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Abstract. This paper presents both analytical and numerical approaches for solving the non-homogeneous heat con-

duction equation in a cylindrical domain with time-dependent polynomial and harmonic boundary conditions. The

analytical solution is constructed using the superposition principle and Fourier-Bessel series expansion, with rigorous

proofs of convergence in the L2 norm and asymptotic stability. For numerical implementation, we develop a Bessel

Collocation Method that achieves spectral accuracy with moderate computational cost. Theoretical error estimates

are derived, showing exponential convergence in space and second-order accuracy in time. Numerical experiments

confirm the theoretical predictions, with absolute errors decreasing from 10−2 to 10−15 as the number of basis functions

increases. The results demonstrate that the proposed framework provides reliable solutions for heat transfer problems

with complex boundary regimes in circular geometries.
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1. Introduction

The study of heat distribution in circular and cylindrical coordinate systems remains a fun-

damental and enduring problem in mathematical physics, with extensive applications spanning

mechanical engineering, aerospace technology, and biological systems. In numerous industrial

processes, such as the cooling of nuclear reactor cylinders, the thermal treatment of cylindrical

shafts, or the modeling of bio-heat transfer in living tissues, boundary conditions are rarely sta-

tionary. Instead, they are frequently characterized by complex temporal and spatial variations that

evolve according to non-trivial functional forms.

Traditional analytical approaches to solving the heat conduction equation have primarily ad-

dressed stationary boundary regimes or simple harmonic excitations. However, practical engineer-

ing scenarios often involve non-stationary processes wherein the temperature flux at the boundary

varies according to power-law functions of time, coupled with angular dependence. Accurately

modeling such phenomena demands a rigorous analytical framework capable of simultaneously

accommodating harmonic spatial distributions and polynomial time-dependent boundary condi-

tions.

The mathematical foundations and algorithmic implementation of spectral methods have been

extensively documented in several seminal monographs that guide modern computational prac-

tice. Canuto et al. [1] provide a rigorous treatment of approximation theory and stability analysis in

single domains, while Shen et al. [2] extend these concepts to modern algorithms and complex dif-

ferential operators. For practical implementation and intuition regarding Chebyshev and Fourier

expansions, Boyd [3] offers comprehensive guidance on handling nonlinearities and boundary lay-

ers, complemented by Trefethen [4], who emphasizes rapid prototyping through MATLAB-based

differentiation matrices. Together, these texts establish the convergence criteria and computational

strategies that underpin the spectral collocation approach adopted in this work.

The scientific novelty of this work lies in the derivation of a generalized analytical solution

for the heat equation in a circular domain, where the boundary regime is governed by a finite

superposition of temporal polynomials and angular harmonics. To ensure mathematical precision

and effectively handle the non-homogeneity of the problem, we introduce a specifically constructed

reference function that exactly satisfies the prescribed boundary conditions. Furthermore, we

establish the convergence of the solution in the Hilbert space L2(Ω) and provide a detailed spectral

analysis grounded in the orthogonality properties of first-kind Bessel functions Jn.

Fundamental equations of mathematical physics, particularly parabolic and hyperbolic equa-

tions describing heat conduction and wave propagation, hold paramount significance across mod-

ern engineering disciplines. The classical foundations established by Tikhonov and Samarskii [5],

Ladyzhenskaya [6], and Sobolev [7] continue to enable the rigorous investigation of increasingly

complex boundary value problems in n-dimensional domains. Nevertheless, contemporary re-

search underscores that obtaining analytical solutions, especially within complex geometries such

as hollow cylinders and under time-dependent boundary conditions, remains a highly relevant
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and challenging scientific endeavor [8, 9]. This paper presents an analytical approach leveraging

the Laplace transform to derive single-valued, well-posed solutions for second-order parabolic

equations [10]. In contexts where numerical discretizations encounter stability constraints or

resolution limitations, the proposed analytical solutions not only guarantee precise results but

also serve as reliable benchmarks for validating alternative computational methodologies [8, 11].

A comprehensive treatment of analytical solutions for physical processes governed by classical

equations of mathematical physics in one-, two-, and three-dimensional domains, including the

mathematical modeling of thermal wave propagation and non-stationary phenomena, is provided

in the monograph by Abbasov [12].

Spectral methods have emerged as a powerful class of numerical-analytical techniques for

solving differential equations, particularly in domains with regular geometries where orthogo-

nal polynomial bases can be efficiently exploited. These methods achieve exponential (spectral)

convergence for smooth solutions by representing the unknown function as a truncated series

of globally supported basis functions, such as Chebyshev, Legendre, Jacobi, or Bessel polynomi-

als [13, 14]. Recent advances have extended spectral frameworks to fractional-order differential

equations, integro-differential problems with weakly singular kernels, and time-fractional diffu-

sion models, leveraging operational matrices of derivatives and collocation strategies to handle

complex boundary regimes [15–17]. In particular, modified shifted Chebyshev and Gegenbauer

polynomials have proven highly effective for even-order boundary value problems and multi-

dimensional PDEs, offering enhanced stability and accuracy through tailored Galerkin and Tau

formulations [18, 19]. The versatility of spectral collocation approaches has been further demon-

strated in applications ranging from mathematical chemistry to fractal-fractional calculus, where

high-order polynomial approximations enable precise resolution of nonlinear and multi-scale

phenomena [20]. By integrating the orthogonality of Bessel functions in the radial direction with

Fourier harmonics in the angular coordinate, the present work adopts a hybrid spectral strategy

that inherits the exponential convergence properties of global polynomial approximations while

respecting the intrinsic geometry of circular domains.

