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Some New Integral Inequalities Using Quantum Integral Methods
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Abstract. This paper presents new integral inequalities on finite intervals using analytic and elementary quantum

integrals. The results extend several well-known classical inequalities as special cases. To support the theoretical

findings, numerical examples are included to illustrate their use and provide a clearer understanding.

1. Introduction

Quantum calculus, also known as q-calculus, is a generalization of classical calculus in which

the concept of limits is not required. Instead of the usual derivative, it employs the so-called

q-difference operator, which allows the treatment of functions that may not be differentiable in

the classical sense. The origins of this theory can be traced back to the pioneering work of Euler

(1707–1783), particularly in his investigations of infinite series, which were themselves influenced

by earlier ideas of Newton.

A systematic development of q-calculus was later carried out by Jackson in the early twentieth

century [1, 2]. In his work, the notions of the q-derivative and the q-integral were introduced for

functions defined on the interval (0,∞). These constructions provide natural q-analogues of many

classical operators and functions. An important feature of such q-analogues is that they reduce to

their classical counterparts in the limiting case as q → 1, thereby establishing a direct connection

between classical analysis and its quantum counterpart.

In recent decades, q-calculus has received considerable attention due to its applicability in a

variety of areas within both pure and applied mathematics, as well as in theoretical physics. In

particular, it has been successfully applied in the study of special functions, difference equations,
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approximation theory, and mathematical physics (see, for example, [3–19]). These developments

demonstrate that q-calculus provides an effective framework for extending classical analytical

techniques to discrete and non-classical settings. For a comprehensive treatment of the subject,

including its foundational results and methods, we refer the reader to the monograph by Kac and

Cheung [20], which serves as a standard reference in this area.

Motivated by the need to formulate q-calculus on bounded intervals, Tariboon and Ntouyas

[21,22] introduced new definitions of q-derivatives and q-integrals for continuous functions defined

on finite domains. Their approach extends the classical theory in a natural way while preserving

many of its essential properties. They established several fundamental results concerning these

operators and demonstrated their usefulness in applications. In particular, they studied the

existence and uniqueness of solutions to initial value problems for certain classes of impulsive

q-differential equations, providing insight into the qualitative behavior of such systems.

An important aspect of their work is the role played by inequalities in q-calculus. Such inequal-

ities are indispensable tools in the analysis of functional properties and operator behavior, and

they often serve as a foundation for further developments in the theory. This perspective has led

to a growing body of research devoted to the establishment and refinement of various types of

inequalities within the framework of q-calculus.

Integral inequalities constitute a fundamental tool in the study of differential and integral equa-

tions, providing essential techniques for estimating solutions and analyzing qualitative properties

of mathematical models. Over the past two decades, substantial progress has been made in this

area, particularly in the development of inequalities associated with fractional and quantum opera-

tors. In this context, fractional q-integral inequalities have emerged as an active and significant line

of research, offering powerful methods for addressing complex problems arising in both theory

and applications. To highlight the relevance of this topic and to place our work in an appropriate

context, we briefly recall some representative results that have motivated the present study. In

particular, Q. A. Ngô et al. [23] showed in 2006 that for any positive continuous function Γ defined

on the interval [0, 1] satisfying∫ 1

x
Γ(ω) dω ≥

∫ 1

x
ω dω, ∀x ∈ [0, 1], (1.1)

it was shown that the following inequalities∫ 1

0
Γγ+1(ω) dω ≥

∫ 1

0
ωγΓ(ω) dω, (1.2)

and ∫ 1

0
Γγ+1(ω) dω ≥

∫ 1

0
ω Γγ(ω) dω, (1.3)

hold for every real number γ > 0.

Inequalities of this form have attracted increasing interest due to their fundamental role in the

study of integral inequalities and their connections to various problems in analysis. The condition

(1.1) serves as a key assumption that ensures the validity of inequalities (1.2) and (1.3), which
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may be viewed as refined estimates involving weighted integral expressions. As a result, these

inequalities have motivated extensive research in both classical and quantum settings.

