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Abstract. This work investigates the Ulam-Hyers and generalized Ulam-Hyers-Rassias stability of fractional delay

differential equations involving the Atangana-Baleanu derivative with Mittag-Leffler kernel. Numerical simulations

validate the theoretical results, showing close agreement between exact and approximate solutions and confirming

bounded error behaviour. These findings demonstrate the effectiveness of the Atangana-Baleanu fractional delay

framework for modelling systems with memory and delay, particularly in epidemiological and immune response

applications.

1. Introduction and preliminaries

In recent years, fractional calculus has developed rapidly and has attracted considerable atten-

tion in the mathematical sciences. Among the many definitions of fractional derivatives are the

Riemann-Liouville and Caputo fractional derivatives (with singular kernels), the Caputo-Fabrizio

fractional derivative (with a non-singular local kernel) introduced in [10], and the Atangana-

Baleanu fractional derivative (with a non-singular, non-local kernel) introduced in [7].

We believe that the main objective of the work by Caputo and Fabrizio was to further improve

the modeling of systems with memory effects; however, several limitations of the Caputo-Fabrizio

fractional derivative were subsequently identified. In particular, the Caputo-Fabrizio derivative

employs a local kernel, and the associated anti-derivative corresponds to an average of the function
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and its integral rather than a true fractional integral. Caputo and Fabrizio addressed the singular

kernel problem present in the Riemann-Liouville and Caputo derivatives by introducing a new

derivative with an exponential kernel.

This kernel-related issue naturally raises the question: What is the most accurate kernel for describing
the dynamics of memory-effect systems? This question is motivated by the fact that many physical

phenomena appear to lie beyond the descriptive capability of such kernels. By extending the

exponential kernel in the Caputo-Fabrizio derivative to the Mittag-Leffler function, Atangana and

Baleanu provided a possible resolution to this issue in [7]. Consequently, the Atangana-Baleanu

derivative with a Mittag-Leffler kernel is regarded as both non-singular and non-local, offering a

more realistic representation of memory effects compared to the exponential kernel.

Delay differential equations, like other classes of differential equations, have also been generalized

to fractional order; see, for example, [16, 21, 22].

In this paper, we examine the Ulam stability of Atangana-Baleanu derivative fractional delay

differential equations of the form
ABC
t0

Dζ
t x(t) = f (t, xt), t ∈ [t0, T], t , tτ

xt0 = η0.
(1.1)

Here, ABC
t0

Dζ
t x(t) denotes the Atangana-Baleanu fractional derivative with a Mittag-Leffler kernel.

Let C = PC([−r, 0], Rn) denote the space of continuous functions defined on [−r, 0]. For any

element η ∈ C, we have η : [−r, 0]→ Rn equipped with the norm

‖η‖ = sup
−r≤s≤0

‖η(s)‖,

where r > 0 and ‖ · ‖ denotes a norm in Rn. Suppose that x ∈ C([t0 − r, T], Rn). We denote by xt

the translation of the restriction of x to the interval [t0 − r, T]. More precisely, xt is an element of C
defined by

xt(s) = x(t + s), −r ≤ s ≤ 0.

The set C([0, T]) is defined as

C([0, T]) =
{
η ∈ C : ‖η‖ < ρ, ∀ρ > 0

}
.

Furthermore, C([t0 − r, T], Rn) denotes the Banach space of all continuous functions mapping

[t0 − r, T] into Rn, endowed with the supremum norm

‖x‖∞ = sup
t∈[t0−r,T]

‖x(t)‖.

One of the central concerns in the qualitative theory of differential equations is the stability of

solutions. Stability theory enables the comparison of solution behaviours corresponding to differ-

ent initial conditions. As a fundamental aspect of mathematical modelling, the study of stability

in differential systems has wide-ranging applications across numerous scientific and engineering

disciplines; see, [8, 13–15].
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Analysing the qualitative behaviour of these model equations is essential, especially when simu-

lating real-world problems in the domains of biology, medicine, and economics [6].

