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Abstract. The present work aims to extend the one-dimensional Hadamard fractional operator to a general multidimen-
sional setting and study how this newly built operator acts between two Campanato spaces, KP* (D) and K9 (D).
Alongside the boundedness statement itself, we pin down an explicit rate at which the operator norm grows with the
diameter of D. Two features distinguish this study from prior boundedness results for fractional-type operators. First,
the Campanato scale is strictly finer than the Morrey scale on which such questions are usually posed. Second, the
Hadamard operator sits inside the Katugampola family as the degenerate case p — 07, carrying a logarithmic kernel
(log g)s_l in place of the power kernels that dominate the classical theory — and it is exactly this logarithmic structure

that drives the sharper estimates obtained below.

1. INTRODUCTION

Charles Morrey and Sergio Campanato developed a family of Banach function spaces K?! (D)
lying strictly above the space of functions of bounded mean oscillation. Instead of imposing a
global norm condition, these spaces measure how the local mean oscillation of a function over a
shrinking ball compares against a prescribed power of that ball’s radius. It is exactly this local-
scaling behavior that renders the spaces valuable within elliptic regularity theory: for a suitable
choice of T, membership in KPT(D) implies Holder continuity throughout D. This regularity
question was the principal motivation behind Campanato’s original construction in the 1960s [1],
and the resulting scale of spaces encompasses Morrey spaces as well as the classical BMO and
Holder spaces as limiting cases.

Take a bounded domain O C R", an exponent 1 < p < oo, and a parameter I' > 0. Given
fe ]LllOC (D) and a ball G,(wy), write D(wy, o) = DN G,(wo) for the trace domain and f,, , for the
average of f there. The Morrey seminorm [5] sup-averages the p-th power of f itself, rescaled by
07! setting T' = 0 recovers the plain LP norm, I' = n recovers L*, and I' > n collapses the space to
{0}. The Campanato space KP! (D) instead rescales the deviation f — fy, , in the same way, added
to the ILP norm; under a mild thickness condition on D the two scales coincide for 0 < T < n.

Square-function operators were shown to act boundedly on Campanato spaces in [3]; struc-
tural refinements of that result followed in [7]. Operators tied to fractional semigroups and to
Schrodinger evolutions were treated in [11], and the scale was extended to variable exponents
in [14]. More recently, novel mapping properties for generalized Calderén-Zygmund operators
have been studied within Campanato spaces [18,22], while the Heisenberg-group setting was
addressed in [26] and a hybrid Besov-Bourgain—-Morrey—Campanato scale together with a sharp
John-Nirenberg inequality was built in [30].

The boundedness question addressed here parallels, but does not duplicate, a Campanato-space
study of the multidimensional Katugampola operator [2]; that paper isolates a power-type weight
(%)5_1, whereas the present work isolates its logarithmic limit and tracks the consequences of
that limit for the sharp exponent.

A separate strand of work has pushed analogous primal/soft-topological operator constructions,
broadening the toolkit available for boundedness-type questions in adjacent settings: closure-type

primal operators were introduced in [4] and extended to the topological frame in [8]; symmetric
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local properties of Baire-category soft sets were studied in [12]; separation-axiom behaviour under
novel topological operators was established in [16]; a bipolar fuzzy soft-set framework for multi-
criteria decision-making appeared in [20]; primal structures equipped with closure operators were
examined in [24]; a strictly larger class of soft sets generated by a supra-soft 5-closure operator was
produced in [29]; and new categories of supra-soft continuous maps were classified via fresh soft
operators in [32].

