14], who employed

the extended homogeneous balance method to generate multi-soliton solutions, and Zafar [15], who
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introduced fractional-order effects to model shallow water dynamics more accurately. Furthermore,
Jaradat [16] revisited the model using a simplified bilinear approach, whereas Gao [17] utilized
symbolic computation to derive Backlund transformations. The symmetry properties of the system
were investigated by Liu [18], leading to invariant solutions of various functional forms, while
Mubaraki [19] combined analytical and computational techniques to obtain exact solutions along
with their graphical representations.

Motivated by the above developments, the present study introduces, for the first time, the
application of the Modified Extended Mapping Method (MEMM) and its generalized forms to the
HOBB equation. This approach enables the systematic construction of a rich spectrum of new exact
solutions, including physically relevant wave structures that have not been reported previously.

To further deepen the physical interpretation of the obtained solutions, bifurcation theory is
employed as a powerful analytical tool. This framework allows for a detailed investigation of
equilibrium states and their stability, providing insight into transitions between different dynamical
regimes as system parameters vary. Such analysis is crucial for gaining insight into the qualitative
dynamics of nonlinear waves and their stability under realistic physical conditions.

The rest of this paper is structured as follows. Section 2 introduces the theoretical framework
of the Modified Extended Mapping Method along with its extensions. Section 3 focuses on
constructing exact solutions. In Section 4, the physical properties of the obtained solutions are
demonstrated using three-dimensional graphical representations. Section 5 presents a detailed
bifurcation analysis, while Section 6 concludes the study by summarizing the main findings and

outlining potential directions for future work.

2. ExpLorAaTION OF Exact SoruTioNs usiné MEMM

This segment outlines the fundamental principles of the augmented Modified Extended Map-
ping technique, as documented in [20-22]. To illustrate the procedure, consider the following

representation of a nonlinear differential equation of partial type (NLPDE):

F (f/fx/ﬁ/fxtrfxx/fxxx .. ) =0. (2.1)

To construct the analytical solutions of Eq. (2.1) through the modified extended mapping framework,
the following systematic procedure is implemented:

Step(1): At the outset, the governing NLPDE presented in Eq. (2.1) is reduced into a nonlinear
ordinary differential equation (ODE). This reduction is achieved by introducing a suitable wave

transformation of the form:

flx,£) = f(&), E=x—ct, c#0, (2.2)

in this context, c denotes a real constant signifying the velocity of the wave. Consequently, the

application of this transformation reduces Eq. (2.1) to the following form:

H f 7 ") =0 (2.3)
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Step(2): We assume an ansatz for the solution of Eq. (2.3) as follows:
f(&) = Z a7 (&) + Z boiz! (&) + Z 2 72( )+ Z d_iz/ (&) (2.4)
j=0 j=-1 j=-1

where a jr b_ jrCjs d_ i denote real-valued coefficients to be determined, while z(&) is governed by the

following auxiliary equation:

Z'(&) = \/00 +012(&) + 0222(&) + 0323(&) + 042*(&) + 0620 (E). (2.5)

Step (3): The value of the positive integer N is evaluated by applying the principle of homogeneous
balance. This involves equilibrating the highest-order linear differential term with the highest-order
nonlinear component present in Eq. (2.3).

Step(4): By substituting the proposed ansatz from Eq. (2.4) and its derivatives—incorporating
the auxiliary condition in Eq. (2.5)—into the reduced ODE, we obtain a complex expression in
terms of z(&). By systematically collecting and setting the coefficients of z//(&)z/(&) (for j = 0,1
and i = 0,+1,+2,...) to zero, a comprehensive system of algebraic equations is constructed for the
unknown parameters a;, b_j,cj,d_;, and c.

Step (5): To manage the complexity of the resulting algebraic system, the Mathematica software
package is employed. Solving this system allows for the precise determination of the constants
aj,b_j,cj,and d_;.

Step(6): A diverse array of exact solution types can be retrieved by substituting various combinations
of the structural parameters 0o, 01,02, 03,04, and 0 into the general form. The specific cases are
categorized as follows:

Casel: 00 =01 =03 =0 =0

= ,/——sech \/_5 07 > 0,04 <0.

——sec \/—a 5 , 02<0,04>0.

= ——CSC \/—05, 07 < 0,04 > 0.