[17], [11], [20], [9], [21], examine the qualitative features of the existence and uniqueness of the

solutions to the initial value problem for the Atangana-Baleanu, Caputo, and Caputo-Fabrizio

non-linear impulsive fractional differential equations.

The remainder of this work is organized as follows. In the next section, we present foundational

definitions, propositions, lemmas, and theorems that are essential for the development of the main

results. Section 3 contains the main results of the work, focusing on Ulam-Hyers stability and

Ulam-Hyers-Rassias stability. In Section 4, a realistic infection-immune interaction model is intro-

duced to illustrate the applicability of the obtained theoretical results. Finally, Section 5 concludes

the paper and summarizes the main findings.

2. Preliminaries

Definition 2.1. [12] Let n < ζ ≤ n + 1, n ∈ N and f be a real function defined on t ∈ [a, b] the
Riemann-Liouville fractional integral of order β is defined by

(aIζt ) f (t) =
1

Γ(ζ)

∫ t

a
(t− p)ζ−1 f (p)dp, (2.1)

where

Γ(ζ) =
∫
∞

0
tζ−1e−tdt ζ > 0, (2.2)

is the gamma function, and the Riemann-Liouville derivative of order β equivalent of equation 2.1 is defined
as

RL
t0

Dζ
t x(t) =

1
Γ(n− ζ)

Dn
∫ t

t0

(t− p)n−ζ−1x(p)dp. (2.3)

Definition 2.2. [11] Let 0 < ζ ≤ n + 1, n ∈ N. The Caputo fractional derivative of order ζ of a function
x(t) is defined as

C
t0

Dζ
t x(t) =

1
Γ(n− ζ)

∫ t

t0

(t− p)n−ζ−1Dnx(p)dp. (2.4)

Definition 2.3. [12] Let f ∈ H
′

(a, b), a < b, ζ ∈ (0, 1), then the definition of the new (left Caputo)
fractional derivative in the sense of Caputo and Fabrizio becomes

(CFC
a Dζ

t ) f (t) =
M(ζ)

1− ζ

∫ t

a
f
′

(p)e[−ζ
(t−p)
1−ζ ]dp, (2.5)

where M(ζ) is a normalization function such that M(0) = M(1) = 1.

Definition 2.4. [1] In the right case we have

(CFC
t Dζ

b) f (t) =
−M(ζ)

1− ζ

∫ b

t
f
′

(p)e[−ζ
(p−t)
1−ζ ]dp. (2.6)
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Definition 2.5. [2] Let f ∈ H
′

(a, b), a < b, ζ ∈ (0, 1), then the definition of the new (left Riemann-
Liouville) fractional derivative in the sense of Caputo and Fabrizio becomes,

( CFR
a Dζ f )(t) =

M(ζ)

1− ζ
d
dt

∫ t

a
f (p)e[−ζ

(t−p)
1−ζ ]dp. (2.7)

The associated fractional integral is

( a
CFIζ f )(t) =

1− ζ
M(ζ)

f (t) +
ζ

M(ζ)

∫ t

a
f (p)dp, (2.8)

and in the right Riemann-Liouville fractional derivative in the sense of Caputo and Fabrizio is

( CFRDζ
b f )(t) =

−M(ζ)

1− ζ
d
dt

∫ b

t
f (p)e[−ζ

(t−p)
1−ζ ]dp. (2.9)

The associated fractional integral is

( t
CFIζb f )(t) =

1− ζ
M(ζ)

f (t) +
ζ

M(ζ)

∫ t

a
f (p)dp (2.10)

Definition 2.6. [7] Let f ∈ H
′

(a, b), b > a, ζ ∈ (0, 1), the left Atangana-Baleanu derivative in Caputo
sense is given as

( AB
a Dζ

t f )(t) =
M(ζ)

1− ζ

∫ t

a
f
′

(p)Eζ
[
− ζ

(t− p)ζk

1− ζ

]
dp, (2.11)

where M(ζ) has the same properties as in Caputo-Fabrizio.

