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Abstract. In this study, we develop new fixed point theorems for multivalued mappings within the framework of
graphical fuzzy cone metric spaces. This setting integrates fuzzy structures, cone-valued metrics, and graph-based
relations, which enable admissibility constraints between elements of the space. By employing a graphical fuzzy cone
Hausdorff metric, we formulate generalized rational-type contractive conditions for multivalued operators. Under
suitable assumptions of completeness and graph admissibility, we prove the existence of fixed points without imposing
linearity or continuity requirements on the mappings. An example is also presented to illustrate the effectiveness and

applicability of the obtained results.

1. INTRODUCTION

The notion of fuzziness, first proposed by Zadeh [1], provides an effective mathematical tool
for describing uncertainty and imprecision that frequently arise in real-world problems. In this
context, fuzzy metric spaces (FMS) were initially introduced by Kramosil and Michélek [2] and

subsequently developed in a more structured form by George and Veeramani [3,4]. Over the years,
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FMS have attracted considerable attention in fixed point (FP) theory due to their applicability in
nonlinear analysis, decision-making processes, and dynamical systems [14].

Independently, Huang and Zhang [7] introduced the concept of cone metric spaces (CMS) as
a generalization of classical metric spaces (MS) in which the distance between elements takes
values in an ordered Banach space through a cone structure. This generalization opened new
directions for studying FP problems under cone-valued metrics and led to many extensions of
classical contraction principles and related results [11-13]. Later, Oner et al. [8] combined the ideas
of FMS and CMS and introduced fuzzy cone metric spaces (FCMS), thereby providing a unified
framework that extends both concepts.

Another significant advancement in FP theory involves the integration of graph structures into
metric-type spaces. Jachymski [15] initiated the study of contraction principles in MS equipped
with a directed graph, where the edges of the graph determine admissible relationships between
points. This approach was further explored by Shukla, Radenovi¢, and Vetro [16], who investigated
graphical MS and established several FP results based on graph-related admissibility conditions.
The incorporation of graph structures allows greater flexibility in controlling the interactions
between elements and broadens the scope of applications.

More recently, researchers have focused on combining graph theory with fuzzy metric frame-
works, leading to the development of graphical fuzzy metric spaces (GFMS) [5,6]. These spaces
have proven useful in the analysis of nonlinear problems, including fractional differential equa-
tions. As a further extension, graphical fuzzy cone metric spaces (GFCMS) have been introduced to
integrate fuzzy cone-valued metrics with graph structures, thus providing a more general setting
for studying FP problems [9,17].

In addition, generalized contractive conditions such as rational-type and integral-type con-
tractions have been widely employed to obtain FP results for both single-valued and multival-
ued mappings. These conditions extend classical contraction principles, including Banach and
Kannan contractions, and are particularly useful when dealing with nonlinear or discontinuous
operators [22,23]. Recent investigations have explored these contractive conditions in various
generalized metric structures such as fuzzy, parametric, and neutrosophic MS [18, 20, 21].

Inspired by these developments, the aim of the present work is to establish new FP results for
multivalued mappings in complete graphical fuzzy cone metric spaces (CGFCMS). By employing
graphical fuzzy cone Hausdorff metrics (GFCHM), we introduce generalized rational-type con-
tractive conditions and prove the existence of FPs under suitable completeness and admissibility
assumptions. The obtained results do not require linear structures, continuity assumptions, or
geometric restrictions on the mappings. Consequently, the theorems presented here extend and
unify several known results in FMS, CMS, and GMS.
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2. PRELIMINARIES

Here IN — the set of all positive integers. E — real Banach space, P C E a cone with nonempty

interior, O — the zero element of E, and * a continuous f-norm.

2.1. Graphical Fuzzy Cone (GFC) Metric Space. Let (2 be a nonempty set and let
G = (V(G),2(G))
be a directed graph such that V(G) = Q) and
A={(g,0):3€Q}CZ(G).

A mapping
Mg : QO xQxint(P) — (0,1]

is known as GFC metricif V¥ (a,1), (n,&) € Z(G) and Y t, s > 6, the following conditions hold [2,3,8]:

(1) Mg(g,n,t) =1lifand only if g = 7;

(2) Mg(g,1,t) = Mcg(n,8,t);

(3) MG(Q, g/ t+ S) > MG(Q, n, t) >(']\/IG(T]/ é,S);
(4) Mg(g,1,-) is continuous on int(P).

(Q), Mg, *,G) is known as GFCMS [5, 6].