In recent years, various extensions and applications of inequalities (1.2) and (1.3) have been

extensively studied, leading to a clearer understanding of their underlying structure and analyt-

ical behavior. These developments highlight their relevance in several areas, such as functional

inequalities, operator theory, and quantum calculus. For further results and discussions on related

integral inequalities, we refer the reader to [24–29].

The paper is organized as follows. Section 2 presents the basic preliminaries on q-derivatives

and q-integrals required for our analysis. In Section 3, we establish Lemmas 3.2 and 3.3, along

with several supporting results that are essential for deriving the main inequalities. The main

results are given in Theorems 3.1, 3.2, 3.4, and 3.5. In Section 4, numerical examples are provided

to demonstrate the applicability of the obtained results. Finally, Section 5 contains concluding

remarks and discusses potential directions for future work.

2. Preliminaries

In this section, we recall several basic definitions and fundamental results from q-calculus that

will be used throughout the paper. Unless otherwise specified, we assume that 0 < q < 1 is a fixed

real number. For a positive integer ϑ, the corresponding q-number is defined by

[ϑ]q :=
1− qϑ

1− q
, ϑ ∈N.

Definition 2.1. Let Φ : [δ1, δ2]→ R be a continuous function. The q-derivative of Φ at a point ξ ∈ (δ1, δ2]

is defined by

δ1DqΦ(ξ) =
Φ(ξ) −Φ(qξ+ (1− q)δ1)

(1− q)(ξ− δ1)
, ξ , δ1,

δ1DqΦ(δ1) = lim
ξ→δ1

δ1DqΦ(ξ), (2.1)

provided that the above limit exists. The function Φ is said to be q-differentiable on the interval [δ1, δ2] if

δ1DqΦ(ξ) exists for all ξ ∈ (δ1, δ2].

It is worth noting that, in the special case δ1 = 0, the operator δ1DqΦ(ξ) reduces to the standard

q-derivative DqΦ(ξ). In this case, (2.1) becomes

DqΦ(ξ) =
Φ(ξ) −Φ(qξ)

(1− q)ξ
, ξ , 0,

DqΦ(0) = lim
ξ→0

DqΦ(ξ),

which coincides with the classical q-Jackson derivative. For further details, we refer the reader

to [20, 21].
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Definition 2.2. Let Φ : [δ1, δ2] → R be a continuous function. The q-integral of Φ over the interval
[δ1, ξ], where ξ ∈ (δ1, δ2], is defined by∫ ξ

δ1

Φ(t)δ1dqt = (1− q)(ξ− δ1)
∞∑

n=0

qnΦ(qnξ+ (1− qn)δ1) . (2.2)

In particular, when δ1 = 0, the q-integral defined in (2.2) reduces to∫ ξ

0
Φ(t)0dqt =

∫ ξ

0
Φ(t) dqx = (1− q)ξ

∞∑
n=0

qnΦ(qnξ),

which is known as the q-Jackson integral; see [20, 21] for further details.

Theorem 2.1. Let Φ : [δ1, δ2]→ R be a continuous function. Then the following statements hold:

(i) δ1Dq

∫ ξ

δ1

Φ(t)δ1dqt = Φ(ξ),

(ii)
∫ ξ

c
δ1DqΦ(t)δ1dqt = Φ(ξ) −Φ(c) for any c ∈ (δ1, ξ).

3. Main Results

Throughout this section, we present a preliminary result that serves as a key tool in deriving

the main inequalities introduced later.

Lemma 3.1. Let Γ(x) be a continuous function on [0, 1] satisfying∫ 1

x
Γ(t) xdqt ≥

1− x2

1 + q
, ∀x ∈ [0, 1]. (3.1)

Assume further that
Γ(x) ≥ x, ∀x ∈ [0, 1].

Proof. Fix x ∈ [0, 1]. By the definition of the q-integral over the interval [x, 1], we have∫ 1

x
Γ(t) xdqt = (1− q)(1− x)

∞∑
n=0

qnΓ(qn + (1− qn)x) .

Since Γ(t) ≥ t for all t ∈ [0, 1], it follows that

Γ(qn + (1− qn)x) ≥ qn + (1− qn)x, ∀n ∈N∪ {0}.

Substituting this estimate into the above expression yields∫ 1

x
Γ(t) xdqt ≥ (1− q)(1− x)

∞∑
n=0

qn (qn + (1− qn)x) .

