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3Department of Mathematics, College of Science, Korea University, 145 Anam-ro, Seongbuk-gu, Seoul

02841, South Korea
4Department of Basic Sciences and Related Studies, Mehran UET, Jamshoro, Sindh, Pakistan

5Mathematics Research Center, Near East University, Near East Boulevard, PC: 99138, Nicosia/Mersin
10, Turkey

6College of Business Administration, American University of the Middle East, Kuwait
7Center for Theoretical Physics, Khazar University, 41 Mehseti Str., Baku, AZ1096, Azerbaijan

8International Center for Interdisciplinary Research in Sciences, The University of Lahore, Lahore 54792,
Pakistan

9 Research Center of Applied Mathematics, Khazar University, Baku, Azerbaijan
10Department of Mathematical Sciences, Saveetha School of Engineering, SIMATS, Chennai, Tamil Nadu,

India
11Hourani Center for Applied Scientific Research, Al-Ahliyya Amman University, Amman, Jordan

12Department of Mathematics, College of Science Al-Zulfi, Majmaah University, Al-Majmaah 11952,
Saudi Arabia

13College of Engineering, University of Business and Technology, Jeddah 23435, Saudi Arabia

∗Corresponding author: mtariqkhan2187@gmail.com

Abstract. Fractional integral operators play a vital role in establishing generalized forms of mathematical inequalities.

These operators provide effective tools for modeling various scientific and engineering processes such as fracture

mechanics, elasticity, heat transfer, viscoelastic deformation, and the behavior of continuous populations. In this

Received: Apr. 15, 2026.

2020 Mathematics Subject Classification. 26A51, 26A33, 26D07, 26D10, 26D15.

Key words and phrases. Convex Function, Hermite-Hadamard inequality, Raina’s function, Mittag-Leffler function .

https://doi.org/10.28924/2291-8639-24-2026-204
ISSN: 2291-8639

© 2026 the author(s).

https://doi.org/10.28924/2291-8639-24-2026-204


2 Int. J. Anal. Appl. (2026), 24:204

study, we investigate a new class of Hermite–Hadamard type inequalities and verify their numerical validity. By

employing a novel equality together with Hölder’s inequality, we derive several extensions of Hermite–Hadamard

type inequalities through generalized convexity involving Raina’s function within the framework of fractional integral

operators. Moreover, we present applications related to information divergence and entropy bounds. The results

obtained here constitute significant advancements and generalizations of existing findings in the literature.

1. Introduction

Convexity theory has been crucial to the development of numerous subfields in contemporary

mathematics. In the decade preceding, numerous academics and researchers have attempted to

integrate novel concepts into fractional analysis in an effort to add a new facet with diverse features

to the domain of mathematical analysis and numerical techniques. Engineering [1], finance [2],

economics [3], and optimization [4] are just a few of the domains in which the idea of convexity

locates extensive use.

There is an amazing connection between the theory of inequalities and the topic of convexity.

Convex functions result in a large number of well-known and useful inequalities. The Jensen and

Hadamard inequalities are two well-known inequalities in the literature that examine and explain

the geometrical meaning of convex functions. They are used in many fields, such as optimization,

probability theory, and information theory. For numerical methods such as the trapezoidal rule,

Simpson’s rule, and others, these inequalities are essential, particularly when determining the

error limits. For the literature, see [5–12].

The analysis of fractional integration and its utilization is referred to as “fractional calculus."

In the contemporary period, the concepts of inequality and fractional assessment have coevolved.

One of the fundamental ideas and elements of applied sciences is the evaluation of fractional

inequality. Researchers recommend that students think about using and applying the fractional

operator to solve problems and issues in the real world. The claimed assignment of the integration

of an arbitrary non-integer order is known as fractional calculus. Due to its practical uses, it has

recently continued to pique the curiosity and concentration of many scholars. Fractional calculus

has multiple uses in the disciplines of fluid flow [13], mathematical biology [14], epidemiology [15],

optimal control [16, 17], physics [18], control systems [19], transform theory [20], nanotechnology

[21], and modeling [22, 23]. For the literature, see [24–33].

Information divergence and entropy bounds are essential tools for describing uncertainty and

evaluating the performance of information systems. Their link with integral inequalities appears

naturally, since many divergence measures rely on the properties of convex functions. More accu-

rate and more adjustable extensions for these quantities can be derived by constructing fractional

notions of H-H type inequalities.

The amazing inspiration of this work is improving the analytical capabilities of fractional opera-

tors toward larger classes of mathematical inequalities. Although they are considered mandatory,

classical Hermite-Hadamard type findings tend to have limited applicability with addressing prob-

lems that display nonlocal or memory-dependent behavior. A natural foundation for handling
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such complexity is provided by fractional calculus, which enables more accurate depictions of

mechanics, thermodynamics, and information theory processes. Building on this framework, the

current research attempts to develop and investigate novel Hermite-Hadamard inequality varia-

tions in the context of generalized convexity related to Raina’s function. These results not only

enhance the theoretical depth of fractional inequalities but also create a bridge to practical appli-

cations by incorporating measures such as information divergence and entropy bounds, which

are crucial in evaluating uncertainty and informational efficiency in modern systems. For the

literature see [34–45]

This study presents a new model of representing the Hermite-Hadamard type inequalities

using the concept of generalized convexity of functions of Raina by employing the concepts of

the fractional integral operators in conjunction with the concept of the generalized convexity. The

suggested method is different to the past studies that formed novel integrative identities, offering

more precise and flexible estimations to those of the classical. As opposed to the previous studies

who only concentrated on the normal convexity, this research combines the fractional structures

to explain the memory and nonlocal effects which are naturally present in models in the real

world. In addition, that the connection between these inequalities and measures of information

divergence and entropy provides a new theoretical vantage point, which expands the scope of

fractional analysis to the information theory. All these contributions are a clear improvement of

the current body of literature in terms of depth and applicability.