Case2: 00 =01 =0, =0 =0

403
z2(&) = ————.
0= arm
Case3: 00 =01 =0 =0
02 (tanh (3 vo28) + 1
z(&) = - ( (203 ) ), a% = 40904,07 > 0.
09 (coth(% \oa(x - Ut)) + 1)
z(&) = - , a% = 40904,07 > 0.

03
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Case4: 01 =03 =0 =0

No. | ap 02 04 z(&)
1 m—1 -m?+2 -1 dn(&,m)

2 3 4 4 2 | mdn(&m) en(Elm)
2 me=2m’ +m* | == —14+6m—-—m ST T

Upon substituting the evaluated parameters and the specific forms of z(&) back into the
hypothesized solution, we can retrieve an extensive variety of solitary wave solutions and other

exact analytical expressions for the governing NLPDE.

3. Tue Exact WAVE SoLUTIONS

In this part of the study, an array of Exact analytical solutions of Eq. (1.1) are developed
using an augmented mapping approach. By utilizing a traveling wave transformation u(x,t) =
(&), v(x, t) = h(&) with & = x — ct, we first establish the balancing numbers for the system. The
substitution of this transformation into Eq. (1.1) results in the subsequent ordinary differential

equations:

—of = 1f9g+ 3 (0f + i) ~3f8f =0,

3.1)
—ch' + 3ffg—3g(f21 +2fnf') +3gf f - 1gh® + 3ghh’ = 0.
by getting relation between h,f by putting h(&) = pf(&)we can obtain:
—cf' +3 r_3 2401 _ Lo ,
cf +3gpff =38f°f —18f (32)

—cf' + 3807 fF ~ 9802 F +38f f" - dgpf” + Jeff” = 0.
We can write both equations in a single equation as if we multiply first equation in system (3.2) by
(p —3f) and solving the system, it gives the following ODE:

1 3
—cf-38f"+380f =g f=0. (3:3)

Equilibrating the highest-order derivative f” with the cubic nonlinear term f2 in Eq. (3.3) leads to a
balancing index of N = 1. Accordingly, the solution for Eq. (3.2) can be formulated in the manner

described below:
b ’
f(&) =ag —I—alz%—zl—l—dlzz. (3.4)

By substituting the proposed ansatz in Eq. (3.2) and the auxiliary condition in Eq. (2.5) into Eq. (3.2),
we extract a series of terms in z’/z'. Imposing zero conditions on the respective coefficients results
in an algebraic system that is subsequently solved using the Mathematica symbolic computation
package, leading to the following sets of parameters:

Case 1:. When 0¢ = 01 = 03 = 0 = 0, The subsequent results are established:

SetI:

4
ag = 0,04 = —Za%;bl =0;d;1 =0;0p = ——C,'p =0.
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SetII
a = —?;04 = —2a1;b0 = 0;dy = 0;02 = %,’p = —o2.
Set I11
ag = g;m = —Za%;bl =0;d; = 0,0, = %;p = +/o3.

According to Set I, leading to the bright soliton solutions:

u(x,t) = V2 —ésech (2 \/%(x—ct)),é <0, (3.5)
o(x,t) = V2p \/gsech(Z \/g(x—ct)),g .

According to Set II, leading to the bright soliton solutions:

u(x,t) = \/gsech(\/i\/g(x—ct) - % \/g, § >0, (3.7)
v(x,t) = p\/gsech(\/z\/g(x—ct) - % é, g > 0. (3.8)

According to Set III, leading to the bright soliton solutions:

4 ( [ 7 7 9

Case 2:. Whenog = 01 = 0y = 0¢ = O, The resultmg outcomes are:
Set 1

303 2 32coy
ang = — ;0 = —2a ’b :(),d :0, = — ;03 = — —204.
’ 4+/-204 ! e ! g 9(% 3 PV —404

Set Il

. 3(73 . . 2. Al Al 32604
ap = 4\/%,04——201,51 =0;d1 =08 = % 2 ;03 = p—204.