Using standard identities for geometric series, we obtain∫ 1

x
Γ(t) xdqt ≥ (1− q)(1− x)

[
1

1− q2 + x
(

1
1− q

−
1

1− q2

)]
=

(1− x)(1 + qx)
1 + q

.
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Moreover, for x ∈ [0, 1], it is straightforward to verify that

(1− x)(1 + qx) ≥ 1− x2.

Therefore,
(1− x)(1 + qx)

1 + q
≥

1− x2

1 + q
.

Combining the above estimates, we conclude that∫ 1

x
Γ(t) xdqt ≥

1− x2

1 + q
,

which completes the proof. �

Remark 3.1. Condition (3.1) may be equivalently expressed as∫ 1

x
Γ(t) xdqt ≥

∫ 1

x
t xdqt, ∀x ∈ [0, 1]. (3.2)

Throughout the remainder of this section, we further assume that

Γ(x) ≥ 0, ∀x ∈ [0, 1]. (3.3)

Lemma 3.2. If condition (3.1) holds, then∫ 1

0
Γ2(x) dqx ≥

∫ 1

0
xΓ(x) dqx. (3.4)

Proof. Observing that

0 ≤
∫ 1

0
(Γ(x) − x)2 dqx

=

∫ 1

0
Γ2(x) dqx− 2

∫ 1

0
xΓ(x) dqx +

∫ 1

0
x2 dqx,

we obtain ∫ 1

0
Γ2(x) dqx ≥ 2

∫ 1

0
xΓ(x) dqx−

∫ 1

0
x2 dqx

= 2
∫ 1

0
xΓ(x) dqx−

1
[3]q

.

On the other hand, using assumption (3.1), we have∫ 1

0

(∫ 1

x
Γ(t) xdqt

)
dqx ≥

∫ 1

0

1− x2

1 + q
dqx =

q
[3]q

.

Applying q-integration by parts correctly, we obtain∫ 1

0

(∫ 1

x
Γ(t) xdqt

)
dqx = q

∫ 1

0
xΓ(x) dqx.

Thus, ∫ 1

0
xΓ(x) dqx ≥

1
[3]q

.
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Combining the above estimates completes the proof. �

Lemma 3.3. Let Γ(x) be a continuous function on [0, 1] and let n ∈N. Assume that condition (3.1) holds.
Then ∫ 1

0
xn+1Γ(x) dqx ≥

1
[n + 3]q

. (3.5)

Proof. Let n ∈N be fixed. We begin by applying the q-integration by parts formula. This yields∫ 1

0
xn

(∫ 1

x
Γ(t) xdqt

)
dqx =

qn+1

[n + 1]q

∫ 1

0
xn+1Γ(x) dqx.

Rearranging the above identity, we obtain∫ 1

0
xn+1Γ(x) dqx =

[n + 1]q
qn+1

∫ 1

0
xn

(∫ 1

x
Γ(t) xdqt

)
dqx.

Next, we use assumption (3.1), which ensures that∫ 1

x
Γ(t) xdqt ≥

1− x2

1 + q
, ∀x ∈ [0, 1].

Substituting this estimate into the previous expression, we obtain∫ 1

0
xn+1Γ(x) dqx ≥

[n + 1]q
qn+1

∫ 1

0
xn

(
1− x2

1 + q

)
dqx.

We now evaluate the q-integral on the right-hand side. By linearity, we have∫ 1

0
xn

(
1− x2

1 + q

)
dqx =

1
1 + q

(∫ 1

0
xn dqx−

∫ 1

0
xn+2 dqx

)
.

Using the well-known formula for the q-integral of a power function, we obtain∫ 1

0
xn dqx =

1
[n + 1]q

,
∫ 1

0
xn+2 dqx =

1
[n + 3]q

.

Hence, ∫ 1

0
xn

(
1− x2

1 + q

)
dqx =

1
1 + q

(
1

[n + 1]q
−

1
[n + 3]q

)
.

Substituting this back, we obtain∫ 1

0
xn+1Γ(x) dqx ≥

[n + 1]q
qn+1

·
1

1 + q

(
1

[n + 1]q
−

1
[n + 3]q

)
.