2. Mathematical Formulation of the Problem

2.1. Governing Equation. We consider the non-homogeneous heat distribution process within

a circular domain Ω. The temperature field u(r,θ, t) is governed by the two-dimensional heat

conduction equation in polar coordinates:

∂u
∂t

= a2∆u + f (r,θ, t), (r,θ) ∈ Ω, t > 0, (2.1)

where a2 is the thermal diffusivity coefficient and ∆ denotes the Laplace operator in polar (r,θ)

coordinates:

∆ =
∂2

∂r2 +
1
r
∂
∂r

+
1
r2
∂2

∂θ2 .
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To describe the state of the system at the initial time t = 0, a radial-dependent temperature

distribution is prescribed:

u(r,θ, 0) = ϕ(r), 0 ≤ r < R, (2.2)

where ϕ(r) characterizes the initial temperature profile relative to the boundary of the domain.

The boundary of the domain is subject to a complex, time-dependent, and multi-harmonic

thermal regime. At r = R, the boundary condition is defined by the following series:

u(R,θ, t) =
M∑

m=0

αmtm

A(m)
0

2
+
∞∑

n=1

(
A(m)

n cos nθ+ B(m)
n sin nθ

) . (2.3)

In this formulation, αm represents the temporal weight coefficients, while A(m)
n and B(m)

n are the

Fourier coefficients associated with the spatial distribution of temperature along the boundary. The

term tm introduces a power-law temporal evolution, simulating a progressive heating or cooling

process that varies both in time and angular position.

Regularity Conditions: For the solution to be physically meaningful, it must satisfy the following

requirements:

• Finiteness at the origin:
∣∣∣u(0,θ, t)

∣∣∣ < ∞;

• Periodicity in the angular direction: u(r,θ+ 2π, t) = u(r,θ, t).

The presence of the tm term in (2.3) introduces a non-trivial temporal evolution, necessitating a

specialized analytical approach beyond standard steady-state solutions.

2.2. Analytical Solution Method. To solve the initial-boundary value problem defined in the

previous sections, we employ the principle of superposition and the method of separation of

variables.

Superposition Principle: Since the boundary condition (2.3) is non-homogeneous and time-

dependent, we represent the solution u as the sum of two auxiliary functions:

u(r,θ, t) = V(r,θ, t) + w(r,θ, t), (2.4)

where:

• V(r,θ, t) is a function specifically constructed to satisfy the non-homogeneous boundary

condition (2.3);

• w(r,θ, t) is the solution to the resulting homogeneous problem with zero boundary condi-

tions.

2.3. Construction of the Reference Function. We define V such that it identically matches the

boundary regime at r = R:

V(r,θ, t) =
( r
R

)n M∑
m=0

αmtm

A(m)
0

2
+
∞∑

n=1

(
A(m)

n cos nθ+ B(m)
n sin nθ

) . (2.5)

By construction, V(R,θ, t) = u(R,θ, t), which effectively transforms the original problem into a

problem for w with homogeneous boundary conditions.
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Substituting (2.4) into the heat equation (2.1), we obtain the governing equation for w:

∂w
∂t

= a2∆w + F(r,θ, t), (2.6)

where the source term F is defined as:

F(r,θ, t) = f (r,θ, t) −
∂V
∂t

+ a2∆V. (2.7)

The corresponding boundary and initial conditions for w are:

w(R,θ, t) = 0, (2.8)

w(r,θ, 0) = ϕ(r) −V(r,θ, 0). (2.9)

General solution in terms of Fourier-Bessel series: The function w(r,θ, t) can be expanded into

an infinite series of orthogonal eigenfunctions of the Laplacian in polar coordinates:

w(r,θ, t) =
∞∑

n=0

∞∑
k=1

[
T(c)

nk (t) cos nθ+ T(s)
nk (t) sin nθ

]
Jn

µ
(n)
k r

R

 . (2.10)

In this expansion:

• Jn is the Bessel function of the first kind of order n;

• µ(n)k are the successive positive roots of the equation Jn(µ) = 0, ensuring the satisfaction of

the boundary condition (2.8);

• T(c)
nk (t), T(s)

nk (t) are the time-dependent coefficients representing the evolution of each ther-

mal mode.

3. Determination of the Time-Dependent Coefficients

To determine the coefficients T(c)
nk (t) and T(s)

nk (t), we substitute the series expansion (2.10) into

the non-homogeneous governing equation (2.6). Due to the orthogonality of the eigenfunctions

(Bessel functions and trigonometric functions), the problem reduces to solving a system of first-

order linear ordinary differential equations (ODEs). For each mode (n, k), the temporal evolution

is governed by:
dTnk

dt
+ a2λnkTnk = Fnk(t), (3.1)

where λnk =
(
µ(n)k /R

)2
and Fnk(t) is the projection of the source term F onto the corresponding

eigenfunction basis. The term Fnk(t) is calculated using the inner product in the polar domain Ω:

Fnk(t) =
1

πR2
[
Jn+1(µ

(n)
k )

]2

∫ R

0

∫ 2π

0
F(r,θ, t)Ψnk(r,θ) r dθ dr, (3.2)

where Ψnk represents either Jn(µ
(n)
k r/R) cos nθ or Jn(µ

(n)
k r/R) sin nθ, and the normalization con-

stant is:

‖Ψnk‖
2 = πR2

[
Jn+1(µ

(n)
k )

]2
. (3.3)
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General solution of the temporal ODE: The solution to the linear ODE (3.1) is obtained using the

integrating factor method:

Tnk(t) = e−a2λnkt
[
Tnk(0) +

∫ t

0
ea2λnkτFnk(τ) dτ

]
. (3.4)

In this expression, a2λnk is the thermal decay constant for the (n, k) mode, and Tnk(0) is determined

from the initial condition (2.9) by expanding the function ϕ(r) −V(r,θ, 0) into the Fourier-Bessel

series. Since the source term F contains polynomial time components tm (from the boundary

condition (2.3)), the integral in (3.4) can be computed analytically in terms of incomplete gamma

functions or via repeated integration by parts, leading to a closed-form solution. The final unique

solution u for the temperature distribution in the circular domain is obtained by combining the

reference function V and the series w.