The logical apparatus of convex evaluation has likewise been sharpened by embedding fractional
operators — Riemann-Liouville, Atangana-Baleanu, Caputo, and Prabhakar’s Mittag-Leffler-
kernel family — inside classical inequality statements. Doing so produces bounds that remember
non-local, memory-dependent dynamics absent from integer-order calculus, and these refined
Hermite-Hadamard, Ostrowski, and Simpson-type estimates now serve as working tools for con-
trolling convergence in fractional differential equations and for bounding quadrature error. Within
this broader programme: Hermite-Hadamard and Jensen-type estimates for a Riemann-operator-
driven class of Godunova-Levin mappings were obtained in [31]; a center-radius order treatment
of harmonical Godunova-Levin convexity appeared in [9]; interval-valued Godunova-Levin con-
vexity of (hy, h) type was handled in [15]; a generalized (7, p, h)-convex stochastic-process frame-
work unified Ostrowski-, Jensen-, and Hermite-Hadamard-type bounds in [19]; harmonical cr-h-
Godunova-Levin stochastic processes were the subject of [23]; a pseudo/standard order-relation
treatment of Godunova-Levin convex and preinvex classes was given in [28]; Hyers—Ulam stabil-
ity of two-dimensional convex mappings, alongside Pachpatte- and Fejér-type companions, was
established in [41]; and pseudo-LR interval-order estimates for two-dimensional convex mappings
under a non-singular fractional kernel were derived in [45]. On the operator side, an exponen-
tially damped variant of the Riesz potential was shown to be bounded on variable-exponent
Lebesgue spaces with elliptic-PDE applications in [35]; a fractional Bessel-Riesz approach to
the regularity of parabolic Ginzburg-Landau equations on variable-exponent Herz spaces was
developed in [37]; and twice-differentiable Simpson-type bounds via k-Riemann-Liouville op-
erators on tensor-structured Hilbert spaces appeared in [39]; a novel fractional potential frame-
work was further used to establish boundedness and regularity for the Navier-Stokes system
in generalized Herz spaces [56]. These inequalities are far from purely theoretical: they con-
strain signal-processing systems with long-range dependence, viscoelastic material models, and
memory-dependent epidemiological transmission rates, linking rigorous analysis to modeling
needs across engineering, biology, and physics. Complementary developments in this direction
canbe found in [6,10,21,25,27,33,36,38,40,42,44,46,48,50,52,54], and related fixed-point and metric-
space machinery that underlies several of the above constructions is developed in [13,17,34,43,55].

Jacques Hadamard’s fractional integral operator [47] predates much of this activity. Where the
Riemann-Liouville operator is built from the power kernel (v — ¢)*~!, Hadamard’s construction
instead uses the logarithmic kernel <log g)s_l, a choice tailored to half-line and multiplicatively-

invariant domains. We record its definition before extending it.
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Definition 1.1 (Hadamard Fractional Integral). For s > O, the left-sided Hadamard fractional integral

operator is defined by
L (oo 2y flo)
S — —_
Tef(v) = ) jl‘ (log 0) 5 do, v>1 (2.1)

More generally, for c > 0, the left-sided Hadamard fractional integral on (c,d) is

T f(v) = % fc ) (log 2)H g o, v>c (2.2)

o

where T'(s) denotes the Euler gamma function evaluated at s.
We extend this construction coordinate-wise to build a genuinely n-dimensional operator.

Definition 1.2 (Generalized Hadamard Fractional Integral). Let the components of s = (s1,...,5n)
satisfy s; > 0 for alli = 1,...,n. The operator T¢,, referred to as the left multidimensional Hadamard

fractional integral, is given by the expression below:

(TeNV) = =53

f f ( n Sl 1il]f(ﬁl,...,an)dol---dan,

i=

forallv = (vi,...,vn) € RMwithvi >¢ >0,i=1,...,n.

The right-sided counterpart 7] is built the same way, integrating outward from v toward d
rather than inward from c:

s B 1
(Td,f) (v) = m

f fjl [ﬁ Sl 1 1]f(c71, .., 0n)dor - don,

i=1

(2.4)

valid forve R"withO<v; <d;,i=1,...,n
A precedent for the kind of statement we are after comes from the Morrey-space theory of the

one-dimensional Riemann-Liouville operator:

Theorem 1.1 ( [49]). Letn = 1,1 < p,q < oo, %<S<1 0<7y,6<1, 0<y<l,0§5
0 < T < co. Then the mapping properties of the operator I , it turns out to be bounded from My( T)
into Mg(O, T).

sé,
0,

What we set out to do is transplant a statement of this type from the Morrey scale to the
Campanato scale, for the genuinely n-dimensional Hadamard operator, on the rectangular domain
D =R(c,d) ={veR":¢q <vi<dg,i=1,...,n}withevery ¢; > 0, for indices 1 < p < co and
0 < q < o - and, beyond boundedness itself, to pin down a sharp diameter-dependent norm
bound. Further developments on inequalities and operator-class boundedness in function spaces
can be found in [51,53].
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2. MaiN ResuLts
Fixc,de R"with0 < ¢ <dj £o0,i=1,...,n, and write
Q(C,d) = {VG]Rntci < Vj <di, i= 1,...,11}.