Definition 2.7. [7] Let f ∈ H
′

(a, b), b > a, ζ ∈ (0, 1), the right Atangana-Baleanu derivative in Caputo
sense is given as

( AB
a Dζ

t f )(t) =
−M(ζ)

1− ζ

∫ t

a
f
′

(p)Eζ
[
− ζ

(t− p)ζk

1− ζ

]
dp. (2.12)

Definition 2.8. [3] Let f ∈ H
′

(a, b), b > a, ζ ∈ (0, 1), the left Atangana-Baleanu derivative in Riemann-
Liouville sense is given as

( AB
a Dζ f )(t) =

M(ζ)

1− ζ
d f
dt

∫ t

a
f (p)Eζ

[
− ζ

(t− p)ζk

1− ζ

]
dp. (2.13)

Definition 2.9. [7] Let f ∈ H
′

(a, b), b > a, ζ ∈ (0, 1), the right Atangana-Baleanu derivative in Riemann-
Liouville sense is given as

( AB
t Dζ

b f )(t) =
−M(ζ)

1− ζ
d f
dt

∫ t

a
f (p)Eζ

[
− ζ

(t− p)ζk

1− ζ

]
dp, (2.14)

where Eζ is the one parametric Mittag-Leffler function given as

Eζ(x) =
∞∑

k=o

xk

Γ(kζ+ 1)
. (2.15)

Definition 2.10. [18] Assume that a function f is piecewise smooth over each finite interval in [0,∞] and
that | f (t)| ≤ Bat for all t > T if there are constants B > 0 and T > 0. F(s) = L f (t); s =

∫
∞

0 e−st f (t)dt, s ∈
C, then the Laplace transform L f (t); s of f (t) exists.
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Definition 2.11. If f and g are piecewise continuous on [0,∞), then the integral defines a specific product,
f ∗g.

f ∗g =

∫ t

0
f (p)g(t− p)dp, (2.16)

and is referred to as the f and g convolution.

Lemma 2.1. [12] In the Caputo notion, the Laplace transform of the Caputo-Fabrizio derivative is provided
as

L{
CF
0 Dζ

t f (t)} =
pF(p) − f (0)
p + ζ(1− p)

. (81)

Lemma 2.2. [7] The Laplace transform of the Atangana-Baleanu derivative in the Caputo sense is given
as,

L{
AB
0 Dζ

t f (t)} =
M(ζ)

1− ζ
pζ−1(pF(p) − f (0))

pζ + ζ
1−ζ

.

Definition 2.12. [4] The Atangana-Baleanu-Caputo fractional derivative with non-local kernel’s fractional
integral is provided as

AB
0 Iζt ( f (t)) =

1− ζ
M(ζ)

f (t) +
ζ

M(ζ)Γ(ζ)

∫ t

0
f (p)(t− p)ζ−1dp. (2.17)

When ζ is zero we recover the initial function and if also ζ is 1, we obtain the ordinary integral.

Proposition 2.1. [5] For x(t) ∈ [a, b] and n ≤ ζ ≤ n + 1 we have the following equations(
ABC
a Dζ

·
AB
a Iζ x

)
(t) = x(t) (2.18)

(
AB
a Iζ ABC

a Dζ x
)
(t) = x(t) − x(a). (2.19)

Theorem 2.1. [7] The Atangana-Baleanu in Riemann and Caputo sense possess the Lipschitz condition,
that is to say, for a given couple function f and h, the following inequalities can be established as

‖
ABC
0 Dζ

t f (t) − ABC
0 Dζ

t h(t)‖ ≤ H‖ f (t) − h(t)‖. (2.20)

