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Abstract. This article discuss the stability analysis of Caputo impulsive fractional delay differential equations using
a modified Ulam-Hyers-Rassias stability approach. The effect of perturbations is intrinsically time-dependent due
to its nonlocal and memory-dependent nature. The modified Ulam-Hyers-Rassias stability is crucial to fractional
calculus. The real-valued function’s integrability permits the inclusion of variable perturbations rather than a constant
and guarantees that the stability inequality stays well-defined in the fractional situation. Therefore, compared to the
classical Ulam-Hyers-Rassias stability technique, the modified approach offers a more realistic and general framework
in fractional calculus. The findings contribute to improving the qualitative properties of fractional differential equations

with delay factors, impulse disturbances, and memory effects.

1. INTRODUCTION

In order to describe memory and genetic characteristics present in many natural and engineering
systems, fractional calculus has become a crucial tool. Fractional calculus offer a more flexible
framework for modelling large dynamical systems whose future evolution depends on both their
current state and their complete previous history, in contrast to standard integer-order derivatives.
Due to their applications in physics, control theory, and biological systems. Impulsive fractional
delay differential equations have attracted a lot of attention in recent years, many evolutionary
processes have abrupt state shifts at particular times, which can be brought on by shocks, harvests,
or natural disasters [1,7]. The study of impulsive fractional differential equations therefore plays

a vital role in understanding systems that exhibit both memory effects and instantaneous state
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changes. When these systems also involve delays, the complexity increases further, as time
delays are often used to describe processes where the present rate of change depends on past
states. This leads naturally to the study of impulsive fractional delay differential equations,
which provide a realistic and flexible framework for modeling complex dynamical behaviors in
population dynamics, epidemiology and neural networks.

In [8], the Riemann-Liouville fractional integral of order v is defined as

<torr>u<t>=ﬁ f (£ )" (), w1

to

where .
T(v) = f te7tdt v>0, (1.2)
0
is the gamma function, and the Riemann-Liouville derivative of order v has the following definition:
nDju(t) =
dr 1 dar [
— Ut = —m——— t— vl du. 1.
0 = s g [ (e (13)

The Caputo fractional derivative of order v is described in [9] as the modification of (1.3), which
incorporates initial value problems in the formulation such as u(ty),u () to provide a more

physical interpretation.

t
SDju(t) = s [ (= D (14)

In a 1940 address at Wisconsin University, Ulam first discussed the stability of functional equations.

Ulam posed the following question: Under what conditions does an approximately additive
mapping exist near an additive mapping? In [2], Hyers gave the first answer to the Ulam question
in the framework of Banach space in 1941. Let M;, M, and € > 0 be two real Banach spaces.

Furthermore, for every mapping f : My — My that satisfies

If(u+h) = f(u) = f(h)ll < e

for all u, h € My, there exists a unique additive mapping g : M1 — M, with the property

I1f(u) —gu)ll<e

for every u € M. This type of stability is then referred to as Ulam-Hyers stability. Rassias [3]
(1978) provided an outstanding extension of the Ulam-Hyers stability of mapping by considering
variables. The stability properties of various equations are of interest to many mathematicians.
The study of Ulam-Hyers-Rassias stability in particular has drawn the attention of many math-
ematicians and is now one of the primary subjects in mathematical analysis. Meanwhile, it is
noteworthy that [4-6] examines Ulam stability of fractional differential equations and derives a
number of interesting and new stability discoveries.

[9], [13-21,25,26] discuss the qualitative analysis of existence, uniqueness, and stability of the
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solution of fractional order derivative.
We examine the stability of the Caputo impulsive fractional delay differential equation of the

following form in our work:

LDyu(t) = f(tw),  telty,T], t#bh

Au(ty) = L(t, u(ty)), t=t, r=1,2,---,1 (1.5)
u(t) = ¢(t)  tel-1,0]
where Au(t) = u(t})—u(t;), to <t <, <t <ty =T, f:[t,T]xH — R" is Lebesgue
measurable with respect to t € [ty, T| and f(t,¢) is continuous with respect to ¢ € H and I, :
[to, T| x R — R" are continuous for = = 1,---,1, where H = C([—T, to],IR”) is the space of
continuous functions.
Lett € [ty, T], r > 0 and let