This work is arranged as below. In Section 2, we address and remember certain essential

ideas and definitions that establish the framework of our following research. We construct a new

notion in Section 3, called generalized m-convex incorporating Raina’s mapping (GmCRM). In

Section 4, we employ a GmCRM to formulate a novel sort of H-H (Hermite-Hadamard) inequality

related to the Riemann-Liouville fractional integral operator (RLFIO). We set up a new equality

pertaining to GmCRM in Section 5. We devoted ourselves to generating some refinement of

H-H-type inequalities in order to achieve this property. Applications related to entropy bounds

and information divergence are analyzed in Section 6. In the last Section 7, we offer a succinct

conclusion and suggest some possible future study topics.

2. Preliminaries

This foundational section is mandatory since it integrates many core concepts, definitions, and

meaningful outcomes. By presenting essential details in a systematic and unified way, it strives to

hold the reader’s focus in conjunction with assuring consistency and clarity. We begin by revisiting

key notions such as convexity, the Hermite–Hadamard inequality, the Mittag–Leffler function

(MLF), generalized convex sets, generalized convex functions, and Condition-A. To conclude, we

highlight that the RLFIO will serve as a fundamental operator in our subsequent analysis.

Definition 2.1. [46] The following inequality is said to be convex, if

G

(
uux + (1− u) uy

)
≤ uG (ux) + (1− u)G

(
uy

)
, (2.1)
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holds for all ux, uy ∈ I and u ∈ [0, 1].

The most popular and frequently referenced inequality in the research is the H-H inequality.

Numerous mathematicians have approached the study of inequalities from various perspectives.

Theorem 2.1. If G : [ux, uy]→ R is a convex function, then

G

(
ux + uy

2

)
≤

1
uy − ux

∫ uy

ux

G(x)dx ≤
G(ux) +G(uy)

2
. (2.2)

For the literature, see the references [47–52].

Raina [53] introduced the following function, stated by

J
%
ε,σ(z) = J

%(0), %(1),...
ε,σ (z) =

+∞∑
k=0

%(v)

Γ(εk + σ)
zk, (2.3)

where ε, σ > 0, |z| < R and % = (%(0), . . . , %(v), . . .). Equation (2.3) is the refinement of the classical

Mittag-Leffler function (CMLF).

If σ = 0, ε = 1 and %(v) =
(α)k(β)k
(γ)k

for k = 0, 1, 2, . . . , where α, β and γ are parameters and αk

represents the quantity

(α)k =
Γ(α+ k)

Γ(α)
= α(α+ 1) . . . (α+ k− 1), k = 0, 1, 2, . . . ,

and restricts to |z| ≤ 1 (with z ∈ C), then classical hypergeometric function is:

J(α, β;γ; z) =
+∞∑
k=0

(α)k(β)k

k!(γ)k
zk.

Moreover, if % = (1, 1, . . .) with ε = α, (Re(α) > 0), σ = 1, then

Eα(z) =
+∞∑
k=0

zk

Γ(1 + αk)
. (2.4)

Equation (2.4) is referred to as a Classical MLF. In fractional calculus, the MLF is usually applied

in the investigation of fractional conjecture of the kinetic equation, Lévy flights, random walks,

super diffusive transport, and complex structures.

Cortez investigated the generalized convex set and the convex mapping involving Raina’s function

in [54, 55].

Definition 2.2 ( [55]). Assume that % = (%(0), . . . , %(0), . . .) is a bounded sequence of positive real numbers
and ε, σ > 0 . A set X , ∅ is generalized convex, if

ux + u J%
ε,σ(uy − ux) ∈ X, (2.5)

for all ux, uy ∈ X and u ∈ [0, 1].
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Definition 2.3 ( [55]). Let % denote a bounded sequence then % = (%(0), . . . , %(0), . . .) and ε, σ > 0. If
real-valued G holds, then the inequality

G

(
ux + u J%

ε,σ(uy − ux)
)
≤ uG(uy) + (1− u)G(ux), (2.6)

for all ux, uy ∈ X, where ux < uy and u ∈ [0, 1], then G is said to be generalized convex function.

Remark 2.1. If J%
ε,σ(uy − ux) = uy − ux > 0, then we achieve Definition 2.1.

Ahmad et.al [56] investigated the following Condition-A.

Condition A: Suppose X be generalized convex subset w.r.t. J
%
ε,σ(·). For any ux, uy ∈ X and

u ∈ [0, 1],

J
%
ε,σ

(
ux − (ux + u J%

ε,σ(uy − ux))
)
= −u J%

ε,σ(uy − ux),

J
%
ε,σ

(
uy −

(
ux + u J%

ε,σ(uy − ux)
) )

= (1− u) J%
ε,σ(uy − ux).