Theorem 2.2. [19] Let x ∈ H
′

(0, 1), then x is a solution to the fractional initial value problem
ABC
t0

Dζ
t x(t) = f (t, x(t)), t ∈ (0, 1), β ∈ (0, 1)

x(t0) = x0

(2.21)

if and only if, it is a solution to the integral equation

x(t) = x0 +
1− ζ
M(ζ)

f (t, x(t)) +
ζ

M(ζ)Γ(ζ)

∫ t

0
f (p, x(p))(t− p)ζ−1dp (2.22)
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Theorem 2.3. [19] Consider the fractional initial value problem given as

Tζ(x)(t) = f (t, x(t)) t ∈ [0, T], ζ ∈ (0, 1) (2.23)

x(0) = u
if f (t, x(t)) is Lipschitz function with Lipschitz constant

(1− ζ)Γ(ζ) + 1
Γ(ζ)M(ζ)

< 1.

Then the fractional initial value problem has a unique solution

Remark 2.1. [21] Let 0 < ζ < 1 and f : [t0, T] × C → Rn be continuous, then the initial value problem
1.1 is comparable to the following: Fractional integral Volterra with memory

x0 = η0

x(t) = η0(0) +
1−ζ

M(ζ) f (t, xt)+

ζ
M(ζ)Γ(ζ)

∫ t
t0
(t− p)ζ−1 f (p, xp)dp, t ∈ [t0, T].

(2.24)

In other words, all solutions of (1.1) are also solutions of (2.24), and vice versa.

Theorem 2.4. [23] (Banach Contraction Mapping Principle) Let N be a non-empty complete metric space
and let T : N→ N be a contraction map, then T has a unique fixed point in N. That is, there exists x0 ∈ N
such that Tx0 = x0.

Definition 2.13. Equation (1.1) is said to be Ulam-Hyers stable if there exists a constant C f ,m > 0 such
that for some ε > 0 and for every solution γ ∈ C([t0, T], Rn) of the inequality

‖
C
t0

Dζ
t γ(t) − f (t,γ(t))‖ ≤ ε (2.25)

there exists a unique solution x(t) ∈ C([t0, T], Rn) of equation (1.1) with

‖γ(t) − x(t)‖ ≤ C f ,mε (2.26)

Definition 2.14. Equation (1.1) is said to be generalized Ulam-Hyers stable if there exists κ f ,m ∈

C([t0, T].R+) with κ f ,m(0) = 0 such that for every solution γ ∈ C([t0, T], Rn) of the inequality (2.25),
there exists a unique solution x ∈ C([0, T], Rn) of equation (1.1) which satisfies

‖γ(t) − x(t)‖ ≤ κ f ,m(ε) (2.27)

Definition 2.15. Equation (1.1) is said to be Ulam-Hyers-Rassias stable with respect toφ,φ ∈ C([t0, T], R)

if there exists a real number κ f ,φ > 0 such that for each ε > 0 and for every solution γ ∈ C([t0, T], Rn) of
the inequality

‖
C
t0

Dζ
t γ(t) − f (t,γ(t))‖ ≤ εφ(t) (2.28)

there exists a unique solution x ∈ C([t0, T], Rn) of equation (1.1) with

‖γ(t) − x(t)‖ ≤ εκ f ,φφ(t) (2.29)
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Definition 2.16. Equation (1.1) is said to be generalized Ulam-Hyers-Rassias stable with respect to θ if
there exists a real number κ f ,φ > 0 such that for every solution γ ∈ C([t0, T], Rn) of inequality

‖
C
t0

Dζ
t γ(t) − f (t,γ(t))‖ ≤ φ(t) (2.30)

there exists a unique solution x ∈ C([t0, T], Rn) of equation (1.1) which satisfies

‖γ(t) − x(t)‖ ≤ κ f ,φφ(t) (2.31)

Remark 2.2. We say that γ ∈ C([t0, T], Rn) is a solution of the inequality (2.25) if there exists a function
γ(t) ∈ PC([t0, T], Rn) such that