{to<ti <,--- <t <ty =T}

be a fixed finite partition of [ty, T|. We define the space
PC([-7, T, R") = u : [-7,T] > R" | u € C((tr, tr1], R"), u € C([-1, o], R"),

u(t;) = lim u(t) exists, u(t;") = lim exists, u(t;) = (t,) (left continuity).

t—t; toth
Therefore, PC([—T, T), ]R”) denote a space of piecewise continuous functions from [-7, T] into R",

which are left continuous at the impulse, endowed with the norm

lullrc = sup lu(t)l.
te[-1,T]

Therefore PC([—T, T],R™, ||| pc) is a Banach space. Since the impulses occur at

{to <t < <fh< tiy1 = T}
with impulse maps

L:IxR" - R" r=1,---,1
The jump condition is written as
Au(t) = u(t;) —u(ty) = L(t, z(t)).

For a given solution r, we define the norm as

()l = max ||l (,, u(ty))ll.

1<r<l

Since there are only finitely many impulse points ¢ - - - , ¢;. For a finite set. So

sup ”Ir(tr/ u(tr) ) || = max ”Ir(tr/ u(tr) ) Il
1<r<l lsr<l

The modified Ulam-Hyers-Rassias stability definitions in [24] are used for this stability analysis,

and the perturbation bound depends on a real-valued function 6(t) that is Lebesgue integrable

1
in LY [tp, T]. Because the effect of perturbations is intrinsically time-dependent due to its nonlocal
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and memory-dependent nature, this novel definition of Ulam-Hyers-Rassias stability in [24] is
crucial to fractional calculus. In the fractional setting, the integrability of 6(t) guarantees that
the stability inequality is well-defined and permits the inclusion of variable perturbations instead
of a constant. Therefore, compared to the classical Ulam-Hyers-Rassias stability technique, the

improvement made in [24] offers a more realistic and general foundation in fractional calculus.

2. PRELIMINARIES

The Ulam-Hyers-Rassias stability of the following Caputo impulsive fractional differential equa-
tion in [15]
CDyu(t) = f(tu(t),  telh,T], t#t
Au(ty) = L(t,u(ty)), t=t, r=12,---,1 (2.1)
u(to) = Uy
Definition 2.1. We said that equation (2.1) is Ulam-Hyers stable if there exists a constant Cg,, > 0 such
that for some € > 0 and for every solution h € PC([to, T|,R") of the inequality

15D () = f(t,h(t))ll < e

(2.2)
”Ah( ) - Ir<trzh(t))” <e
there exists a unique solution u(t) € PC([to, T|,R") of equation (2.1) with
”h(t) - u(t)” < Cf,ne 2.3)

Definition 2.2. We said that equation (2.1) is generalized Ulam-Hyers stable if there exists xf, €
PC([to, T].R") with x,,(0) = 0 such that for every solution h € PC([to, T],IR") of the inequality (2.2),
there exists a unique soluiton u € PC([0, T|,R") of equation (2.1) which satisfies

(E) = ()] < xp0(e) 24)

Definition 2.3. We said that equation (2.1) is Ulam-Hyers-Rassias stable with respect to ¢, 0 €
C([to, T],R) if there exists a real number xsg > O such that for each € > 0 and for every solution
h € PC([to, T|,R") of the inequality

15D} h(t) — f(£,h(t)]l < eb(t)

(2.5)
IAR(E) = Ik, h())Il < €6(t)
there exists a unique solution u € PC([to, T], R") of equation (2.1) with
IR (t) —u(t)ll < exf,e0(t) (2.6)

Definition 2.4. We said that equation (2.1) is generalized Ulam-Hyers-Rassias stable with respect to O if
there exists a real number 9 > 0 such that for every solution h € PC([ty, T|,R") of inequality

15Dy (t) = F(£h(8)I < O(2)
IAR(E) = L (, h(E))] < O(1)

2.7)
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there exists a unique solution u € PC([to, T], R") of equation (2.1) which satisfies
Ih(t) —u(t)ll < x7,00(t) (2.8)
Remark 2.1. We say that h € PC([to, T|,R") is a solution of the inequality (2.7) if there exists a function
h(t) € PC([to, T],R"™) and a sequence g, which depend upon h such that
() lp:l < O(t) and p,| < 1,