2.2. G-Cauchy Sequences and Completeness. A sequence {g,} C ) is said to be G—Cauchy if
(gn/ gn+1) € Z(G) YnelN,

and

lim Mg(Gn, 6m, t) =1 Y i>0.

1,Mm— 00

The GFCMS (Q, Mg, *,G) is known as G—complete if every G-Cauchy sequence (C-Seq.) con-
verges to a point in () [9,17].

2.3. GFCHM. LetS(Q)) denote the family of all nonempty compact subsets of Q2. For A, B € S(Q)),
the GFCHM Hg : S(Q) x 8(Q) x int(P) — (0, 1] is defined by

Hg(A,B,t) = min {inf sup Mg(a,b,t),inf sup Mg (a, b, t)}, t> 0.
a€A pep beB pea

This metric is used to formulate the contractive conditions in Theorems 3.1 and 3.2.
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2.4. Graphical Fuzzy Cone Set-Valued Mappings.
2:0-8(Q)
is known as GFC set—valued mapping if
(6,nN)€Z(G) = (uv)eZ(G) YuelZy vein.
For g € (), the distance between g and its image under = is

Mc(g,Eg,t) = supMg(g,n,t), t> 0.
neEg

2.5. Admissibility with Respect to a Subgraph (SG). Let G’ be a SG of G such that Z(G’) 2 A.
For g € N and g € (), denote by [g]‘é, the set of all points reachable from g by a path of length g in
G

The condition
Eg € [a],

ensures the admissibility of successive elements used in the proofs of Theorems 2.1 and 2.2.
Theorem 2.1. Let (), Mg, *) be a G'—~CGFCMS, where G’ is a SG of G such that Z(G’) 2 A. Let
E:0-8(Q)

be a GFC set—valued mapping, where S(Q)) denotes the family of all nonempty compact subsets of Q).
Assume that ¥ g,n € Q, g # n, with (a,1) € Z(G") and ¥ t > 0, the following inequality holds:
1 1<a MG(Q, Eg/ t) MG(T]/ ET], t) + MG(Q, ‘E‘T]/ t) MG(T]/ E‘g/ t)
T e e 1S4
HG(:‘QI ":‘TI/ t) MG(Q, 77/ t)

Mec(a, En, t)[Mc(s, Bg, t) + Mc(n, &1, 1)

+as Mg (g,1,t),
where ay,a,a3,a4,as,d¢ € [0,1] satisfy
2a1 + az + 4ag + 4as + 206 <2 and az + 2a4 + 2a5 < 2.
Suppose further that:
(1) A go € Q such that Egg € [go]qc, for some g € IN;

(2) lim Mc(g,n,t) =1V (g,1) € Z(G');
(8) Every GFC contractive sequence is G-Cauchy in Q).
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Then 3 a point g* € Q) such that
{g't c E(a"),
that is, & has a FP in Q).

Proof. Let gg € Q) be such that Zgp € [go]qG, for some g € IN. Then there exists g; € Egg such that
(80,01) € Z(G').
Since Eg; € [gﬂqc,, there exists g € Eg; such that (g1,92) € Z(G').

Proceeding inductively, we construct a sequence {g,,} in (2 such that

dnt1 € 29y and (Qn/ gn+1) € Z(G/)/ VYn e IN.

Step 1: Contractive estimate
For each n € N and t > 0, applying the given inequality with g = g, and 1 = g,,+1, we obtain
1
Hc(Egn, EGnt1,t)
where @, (t) denotes the right-hand side.
Using the fact that

_1 S @n(t),

Ont+1 € EGn,  Gnt2 € EGny1,

the definition of the graphical fuzzy cone Hausdorff metric yields

Mc(8n+1, Ont2,1) = HG(Egn, Egnt1,t).

Thus,
1 1
-1 -

MG(gn-i-l/ On42, t) - HG (Egn/ Egn—H/ t)

Step 2: Reduction of &, (t)
Now we estimate each term in @, ().