According to Set I, the following rational solution are raised:

3p 8p
_ 3 _ 11
u(xt) 4 4p*(x—ct)2+8’ G.11)
3p? 8p?
o t) = 2 P (3.12)

4 4p?(x—ct)2+8

According to Set II, the following rational solution is raised:

8p 3p
t) = —, A
u(x,t) (=13 +3 (3.13)
8p? 3p?
v(x, t) = P P (3.14)

4p2(x —ct)?>+ 8 L
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Case 3 When 0p = 01 = 05 = 0, The resulting outcomes are:

Set1
4 —4
ay = 0;04 = =2a3;b1 = 0;dy = 0,00 = == —m.
& 2V2ym

According to Set I, the following (dark, singular) soliton solutions are raised:

c(tanh(\/j?(x — ct)) + 1) c

u(x, t) = ,— <0, (3.15)
< 8
V2g/-¢
p c(tanh( l—é(x - ct)) + 1) c
v(x,t) = ,g <0. (3.16)
_c
V28 /-5
c(coth( l—é(x—ct))—l—l) c
u(x, t) = ,§ <0, (3.17)
C
\/Eg 3
p c(coth( [—5(x - ct)) + 1) c
v(x,t) = ,g <0. (3.18)
—_c
V28 /-¢
Case 4.1
Set 1
ap = 0;a —L'b =0;d; =0;c =0
0 — Y, 41 — \/Ell_ll_l 2_2/
Set I1
1 4q
=0;a1 = —;b1 =0;d; =0;c = ;p=0
ap ay > 1 1 ¢ 2—2 p
Set III
1 1 2
ao——E 2—m2,a1:—$;b1—0;d1—0,c P == 2 —m?
Set IV
Noyr 1 2
ag = T;al = —@;bl =0;dy =0;c= —mz_z;p = V2 -m?2.
According to Set I, leading to the bright soliton solutions:
4
(.1 it (319)
u(x,t) =— . 3.19
V2
at m=1
h(4gt
u(a ) = —Sehidgt+x) (3.20)

V2
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atm=1

p sech(4gt + x)
7 .

According to Set II, leading to the bright soliton solutions:

v(x, t) =

atm=1
h(4ot
u(n,f) = sech(4gt +x)
V2

pdn(%—x|m>

V2

v(x,t) =

atm=1
h(4gt
o, 1) = p sech(4g —|—x)'

V2

According to Set III, leading to the bright soliton solutions:

4
dn(mz;g_tZ—i—x|m) 5

u(x,t) = _ V2o 2-m?>0
4 ﬁ 2 4 .
atm=1
h(4qt —x
u(xlt) — _M_ll
V2 2
4
v(x, t) =— - L 2—-m?>0,
V2 2
atm=1

h(4¢t —
v(x,t):_w_;

V2

According to Set IV, leading to the bright soliton solutions:

4
oy dn(%+x|m)
u(x, t) = 7~

V2

,2—m?>0.

atm=1

h(4gt —
u(x,t):l_—sec (48 x)/

2T

(3.21)

(3.22)

(3.23)

(3.24)

(3.25)

(3.26)

(3.27)

(3.28)

(3.29)

(3.30)

(3.31)

(3.32)
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p V2 —m? pdn(mig—tz —i—x|m)

v(x,t) = , 2—m? > 0. (3.33)
(v 1) = 25 %
atm=1
sech(4¢t —x
o(x 1) = £ - psechtigt=x) (3.34)
2 V2
Case 4.2
Set 1]
1 Vm2 —6m+1 1 1
1 =~~~ 7% 1 1=0;c=—5(gm);p ”
Set I1
1 V2 —6m+1 1 1
Ay = —q[——;m1 = r \/6;1—1— ;b1:0;d1:0;cz—§(8m);9:_2 o
Set II1
[ 1 Vm? -6 1 1 1
ag = {/——,;a1 = — i \/ﬁm%— ;1?120}011:0}0:_5(87”)?10:2 T
Set IV
Vm?2 —6m+1
=014 =——————;b1=0;d1 =0,c=¢gm;p = 0.
N gm; p
SetV
VmZ —6m+1
ap =001 = ————b1 =0;d1 =0;,c=¢gm;p =0.
N gm, p

According to Set I, leading to the bright soliton solutions:

m\/mz—6m—|—1cn(g7mt +x|m)dn(g7’m +x|m)
u(x, t) = - —4/——, = <0. (3.35)

2 7
\/E(msn(ng+x|m) —|—1) m m

atm=1

u(x, t) = - \/— ( V2sech(gt + 2x) + 1), ( V2sech(gt + 2x) + 1) <0. (3.36)

pme2—6m+1cn(ngt+x'm)dn(g7mt+x|m) 1 1
v(x,t) =— > - -—, —<0. (3.37)
amt m’ m
\/§(msn(7+x'm) —|—1)

atm=1

v(x,t) =—p \/— ( V2sech(gt + 2x) + 1), ( V2sech(gt + 2x) + 1) <0. (3.38)