Note that, for every ux, uy ∈ X and for all u1, u2 ∈ [0, 1] from Condition-A, we have

J
%
ε,σ

(
ux + u2 J

%
ε,σ(uy − ux) − (ux + u1 J

%
ε,σ(uy − ux))

)
= (u2 − u1) J

%
ε,σ(uy − ux). (2.7)

Definition 2.4 ( [57]). Assume that G ∈ L1[ux, uy]. Then the Riemann–Liouville fractional integral
operators for the left and right side of order γ > 0, denoted by Iγ

u+x
G and Iγ

u−y
G, are given respectively as

I
γ

u+x
G(x) =

1
Γ(γ)

∫ x

ux

(x− u)γ−1
G(u) du, x > ux,

and

I
γ
u−y
G(x) =

1
Γ(γ)

∫ uy

x
(u− x)γ−1

G(u) du, x < uy.

3. Generalized m-Convex Involving Raina’sMappings and Its Properties

Here, we’ll present and investigate the new definition, i.e, GmCRM, which is an intriguing and

applicable idea for convex functions. We’ll also look at some of its algebraic characteristics.

Definition 3.1. Suppose ε, σ > 0 and % = (%(0), . . . , %(v), . . .). A set X , ∅ is said to be generalized
m-convex set, if

mux + z J
%
ε,σ(uy −mux) ∈ X, (3.1)

∀ ux, uy ∈ X and z, m ∈ [0, 1].

Definition 3.2. A mapping G defined on the Definition 3.1 is said to be GmCRM, if

G(mux + zJ
%
ε,σ(uy −mux)) ≤ m (1− z)G (ux) + zG

(
uy

)
. (3.2)

holds for every ux, uy ∈ X, m ∈ (0, 1] and z ∈ [0, 1].

Remark 3.1. If m = 1 and J%
ε,σ(uy −mux) = uy −mux, then Definition 3.2 reverts to Definition 2.1.
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Extended Condition-A: Suppose X be generalized m-convex subset w.r.t. J
%
ε,σ(·). For any

ux, uy ∈ X and z ∈ [0, 1],

J
%
ε,σ

(
mux − (mux + z J

%
ε,σ(uy −mux))

)
= −z J

%
ε,σ(uy −mux),

J
%
ε,σ

(
uy −

(
mux + z J

%
ε,σ(uy −mux)

) )
= (1− z) J%

ε,σ(uy −mux).

Note that, for every ux, uy ∈ X and for all z1, z2 ∈ [0, 1] from extended Condition-A, we have

J
%
ε,σ

(
mux + z2 J

%
ε,σ(uy −mux) − (mux + z1 J

%
ε,σ(uy −mux))

)
= (z2 − z1) J

%
ε,σ(uy −mux).

We will look into and develop certain aspects of the previously introduced idea.

Proposition 3.1. We state the following as true:

(1) The Sum of two GmCRM is also an GmCRM.
(2) If G is GmCRM, then (cG) is also an GmCRM.
(3) The composition of two GmCRM is also an GmCRM.
(4) Let 0 < ux < uy, G j : X = [ux, uy] → [0,+∞) be a family of GmCRM and G(u) = sup j ∆ j(u).

Then, G is an GmCRM for m ∈ (0, 1], z ∈ [0, 1], and U = {G ∈ [ux, uy] : G(Gz) < ∞} is an
interval.

(5) The product of two GmCRM is also an GmCRM.

Proof. The aforementioned properties are easy to prove. Thus, we leave it out. �

4. New Approach of H-H Type Inequality Pertaining to GmCRM

In this section, we examine the new version of H-H type inequality pertaining to GmCRM via

RLFIO.

Theorem 4.1. Assume that A ⊆ R is an open m-convex subset and ux, uy ∈ A with mux < mux +

J
%
ε,σ(uy −mux). If G : [mux, mux +J

%
ε,σ(uy −mux)]→ (0,∞) is a GmCRM such that G ∈ L[mux, mux +

J
%
ε,σ(uy −mux)] and J%

ε,σ satisfies the extended condition A then,

G

2mux +J
%
ε,σ(uy −mux)

2


≤

Γ(γ+ 1)

2(J%
ε,σ(uy −mux))γ

[
I
γ

mu+x
G(mux +J

%
ε,σ(uy −mux)) + I

γ

(mux+J
%
ε,σ(uy−mux))−

G(mux)
]

≤
G(mux) +G(mux +J

%
ε,σ(uy −mux))

2
≤

mG(ux) +G(uy)

2

with γ > 0.

Proof. Since ux, uy ∈ A and A is an m-convex set and for every u ∈ [0, 1], we have ux + uJ%
ε,σ(uy −

mux) ∈ A. By generalized m-convex involving Raina’s mapping, we have for every x, y ∈ [ux, ux +
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J
%
ε,σ(uy −mux)] with u = 1

2 ,

G

mx +
J
%
ε,σ(y−mx)

2

 ≤ G(mx) +G(y)
2

, (4.1)

i.e., with mx = mux +(1−u)J%
ε,σ(uy−mux), y = mux +uJ%

ε,σ(uy−mux) from the extended

condition A, we get

2G

mux + (1− u)J%
ε,σ(uy −mux) +

Π(mux + uJ%
ε,σ(uy −mux), mux + (1− u)J%

ε,σ(uy −mux))

2


= 2G

mux + (1− u)J%
ε,σ(uy −mux) +

(2u− 1)J%
ε,σ(uy −mux))

2


= 2G

2mux +J
%
ε,σ(uy −mux)

2


≤ G(mux + (1− u)J%

ε,σ(uy −mux)) +G(mux + uJ%
ε,σ(uy −mux)). (4.2)

Multiplying both sides (4.2) by uγ−1, then integrating the resulting inequality with respect to u
over [0, 1], we obtain

2
γ
G

2mux +J
%
ε,σ(uy −mux)

2


≤

∫ 1

0
uγ−1
G(mux + (1− u)J%ε,σ(uy −mux))du +

∫ 1

0
uγ−1
G(mux + uJ%ε,σ(uy −mux))du

=
1

(J
%
ε,σ(uy −mux))γ

×

∫ mux+J
%
ε,σ(uy−mux)

mux

(mux +J
%
ε,σ(uy −mux) − u)γ−1

G(u)du +

∫ mux+J
%
ε,σ(uy−mux)

mux

(u−mux)
γ−1
G(u)du


=

Γ(γ)

2(J%ε,σ(uy −mux))γ

[
I
γ

mu+x
G(mux +J

%
ε,σ(uy −mux)) + I

γ

(mux+J
%
ε,σ(uy−mux))−

G(mux)

]
i.e.