(1) |gt| ≤ ε

(2) ABC
t0

Dζ
tγ(t) = f (t,γt) + gt

Remark 2.3. We say that γ ∈ C([t0, T], Rn) is a solution of the inequality (2.24) if there exists a function
γ(t) ∈ C([t0, T], Rn) such that

(1) |gt| ≤ φ(t)
(2) ABC

t0
Dζ

tγ(t) = f (t,γt) + gt

Theorem 2.5. [23] Assume the following conditions are satisfied
(D1) The function f : [t0, T] ×C→ Rn is continuous.
(D2) There exist positive constants µ such that ‖ f (t, x)‖ ≤ µ, for each t ∈ [t0, T] and x ∈ R.
Then the IVP (1.1) has a solution on t ∈ [t0, T].

Theorem 2.6. [23] Assume the conditions of theorem 2.5 are satisfied with the additional conditions
(D4) There exist positive constants ν such that

‖ f (t, xt) − f (t, yt)‖ ≤ K‖x− y‖

Then the IVP (1.1) has a unique solution on t ∈ [t0, T] provided

0 <
[ 1− ζ
M(ζ)

K +
K

M(ζ)Γ(ζ)
Tζ

]
< 1. (2.32)

3. Results

Lemma 3.1. Let γ ∈ C([t0, T], Rn) be a solution of the inequality (2.25) then γ is a solution of the following
integral inequality∣∣∣γ(t) −ω0(0) −

1− ζ
M(ζ)

f (t,γt) −
ζ

M(ζ)Γ(ζ)

∫ t

t0

(t− p)ζ−1 f (p,γp)dp
∣∣∣

≤

( 1− ζ
M(ζ)

+
Tζ

M(ζ)Γ(ζ)

)
ε

Proof. By remark 2.2 we have

γ(t) = ω0(0) +
1− ζ
M(ζ)

f (t,γt) +
ζ

M(ζ)Γ(ζ)

∫ t

t0

(t− p)ζ−1 f (p,γp)dp+
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1− ζ
M(ζ)

g(t) +
ζ

M(ζ)Γ(ζ)

∫ t

t0

(t− p)ζ−1g(p)dp

from this we have∣∣∣γ(t) −ω0(0) −
1− ζ
M(ζ)

f (t,γt) −
ζ

M(ζ)Γ(ζ)

∫ t

t0

(t− p)ζ−1 f (p,γp)dp
∣∣∣

=
∣∣∣ 1− ζ
M(ζ)

g(t) +
ζ

M(ζ)Γ(ζ)

∫ t

t0

(t− p)ζ−1g(p)dp
∣∣∣

≤
1− ζ
M(ζ)

‖g(t)‖+
ζ

M(ζ)Γ(ζ)

∫ t

t0

(t− p)ζ−1
‖g(p)‖dp‖

≤
1− ζ
M(ζ)

ε+
εζ

M(ζ)Γ(ζ)

∫ t

t0

(t− p)ζ−1dp

≤
1− ζ
M(ζ)

ε+
εTζ

M(ζ)Γ(ζ)

=
( 1− ζ
M(ζ)

+
Tζ

M(ζ)Γ(ζ)

)
ε

�

Theorem 3.1. Assume that there exists a unique solution x ∈ C([t0, T], Rn) of equation (1.1) and for each
ε > 0 and a real number κ f ,n > 0 such that for every solution γ ∈ C([t0, T], Rn) of the inequality (2.24)
satisfying

|γ− x| ≤ κ f ,nε,

then the unique solution of equation(1.1) is Ulam-Hyers stable.