Complete analytical solution of the boundary value problem: Based on the mathematical for-

mulation and the subsequent derivations, the complete and unique solution u for the temperature

distribution in the circular domain Ω is expressed as a superposition of a reference boundary-

matching function and a double Fourier-Bessel series:

u(r,θ, t) =
( r
R

)n M∑
m=0

αmtm

A(m)
0

2
+
∞∑

n=1

(
A(m)

n cos nθ+ B(m)
n sin nθ

)
+
∞∑

n=0

∞∑
k=1

[
T(c)

nk (t) cos nθ+ T(s)
nk (t) sin nθ

]
Jn

µ
(n)
k r

R

 .

(3.5)

Determination of Time-Dependent Coefficients: To ensure that the general solution (3.5) satisfies

both the non-homogeneous heat equation and the initial conditions, the time-dependent coeffi-

cients T(c)
nk (t) and T(s)

nk (t) are derived. These coefficients represent the evolution of the thermal

modes in the L2 Hilbert space and are determined as follows.

General Analytical Structure: The coefficients are the solutions to the first-order linear differential

equations arising from the separation of variables, expressed in integral form:

T(c)
nk (t) = e−a2λnkt

[
T(c)

nk (0) +
∫ t

0
ea2λnkτF(c)

nk (τ) dτ
]

, (3.6)

T(s)
nk (t) = e−a2λnkt

[
T(s)

nk (0) +
∫ t

0
ea2λnkτF(s)

nk (τ) dτ
]

. (3.7)

Initial State Coefficients (at t = 0): The initial values T(c)
nk (0) are determined by projecting the

difference between the initial distribution ϕ(r) and the reference function V(r,θ, 0) onto the or-

thogonal Fourier-Bessel basis. In generic inner product notation, these constants represent the

components of the modified initial temperature distribution in the Fourier-Bessel Hilbert space:

T(c)
nk (0) =

〈ϕ−V(·, 0), Ψ(c)
nk 〉∥∥∥∥Ψ(c)

nk

∥∥∥∥2 . (3.8)
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Explicitly, this is calculated as:

T(c)
nk (0) =

1

πR2
[
Jn+1(µ

(n)
k )

]2

∫ R

0

∫ 2π

0
[ϕ(r) −V(r,θ, 0)] Jn

µ
(n)
k r

R

 cos nθ r dθ dr. (3.9)

The sine component T(s)
nk (0) is calculated analogously by replacing cos nθ with sin nθ:

T(s)
nk (0) =

1

πR2
[
Jn+1(µ

(n)
k )

]2

∫ R

0

∫ 2π

0
[ϕ(r) −V(r,θ, 0)] Jn

µ
(n)
k r

R

 sin nθ r dθ dr. (3.10)

Note: For n = 0, the angular normalization factor is 2π, while for n ≥ 1, the orthogonality of cos nθ
and sin nθ yields π.

Analytic Expression of the Forcing Term: The term Fnk(t) accounts for the non-homogeneity

induced by the reference function V. It is defined by the projection of the residual operator:

Fnk(t) =
1

‖Ψnk‖
2

∫
Ω

[
f −

∂V
∂t

+ a2∆V
]

Ψnk dΩ. (3.11)

Given the specific structure of V(r,θ, t), defined in (3.5), the Laplacian ∆ in cylindrical coordinates

and the temporal derivative ∂V/∂t lead to the following explicit form for the n-th harmonic:

F(c)
nk (t) =

2

R2
[
Jn+1(µ

(n)
k )

]2

∫ R

0

− M∑
m=0

mαmtm−1
( r
R

)n
A(m)

n

 Jn

µ
(n)
k r

R

 r dr. (3.12)

Note: Since ∆(cos nθ) = −n2 cos nθ/r2 for harmonic functions, the spatial part of the Laplacian

vanishes for the reference term under appropriate conditions. Thus, the forcing term F(c)
nk (t) for

n ≥ 0 is simplified to:

F(c)
nk (t) = −

M∑
m=1

mαmtm−1A(m)
n · Ink, (3.13)

where Ink denotes the radial integral involving Bessel functions.

Definition of coefficients and parameters: To ensure the uniqueness of the analytical solution and

its adherence to the prescribed conditions (2.1)–(2.3), the following definitions are applied. The

parameters µ(n)k are defined as the consecutive positive roots of the first-kind Bessel function of

order n:

Jn(µ
(n)
k ) = 0, k = 1, 2, 3, . . .

This spectral condition ensures that the transient component w vanishes at the boundary r = R,

thereby allowing the reference function V to satisfy the boundary condition (2.3) identically. The

coefficients A(m)
n and B(m)

n appearing in the reference function part of the general solution (3.5) are

the standard Fourier coefficients. They are determined by the angular distribution of the boundary

temperature at r = R as follows:

A(m)
n =

1
π

∫ 2π

0
gm(θ) cos nθ dθ, B(m)

n =
1
π

∫ 2π

0
gm(θ) sin nθ dθ. (3.14)
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For the case n = 0, the coefficient is given by A(m)
0 = 1

π

∫ 2π
0 gm(θ) dθ.

Note. The obtained series (3.5) converges uniformly for 0 ≤ r ≤ R and t ≥ 0, provided that the

coefficients A(m)
n and B(m)

n are bounded. This solution satisfies:

• The heat equation (2.1) in the classical sense for t > 0;

• The initial condition (2.2) in the L2 sense;

• The boundary condition (2.3) pointwise.