G

2mux +J
%
ε,σ(uy −mux)

2


≤

Γ(γ+ 1)

2(J%
ε,σ(uy −mux))γ

[
I
γ

mu+x
G(mux +J

%
ε,σ(uy −mux)) + I

γ

mux+J
%
ε,σ(uy−mux)−

G(mux)
]

and the first inequality is proved.

For the proof of the second inequality, we first note that if G is a generalized m-convex involving

Raina’s mapping on [mux, mux +J
%
ε,σ(uy −mux)] and the mappingJ%

ε,σ satisfies extended condition

A, then for every u ∈ [0, 1], we have

G(mux + uJ%
ε,σ(uy −mux)) = G(mux +J

%
ε,σ(uy −mux) + (1− u)J%

ε,σ(mux, mux +J
%
ε,σ(uy −mux)))

≤ uG(mux +J
%
ε,σ(uy −mux)) + (1− u)G(mux)
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and similarly

G(mux + (1− u)J%
ε,σ(uy −mux)) = G(mux +J

%
ε,σ(uy −mux) + uJ%

ε,σ(mux, mux +J
%
ε,σ(uy −mux)))

≤ (1− u)G(mux +J
%
ε,σ(uy −mux)) + uG(mux).

By adding these inequalities, we have

G(mux + uJ%
ε,σ(uy −mux)) +G(mux + (1− u)J%

ε,σ(uy −mux)) ≤ G(mux) +G(mux +J
%
ε,σ(uy −mux))

(4.3)

Then multiplying both (4.3) by uγ−1 and integrating the resulting inequality with respect to u
over [0, 1], we obtain∫ 1

0
uγ−1
G(mux + uJ%

ε,σ(uy −mux))du +

∫ 1

0
uγ−1
G(mux + (1− u)J%

ε,σ(uy −mux))du

≤ [G(mux) +G(mux +J
%
ε,σ(uy −mux))]

∫ 1

0
uγ−1du

i.e.

Γ(γ)

(J
%
ε,σ(uy −mux))γ

[
I
γ

mu+x
G(mux +J

%
ε,σ(uy −mux)) + I

γ

(mux+J
%
ε,σ(uy−mux))−

G(mux)
]

≤
G(mux) +G(mux +J

%
ε,σ(uy −mux))

γ
.

Using the mapping J%
ε,σ satisfies extended condition A, the proof is completed.

�

Remark 4.1. Considering Theorem 4.1, we examine a unique extended fractional variant of H-H inequality
pertaining to the CMLF via RLFIO if we pick σ = 1 and % = (1, 1, . . .) with ε =α:

G

(
2mux + Eα(uy −mux)

2

)
≤

Γ(γ+ 1)
2(Eα(uy −mux))γ

[
I
γ

mu+x
G(mux + Eα(uy −mux)) + I

γ

(mux+Eα(uy−mux))−
G(mux)

]
≤
G(mux) +G(mux + Eα(uy −mux))

2
≤

mG(ux) +G(uy)

2
.

Example 4.1. Let us consider the open interval A = (0, 2) ⊂ R, and select ux = 0.5, uy = 1.5, and
m = 1

2 . Define the mapping R%ε,σ(uy − mux) = m(uy − ux) = 1
2 . Let G(x) = ex, which is convex

(and hence generalized m-convex involving Raina’s mapping), continuous, and integrable on the interval
[mux, mux + R

%
ε,σ(uy −mux)] = [0.25, 0.75]. We take γ = 1, so that the fractional integrals reduce to

classical integrals.
We first compute

G

2mux +R
%
ε,σ(uy −mux)

2

 = G (2 · 0.25 + 0.5
2

)
= G(0.5) = e0.5

≈ 1.6487.
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Next, we compute the middle expression involving classical integrals:

1
2 · R%ε,σ(uy −mux)

[∫ 0.75

0.25
G(u) du +

∫ 0.75

0.25
G(u) du

]
=

1
0.5
·

∫ 0.75

0.25
eu du.

Evaluating the integral: ∫ 0.75

0.25
eu du = e0.75

− e0.25
≈ 2.117− 1.284 = 0.833,

so the expression becomes
1

0.5
· 0.833 = 1.666.

Now we compute the arithmetic average of endpoint values:

G(mux) +G(mux +R
%
ε,σ(uy −mux))

2
=

e0.25 + e0.75

2
≈

1.284 + 2.117
2

= 1.7005.

We also compute the final upper bound:

mG(ux) +G(uy)

2
=

0.5 · e0.5 + e1.5

2
≈

0.82435 + 4.4817
2

= 2.653.

Hence, the full chain of inequalities from the theorem holds:

Ψ (0.5) ≈ 1.6487 ≤ 1.666 ≤ 1.7005 ≤ 2.653 .