Proof.

|γ(t) − x(t)| =
∥∥∥ 1− ζ

M(ζ)
[ f (t,ω) − f (t, η)]

∥∥∥+ ∥∥∥ ζ

M(ζ)Γ(ζ)

∫ t

t0

(t− p)ζ−1[ f (p,ω) − f (p, η)]dp
∥∥∥

+
∥∥∥ 1− ζ

M(ζ)
g(t) +

ζ

M(ζ)Γ(ζ)

∫ t

t0

(t− p)ζ−1g(p)dp‖

≤
1− ζ
M(ζ)

∥∥∥ f (t,ω) − f (t, η)
∥∥∥+ ζ

M(ζ)Γ(ζ)

∫ t

t0

(t− p)ζ−1
∥∥∥ f (p,ω) − f (p, η)

∥∥∥dp +
1− ζ
M(ζ)

∥∥∥g(t)
∥∥∥

+
ζ

M(ζ)Γ(ζ)

∫ t

t0

(t− p)ζ−1
∥∥∥g(p)

∥∥∥dp

≤
1− ζ
M(ζ)

K
∥∥∥ω− η∥∥∥+ ζ

M(ζ)Γ(ζ)

∫ t

t0

(t− p)ζ−1K
∥∥∥ω− η∥∥∥dp +

1− ζ
M(ζ)

∥∥∥g(t)
∥∥∥+

ζ

M(ζ)Γ(ζ)

∫ t

t0

(t− p)ζ−1
∥∥∥g(p)

∥∥∥dp

≤
1− ζ
M(ζ)

K‖γ− x‖+
ζ

M(ζ)Γ(ζ)

∫ t

t0

(t− p)ζ−1K
∥∥∥γ− x

∥∥∥
∞

+
1− ζ
M(ζ)

ε+
Tζ

M(ζ)Γ(ζ)
ε
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≤

( 1− ζ
M(ζ)

K +
K

M(ζ)Γ(ζ)
Tζ

)∥∥∥γ− x
∥∥∥
∞

+
( 1− ζ
M(ζ)

ε+
KTζ

M(ζ)Γ(ζ)
ε
)

|γ− x| ≤
1

1− c

( 1− ζ
M(ζ)

+
Tζ

M(ζ)Γ(ζ)

)
ε

|γ− x| ≤ κ f ,φε

where

c = 0 <
( 1− ζ
M(ζ)

K +
KTζ

M(ζ)Γ(ζ)

)
< 1.

Therefore, the solution of equation (1.1) is Ulam-Hyers stable. �

Lemma 3.2. Let γ ∈ C([t0, T], Rn) be a solution of the inequality (2.30) then γ is a solution of the following
integral inequality∣∣∣γ(t) −ω0(0) −

1− ζ
M(ζ)

f (t,γt) −
ζ

M(ζ)Γ(ζ)

∫ t

t0

(t− p)ζ−1 f (p,γp)dp
∣∣∣

≤

( 1− ζ
M(ζ)

+
Tζ

M(ζ)Γ(ζ)

)
φ(t)

Proof. By remark 2.3 we have

γ(t) = ω0(0) +
1− ζ
M(ζ)

f (t,γt) +
ζ

M(ζ)Γ(ζ)

∫ t

t0

(t− p)ζ−1 f (p,γp)dp+

1− ζ
M(ζ)

g(t) +
ζ

M(ζ)Γ(ζ)

∫ t

t0

(t− p)ζ−1g(p)dp

from this we have∣∣∣γ(t) −ω0(0) −
1− ζ
M(ζ)

f (t,γt) −
ζ

M(ζ)Γ(ζ)

∫ t

t0

(t− p)ζ−1 f (p,γp)dp
∣∣∣

=
∣∣∣ 1− ζ
M(ζ)

g(t) +
ζ

M(ζ)Γ(ζ)

∫ t

t0

(t− p)ζ−1g(p)dp
∣∣∣

≤
1− ζ
M(ζ)

‖g(t)‖+
ζ

M(ζ)Γ(ζ)

∫ t

t0

(t− p)ζ−1
‖g(p)‖dp‖

≤
1− ζ
M(ζ)

φ(t) +
ζ

M(ζ)Γ(ζ)

∫ t

t0

(t− p)ζ−1φ(p)dp

≤
1− ζ
M(ζ)

φ(t) +
Tζ

M(ζ)Γ(ζ)
φ(t)