A direct simplification of the above expression yields∫ 1

0
xn+1Γ(x) dqx ≥

1
[n + 3]q

.

This completes the proof. �
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3.1. The Case of Natural Numbers.

Theorem 3.1. Assume that conditions (3.1) and (3.3) are satisfied. Assume further that Γ(x) ≥ x for all
x ∈ [0, 1]. Then ∫ 1

0
Γn+1(x) dqx ≥

∫ 1

0
xnΓ(x) dqx, (3.6)

for every n ∈N.

Proof. Since Γ(x) ≥ 0 and x ≥ 0, by the weighted AM–GM inequality, we observe that

Γn+1(x) + nxn+1
≥ (n + 1)xnΓ(x), ∀x ∈ [0, 1].

Integrating both sides over [0, 1] with respect to the q-integral yields∫ 1

0
Γn+1(x) dqx + n

∫ 1

0
xn+1 dqx ≥ (n + 1)

∫ 1

0
xnΓ(x) dqx.

Furthermore, by Lemma 3.3 (applied with n− 1), we have

(n + 1)
∫ 1

0
xnΓ(x) dqx = n

∫ 1

0
xnΓ(x) dqx +

∫ 1

0
xnΓ(x) dqx

≥
n

[n + 2]q
+

∫ 1

0
xnΓ(x) dqx.

Combining the above inequalities gives∫ 1

0
Γn+1(x) dqx ≥

∫ 1

0
xnΓ(x) dqx,

which completes the proof. �

Theorem 3.2. Suppose that conditions (3.1) and (3.3) hold, and assume that Γ(x) ≥ x for all x ∈ [0, 1].
Then ∫ 1

0
Γn+1(x) dqx ≥

∫ 1

0
x Γn(x) dqx, (3.7)

for every n ∈N.

Proof. Since Γ(x) ≥ x, we have

(Γn(x) − xn)(Γ(x) − x) ≥ 0, ∀x ∈ [0, 1],

which implies

Γn+1(x) + xn+1
≥ xΓn(x) + xnΓ(x), ∀x ∈ [0, 1].

Integrating both sides over [0, 1] yields∫ 1

0
Γn+1(x) dqx +

∫ 1

0
xn+1 dqx ≥

∫ 1

0
xΓn(x) dqx +

∫ 1

0
xnΓ(x) dqx.

By Lemma 3.3, we have∫ 1

0
Γn+1(x) dqx +

1
[n + 2]q

≥

∫ 1

0
xΓn(x) dqx +

1
[n + 2]q

,
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which implies the desired result. �

Remark 3.2. By an analogous argument, the conclusion of Lemma 3.3 remains valid when a positive real
number replaces n. In particular, ∫ 1

0
xα+1Γ(x) dqx ≥

1
[α+ 3]q

, (3.8)

for every α > 0.

3.2. The Case of Real Numbers.

Theorem 3.3. Let α, β > 0 satisfy α+ β = 1. Then, for all x, y > 0, the following inequality holds:

αx + βy ≥ xαyβ.

Theorem 3.4. Assume that conditions (3.1) and (3.3) are satisfied, and assume that Γ(x) ≥ x for all
x ∈ [0, 1]. Then ∫ 1

0
Γα+1(x) dqx ≥

∫ 1

0
xαΓ(x) dqx, (3.9)

for any real number α > 0.

Proof. Let x ∈ [0, 1] be arbitrary. We apply Theorem 3.3 with

α1 =
1

α+ 1
, β1 =

α
α+ 1

,

so that α1, β1 > 0 and α1 + β1 = 1. Taking

X = Γα+1(x), Y = xα+1,

Theorem 3.3 yields

1
α+ 1

Γα+1(x) +
α

α+ 1
xα+1

≥

(
Γα+1(x)

) 1
α+1

(
xα+1

) α
α+1 .

Simplifying, we obtain (
Γα+1(x)

) 1
α+1 = Γ(x),

(
xα+1

) α
α+1 = xα,

and hence
1

α+ 1
Γα+1(x) +

α
α+ 1

xα+1
≥ xαΓ(x), ∀x ∈ [0, 1].