This verifies the validity of the theorem for the selected function and parameters.

5. Refinements of H-H Inequality Pertaining to GmCRM

Many scholars and researchers are presently collaborating on novel ideas pertaining to the issue

from various viewpoints in the field of convex analysis. Throughout history, a number of novel

H-H type inequalities have been generated leveraging convexity and different types of fractional

operators.

This section’s main goal is to investigate and study a new lemma. Employing this newly created

lemma, we establish several improvements of the H-H inequality via RLFIO. To obtain the results,

we apply the notion of the GmCRM and the Holder inequality.

Lemma 5.1. Assume that A ⊆ R is an open m-convex subset and ux, uy ∈ A with mux < mux +J
%
ε,σ(uy −

mux). If G : A → R is a differentiable mapping such that G′ ∈ L[mux, mux +J
%
ε,σ(uy −mux)], then the

following equality holds:

G(mux) +G(mux +J
%
ε,σ(uy −mux))

2

−
Γ(γ+ 1)

2(J%
ε,σ(uy −mux))γ

[
I
γ

mu+x
G(mux +J

%
ε,σ(uy −mux)) + I

γ

(mux+J
%
ε,σ(uy−mux))−

G(mux)
]

=
J
%
ε,σ(uy −mux)

2

∫ 1

0
[uγ − (1− u)γ]G′(mux + uJ%

ε,σ(uy −mux))du. (5.1)
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Proof. It suffices to note that

J =
∫ 1

0
[uγ − (1− u)γ]G′(mux + uJ%

ε,σ(uy −mux))du

=

[∫ 1

0
uγG′(mux + uJ%

ε,σ(uy −mux))du
]
+

[
−

∫ 1

0
(1− u)γG′(mux + uJ%

ε,σ(uy −mux))du
]

= J1 + J2. (5.2)

Integrating by parts

J1 =

∫ 1

0
uγG′(mux + uJ%ε,σ(uy −mux))du

= uγ
f (mux + uJ%ε,σ(uy −mux))

J
%
ε,σ(uy −mux)

∣∣∣∣∣∣
1

0

−

∫ 1

0
γuγ−1G(mux + uJ%ε,σ(uy −mux))

J
%
ε,σ(uy −mux)

du

=
G(mux +J

%
ε,σ(uy −mux))

J
%
ε,σ(uy −mux)

−
γ

J
%
ε,σ(uy −mux)

∫ mux+J
%
ε,σ(uy−mux)

mux

 x− a
J
%
ε,σ(uy −mux)

γ−1
G(x)

J
%
ε,σ(uy −mux)

dx

=
G(mux +J

%
ε,σ(uy −mux))

J
%
ε,σ(uy −mux)

−
Γ(γ+ 1)

(J
%
ε,σ(uy −mux))γ+1

I
γ

(mux+J
%
ε,σ(uy−mux))−

G(mux) (5.3)

and similarly we get,

J2 = −

∫ 1

0
(1− u)γG′(mux + uJ%ε,σ(uy −mux))du

= − (1− u)γ
G(mux + uJ%ε,σ(uy −mux))

J
%
ε,σ(uy −mux)

∣∣∣∣∣∣
1

0

−

∫ 1

0
γ(1− u)γ−1G(mux + uJ%ε,σ(uy −mux))

J
%
ε,σ(uy −mux)

du

=
G(a)

J
%
ε,σ(uy −mux)

−
γ

J
%
ε,σ(uy −mux)

∫ mux+J
%
ε,σ(uy−mux)

mux

mux + uJ%ε,σ(uy −mux) − x

J
%
ε,σ(uy −mux)

γ−1
G(x)

J
%
ε,σ(uy −mux)

dx

=
G(a)

J
%
ε,σ(uy −mux)

−
Γ(γ+ 1)

J
%
ε,σ(uy −mux)

γ+1 I
γ

mu+x
G(mux +J

%
ε,σ(uy −mux)). (5.4)

Using (5.3) and (5.4) in (5.2), it follows that

J =
G(mux) +G(mux +J

%
ε,σ(uy −mux))

2

−
Γ(γ+ 1)

2J%
ε,σ(uy −mux)

γ

[
I
γ

mu+x
G(mux +J

%
ε,σ(uy −mux)) + I

γ

(mux+J
%
ε,σ(uy−mux))−

G(mux)
]

Thus, by multiplying both sides by
J
%
ε,σ(uy−mux)

2 , we have conclusion (5.1).

�

Theorem 5.1. Assume that A ⊆ R is an open m-convex subset and ux, uy ∈ A with mux < mux +

J
%
ε,σ(uy −mux). Suppose that G : A → R is a differentiable function such that G′ ∈ L[mux, mux +

J
%
ε,σ(uy −mux)]. If |G′| is GmCRM on [mux, mux +J

%
ε,σ(uy −mux)] then the following inequality for
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fractional integrals with γ > 0 holds:∣∣∣∣∣∣ G(mux) +G(ux +J
%
ε,σ(uy −mux))

2

−
Γ(γ+ 1)

2(J%
ε,σ(uy −mux))γ

[
I
γ

u+x
G(mux +J

%
ε,σ(uy −mux)) + I

γ

(mux+J
%
ε,σ(uy−mux))−

G(ux)
]∣∣∣∣∣∣

≤
J
%
ε,σ(uy −mux)

2(γ+ 1)

(
1−

1
2γ

) [
m

∣∣∣G′(ux)
∣∣∣+ ∣∣∣G′(uy)

∣∣∣] .