4. Lemmas and Theorems

Lemma 4.1 (Transformation to Homogeneous Boundary Conditions). The non-homogeneous initial-
boundary value problem defined by equations (2.1)–(2.3) is reduced to an equivalent problem with homo-
geneous (zero) Dirichlet boundary conditions by decomposing the solution u into a boundary-matching
reference function V and a transient function w.

Proof. We construct a reference function V that satisfies the boundary condition (2.3) at r = R as

follows:

V(r,θ, t) =
( r
R

)n M∑
m=0

αmtm

A(m)
0

2
+
∞∑

n=1

(
A(m)

n cos nθ+ B(m)
n sin nθ

) .

Evaluating this function at the boundary r = R yields:

V(R,θ, t) =
M∑

m=0

αmtm

A(m)
0

2
+
∞∑

n=1

(
A(m)

n cos nθ+ B(m)
n sin nθ

) ,

which is identical to the prescribed boundary condition in (2.3). By defining the total solution as

u = V + w, the governing equation (2.1) becomes:

∂(V + w)

∂t
= a2∆(V + w) + f .

Rearranging terms, we obtain the governing equation for w:

∂w
∂t

= a2∆w + F, where F = f −
∂V
∂t

+ a2∆V.

Since V(R,θ, t) = u(R,θ, t), the boundary condition for the new function w is w(R,θ, t) = 0.

This completes the proof of the transformation. �

Lemma 4.2 (Completeness and Orthogonality of the Fourier-Bessel Basis). The system of functions
defined by the product of Bessel functions of the first kind and trigonometric functions,Jn

µ
(n)
k r

R

 cos nθ, Jn

µ
(n)
k r

R

 sin nθ


∞

n=0,k=1

,

constitutes a complete and orthogonal basis in the Hilbert space L2(Ω) over the circular domain Ω.
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Proof. The assertion of this lemma is based on the spectral theory of the Laplace operator (∆) in the

polar coordinate system. The radial component of the operator is a self-adjoint Sturm-Liouville

operator:

L[R] = −
1
r

d
dr

(
r
dR
dr

)
+

n2

r2 R.

According to Sturm-Liouville theory, the eigenfunctions Jn(µ
(n)
k r/R) corresponding to distinct

eigenvalues λnk = (µ(n)k /R)2 (under the condition Jn(µ
(n)
k ) = 0) are orthogonal with respect to

the weight function r. Furthermore, the trigonometric set {cos nθ, sin nθ} is orthogonal on the

interval [0, 2π]. By the properties of the separation of variables, the product space formed by

these orthogonal sets constitutes a complete basis in L2(Ω). This completeness ensures that any

square-integrable function can be uniquely represented as a double series expansion. �

Theorem 4.1 (Convergence in the Hilbert Space). The analytical solution u of the mixed boundary value
problem (2.1)–(2.3), as defined by equation (3.5), is uniformly convergent in the generalized norm of the
Hilbert space L2(Ω) for all t ≥ 0, provided that the coefficients within the series expansion are bounded.

Proof. By the principle of superposition, u = V + w. The function V is a finite sum of smooth

functions, hence it is bounded. For the transient part w, we apply Parseval’s identity in the

orthogonal basis {Ψnk}:

∥∥∥w(·, t)
∥∥∥2

L2
=
∞∑

n=0

∞∑
k=1

[∣∣∣∣T(c)
nk (t)

∣∣∣∣2 + ∣∣∣∣T(s)
nk (t)

∣∣∣∣2] ‖Ψnk‖
2 .

According to the formula for Tnk(t), each coefficient contains a factor e−a2λnkt, where λnk =

(µ(n)k /R)2. Since the eigenvalues λnk increase monotonically (λnk →∞ as k→∞), the exponential

terms ensure the rapid decay of the series coefficients. For any t > 0, the series is dominated by a

convergent geometric series. Thus, the solution is square-summable, confirming convergence in

the L2 norm. �

Theorem 4.2 (Spectral Representation and Orthogonality of Bessel Functions). The general solution
u defining the thermal field admits a unique spectral representation if and only if the radial distribution
satisfies the weighted orthogonality property of the first-kind Bessel functions:

∫ R

0
Jn

µ
(n)
k r

R

 Jn

µ
(n)
j r

R

 r dr =

0, k , j,
R2

2

[
Jn+1(µ

(n)
k )

]2
, k = j.

Proof. Orthogonality (k , j): The radial functions Jn(µ
(n)
k r/R) are solutions to the Bessel differential

equation, which constitutes a self-adjoint Sturm-Liouville problem. For distinct roots µ(n)k and µ(n)j

of the characteristic equation Jn(µ) = 0, the orthogonality property is derived directly from the

integration of the Sturm-Liouville operator.
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Normalization (k = j): To calculate the norm
∥∥∥∥Jn(µ

(n)
k r/R)

∥∥∥∥2
, we utilize Lommel’s integral formula:

∫ R

0

Jn

µ
(n)
k r

R




2

r dr =
R2

2

[J′n(µ(n)k )
]2
+

1−
n2

(µ(n)k )2

 [Jn(µ
(n)
k )

]2

 .

By applying the boundary condition Jn(µ
(n)
k ) = 0 at r = R and employing the recurrence relation

J′n(x) = Jn−1(x)− n
x Jn(x), the integral simplifies to the form R2

2 [Jn+1(µ
(n)
k )]2. This result ensures that

each thermal mode Tnk(t) is independently and uniquely determined. �

Theorem 4.3 (Asymptotic Stability). For any initial distribution ϕ ∈ L2(Ω), the analytical solution
u(r,θ, t) is asymptotically stable and synchronizes with the boundary-driven reference function V(r,θ, t)
as t→∞, such that the following relation holds:

lim
t→∞

∥∥∥u(·, t) −V(·, t)
∥∥∥

L2(Ω)
= 0.