10 Int. ]. Anal. Appl. (2026), 24:203

According to Set II, leading to the bright soliton solutions:

me2—6m+1cn(ngt +x’m)dn(g7mt +x|m)

u(x,t) = 2 - _EI a < 0.
\/E(msn(gT’m +x|m) +1)
atm=1
u(x, t) = — \/—(\/Esech(gt +2x) — 1),(\/§sech(gt +2x) - 1) <0.
pm\/mz—6m+1cn(g7mt—|—x|m)dn(ngt+x|m) T 1
v(x, t) = > -py/——, = <O.
gmt m m
\/i(msn(T +x|m) +1)
atm=1

v(x,t) =—p \/— ( V2sech(gt + 2x) — 1), ( V2sech(gt 4 2x) — 1) <0.

According to Set III, leading to the bright soliton solutions:

u(x,t) = - + —, —<0.

(i)
mNm# —6m + len| =5 +x|m dn > +x|m \/_T 1
m

m

\ﬁ(msn(%””ﬂ'm)zﬂ)

atm=1
u(x,t) = \/— ( V2sech(gt + 2x) + 1),(\/§sech(gt +2x) — 1) <0.
pm\/mz—6m+1cn(g7mt+x|m)dn(g7mt+xlm) T 1
o(x,t) = - ) NELYE
gmt m m
\/E(msn(T +x|m) +1)
atm=1

v(x, t)=p \/— ( V2sech(gt + 2x) + 1), ( V2sech(gt + 2x) — 1) <0.
According to Set IV, leading to the bright soliton solutions:

mNm? — 6m + len(gmt — xjm)dn(gmt — x|m)
V2 (msn(gmt — x|m)2 + 1) '

u(x, t) = —

atm=1
u(x,t) = - \/—25ech2(2gmt —2x), 2sech(2gmt + 2x) < 0.
(x,) p mNm? —6m + len(gmt — x|m)dn(gmt — x|m)
v(x,t) = - .
V2 (msn(gmt — x|m)2 4-1)
at m=1

v(x,t) =—p \/—25ech2(2gmt —2x), 2sech(2gmt + 2x) < 0.

(3.39)

(3.40)

(3.41)

(3.42)

(3.43)

(3.44)

(3.45)

(3.46)

(3.47)

(3.48)

(3.49)

(3.50)
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According to Set V, leading to the bright soliton solutions:

mNm? — 6m + len(gmt — xjm)dn(gmt — x|m)

u(x,t) = . (3.51)
&) V2 (msn(gmt — x|m)2 4 1)
atm=1
u(x,t) = \/—25ech2(2gmt —2x), 2sech(2gmt + 2x) < 0. (3.52)
o 1) = p mNm? —6m + len(gmt — xjm)dn(gmt — x|m) . (3.53)
V2 (msn(gmt — x|m)2 4-1)
atm=1
v(x,t) =p \/—25ech2(2gmt —2x), 2sech?(2gmt + 2x) < 0. (3.54)

4. EVALUATION OF BIFURCATION ANALYSIS

Bifurcation analysis investigates qualitative shifts in dynamical system behavior triggered by
parameter variations. In nonlinear frameworks, minor perturbations can induce fundamental
changes in stability or equilibrium states. These critical thresholds, or bifurcations, often mark the
onset of oscillatory patterns, chaotic dynamics, or multistability [23,24].

In the context of Eq. (3.3), the problem may be equivalently expressed in the following form:
,  4c
= f6pf +4f (4.1)

To reformulate the second-order model as a planar system, we employ the transformation f’ = y,

yielding the subsequent first-order differential equations:
fr=y
v =%f—6pf+4f>.

Stationary points E(f,y) € {(0,0), (f1,0), (f2,0)} are obtained by vanishing the derivatives in Eq.