Proof. Using Lemma 5.1 and the GmCRM of |G′|we get∣∣∣∣∣∣ G(mux) +G(mux +J
%
ε,σ(uy −mux))

2

−
Γ(γ+ 1)

2(J%
ε,σ(uy −mux))γ

[
I
γ

mu+x
G(mux +J

%
ε,σ(uy −mux)) + I

γ

(mux+J
%
ε,σ(uy−mux))

−G(mux)
]∣∣∣∣∣∣

≤
J
%
ε,σ(uy −mux)

2

∫ 1

0

∣∣∣uγ − (1− u)γ
∣∣∣ ∣∣∣G′(mux + uJ%

ε,σ(uy −mux))
∣∣∣ du

≤
J
%
ε,σ(uy −mux)

2

∫ 1

0

∣∣∣uγ − (1− u)γ
∣∣∣ m [

(1− u)
∣∣∣G′(ux)

∣∣∣+ u
∣∣∣G′(uy)

∣∣∣] du

≤
J
%
ε,σ(uy −mux)

2

{∫ 1/2

0
[(1− u)γ − uγ]

[
m(1− u)

∣∣∣G′(ux)
∣∣∣+ u

∣∣∣G′(uy)
∣∣∣] du

+

∫ 1

1/2
[uγ − (1− u)γ]

[
m(1− u)

∣∣∣G′(ux)
∣∣∣+ u

∣∣∣G′(uy)
∣∣∣] du

}
=
J
%
ε,σ(uy −mux)

2

[
m

∣∣∣G′(ux)
∣∣∣+ ∣∣∣G′(uy)

∣∣∣] (∫ 1/2

0
[(1− u)γ − uγ] du

)
=
J
%
ε,σ(uy −mux)

2(γ+ 1)

(
1−

1
2γ

) [
m

∣∣∣G′(ux)
∣∣∣+ ∣∣∣G′(uy)

∣∣∣] ,

which completes the proof.

�

Remark 5.1. Employing Theorem 5.1, we investigate the novel generalized fractional version of H-H
inequality involving the CMLF via RLFIO if we choose σ = 1 and % = (1, 1, . . .) with ε =α:∣∣∣∣∣∣ G(mux) +G(mux + Eα(uy −mux))

2

−
Γ(γ+ 1)

2(Eα(uy −mux))γ

[
I
γ

mu+x
G(mux + Eα(uy −mux)) + I

γ

(mux+Eα(uy−mux))−
G(ux)

]∣∣∣∣∣∣
≤
Eα(uy −mux)

2(γ+ 1)

(
1−

1
2γ

) [
m

∣∣∣G′(ux)
∣∣∣+ ∣∣∣G′(uy)

∣∣∣] .

Theorem 5.2. Assume that A ⊆ R is an open m-convex subset and ux, uy ∈ A with mux < mux +

J
%
ε,σ(uy −mux) such that G′ ∈ L[mux, mux +J

%
ε,σ(uy −mux)]. Suppose that G : A→ R is a differentiable
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function. If |G′|q is GmCRM on [mux, mux +J
%
ε,σ(uy −mux)] for some fixed q > 1 then the following

inequality holds:∣∣∣∣∣∣ G(mux) +G(mux +J
%
ε,σ(uy −mux))

2

−
Γ(γ+ 1)

2(J%
ε,σ(uy −mux))γ

[
I
γ

mu+x
G(mux +J

%
ε,σ(uy −mux)) + I

γ

(mux+J
%
ε,σ(uy−mux))

G(mux)
]∣∣∣∣∣∣

≤
J
%
ε,σ(uy −mux)

2(γp + 1) 1
p

m
∣∣∣G′(ux)

∣∣∣q + ∣∣∣G′(uy)
∣∣∣q

2


1
q

(5.5)

where 1
p +

1
q = 1 and γ ∈ [0, 1].

Proof. Employing Lemma 5.1 and using Hölder inequality with properties of modulus, we have

G(mux) +G(mux +J
%
ε,σ(uy −mux))

2

−
Γ(γ+ 1)

2(J%
ε,σ(uy −mux))γ

[
I
γ

mu+x
G(mux +J

%
ε,σ(uy −mux)) + I

γ

(mux+J
%
ε,σ(uy−mux))−

G(mux)
]

≤
J
%
ε,σ(uy −mux)

2

∫ 1

0

∣∣∣uγ − (1− u)γ
∣∣∣ ∣∣∣G′(mux + uJ%

ε,σ(uy −mux))
∣∣∣ du

≤
J
%
ε,σ(uy −mux)

2

(∫ 1

0

∣∣∣uγ − (1− u)γ
∣∣∣p du

) 1
p
(∫ 1

0

∣∣∣G′(mux + uJ%
ε,σ(uy −mux))

∣∣∣q du
) 1

q

.

We know that for γ ∈ [0, 1] and ∀u1, u2 ∈ [0, 1],∣∣∣uγ1 − uγ2
∣∣∣ ≤ |u1 − u2|

γ

therefore ∫ 1

0

∣∣∣uγ − (1− u)γ
∣∣∣p du ≤

∫ 1

0
|1− 2u|γpdu

=

∫ 1/2

0
[1− 2u]γpdu +

∫ 1

1/2
[2u− 1]γpdu =

1
γp + 1

Since |G′|q is GmCRM on [mux, mux +J
%
ε,σ(uy −mux)], we have inequality (5.5), which completes

the proof. �

Remark 5.2. Employing Theorem 5.2, we investigate the novel generalized fractional version of H-H
inequality involving the CMLF via RLFIO if we choose σ = 1 and % = (1, 1, . . .) with ε =α:∣∣∣∣∣∣ G(mux) +G(mux + Eα(uy −mux))

2

−
Γ(γ+ 1)

2(Eα(uy −mux))γ

[
I
γ

mu+x
G(mux + Eα(uy −mux)) + I

γ

(mux+Eα(uy−mux))
G(mux)

]∣∣∣∣∣∣
≤
Eα(uy −mux)

2(γp + 1) 1
p

m
∣∣∣G′(ux)

∣∣∣q + ∣∣∣G′(uy)
∣∣∣q

2


1
q

.