(ii) {Dyh(t) = f(the) + pe

(iii) Ah(t) = Ir(trr h(t)) +pr

[24] build on this foundation and modified Ulam-Hyers-Rassias stability concept and the

modified approached was used to analyzed the stability of the following impulsive fractional

delay differential equations involving the Atangana-Baleanu derivative given below
oBCDYu(t) = f(tue),  telt,T), t#t
Au(ty,) = L(t, u(ty)), t=t, r=12,---,1 (2.9)
Uy, = o € rC’

[24] obtained the following new definitions

Definition 2.5. We said that the solution of equation (2.9) is stable via modified Ulam-Hyers-Rassias

stability with respect to O(t) € L [to, T] and 1, < oo if there exists a real number g > 0 such that for
every solution h € PC([to, T|,R") of the inequality

e DyR(t) = f(t )l < O(F)  t € [to,T) 210)
IAR(E) = L (t, R < e 7 =1,--- 1

there exists a unique solution u € PC([to, T],IR") of equation (1.5) which satisfies
n(t) = u(t)) < K0 (O(E) +1,)  t€ [k, T] (2.11)
Remark 2.2. We say that h € PC([to, T], R") is a solution of the inequality (2.10) if there exists a function
h(t) € PC([to, T],R"™) and a sequence p, which depend upon h such that
1
(@) Ipd <0O(t) e LY € [to, T| and |p,| < 1y

(ii) £ Dyh(t) = f(t,he) + pr

(iii) Ah(t) = Ir(trrh(t)) +pr
Remark 2.3. [22,23] Let f : [ty, T| x H — R" be a Caratheodory function and ¢ € (0,v) be a constant,

then a function f(t,u;) is a Li- Caratheodory if there exists a real-valued function B(t) € Li ([to, T]) such
that

Lf (¢ ue)ll < B(F) a.e t € [to, T]

Remark 2.4. [22,23] Let f : [to,T| xH — R", a constant y € (0,v) and a real-valued function
x(t) e Ly ([to, T]) then the function f(t,u;) is Ly- Lipschitz if

F(tue) = f(E eIl < x(8)llug = Byl a.e t e [to, T
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The existence and uniqueness of Solution of equation (1.5) was established in [9], we build on
this solutions to analyzed the stability of impulsive fractional delay differential equations involving
the Caputo derivative.

[9]Let0 <v <1land f: [to, T| x H — R" be continuous, then the IVP

CDMu(t) = f(tu),  tet,T),

u(t) = ¢(t)  tel-tt]

is comparable to the following: Fractional integral Volterra with memory

(2.12)

Uty = ¢Po
u(t) = ¢0(0) + s fo fwuy) (b= ) dy,  teto,TI.

In other words, all solutions of (2.12) are also solutions of (2.13), and vice versa.

(2.13)

[9] A function u € PC[[ty — 7, T],IR"] is said to be a solution of (1.5) if u satisfies the equation
g}D}’u(t) = f(t,u;) for almost everywhere t € [to, T]; the equation u(t,;") = u(t;) + I,(t,, u(t;)) and
the condition uy, = ¢g such that

90(0) + s ! flww)(t- )y, b€, T],

1 ! tr _ v—1
u(t) _ ¢0(?) +t T'(v) Zr:l [ (tr_l ‘U) f([l, I/l”)dy o1
ity o f () (£ = )y

+ Y0 Ltru(ty),  tE [ty r =11

Lemma2.1. [9]Let0 <v <1land f : [ty, T] x H — R" be Lebesque measurable in t on [ty, T) and f(t, )
is continuous with ¢ on PC. A function u € PC[[ty — t, T],R"], is a solution of the IVP (1.5) if and only
if u € PC[[to — t, T|,R"| satisfies the fractional integral equation (2.14)