Integrating both sides over [0, 1] with respect to the q-integral, we obtain

1
α+ 1

∫ 1

0
Γα+1(x) dqx +

α
α+ 1

∫ 1

0
xα+1 dqx ≥

∫ 1

0
xαΓ(x) dqx.

Using the known formula for the q-integral of a power function, we have∫ 1

0
xα+1 dqx =

1
[α+ 2]q

.

Thus,
1

α+ 1

∫ 1

0
Γα+1(x) dqx +

α

(α+ 1)[α+ 2]q
≥

∫ 1

0
xαΓ(x) dqx.
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Multiplying both sides by (α+ 1) gives∫ 1

0
Γα+1(x) dqx +

α

[α+ 2]q
≥ (α+ 1)

∫ 1

0
xαΓ(x) dqx.

By inequality (3.8), we know that ∫ 1

0
xαΓ(x) dqx ≥

1
[α+ 3]q

.

Since [α+ 2]q < [α+ 3]q, it follows that

1
[α+ 2]q

>
1

[α+ 3]q
.

Hence, ∫ 1

0
xαΓ(x) dqx >

1
[α+ 2]q

.

Therefore,

α

∫ 1

0
xαΓ(x) dqx ≥

α

[α+ 2]q
,

which implies

(α+ 1)
∫ 1

0
xαΓ(x) dqx−

α

[α+ 2]q
≥

∫ 1

0
xαΓ(x) dqx.

Combining this with the previous inequality, we conclude that∫ 1

0
Γα+1(x) dqx ≥

∫ 1

0
xαΓ(x) dqx,

which establishes (3.9) and completes the proof. �

Theorem 3.5. Suppose that conditions (3.1) and (3.3) hold, and assume that Γ(x) ≥ x for all x ∈ [0, 1].
Then ∫ 1

0
Γα+1(x) dqx ≥

∫ 1

0
x Γα(x) dqx, (3.10)

for any real number α > 0.

Proof. Let x ∈ [0, 1] be arbitrary. Under the assumption Γ(x) ≥ x and α > 0, the function t 7→ tα is

increasing on [0,∞). Hence,

Γα(x) ≥ xα, ∀x ∈ [0, 1].

Thus, both Γα(x) − xα and Γ(x) − x are nonnegative, and so

(Γα(x) − xα)(Γ(x) − x) ≥ 0, ∀x ∈ [0, 1].

Expanding the above inequality, we obtain

Γα+1(x) − xαΓ(x) − xΓα(x) + xα+1
≥ 0,

which implies that

Γα+1(x) + xα+1
≥ xΓα(x) + xαΓ(x), ∀x ∈ [0, 1].
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Integrating both sides over [0, 1] with respect to the q-integral, we get∫ 1

0
Γα+1(x) dqx +

∫ 1

0
xα+1 dqx ≥

∫ 1

0
xΓα(x) dqx +

∫ 1

0
xαΓ(x) dqx.

By applying inequality (3.8), we obtain∫ 1

0
xαΓ(x) dqx ≥

1
[α+ 3]q

.

Moreover, it is well known that ∫ 1

0
xα+1 dqx =

1
[α+ 2]q

.

Substituting these estimates, we have∫ 1

0
Γα+1(x) dqx +

1
[α+ 2]q

≥

∫ 1

0
xΓα(x) dqx +

1
[α+ 3]q

.

Since [α+ 2]q < [α+ 3]q, it follows that

1
[α+ 2]q

>
1

[α+ 3]q
.

Therefore, subtracting 1
[α+2]q

from both sides yields∫ 1

0
Γα+1(x) dqx ≥

∫ 1

0
xΓα(x) dqx,

which completes the proof. �

4. Numerical Examples

Four numerical examples are provided to illustrate the applicability of Theorems 3.1–3.5. For

each case, a continuous function Γ(υ) is specified together with suitable choices of the parameters

n and α. The corresponding left-hand and right-hand sides of the inequalities are computed

explicitly and visualized using MATLAB, providing a clear comparison between both quantities.