Int. J. Anal. Appl. (2026), 24:204 13

Theorem 5.3. Assume that A ⊆ R is an open m-convex subset and ux, uy ∈ A with mux < mux +

J
%
ε,σ(uy −mux). Suppose that G : A → R is a differentiable mapping such that G′ ∈ L[mux, mux +

J
%
ε,σ(uy − mux)]. If |G′|q is GmCRM on [mux, mux + J

%
ε,σ(uy − mux)] for some fixed q > 1 then the

following inequality holds:∣∣∣∣∣∣ G(mux) +G(mux +J
%
ε,σ(uy −mux))

2

−
Γ(γ+ 1)

2(J%
ε,σ(uy −mux))γ

[
I
γ

mu+x
G(mux +J

%
ε,σ(uy −mux)) + I

γ

(mux+J
%
ε,σ(uy−mux))−

G(ux)
]∣∣∣∣∣∣

≤
J
%
ε,σ(uy −mux)

(γ+ 1)

(
1−

1
2γ

) m
∣∣∣G′(ux)

∣∣∣q + ∣∣∣G′(uy)
∣∣∣q

2


1
q

(5.6)

where 1
p +

1
q = 1 and γ > 0.

Proof. Employing Lemma 5.1 and using Hölder inequality with properties of modulus, we have∣∣∣∣∣∣ G(mux) +G(mux +J
%
ε,σ(uy −mux))

2

−
Γ(γ+ 1)

2(J%
ε,σ(uy −mux))γ

[
I
γ

mu+x
G(mux +J

%
ε,σ(uy −mux)) + I

γ

(mux+J
%
ε,σ(uy−mux))−

G(mux)
]∣∣∣∣∣∣

≤
J
%
ε,σ(uy −mux)

2

∫ 1

0

∣∣∣uγ − (1− u)γ
∣∣∣ 1

p+
1
q
∣∣∣G′(mux + uJ%

ε,σ(uy −mux))
∣∣∣ du

≤
J
%
ε,σ(uy −mux)

2

(∫ 1

0

∣∣∣uγ − (1− u)γ
∣∣∣ du

) 1
p

×

(∫ 1

0

∣∣∣uγ − (1− u)γ
∣∣∣ ∣∣∣G′(mux + uJ%

ε,σ(uy −mux))
∣∣∣q du

) 1
q

On the other hand, we have∫ 1

0

∣∣∣uγ − (1− u)γ
∣∣∣ du =

∫ 1/2

0
[(1− u)γ − uγ] du +

∫ 1

1/2
[uγ − (1− u)γ] du

=
2

γ+ 1

(
1−

1
2γ

)
.

Since |G′|q is GmCRM on A, we attain∣∣∣G′(mux + uJ%
ε,σ(uy, ux, m))

∣∣∣q ≤ m(1− u)
∣∣∣G′(ux)

∣∣∣q + u
∣∣∣G′(uy)

∣∣∣q
and ∫ 1

0

∣∣∣uγ − (1− u)γ
∣∣∣ ∣∣∣G′(mux + uJ%

ε,σ(uy −mux))
∣∣∣q du

≤

∫ 1

0

∣∣∣uγ − (1− u)γ
∣∣∣ [m(1− u)

∣∣∣G′(ux)
∣∣∣q + u

∣∣∣G′(uy)
∣∣∣q] du
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=

∫ 1/2

0
[(1− u)γ − uγ]

[
m(1− u)

∣∣∣G′(ux)
∣∣∣q + u

∣∣∣G′(uy)
∣∣∣q] du

+

∫ 1

1/2
[uγ − (1− u)γ]

[
m(1− u)

∣∣∣G′(ux)
∣∣∣q + u

∣∣∣G′(uy)
∣∣∣q] du

=
1

γ+ 1

(
1−

1
2γ

) [
m

∣∣∣G′(ux)
∣∣∣q + ∣∣∣G′(uy)

∣∣∣q]
from here we obtain inequality (5.6) which completes the proof.

�

Remark 5.3. Employing Theorem 5.3, we investigate the novel generalized fractional version of H-H
inequality involving the CMLF via RLFIO if we choose σ = 1 and % = (1, 1, . . .) with ε =α:∣∣∣∣∣∣ G(mux) +G(mux + E�(uy −mux))

2

−
Γ(γ+ 1)

2(Eα(uy −mux))γ

[
I
γ

mu+x
G(mux + Eα(uy −mux)) + I

γ

(mux+Eα(uy−mux))−
G(ux)

]∣∣∣∣∣∣
≤
Eα(uy −mux)

(γ+ 1)

(
1−

1
2γ

) m
∣∣∣G′(ux)

∣∣∣q + ∣∣∣G′(uy)
∣∣∣q

2


1
q

.