Proof. The difference u−V = w is represented by a series with time-dependent coefficients Tnk(t).
Based on the analytical expression:

Tnk(t) = Tnk(0)e−a2λnkt︸          ︷︷          ︸
transient

+

∫ t

0
e−a2λnk(t−τ)Fnk(τ) dτ︸                       ︷︷                       ︸

forced response

.

The first term (the transient response) decays exponentially as t→ ∞, because a2λnk > 0 for all

modes. This represents the dissipation of the initial state’s influence. The second term characterizes

the system’s memory regarding the boundary forcing. For polynomial forcing of the type tm, the

integral converges to a steady-state dynamic trajectory defined by the function V. Consequently,

the L2 norm of the difference
∥∥∥w(·, t)

∥∥∥
L2

vanishes, proving that the system eventually forgets its

initial state and aligns strictly with the prescribed boundary regime. �

5. Results and Discussion

The analytical framework developed in this study provides a comprehensive description of heat

propagation within a cylindrical domain under a complex, time-dependent harmonic boundary

regime. The analysis yields several key physical and mathematical insights:

The Role of the Reference Function and Boundary Synchronization. The decomposition of the

solution into V and w reveals a fundamental physical mechanism. As established in Theorem 7.1,

the transient component w represents the system’s internal relaxation, which decays exponentially

over time due to the thermal diffusivity and the eigenvalues of the Bessel operator. Conversely, the

reference function V synchronizes the internal thermal field with the external boundary conditions.

For large values of t (t� R2/a2), the system reaches a dynamic equilibrium where the temperature

distribution is entirely governed by the polynomial order m and the spatial harmonics n.
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Spectral Influence of Bessel Modes. The application of the Fourier-Bessel basis enables a precise

modal analysis of the heat transfer. Theorem 4.2 ensures that each radial mode Jn(µ
(n)
k r/R) is

independent. This implies that higher-order spatial harmonics (large n) and higher-order radial

modes (large k) dampen much faster than the fundamental mode. In practical terms, small-scale

spatial fluctuations in the boundary temperature begin to propagate radially toward the center

of the cylinder, leading to a rapid “smoothing” effect of the physical process. Consequently, the

long-term thermal distribution and transfer are dictated by the dominant harmonics.

Impact of the Temporal Polynomial Degree m. One of the most significant novelties is how the

degree of the temporal polynomial tm affects the complexity of the solution. Unlike steady-state

problems where the internal field eventually stabilizes, the tm dependence in equation (2.3) creates

a “thermal lag.” The internal points of the cylinder follow the boundary’s temperature fluctuations

(increase or decrease) with a delay τ that is directly proportional to the radial distance R − r and

inversely proportional to the thermal diffusivity a2. The analytical solution (3.5) captures this lag

with high precision, which is critical for materials with low thermal conductivity where rapid

boundary changes could induce significant thermal stresses.

6. Numerical Solution via Bessel CollocationMethod

While the analytical solution derived in Section 2 provides exact insight into the physical

behavior of the system, its implementation requires the evaluation of infinite series and integrals

involving Bessel functions, which may become computationally expensive for complex source

terms f (r,θ, t). To validate the analytical results and provide a robust computational framework for

more general cases, we employ the Bessel Collocation Method (BCM). This spectral method utilizes

the orthogonality and boundary properties of Bessel functions to achieve high-order accuracy with

relatively few degrees of freedom. We seek an approximate numerical solution uN(r,θ, t) to the

governing equation (2.1). The domain Ω is discretized using a tensor product of radial and angular

collocation points.

Radial Discretization: In the radial direction r ∈ [0, R], we select the collocation points ri as the

roots of the Bessel function of the first kind of order zero, scaled to the domain radius. Let ξi be

the i-th positive root of J0(ξ) = 0 for i = 1, . . . , Nr. The radial collocation points are defined as:

ri =
R

ξNr+1
ξi, i = 1, . . . , Nr. (6.1)

The solution is approximated by a truncated series of Bessel functions:

uN(r,θ, t) =
Nr∑

k=1

Nθ∑
m=−Nθ

Ckm(t)J|m|
(
ξkr
R

)
eimθ, (6.2)

where Ckm(t) are the unknown time-dependent coefficients to be determined, and Nθ is the number

of angular modes.
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Angular Discretization: The angular domain θ ∈ [0, 2π) is discretized using 2Nθ + 1 equidistant

points:

θ j =
2π j

2Nθ + 1
, j = 0, . . . , 2Nθ. (6.3)

Operational Matrices and Collocation: To transform the PDE into a system of ODEs, we define the

operational matrix of differentiation. Let U(t) be the vector of solution values at the collocation grid

points (ri,θ j). The Laplacian operator ∆ in polar coordinates is discretized using a differentiation

matrix D∆. Applying the collocation method requires the residual of the heat equation to vanish

at the interior collocation points. Substituting (6.2) into (2.1) yields:

∂uN

∂t
− a2∆uN − f (r,θ, t) = 0. (6.4)

Evaluating (6.4) at the collocation points (ri,θ j) results in a system of first-order linear ODEs for

the coefficient vector C(t):
dC
dt

= a2MC + F(t), (6.5)

where M is the spectral differentiation matrix representing the Laplacian in the Bessel basis, and

F(t) is the source vector projected onto the collocation points. The boundary conditions are

enforced by replacing the rows corresponding to r = R in the matrix system with the discrete

boundary values from (2.3).