=
( 1− ζ
M(ζ)

+
Tζ

M(ζ)Γ(ζ)

)
φ(t)

�
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Theorem 3.2. Assume that there exists a unique solution x ∈ C([t0, T], Rn) of equation (1.1) and there
exist a nondecreasing continuous function φ(t) ∈ C([t0, T], Rn) and a real number κ f ,φ > 0 such that for
every solution γ ∈ C([t0, T], Rn) of the inequality (2.30) satisfying

|γ− x| ≤ κ f ,φφ(t),

then the unique solution of equation(1.1) is stable via modified Ulam-Hyers-Rassias stability concepts.

Proof.

|γ(t) − x(t)| =
∥∥∥ 1− ζ

M(ζ)
[ f (t,ω) − f (t, η)]

∥∥∥+ ∥∥∥ ζ

M(ζ)Γ(ζ)

∫ t

t0

(t− p)ζ−1[ f (p,ω) − f (p, η)]dp
∥∥∥

+
∥∥∥ 1− ζ

M(ζ)
g(t) +

ζ

M(ζ)Γ(ζ)

∫ t

t0

(t− p)ζ−1g(p)dp‖

≤
1− ζ
M(ζ)

∥∥∥ f (t,ω) − f (t, η)
∥∥∥+ ζ

M(ζ)Γ(ζ)

∫ t

t0

(t− p)ζ−1
∥∥∥ f (p,ω) − f (p, η)

∥∥∥dp +
1− ζ
M(ζ)

∥∥∥g(t)
∥∥∥

+
ζ

M(ζ)Γ(ζ)

∫ t

t0

(t− p)ζ−1
∥∥∥g(p)

∥∥∥dp

≤
1− ζ
M(ζ)

K
∥∥∥ω− η∥∥∥+ ζ

M(ζ)Γ(ζ)

∫ t

t0

(t− p)ζ−1K
∥∥∥ω− η∥∥∥dp +

1− ζ
M(ζ)

∥∥∥g(t)
∥∥∥+

ζ

M(ζ)Γ(ζ)

∫ t

t0

(t− p)ζ−1
∥∥∥g(p)

∥∥∥dp

≤
1− ζ
M(ζ)

K‖γ− x‖+
ζ

M(ζ)Γ(ζ)

∫ t

t0

(t− p)ζ−1K
∥∥∥γ− x

∥∥∥
∞

+
1− ζ
M(ζ)

φ(t) +
ζ

M(ζ)Γ(ζ)
θφ(t)

≤

( 1− ζ
M(ζ)

K +
K

M(ζ)Γ(ζ)
Tζ

)∥∥∥γ− x
∥∥∥
∞

+
( 1− ζ
M(ζ)

φ(t) +
Tζ

M(ζ)Γ(ζ)
φ(t)

)
|γ− x| ≤

1
1− c

( 1− ζ
M(ζ)

φ(t) +
Tζ

M(ζ)Γ(ζ)
φ(t)

)
|γ− x| ≤ κ f ,φφ(t)

where

c = 0 <
( 1− ζ
M(ζ)

K +
KTζ

M(ζ)Γ(ζ)

)
< 1.

Therefore, the solution of equation (1.1) is generalized Ulam-Hyers-Rassias stable. �
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4. Illustration

Consider the following Atangana–Baleanu fractional delay single-population infection–immune

interaction model with memory and delay, which represents the dynamics of an infectious disease

incorporating immune memory effects
ABC
0 Dζ

t x(t) = −αx(t) + βx(t− τ) + u(t), t ∈ [0, T],

x0(θ) = η0(θ), θ ∈ [−τ, 0],
(4.1)

where

• x(t) represents the infected cell concentration,

• α > 0 is the natural clearance rate,

• β ≥ 0 models delayed immune feedback,

• τ > 0 is the immune-response delay,

• u(t) is an external stimulus (treatment or exposure),

• 0 < ζ < 1.