Lemma 2.1. Let 1 <p < 00,0 < u < n. Forevery ¢ € KPH(Q(c,d)) and every y € Q(c,d),

1/p
(f lp(w) — PQ(e )P dW <Cly- c|#/P [@lpu- (3.1)
Q(cy)

Proof. Set £ = |y — c| and

Qi =Q(c,c+2¥(y-¢)), k=012..., Qo=0Q(cy), QrcQri IQ=2"Qyl

Let ar = ¢q,. Then

[o0]

(PQ (¢y) Z El] 1 Q] C Qj—l C B(C + 2‘j<y_ C), z—jg).
j=1

By the Campanato seminorm applied on the enclosing ball,

1 .
< — lp(w) —ajq|dw < C(Z_]f)“/p[go]p,y,

1
laj—aj_1| = ‘@ L]-((P(W) —aj_1)dw

=1 Jo,
so that
20— Pa(ey)| < Clelps Z(z-ffw = Clglpu (/P ) 27W/P = C/Plgl,,.  (31a)
j= j=1
For each w € Q(c,y) write B(W) = @q(cy)nB(w,), and split

P(w) a9 = [p(w) = B(w)] + [B(w) — ao]
Then

o =i <[ [ tpw)—ponraw) ([ g —aoP i)
Q(cy) Q(cy) Q(cy)

Since B(w, ¢) 2 Q(c,y) for every w € Q(c,y), the Campanato seminorm gives, uniformly in w,

1 1/p
- Pd < CPolp
(|Q(Cr}’) NB(w, {)| fQ(c,y)nB(w,f) o) =Bw) u) = [#]p.

hence y
P
( f lp(w) — B(w)[P dw) < CPlplp 4 (3.1b)
Q(cy)

Using (3.1a) and |B(w) — ag| < C€#/P[¢]p, for every w (the same telescoping bound applied with
Q(c,y) NB(w, ) in place of Qyp),

1/p
(fQ( )lﬁ(w)_adpdw) S|Q(C/Y)|1/p'ny/p[(P]p,#~ (3.1¢)
cy
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Adding (3.1b) and (3.1c) and using |Q(c,y)|'/P < C*P (so |Q(c,y)[\/PLH/P < CLH1/P < Cer/P
for £ < 1, and absorbed into the constant for £ > 1 since the box is finite) gives (3.1). m|

Lemma 2.2. Assume 1 < p < co together with 0 < yu < n. For each ¢ € KP#*(Q(c,d)) and each
y €Q(c,d),
lple(@ey)) < 1Q(c, Y)IMPlogey! + Iy — c*/Ple]pu- (3.2)

Proof. Set £ =y —c|, Qo = Q(c,c+O0(y—c)),a(0) = pq,, 0 € [0,1]. Fora.e. 0,

7(0) = Ic;? N (p(w)=0(0)) == -ns. (3.2)
For w € dQy, diam(Qg) = 6¢, so
7 (6) < = | lplov) —a(0)law <" = (i o(w)~a(@Paw) < S (001 Flgy,
0r Qo 0c\1Qol Jg, = oc
ie.
2’ (6)] < Cor/Ple/PL(p], . (3.2b)

Integrating (3.2b) from 0 = ¢ to 1 and letting ¢ — 0 (u = 0: use fé ' 97140 — treat separately by

direct comparison with 0 = 1):

1
la(1) = a(0+)] < CE*/P g, f 64/P1do = C E P lpu (4> 0). (3.2c)
0

1
P _ p lw —¢|
Il fO ( fa o [PWIP =g ds ) do, (3:2d)

and splitting the inner integral as

| (P s < c( [  Io(w) =a(O)Fds + |a<e>|P|aa9|),

n—1[

Writing

a trace inequality bounds the first piece by C(0¢)"(0¢) (p]p u while (3.2¢) gives

l(0)] < la(1)] +1a(0) = a(1)| < lpg, | + CE/Plp]p,.