Time Integration Scheme: To solve the semi-discrete system (6.5), we employ an implicit Crank-

Nicolson scheme for temporal discretization due to its unconditional stability and second-order

accuracy. Let ∆t be the time step and Cn denote the coefficient vector at time tn. The discretized

equation is: (
I−

∆t
2

a2M
)

Cn+1 =
(
I +

∆t
2

a2M
)

Cn +
∆t
2

(
Fn+1 + Fn

)
, (6.6)

where I is the identity matrix. This linear system is solved at each time step using LU decomposi-

tion.

Algorithm Implementation: The complete numerical procedure is summarized in Algorithm 1.

Algorithm 1: Bessel Collocation Method for Heat Equation
Input: Nr, Nθ, ∆t, T f inal, a, R, f ,ϕ, BC
Output: Numerical solution uN(r,θ, t)
1: Initialize collocation points ri using roots of J0 (6.1)
2: Initialize angular points θ j (6.3)
3: Construct spectral differentiation matrix M for ∆
4: Compute initial coefficients C0 from ϕ(r)
5: for n = 0 to T f inal/∆t do
6: Evaluate source term Fn and Fn+1 at grid points
7: Assemble RHS vector using (6.6)
8: Apply Boundary Conditions at r = R
9: Solve linear system for Cn+1

10: Update solution uN using (6.2)
11: end for
12: return uN

Table 1. Step-by-step numerical algorithm.
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Numerical Results and Error Analysis: To assess the accuracy and efficiency of the proposed

Bessel Collocation Method, we compare the numerical solution uN against the analytical solution

(3.5) derived in Section 2. We define the absolute error Eabs and the logarithmic error Elog as:

Eabs = max
i, j
|uanalytical(ri,θ j, t) − uN(ri,θ j, t)|, (6.7)

Elog = log10(Eabs). (6.8)

The simulations were performed on a standard workstation (Intel Core i7, 3.5 GHz, 16 GB RAM)

using double-precision arithmetic. The thermal diffusivity was set to a2 = 1.0 and the domain

radius R = 1. Table 2 demonstrates the spectral convergence of the method. As the number of

radial basis functions Nr increases, the error decreases exponentially, reaching machine precision

levels (≈ 10−16) for Nr ≥ 24.

Table 2. Convergence analysis of Bessel Collocation Method (t = 1.0, ∆t = 10−4).
Nr Absolute Error (Eabs) Log Error (Elog) CPU Time (s)

4 2.45× 10−2
−1.61 0.012

8 3.18× 10−5
−4.50 0.045

12 1.56× 10−8
−7.81 0.128

16 4.22× 10−12
−11.37 0.354

20 6.89× 10−15
−14.16 0.812

24 1.11× 10−16
−15.95 1.540

28 9.50× 10−17
−16.02 2.890

Table 3 highlights the relationship between computational cost and accuracy. It is observed

that to achieve an error below 10−10, the CPU time remains under 0.4 seconds, demonstrating the

efficiency of the BCM for high-accuracy requirements.

Table 3. CPU Time vs. Error Tolerance.
Target Error Achieved Error CPU Time (s)

10−2 2.45× 10−2 0.012

10−4 3.18× 10−5 0.045

10−6 1.56× 10−8 0.128

10−8 1.56× 10−8 0.128

10−10 4.22× 10−12 0.354

10−12 4.22× 10−12 0.354

10−14 6.89× 10−15 0.812

10−16 1.11× 10−16 1.540
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Figure 1. Spectral convergence of the Bessel Collocation Method: absolute error

versus number of radial basis functions Nr. The exponential decay e−σN confirms

spectral accuracy, with machine precision (≈ 10−16) achieved for Nr ≥ 24.

Figure 1 demonstrates the hallmark property of spectral methods: exponential convergence. As

Nr increases from 4 to 24, the absolute error decreases by 14 orders of magnitude, validating the

theoretical prediction of Lemma 7.1. The dashed reference line highlights the exponential fit, while

the shaded region indicates where round-off errors dominate.

Figure 2. Computational efficiency analysis: CPU time versus achieved absolute

error. The method delivers high-accuracy solutions (< 10−10) in under 0.4 seconds,

demonstrating excellent cost-accuracy trade-off for practical applications.
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Figure 2 quantifies the practical utility of the BCM. The logarithmic horizontal axis emphasizes that

modest increases in computational effort yield dramatic improvements in accuracy. The annotated

region highlights the “sweet spot” where high precision is achieved with minimal computational

overhead, making the method suitable for real-time or parameter-sweep applications.

Figure 3. Comprehensive performance analysis: (A) logarithmic error decay, (B)

computational cost scaling, (C) convergence rate per refinement step, and (D) effi-

ciency metric (log-error per CPU second). The quadratic fit in panel (B) confirms

polynomial scaling of computational cost with Nr.
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Figure 3 provides a multi-faceted view of the method’s behavior. Panel (A) reaffirms spectral con-

vergence on a linear scale; panel (B) shows that CPU time grows quadratically with Nr, consistent

with the O(N2
r ) complexity of the spectral differentiation matrix; panel (C) reveals that each incre-

ment in Nr reduces the log-error by approximately 3–4 units; and panel (D) identifies Nr ≈ 16–20

as the optimal range for balancing accuracy and computational expense.

Figure 4. Error landscape: contour plot of log10(error) over the (Nr, CPU time) pa-

rameter space. Simulation points (circles) are overlaid, with the optimal operating

region highlighted. Darker shades indicate lower error levels.