Theorem 2.1. [9] Assume that the function f : [to, T| x H — R" satisfies the following conditions;
(G1) There exists a real-valued function B(t) € L%([to, T]) such that ||f(t, )l < B(t), for almost every
t € [to, T] and all ¢ € PCY([to, T]). Then, there exists a solution to the IVP (1.5) on [to, T] provided

lp (Ol + w5 (5251 ¥ T VB + 1B

2 <1

Where B = (fté(ﬁ(y))%dy)w and B* = max{||,(t, u(t,))|| : ¥ =1,--- 1}

Theorem 2.2. [9] Assume that the conditions of Theorem 3 with the following conditions hold.
(Gz) There exists a constant y € (0,v) and a real-valued function x(t) € L%([to, T]) such that ||f(t,$) —
F(t, N <yl = &ll, for almost every t € [to, T] and all ¢,y € PC ([0, T])
(Gs) There exists a positive constant x* such that ||I,(t,, $(0)) — L.(t;, £(0))Il < x*llp(0) — &£(0)l, for each
¢,& € PC([0,T]) andr =1,2,--- 1, then, the IVP (1.5) has a unique solution on [to, T| provided
o<[r6=
(v)\v—y

YT —to) L+1x'| < 1 (2.15)
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where L = (ft; ()((y)))l/dlu)y,

3. ResuLrts

3.1. Modified Ulam-Hyers-Rassias stability analysis of Caputo impulsive fractional delay dif-
ferential equation.

Lemma 3.1. Let h € PC([ty, T|,R) be a solution of the inequality (2.10) then h is a solution of the following
integral inequality

i ) ¢
Ih<t>—éo<0>—$2 f _l(t—mv-lfw,hy)du—ﬁ f (t= 1) f () = Y Tt h()]|

r=1 r=1
* 1
where (fté (G(y)dy)%)lP =0
Proof. By remark 2.2 we have
1 ! f . 1 t . l
(1) = &0(0) + 5y ) f (=T )+ s f (4= F )i+ ) 1 ()

1 l t’ v v g v l
W;fm(t_”) 1g(u)du+m£(t—#) 1g(u)du+;r»

from this we have

l tr ¢
|n(t) - &(0) - ﬁ Z ft (b= )" f(w hy)dp - ﬁ ft (b= )" f (p, hy)dp - Z I (t, h(ty))]
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e Ay,
= F(v)(m)l vV l’b—l—lT]r

where (ft; (H(y)dy)‘%)w =0 o

Theorem 3.1. Let x € PC([to, T],R") be a unique solution of equation (1.5) and ¢(t) € Lé ([to, T)) be
a nondecreasing Lebesque integrable function. Let kg > 0 be a real number such that for every solution
h € PC([to, T],R") of the inequality (2.10) satisfying

lh—ul < xk50(0(t) + 1),
then the unique solution of equation(1.5) is modified Ulam-Hyers-Rassias stable.

Proof.

() = u(Ol = |z Zf &) = fu, ¢))dul|

r=1
1 l tr 1 £ 1
) 2, L_l (t= )" "'p(uw)du + ) ft (t= )" 'p(u)dp + ;pyll
1 £
<t [ = ) ) e
1 [ o !
+mﬁ (t—w)" I f (&) —f(Mz¢)||dy+;I,||(tr,g) — (t, d)|+
1 l tr 1 t !
o7 f (=) o)l + 775 f (t—y)v_l||i?(y)||dy+;Hpr”
1 t ;
S X | ol -l w [ e-m il ola
1
+ Y x" max [1£(0) - $(0)l|+
— telt,,T]

Lod N L N z
T(v) Zﬁ_l(f—#) () |ldp + O] ft (t— )" p(w)||du + ; [l
1 fr NP - t 1
<ty L (mwrman) ™ () ) ool

tr-1




Int. J. Anal. Appl. (2026), 24:208 9

t 1 _ t 1
< ([ (=) ([ (et) d) o=l b=,
Aoy m)
L 1=y . . O 1=y 4
<(sGmy) T -l + (s (=) T )
=l < - 1q(r?v)(1:i>l_m_y + In,)
Ih—ul < x7p(0(t) +1r)
where Lo1-
1=0< (=) 7T ) <1

(ftt ()((y)dy)%)y = L and (fté (Q(H)dy)%”)w = 0". We conclude that the unique solution of Caputo

0
impulsive fractional delay differential equation (1.5) is modified Ulam-Hyers-Rassias stable. O
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