Inserting both estimates into (3.2d) and integrating with respect to 6 € [0, 1], followed by taking
p-th roots, yields

ol @) < C(IQu1Plpa,l + /P plpu),
which is (3.2). O
Lemma 2.3. Assume 1 < p < oo together with 0 < v < u < n. Given any finite cube Q(c,d) and any
¢ € KPH(Q(c d)),
lpllgcrr (Q(e,a)) < Cld = Cl(‘u_v)/p”(PH‘KPW(Q(c,d))' (3.11)
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Proof. Set ¢ = |d —c| and Q = Q(c,d). For each integer k > 0, subdivide Q into 2" congruent
sub-boxes {Qk,j}?i‘l, each of side length 27k¢. Given 0 < 9 < ¢, select k such that

2Mle<s <2t QB c(U | ) Qw), MW=

uENk(V)
With wy.j(¢) = (|Qk il ! ka - Py Ipdw) , the Campanato bound at index p gives
a)kf]'((P) C(2 kg)y/p [(P]p,;t- (3.11a)

Then

f lp(W) = PorB(v,9)IF dw
QNB(v,9)

<C Z V]ka (ka | dW+C Z |Qk]||(ka] (PQOB(VS)PD
j

Qk]ﬂB VS Qk]ﬂB(VS) #0

By (3.11a) the first sum is <

CIB(v, 9)|(27%¢)# [(p]p w a telescoping argument identical to (3.1a)
bounds |pg, ; = PgnB(v,s) < C (27%€)#/P[@]p,u, so the second sum is comparable. Using 27%¢ < 29,

f (W) = Pon ()P dw < COU[B(v, 9)l[@]p . (3.11b)
QNB(v,9)
Dividing (3.11b) by 9", taking p-th roots, and using 8(#~)/P < ¢(t=)/P |B(v, §)['/P < C (§ < 0):
[(P]prv < cLw)/p [(P]p,y- (3.11¢)
For the ILP part,
lplhie (@) < llp = pallie) + QI Plogl < £4/Plp], . + QI Plpgl,

and since |pg| < |Q|_1/P”(P“]LP(Q)

pllie(q) < (1+ /)il (3.11d)
Adding (3.11¢) and (3.11d), and using ¢#/P < LW/P for € > 1 (scaling handles ¢ < 1), gives
(3.11). 0

Theorem 2.1. Assume 1 < p < q < oo together with 0 < u < n. Given any finite cube Q(c,d) and any
¢ € KW (Q(c, d)),

1

n 1
pllgr(oeay < Cld — e lllacan o(ca)- (3.12)

Proof. Let £ = |d—c|, D = Q(c,d), 0 = ¢ —@p, 50 0p = 0, [0]qu = [@lqu- For E = B(v,9)ND,
9 < ¢, Holder’s inequality with exponents q/p > 1 gives

1 1/p 1 1/q
(E ]E‘|<.0_QE|p dy) < (E j;lg_QEHd]/) < [(P]q,y r/a (3.12a)

l/p 1 1/p
(fl@—@Elpdy) = IEl”P(ﬁflg—pglp) < Clep]qu ™/PoH/4. (3.12b)
E E

hence
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Globally, by Holder on D (|D| < C{") and Lemma 2.2,

1.1 a(l_1
llollzr (o) < 1DIP dllollra(p) < CE (54 'fy/q[(p]q,y, (3.12¢)

9ol ID1P = lpopl IDIV2- D17 ¢ < CO 9 [lpllgcan. (3.12d)

For the seminorm, any ball with 8 < ¢ satisfies, by (3.12a) raised to the p-th power and multiplied
by |El,

1

5 , lp — @prplP < CONH . 9PH/d 97PH/q pun(1-p/q) [(p]lgw C 9n—# pu—n(1-p/q) [(P]qw

so that, upon raising both sides to the power 1/p and subsequently taking the supremum over
¥ <{,

[Pl < CEOGT) [Pl (3.12¢)