Using
MG(gi’l/ Egn/ t) = MG(gl’l/ On+1, t)/ MG<gn+1l Egn+1/ t) = MG (gnJrl/ On+2, t)/
and symmetry of Mg, each fraction in ®,(f) can be bounded above by a linear combination of

MG(gﬂ/ On+1, t)/ MG(gn+1/ On+2, t)

After straightforward but careful estimation (using Mg < 1 and positivity), we obtain

1
D, (t) < (2a1 +as + 4aq + 4as + 2ag¢ |——1].
n() ( ! i ) MG(gnrgn+1/t)
Hence,
1

_19(;_1),

Mc(8n+1, On2,1) M (8, 8nt1, 1)

where

_ 2a1 + a3 +4ay +4as + 2ae c

A 2

(0,1).
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Step 3: Iteration process

Applying the above inequality recursively, we obtain

1 1
_ 1< AN —-1].
MG(gn/ gi/l+1/ t) (MG (g()/ a1, t) )

Since 0 < A < 1, letting n — oo yields

lim [; - 1] =0,
n—eo MG(Qnr On+1, t)
which implies

llm MG(g}’l/ gn+1/ t) =1

n—00

Step 4: Cauchy property
For m > n, using the triangular property,

MG(gn/ Qi t) > *MG(gnr On+1, t) *MG(gnJrl/ On+2, t) ... MG(gm—ll Qs t)-
Taking limits and using continuity of *, we get
lim Mg(6n, 6m, t) = 1.
n,Mm— oo

Thus {g,} is a G=Cauchy sequence.

Step 5: Convergence

By G’—completeness, there exists g* € () such that
lim Mg (g, 9°,t) = 1.
n—o0o
Step 6: Fixed point property
Using continuity of E (with respect to Hg) and compactness,
lim Hg(Eg,, 297, t) = 1.
n—oo

Since g,+1 € Eg, and g,4+1 — g7, closedness of ZEg* implies

Hence,

O

Remark 2.1. The above theorem generalizes several known fixed point results for multivalued mappings in
fuzzy metric spaces, graphical metric spaces, and cone metric spaces. In particular, it reduces to classical

Banach and Nadler type results under suitable choices of the parameters and graph structure.
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Corollary 2.1. Let (Q), Mg, *) be a G'—-CGFCMS, where G’ is a SG of G such that Z(G") 2 A.

Let

E:0 - 8(Q)

be a GFC set—valued mapping, where S(Q)) denotes the family of all nonempty compact subsets of Q).

Assume that ¥ g, € Q, g # n, with (a,1) € Z(G") and ¥ t > 0 the following inequality holds:

1
Hc(Eg, En,t)

where A € 10,1).

Suppose further that

1< /\[Mc(g, Eg,t) + Mo (n, En,£) + M (g, 1, t)],

(1) A go € Q such that Egg € [go]qc, for some g € IN;

(2) lim Mc(g,n,t) =1V (g,1) € Z(G');

(8) Every GFC contractive sequence is G-Cauchy in Q).
Then A g* € O such that

that is, = has a FP in Q).

Proof. The result follows directly from Theorem 3.1. Indeed, if we choose the constants in Theorem

3.1 such that

A
ap =ay =az =0, 0y =05 = 7, ag = A,

where A € [0,1), then the contractive condition in Theorem 3.1 reduces to
1
Hg(Eg, En,t)
Moreover, the conditions

1< /\[MG(g, Eg, t) + Mc(n, 1) + M (g, 1, t)].

201 +az +4ay +4as +2a¢ <2 and az + 244 + 245 < 2

are satisfied for A € [0,1).
Hence all the hypotheses of Theorem 3.1 hold. Therefore, by Theorem 3.1, 3 a point g* € (2 such
that

{g"} C E(g").
Thus, & has a FP in Q). O

Theorem 2.2. Let (), Mg, *) be a G'- CGFCMS, where G’ is a SG of G such that Z(G") 2 A. Let
E:0-8(Q)

be a GFC set-valued mapping, where S(Q) denotes the family of all nonempty compact subsets of Q).
Assume that A A € (0,1) such that ¥ g,n € Q, g # n, with (g,1) € Z(G") and ¥V t > 6, the following
inequality holds:

Mqg(9,8g,t) Mg(n, En, t) + Mc(g, En, t) Mg(n, Zg, t)
Mc(g,n,t) ’
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Mqc(g, En, t)[Ma (s, Zg,t) + Mc(n, En,t) |
MG(Q/ 1, t) MG(T]/ ET]/ t) + MG(’?/ Eg/ t)

MG (g/ ‘E‘g/ t) MG(U/ E‘g/ t) + MG (n/ ET], t) MG (g/ E’I/ t)
MG(g/ Eg/ t) MG(T]/ E‘g/ t) + MG (T]/ ET]/ t) MG(Q, ET], t) ’

4

MG(g/ Eg/ t) + MG(T?/ ET], t)/ MG(T]/ Eg/ t) + MG(g/ ‘ETI/ t)/ MG(g/ n/ t)}

Suppose further that:
(1) A go € Q such that Egg € [go]qG, for some g € IN;
(2) lim Mc(g,n,t) =1V (g,1) € Z(G');
(8) Every GFC contractive sequence is G-Cauchy in Q).
Then 3 a point g* € Q) such that

that is, = has a FP in Q).