Let the right hand side of system (4.1) be represented as

f (t, xt) = −αx(t) + βx(t− τ) + u(t)

Since f (t, xt) is globally Lipschitz continuous with respect to xt, it follows immediately that system

(4.1) admits a unique solution. Consequently, by applying fractional Grönwall inequalities with

Mittag–Leffler kernels, we deduce that approximate solutions satisfies∣∣∣ABCDζ
tγ(t) − f (t,γt)

∣∣∣ ≤ ε.
This concludes the Ulam–Hyers and modified Ulam–Hyers–Rassias stability of system (4.1).

We present numerical simulations illustrating the Ulam–Hyers–type stability behavior of system

(4.1) as follows:

Figure 1. Time evolution of the exact solution x(t) and ε-approximate solutions γ(t)

of the Atangana-Baleanu fractional delay differential system (4.1). The close agreement

between the trajectories demonstrates the robustness of the system with respect to small

perturbations, illustrating the Ulam–Hyers stability of the unique solution.
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Figure 1 illustrates the temporal evolution of the state variable x(t) governed by the Atangana-

Baleanu fractional delay differential equation. The solid curve represents the exact solution of the

system, while the dashed curves correspond to ε-approximate solutions for different perturbation

levels. Owing to the non-singular kernel of the Atangana-Baleanu derivative, the solution exhibits

a smooth and memory-dependent decay profile, which is consistent with the biological interpreta-

tion of gradual immune response and long–term memory effects. The influence of the delay term

is evident in the moderate persistence of the state variable, as the delayed feedback counteracts

rapid decay and induces a smoother transition over time. The approximate solutions remain uni-

formly close to the exact solution throughout the entire time interval. Although small oscillations

are introduced due to the perturbation term, their amplitudes remain bounded and do not grow

unrestrained as time progresses. This behavior confirms that the system is robust with respect to

small deviations in the fractional dynamics, a fundamental requirement for Ulam–Hyers stability.

The increasing values of ε produce proportionally larger deviations, yet the overall qualitative

behavior of the system is preserved, demonstrating the structural stability of the fractional delay

model.

Figure 2. Comparison between the exact solution x(t) and φ(t)-bounded approximate so-

lutions of the Atangana-Baleanu fractional delay differential equation. The time-dependent

perturbation governed by the nondecreasing functionφ(t) illustrates the generalized Ulam-

Hyers-Rassias stability behaviour of the system (4.1).

Figure 2 depicts the absolute error between the approximate solutions and the exact solution as a

function of time. The error curves clearly remain below their respective theoretical upper bounds,

represented by horizontal dashed lines. This observation validates the existence of a constant

κ f ,n > 0 such that

|γ(t) − x(t)| ≤ κ f ,nε,

for all t in the considered interval. The boundedness of the error curves confirms that perturbations

do not accumulate due to the memory effects of the Atangana–Baleanu derivative, which effectively

dampens excessive deviations caused by delays or external fluctuations. Furthermore, the error

dynamics demonstrate that the fractional delay system possesses a stabilizing memory mechanism.
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Unlike classical integer–order delay systems, where errors may amplify due to delayed feedback,

the fractional formulation ensures that past states are incorporated in a weighted and decaying

manner. As a result, the system exhibits a strong resistance to perturbations, reinforcing the

theoretical prediction of Ulam-Hyers stability for the proposed model.

5. Conclusion

This work investigates the Ulam-Hyers stability and the generalized Ulam-Hyers-Rassias stabil-

ity of solutions to fractional delay differential equations. The numerical simulations are in strong

agreement with the analytical stability results. In particular, the close correspondence between

the exact and approximate solutions, together with the bounded error behavior, confirms that the

Atangana-Baleanu fractional delay differential equation satisfies the conditions of Theorems 11

and 15. These results underscore the suitability of the Atangana-Baleanu fractional framework

for modeling real-world systems with memory and delay, especially in applications related to

epidemiology and immune response dynamics.
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