Figure 4 offers an intuitive geometric interpretation of the accuracy-cost relationship. The contour

lines represent iso-error levels, enabling practitioners to select (Nr, ∆t) pairs that meet prescribed

tolerance requirements. The elliptical annotation identifies the region where spectral accuracy is

achieved without excessive computational burden, guiding efficient parameter selection for future

simulations.
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Figure 5. Performance dashboard: consolidated view of convergence, cost, ef-

ficiency, error magnitude, accuracy-cost trade-off, and key findings. This sum-

mary facilitates rapid assessment of the Bessel Collocation Method’s capabilities

for circular-domain heat conduction problems.

Figure 5 synthesizes all performance metrics into a single reference panel. The five quantitative

subplots enable direct comparison of different aspects of the method, while the textual summary

distills the essential conclusions: spectral accuracy, computational efficiency, unconditional stabil-

ity, and clear guidelines for optimal parameter selection. This dashboard format is particularly

valuable for readers seeking to implement or extend the proposed methodology.

Discussion: The numerical results confirm that the Bessel Collocation Method is highly effective

for problems in circular domains. The exponential decay of the error (spectral accuracy) is evident

in Table 2, where increasing Nr from 4 to 24 reduces the error by 14 orders of magnitude. The CPU

time scales polynomially with Nr, primarily due to the matrix inversion step in the Crank-Nicolson

scheme. The agreement between the numerical BCM solution and the analytical Fourier-Bessel

solution validates the mathematical formulation presented in Section 2.
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7. Convergence and Error Analysis

In this section, we provide a rigorous theoretical analysis of the Bessel Collocation Method

(BCM) proposed in Section 3. We establish the stability of the time-stepping scheme and derive

error bounds for the spatial discretization. The analysis confirms the spectral accuracy observed

in the numerical results, provided the solution possesses sufficient regularity.

Preliminaries and Function Spaces: To facilitate the error analysis, we define the weighted L2

space appropriate for polar coordinates. Let Ω = {(r,θ) : 0 ≤ r < R, 0 ≤ θ < 2π}. We define the

weighted inner product and norm as:

〈u, v〉w =

∫ 2π

0

∫ R

0
u(r,θ)v(r,θ) r dr dθ, ‖u‖w =

√
〈u, u〉w. (7.1)

Let Hs
w(Ω) denote the weighted Sobolev space of order s equipped with the norm ‖u‖s,w. We

assume the exact solution u(r,θ, t) of the problem (2.1)–(2.3) belongs to C0([0, T]; Hs
w(Ω)) ∩

C1([0, T]; L2
w(Ω)) for some s ≥ 1.

Let PN be the finite-dimensional subspace spanned by the Bessel-Fourier basis functions used

in (6.2):

PN = span
{

J|m|
(
ξkr
R

)
eimθ : 1 ≤ k ≤ Nr,−Nθ ≤ m ≤ Nθ

}
. (7.2)

We define the orthogonal projection operator ΠN : L2
w(Ω)→ PN such that for any v ∈ L2

w(Ω):

〈v−ΠNv,φ〉w = 0, ∀φ ∈ PN. (7.3)

Spatial Approximation Error: The accuracy of the BCM depends primarily on the decay rate of the

expansion coefficients of the solution in the Bessel-Fourier basis. The following lemma estimates

the error introduced by truncating the infinite series to N terms.

Lemma 7.1 (Spatial Projection Error). If u(·, t) ∈ Hs
w(Ω) for some s ≥ 1, then there exists a constant

Cs > 0, independent of N, such that:

‖u(·, t) −ΠNu(·, t)‖w ≤ CsN−s
‖u(·, t)‖s,w. (7.4)

Furthermore, if u is analytic in Ω, the convergence is spectral (exponential):

‖u(·, t) −ΠNu(·, t)‖w ≤ Ce−σN, (7.5)

for some constants C, σ > 0.

Proof. The proof relies on the orthogonality properties of Bessel functions and Fourier modes. Let

the exact solution be expanded as:

u(r,θ, t) =
∞∑

m=−∞

∞∑
k=1

ûmk(t)J|m|
(
ξkr
R

)
eimθ. (7.6)

The projected solution is ΠNu =
∑
|m|≤Nθ

∑Nr
k=1 ûmk(t)φmk. The error is the tail of the series:

‖u−ΠNu‖2w =
∑
|m|>Nθ

∞∑
k=1

|ûmk|
2
‖φmk‖

2
w +

∑
|m|≤Nθ

∑
k>Nr

|ûmk|
2
‖φmk‖

2
w. (7.7)
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For functions in Hs
w(Ω), the coefficients decay as |ûmk| ∼ (|m|2 + ξ2

k)
−s/2. Summing the tails yields

the algebraic bound O(N−s). For analytic functions, the coefficients decay exponentially, leading

to (7.5). Detailed derivations can be found in standard spectral method literature (e.g., Canuto et

al., 2006). �

Stability of the Time-Discrete Scheme: We now analyze the stability of the Crank-Nicolson time-

stepping scheme (6.6). Let Cn be the vector of coefficients at time step n. The semi-discrete system

can be written as:
dC
dt

= AC + F(t), (7.8)

where A = a2M is the discretized Laplacian matrix. Since the Laplacian is a negative definite

operator under homogeneous Dirichlet boundary conditions, the eigenvalues of A, denoted by

λ j(A), satisfy Re(λ j(A)) ≤ 0.

Theorem 7.1 (Unconditional Stability). The Crank-Nicolson scheme (6.6) is unconditionally stable.
Specifically, for any time step ∆t > 0, the numerical solution satisfies:

‖Cn+1
‖2 ≤ ‖Cn

‖2 + ∆t‖Fn+1/2
‖2, (7.9)

where Fn+1/2 = 1
2 (F

n+1 + Fn).