6. Applications

This section presents novel applications of the established integral inequalities for generalized

m-convex involving Raina’s mappings via Riemann-Liouville fractional integrals. Specifically,

we demonstrate how these generalized H-H-type inequalities can be effectively applied to various

entropy measures and information-theoretic constructs. The challenge lies in choosing appropriate

non-trivial functions and parameters and interpreting the resulting bounds within the framework

of generalized entropies. These applications underscore the analytical strength and flexibility of

our results in broader mathematical and applied contexts. For further developments and related

discussions, we refer the reader to [58, 59] and the references therein.

For these applications, we will primarily utilize the case where m = 1 and the mapping

J
%
ε,σ(y, x, m) = y − x. In this scenario, A being an m-convex set (an interval), and G being an

generalized m-convex involving Raina’s mapping reduces to G being a convex function. The

extended condition A for J%
ε,σ(y, x, m) = y − x is also satisfied. This simplification allows us to

focus on the choice of the function G and the implications of the fractional integral bounds for

entropy-related quantities.

6.1. Integral Bounds for Tsallis Entropy of a Truncated Power-Law Distribution. Consider a

quantity X (e.g., resource abundance) that follows a truncated power-law distribution on the

interval [ux, uy]. The probability density function is given by

f (x) = Cx−k, x ∈ [ux, uy], k > 1,
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with normalization constant C = 1−k
u1−k

y −u
1−k
x

. The Tsallis entropy for this distribution is defined as

Sq =
1

q− 1

(
1−

∫
f (x)qdx

)
, q , 1.

Let G(x) = f (x)q, which is the integrand of the entropy expression.

Let ux = 1, uy = 2, and k = 2. Then f (x) = 2x−2, and for q = 3, we obtain G(x) = 8x−6. This

function is convex on [1, 2], and thus generalized m-convex involving Raina’s mapping for m = 1,

with J%
ε,σ(y, x, 1) = y− x.

Applying the main theorem (Theorem 4.1) for m = 1 and γ = 1, we attain the inequality:

G

(
ux + uy

2

)
≤

1
uy − ux

∫ uy

ux

G(x) dx ≤
G(ux) +G(uy)

2
.

For the chosen values:

G(1) = 8, G(2) = 1
8 , G

(
3
2

)
= 512

729 ,
∫ 2

1
G(x) dx = 31

20 .

The inequality becomes:
512
729 ≤

31
20 ≤

65
16 ,

which confirms the theorem’s validity in this setting.

This demonstrates that the theorem yields meaningful fractional integral bounds for the Tsallis

entropy integrand f (x)q. Such bounds are useful in information theory, especially when exact

integration is difficult, offering insight into entropy behavior under generalized convexity and

fractional calculus frameworks.

6.2. Divergence Measures for Information Discrepancy. Information divergence measures, such

as the Kullback-Leibler (KL) divergence, quantify the dissimilarity between probability distribu-

tions. Consider the function

G(x) = x log x− x + 1,

which is strictly convex on (0,∞) and arises naturally in the KL divergence. This makes it suitable

for application of our main inequality.

Let ux = 1, uy = 2, m = 1
2 , and J%

ε,σ(uy, ux, m) = uy − ux = 1. Then the interval becomes

[mux, mux +J
%
ε,σ(uy, ux, m)] =

[1
2

,
3
2

]
,

over which G remains convex and integrable.

We compute:

G

(
1
2

)
= 1

2 (1− log 2) ≈ 0.1534, G

(
3
2

)
≈ 0.1082, G(1) = 0.

The average of the endpoint values is:

G

(
1
2

)
+G

(
3
2

)
2

≈ 0.1308.
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Applying the main inequality for m = 1
2 and γ = 1, we obtain:

G(1) ≤
1

uy − ux

∫ 3
2

1
2

G(x) dx ≤
G

(
1
2

)
+G

(
3
2

)
2

,

which simplifies to:

0 ≤
∫ 3

2

1
2

(x log x− x + 1) dx ≤ 0.1308.

Evaluating the integral yields approximately 0.0428, confirming the validity of the inequality.

This application shows how the derived fractional integral inequality provides bounds for the

integrand of the KL divergence, G(x) = x log x− x + 1. These bounds are particularly meaningful

in contexts where exact integrals are difficult to compute or where memory effects and non-local

behavior arise, such as in systems modeled using fractional calculus. The result extends classical

convexity-based inequalities to fractional frameworks and demonstrates their utility in information

theory and divergence analysis.

7. Conclusions

Fractional analysis has intrigued a lot of interest from writers and scholars in a variety of

disciplines. Conversely, convex analysis has seemed as a potent tool for developing new numerical

models that enable the resolution of difficult issues in both the pure and applied sciences. Convex

analysis and the associated inequalities are becoming more popular and attracting more research

interest due to ongoing developments, extensions, and applications.

In this paper:

(1) First, we explored a novel version of H-H inequality over RLFIO via GmCRM.

(2) We investigated novel equality via GmCRM pertaining to RLFIO. In addition, we presents

the new refinements of H-H inequality with the help of Hölder inequality over RLFIO via

GmCRM.

Future Directions: The examined inequalities can be investigated inside interval analysis and

quantum calculus. Especially integral inequality is a fast developing field of study. Scientists will

be enthralled by the combination of interval-valued analysis and quantum calculus into the study

of integral inequalities since it presents fascinating directions for next development. Investigation

of potential connections with optimization theory, where such inequalities can provide tighter

bounds for objective functions under invexity assumptions. Further exploration of applications in

entropy-based statistics, machine learning, and information geometry.

Conflicts of Interest: The authors declare that there are no conflicts of interest regarding the

publication of this paper.
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