Proof. Let go € Q) be such that Egp € [go]z;, for some g € IN. Since Egp is a nonempty compact
subset of O, 3 g1 € Egp such that (go,91) € Z(G’). Inductively, choose g,41 € Eg, such that
(6n,9n+1) € Z(G’') ¥ n = 0. Thus a sequence {g,} in () is obtained with g,,4+1 € Egy.

Since (g, 8n+1) € Z(G’), the contractive condition yields

1
HG(Egn/ Egi’l+1/ t)

—1 < Amax{A, Ay, A3, Ay, As, Ag},

VY t > 0, where the quantities A; correspond to the expressions involving Mg(a,, Egu, t),

MG(gVH-l/ E‘gn+1/ t)/ MG(ng/ E'gn-l-l/ t)/ MG(gi’H-l/ Egn/ t) and MG (gn/ On+1s t) .
Because g,+1 € Eg,, and g,42 € Eg,,11, the definition of the GFCHM implies

MG(gn—HI In+2, t) > HG (Egn/ Egn+1, t) .

Consequently,
1 1

-1< ——
MG(gn-i-l/ On42, t) HG (ﬁdgn/ E0n+1, t)
Using the contractive inequality and the properties of the graphical fuzzy cone metric, the above

-1.

relation gives

1 1
-1< Amax{— -1, Mc(9n, Ont1, t }
MG(gn+], gn+2, t) MG(gl’l/ gﬂ+1/ t) G( 8 i )
Since A € (0,1), repeated application of the above inequality yields

1 1
——1s/\”(——1), nx1l
MG(gﬂ/ gn-i—lr t) MG(QO/ gl/t)

Hence

’}ggoMc(gn,gn+1,t) =1
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V t > 0. Therefore {g,} is a GFC contractive sequence. By assumption, every such sequence is

G—-Cauchy in ), and since (Q), Mg, *) is G’—-complete, 3 g* € () such that

9 — g

It remains to show that ¢* € E(g*). Using the contractive condition with (g,,9*) € Z(G’) and

letting n — oo, together with the fact that
tlim Mg(g,n,t) =1 VY (g,1) €Z(G),
we obtain
Hg(Egn, Eg°, 1) — 1.
Since g,+1 € Eg, and Eg” is compact, passing to the limit yields
MG (g*/ E‘g*/ t) = 1/
which implies g* € Eg".
Thus
{g"} CE(g"),
and therefore & has a FP in Q).

Example 2.1. Let Q) = {0, 1,2} and define a GFC metric

ot

o ttlg-nl

with t-norm + = min. Then (Q), Mg, ) is a CGFCMS.
Define a directed graph G on () by

Mc(g,ﬂ,t) > 0,

Z(G) = 1(0,0),(1,1),(2,2),(0,1),(1,2)}.

Thus the contraction condition is required only for the pairs (0,1) and (1,2).
Define the set—valued mapping = : Q3 — S(Q) by

E(0)={0), =) =10,  E(2)={1).

For the edge (1,2) € Z(G) we have

Hence
t
Hc(E1,52,t) = Mg(0,1,f) = ——
6(ELE2 1) = Mo(0,1,1) =
Also
t
1,2,t) = —.
Mg(1,2,t) T
Thus
1 1 1

- - @ @ 1= 1=
Hg(E1,82,t) Mc(0,1,¢) Mc(1,2,f)

which satisfies the contraction condition with A = 1.

—1,
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Starting from gy = 2, the sequence defined by §,11 € E(g,) becomes
2-51-0->0—>---

which converges to 0.
Since

£(0) = {0},

the point g* = 0is a FP of E.
Hence the theorem guarantees the existence of a FP.

3. CONCLUSION

In this paper, we have established new FP results for multivalued mappings in the framework
of CGFCMS. By employing generalized rational-type contractive conditions formulated via the
GFCHM, we obtained existence results without imposing linear structure, continuity, or geomet-
ric assumptions. The presented theorems extend and unify several well-known FP results in
fuzzy metric spaces, cone metric spaces, and graphical metric spaces. The examples illustrate the
applicability of the theoretical findings.
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