Example 4.1. Consider the continuous function Γ(υ) = υ
1
2 on [0, 1] and take n = 2. From Theorem 3.1,

the left-hand side of inequality (3.6) can be written as∫ 1

0
Γ(υ)n+1 dqυ =

∫ 1

0
(υ

1
2 )

3
dqυ =

1− q

1− q
5
2

,

whereas the right-hand side becomes∫ 1

0
υnΓ(υ) dqυ =

∫ 1

0
υ2υ

1
2 dqυ =

1− q

1− q
7
2

.

For comparison, both quantities are evaluated numerically using MATLAB, and the corresponding graphs
are displayed in Figure 1. These results clearly indicate that inequality (3.6) is satisfied.
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Figure 1. Comparison of both sides of inequality (3.6) for Γ(υ) = υ
1
2 with n = 2.

Example 4.2. Let Γ(υ) = υ
1
2 on [0, 1] and fix n = 2. In view of Theorem 3.2, the left-hand side of

inequality (3.7) is computed as∫ 1

0
Γ(υ)n+1 dqυ =

∫ 1

0
(υ

1
2 )

3
dqυ =

1− q

1− q
5
2

,

while the right-hand side takes the form∫ 1

0
υΓ(υ)n dqυ =

∫ 1

0
υ(υ

1
2 )

2
dqυ =

1
1 + q + q2 .

A numerical illustration obtained via MATLAB is presented in Figure 2, which supports the validity of
inequality (3.7).

Figure 2. Comparison of both sides of inequality (3.7) for Γ(υ) = υ
1
2 with n = 2.
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Example 4.3. Consider the function Γ(υ) = υ
1
2 defined on [0, 1], and set α = 1

4 . From Theorem 3.4, we
evaluate the left-hand side of inequality (3.9) as∫ 1

0
Γ(υ)α+1 dqυ =

∫ 1

0
(υ

1
2 )

5
4 dqυ =

1− q

1− q
13
8

,

while the corresponding right-hand side is given by∫ 1

0
υαΓ(υ) dqυ =

∫ 1

0
υ

1
4υ

3
4 dqυ =

1− q

1− q
7
4

.

A graphical comparison of these expressions, obtained via MATLAB, is presented in Figure 3. The figure
confirms that inequality (3.9) is satisfied.

Figure 3. Comparison of both sides of inequality (3.9) for Γ(υ) = υ
1
2 with α = 1

4 .

Example 4.4. Let Γ(υ) = υ
1
2 on the interval [0, 1], and fix α = 1

4 . In view of Theorem 3.5, the quantity on
the left-hand side of (3.10) can be expressed as∫ 1

0
Γ(υ)α+1 dqυ =

∫ 1

0
(υ

1
2 )

5
4 dqυ =

1− q

1− q
13
8

,

whereas the term on the right-hand side becomes∫ 1

0
υΓ(υ)α dqυ =

∫ 1

0
υ(υ

1
2 )

1
4 dqυ =

1− q

1− q
17
8

.

The numerical behavior of both sides is illustrated in Figure 4, generated using MATLAB, which verifies
the validity of inequality (3.10).
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Figure 4. Graphical verification of inequality (3.10) for Γ(υ) = υ
1
2 and α = 1

4 .

Remark 4.1. These numerical examples demonstrate not only the validity of Theorems 3.1–3.5 but also
their practical applicability. The explicit evaluations and graphical comparisons show that the proposed
quantum integral inequalities are consistent with the analytical results and can be effectively verified
through computational tools. Such an approach may be useful for further investigations involving more
general classes of functions or related quantum integral inequalities.

5. Concluding Remarks

In this paper, we have investigated Ngô-type integral inequalities within the setting of quan-

tum calculus. By employing both q-derivatives and q-integrals, we established several integral

inequalities on the interval [0, 1] for the cases of natural numbers as well as positive real numbers.

The obtained results extend and complement existing inequalities in the literature, and it is worth

noting that our findings reduce to the results of K. Brahim [29] when α = 1.

To illustrate the effectiveness and applicability of the proposed inequalities, a series of numerical

examples were presented. These examples confirm the validity of the theoretical results and

provide additional insight into their behavior. The methods and ideas developed in this work

are expected to contribute to the further development of quantum integral inequalities and may

inspire future research in related areas of quantum calculus and inequality theory.

Conflicts of Interest: The authors declare that there are no conflicts of interest regarding the

publication of this paper.
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