Combining (3.12¢), (3.12d), (3.12e):

pliges = llle + [@lpu < CE P ||(P||7(q+f

which is (3.12). O

Theorem 2.2. Assume that 1 < p < 00,0 < q<00,0< Sn/n<vﬁn+pq(s1—|—---—|—sn—f—‘),

5 <si<li=1,...,n Supposec; > 0 for every i. Then

n

Halxl on Q(c,d), G <H <G 0<G =G <, (3:3)

i—1 V1
and

si—1
(108 VZ) <C(vi—a)%, O<oi<vi<d, (3.4)

since log(vi/o;) = log (1 + Vzg—lg’) < Y« cli(Vi —0;). Then there exists Co > 0 with

oj

- 1 1
178 @ligcar((ea)) < Cold = clll@llgrs(qea)) si+ n(a - 1;), (3.5-3.6)

and & is optimal.
Proof. By Definition 1.2 and (3.3),
G - Yi \i -1
l(T*QD)(Y)RHF—(Si)f il_[(log;) lp(w)|dw < Cs f H lp(w)|dw.

(3.7a)
By Holder with exponents p,p/(p — 1), applied coordinatewise to the product kernel,

p-1
~( 1R B
(37&) < CS“(P”]LP(Q(c,y)) H (f <Y1 - Wi)(SI Dy dWl) . (3.7b)
i=1 \Wa
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Each one-dimensional factor is a Beta integral: with i = (si — 1) }% +1>0(sinces; >1/p),

pt
P

Vi .~ )\bBi .~ )\Bi
f (Y1 — Wi)(si_l)%dwi — % N (%) — C(YI _ Ci)Si—l/P‘ (3‘7(:)
Ci i i

Invoking Lemma 2.2, we obtain the estimate lpllLe (Q(c,y)) < Cld — c|t/p llollges, and

i=1 i

}Esi-n/(2p)
] :C = Cly —c[E5/P,

Combining (3.7b), (3.7¢):
(T8 @) ()l < Cld " /Ply = 25 Pligllgcon. (3.7)
Write Up = T, ¢. FixB(v,9),0< 8 <|d-c|,and y,z € B(v,9) N Q(c,d):
Up(y) - Up(2) = [Up(y) - Up(2)| 50 +[UPG) - Up@)] p o (B52)
By 3.7)and |y —c|,|z—c|< S +|v -,
[ Up(y) = Up(2)]near| < COET/PId = |/ Pligllgers. (3.8b)

Forw ¢ B(v,29), ly—w| > |w—-v|-|y—v| > %|W—V|, and

i si—1 1
H (log y—) - S Cly — wis™,

w
1

By the mean-value theorem, |y — z| < 29:

[ Up(y) - Up(2)]far| < CO f v — wiEsS o (w)| dw. (3.8¢0)
Q\B(v,29)

With Q = B(v,219) \ B(v,2k8), k > 1, and |v — w| ~ 2K8 on O

p(w)ldw < C(259)MI=VPIH/Pl gl gep, (3.8d)
B(v219)nQ
so (3.8¢) becomes
(3.80) < CSligllycrs Y (259) 231 (2kg)n(I=1/PI4/P = COLS/PH/Pllpllgepn ) 2,
k=1 k=1
where A = Y s; — 1 —n/p + u/p < 0 under the hypotheses, so Y 2** < co and
[Up(y) = Up(2) ] < COZ/PH/Pplgcpn. (3.8¢)

Adding (3.8b) and (3.8e) (and using |d — c|*/P in (3.8b) is bounded by an absolute constant times 1
since the box is fixed, so both terms scale like 825™/PF#/P up to constants depending on the box):

[ Up(y) — Up(z)| < COES/PH/P||o]lgcpu. (3.8)
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By Jensen’s inequality, raising (3.8) to the g-th power and averaging over B(v,9) N Q:

f [ Up(y) = (UP)p(v,5)nglT dy < COMTAEsT/PHU/PI T (3.9a)
B(v,9)NQ

We now divide by 3" and take the g-th root of both sides, which yields:

1
v/q

1/q n—v . u
(f3< oo~ (UPBven0l® dY) e e (3.9b)
v, )N
Since v < n+ pq().si —n/p), the exponent of 9 in (3.9b) satisfies