(4.2)

(4.2). The stability of these points is governed by the Jacobian matrix:

of  9f
=l - y :
% 5|7 |kfogppaf 0

where I1(f,y) = y while L(f,y) = 4> - 6pf + 4?6 The eigenvalues associated with the linear

A 6p+ ([36p> — 642
A==+ 4f2 - 6pf—|— E, f1,2 = 3 . (4.3)
Stability at (0,0)

The classification of equilibrium states depends fundamentally on the sign of the parameter 4§c

transformation | are:

e When A‘EC > 0, the point is an unstable saddle due to the presence of real eigenvalues with

opposing signs.
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e When % < 0, the system exhibits purely imaginary eigenvalues, identifying the equilibrium

as a neutrally stable center.
Therefore, a qualitative change in the phase portrait occurs when 4§C = 0, which indicates the
presence of a bifurcation in the dynamical system.
Stability at (f12,0) The equilibrium points of the system are given (f1,0) and (f2,0)
e If 36p% — 64§ < 0, the point is a center surrounded by closed orbits.
e If 36p% — 64§ > 0, the point is a saddle with separatrix structure.

5. GraPHICAL ANALYSIS AND DiscussioN

This section provides a visual interpretation of the physical properties of the obtained solutions
and explores the global dynamics of the system.
e Figures (1)-(4): Illustrate the spatial-temporal evolution of several wave structures:

— Fig. 1: Represents a bright soliton profile for Eq. (3.5) with parameters ¢ = 0.155,

g =-05.
- Fig. 2: Displays a singular soliton configuration from Eq. (3.17) taking ¢ = 0.08,
g=-4

- Fig. 3: Shows a dark soliton solution based on Eq. (3.15) forc = 0.3, g = —0.3.
— Fig. 4: Depicts a Rational solution pattern arising from Eq. (3.11) atc =0, g = 1.16.
e Figures (5)—(6): Exhibit the phase portraits which characterize the qualitative dynamics of
the planar system:

- Fig. 5: Phase trajectories at p = 1: (a) Stable center behavior (c = 0.155, g = —0.5), and
(b) Unstable saddle point (c = 0.155, g = 0.5).

— Fig. 6: Phase trajectories at p = 1: (a) Stable center behavior (c = 0.1, g = —0.4), and (b)
Unstable saddle point (c = 0.1, g = 0.4).
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0 2 4 6 8

Figure (2): Singular soliton of Eq.(3.17).
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Figure (4): Rational solution of Eq.(3.11).



Int. J. Anal. Appl. (2026), 24:203 15

Center 1 (circular) Saddle 1 (unstable)

|
Ly

|
—
[=]1
L

(a) (b)
Figure (5): (a) For ¢ = 0.155, g = —0.5, and p = 1 with % < 0, the system exhibits a center

equilibrium point with closed periodic orbits indicating neutral stability.
(b) For c = 0.155, g = 0.5, and p = 1 with % > 0, the system exhibits a saddle equilibrium point

with separatrix curves indicating instability.

Center 2 (tight circles) o Sa_ddle 2_(§_tmng:_r! _

|
Ll

I
-
{95

(b)

Figure (6): (a) For c = 0.1, g = 0.4, p = 1 showing a center equilibrium point. The eigenvalues are
purely imaginary and the trajectories form closed periodic orbits, indicating neutral stability.
(b) For c = 0.1, ¢ = 0.4, p = 1 showing a saddle equilibrium point. The eigenvalues are real with
opposite signs, and the trajectories form separatrix curves, indicating instability.
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6. CONCLUSION

In this study, the Modified Extended Mapping Method and its variants were successfully
implemented to explore the Higher-Order Boussinesq (HOBB) equation. By employing an
appropriate traveling wave transformation, the governing nonlinear partial differential equation is
reduced to an ordinary differential equation, facilitating the derivation of a broad spectrum of exact
analytical solutions. These solutions encompass various wave morphologies, such as bright, dark,
and singular solitons, depending on the specific parameter configurations.

The findings highlight the Modified Extended Mapping Method as a robust and efficient analytical
tool for generating diverse solution families for nonlinear evolution equations. Furthermore, the
physical characteristics and dynamical evolution of the obtained solutions were visualized using
three-dimensional graphical representations, which validated their stability and behavior.

The framework utilized in this study can be readily extended to other nonlinear models in fluid
dynamics, nonlinear optics and plasma physics. Prospective studies could extend this methodology
to investigate higher-dimensional systems, variable-coefficient models or fractional-order nonlinear
evolution equations. Additionally, the integration of bifurcation analysis in this work offered a
deeper insight into the equilibrium structures and stability profiles, confirming the potency of this

combined approach in deciphering complex nonlinear dynamics.
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