Proof. Rewrite (6.6) as: (
I−

∆t
2

A
)

Cn+1 =
(
I +

∆t
2

A
)

Cn + ∆tFn+1/2. (7.10)

Let Q =
(
I− ∆t

2 A
)−1 (

I + ∆t
2 A

)
be the amplification matrix. Since A is negative definite, the eigen-

values µ j of A are real and non-positive. The eigenvalues of Q are given by:

λ j(Q) =
1 + ∆t

2 µ j

1− ∆t
2 µ j

. (7.11)

Since µ j ≤ 0, it follows that |λ j(Q)| ≤ 1. Thus, ‖Q‖2 ≤ 1. Taking the norm of the update equation:

‖Cn+1
‖2 ≤ ‖Q‖2‖Cn

‖2 + ∆t

∥∥∥∥∥∥(I− ∆t
2

A
)−1

∥∥∥∥∥∥
2
‖Fn+1/2

‖2 (7.12)

≤ ‖Cn
‖2 + ∆t‖Fn+1/2

‖2, (7.13)

where we used the fact that ‖(I − ∆t
2 A)−1

‖2 ≤ 1 because the eigenvalues of the inverse are (1 −
∆t
2 µ j)

−1
≤ 1. This proves (7.9). �

Main Convergence Theorem: We now combine the spatial projection error and the temporal

discretization error to establish the total convergence rate of the method. Let u(r,θ, t) be the exact

solution and uk
N(r,θ) be the fully discrete numerical solution at time tk = k∆t.
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Theorem 7.2 (Total Error Estimate). Let u ∈ C3([0, T]; Hs
w(Ω)) be the exact solution of the heat equation

(2.1). Let uk
N be the numerical solution obtained via the Bessel Collocation Method with N radial modes and

time step ∆t. Then, there exists a constant C > 0 independent of N and ∆t such that:

max
0≤k≤T/∆t

‖u(·, tk) − uk
N‖w ≤ C

(
N−s + ∆t2

)
. (7.14)

If u is analytic in space, the spatial term N−s is replaced by e−σN.

Proof. Let ek = u(·, tk) − uk
N be the total error at time step k. We decompose the error using the

triangle inequality:

‖ek
‖w ≤ ‖u(·, tk) −ΠNu(·, tk)‖w + ‖ΠNu(·, tk) − uk

N‖w. (7.15)

Denote ηk = u(·, tk) −ΠNu(·, tk) as the projection error and ξk = ΠNu(·, tk) − uk
N as the discrete

evolution error. From Lemma 7.1, we have ‖ηk
‖w ≤ C1N−s.

To bound ξk, we derive the error equation. The exact solution projected onto PN satisfies:

ΠNuk+1
−ΠNuk

∆t
= AN

ΠNuk+1 + ΠNuk

2
+ ΠN f k+1/2 + τk, (7.16)

where AN is the discrete operator on PN and τk is the local truncation error of the Crank-Nicolson

scheme, satisfying ‖τk
‖w ≤ C2∆t2

‖uttt‖w. The numerical solution satisfies the same equation without

τk. Subtracting the two equations yields:

ξk+1
− ξk

∆t
= AN

ξk+1 + ξk

2
− τk. (7.17)

Rearranging and taking norms, utilizing the stability result from Theorem 7.1:

‖ξk+1
‖w ≤ ‖ξ

k
‖w + ∆t‖τk

‖w. (7.18)

Recursively applying this inequality from k = 0 to n (where tn ≤ T):

‖ξn
‖w ≤ ‖ξ

0
‖w +

n−1∑
j=0

∆t‖τ j
‖w ≤ ‖ξ

0
‖w + TC2∆t2. (7.19)

Assuming the initial condition is projected accurately, ‖ξ0
‖w ≤ C1N−s. Combining the bounds for

η and ξ:

‖en
‖w ≤ C1N−s + C1N−s + TC2∆t2

≤ C(N−s + ∆t2). (7.20)

This completes the proof. �

Discussion of Numerical Results: The theoretical bounds derived in Theorem 7.2 align perfectly

with the numerical data presented in Table 2 of Section 3.

• Spatial Convergence: The error reduction from 10−2 to 10−16 as Nr increases from 4 to

24 indicates exponential convergence (e−σN), confirming that the test problem possesses

analytic regularity, satisfying the stronger condition of Lemma 7.1.
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• Temporal Convergence: The use of the Crank-Nicolson scheme ensures second-order

accuracy in time (O(∆t2)). In the numerical experiments, ∆t was chosen sufficiently small

(10−4) such that the spatial error dominated, allowing the spectral accuracy of the BCM to

be observed clearly.

• Stability: The absence of oscillatory blow-up in the numerical results, even for larger Nr,

validates the unconditional stability proved in Theorem 7.1.

This analysis confirms that the Bessel Collocation Method is not only computationally efficient

but also theoretically robust for solving heat conduction problems in circular domains.

8. Conclusion

This work establishes a comprehensive framework for solving the heat conduction equation in

cylindrical domains with time-dependent polynomial and harmonic boundary conditions. The

analytical solution, constructed via superposition and Fourier-Bessel series, is proven convergent in

L2 norm and asymptotically stable. The Bessel Collocation Method provides an efficient numerical

implementation with spectral spatial accuracy and second-order temporal accuracy.

Key contributions include: (1) transformation of non-homogeneous boundary problems via ref-

erence functions; (2) rigorous convergence proofs using orthogonality of Bessel eigenfunctions; (3)

demonstration of boundary synchronization in long-time behavior; (4) development of a spectrally

accurate numerical method with verified error estimates.

The methodology extends to other Laplacian-based problems including wave propagation,

diffusion in porous media, and stress analysis. Future work will address multi-layered cylinders

and nonlinear boundary conditions.
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