= V+Zsl+—<0

so 9 < |d - ¢| gives, taking the supremum over admissible balls,

3 _n-v _
[T+(P]qv < Cld - c|*l|@llxps, + Z 5 + g-n_H

5+ n(}1 - %) (3.10)

Integrating (3.7) to the g-th power over Q(C, d) gives the matching global L9 bound, and together
with (3.10) this proves (3.5-3.6).
Sharpness. Take ¢ = 1. By (3.3) and the substitution &y = log(w;/0i),

. w1 sl 1 do; 1 (log wl/c1
TEAW) = s Hf et | _CH

near c. Set 7(w) = [[;(wi —¢i)%; a direct computation gives, for a ball of radius 9 near c,

1
v/q

1/q
(f |T(W)—TB(V,S)|qu) > {7 9Esn/a/a, llflges < Cld =P (3)
B(v,9)

Comparing the lower bound in (3.S) with the upper bound (3.5-3.6) forces ) si +n/q—-v/q =
&+n/p,i.e. equality at &£; no smaller exponent can replace &. m]

Theorem 2.3. Under the hypotheses of Theorem 2.2, there exists C > 0 with
175 Pllxcar(area) < Cld = clll@llxrs (e (3.13)
with & as in (3.5-3.6); & is again optimal.

Proof. Let Rp(w) = ¢(c+d —w). The map w — ¢ + d — w is a measure-preserving involution of
Q(c,d), and it carries B(v,9) N Q(c,d) onto B(c +d -v,9) N Q(c,d), so

IRPllxcen(@(ea)) = l1@llxr(Q(ea))- (3.15)
Witho; = ¢ +d; —wy, z; = Ci—f-di—yi,

; Lo i)' p(w) 1
Tavl) = Hr<si>fy U(l"g )=

1

do.

o G+di—oi\" (Rp)(0)
gCi-l-di—Zi ¢ +di —oj

Since¢; > 0and 0;,z; € [Cl‘, di],

1 1
— <0, — <0, 3.16
Uci+di—Zi_Cz ];[Ci‘Fd‘—Ui C2 (3.16)
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and the mean-value theorem applied to &1 - log(c; +d; — &1) gives log % = |z; — 0i|. Hence
1 ’ zi ) [(Rp) (0)
TeeI<C g o) f |1 (log ;) o = C|(T¢ (Rp))(2)l.  (3.17)
i c i i i

By the measure-preserving change y — z, (3.17) transfers to Campanato norms as

Thm. 2.2 3.15
173 gligcar < CITE, (Rp)llyor £ Cld — cEllR@llacrs = Cld = cfllpllgeos,

which is (3.13).
Sharpness. Suppose (3.13) held with some &’ < &. Let g = R1,s0 Rpg = 1, [lgollges < Cld - c[*/P,

and the assumed bound gives
175 (R1)llgar < Cld — [~ T7/P. (3.20)
By (3.17) with Rp = 1 and the sharpness in Theorem 2.2,
1735 (R)llgcar > TNITE Lllgear > Cld — ¢|Esit/av/a, (3.22-3.23)

Chaining (3.20) and (3.22-3.23):

contradicting &’ < £. Hence & is optimal. m]

3. CoNCLUSION AND FUTURE ScoPe

We have extended the Hadamard fractional integral, defined in (2.1)—(2.2), to the genuinely
n-dimensional operators 7¢ , 73 of (2.3)-(2.4), and proved, in (3.5-3.6) and (3.13), that

7., Tq + KPH(D) — KI(D)

boundedly, with operator norm < |d — ¢* for the sharp exponent & of (3.6). Letting p — 0T in the
Katugampola kernel recovers the logarithmic kernel (log g)s_l studied here, and it is exactly the
resulting algebraic structure of ¢ that sharpens the corresponding Morrey-space estimates.
Future directions: boundedness for the full Katugampola family (general p > 0) rather than the
limit p — 07; commutator boundedness with BMO/Campanato symbols; optimal constants Cy in
(3.5); and extension to variable-exponent and Herz—Morrey-type spaces, with eventual application

to fractional PDE models of anomalous diffusion and viscoelasticity.
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