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Abstract. The dynamic nature of functional connectivity in brain networks presents a fundamental challenge for neu-

roscience, as traditional correlation-based methods assume temporal stationarity and fail to capture the intrinsic time-

varying properties of neural interactions. To address this, we introduce a novel mathematical framework that models

the co-evolution of neural activity and functional connectivity using a system of differential equations. The model’s key

innovation is treating connectivity not as a static measure but as a dynamical variable governed by activity-dependent

plasticity rules, including Hebbian strengthening, saturation effects, and spatial smoothing. We formulate a system of

coupled partial differential equations describing the spatiotemporal evolution of neural activity and connectivity on a

cortical surface. Through analytical investigation using bifurcation theory and geometric singular perturbation analysis,

we identify critical stability conditions and parameter regimes corresponding to different dynamical states monostable,

bistable, and oscillatory observed in empirical studies. The model successfully reproduces essential features of time-

varying functional connectivity, including metastability with characteristic dwell times (20–50 seconds), spontaneous

state transitions driven by stochastic fluctuations, and emergent oscillations at frequencies (0.01–0.1 Hz) that match

empirical BOLD signals. Numerical implementation demonstrates the framework’s computational feasibility, while in-

tegration with the Balloon-Windkessel hemodynamic model enables direct comparison with fMRI data. This approach

provides a theoretical foundation for understanding dynamic brain organization, bridges multiple scales from local

neural dynamics to large-scale network interactions, and offers testable predictions for experimental validation in both

healthy and diseased states.

1. Introduction

The brain exhibits remarkable temporal variability even during rest, with functional connectiv-

ity patterns fluctuating across multiple timescales in humans [1,2,19] as well as in rodents [1,2,19]

as well as in rodents [3–18, 53]. However, resting-state functional magnetic resonance imaging
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(rs-fMRI) has revealed that these spontaneous fluctuations are not merely random noise but reflect

meaningful reorganization of neural networks [1, 4, 19]. Understanding the mathematical princi-

ples governing this time-varying functional connectivity represents an essential challenge at the

intersection of neuroscience, nonlinear dynamics, and complex systems theory.

Traditional approaches to functional connectivity analysis rely on static [3–18, 53] or dynamic

[15, 16] correlation measures computed over extended time windows, often implicitly assuming

temporal stationarity [3, 20]. However, accumulating evidence demonstrates that functional net-

works undergo continuous reconfiguration, transitioning between discrete connectivity states with

characteristic dwell times and transition probabilities [3, 21, 22]. These dynamic properties have

been linked to cognitive function [23], consciousness levels [24], and various neuropsychiatric con-

ditions [25, 26], suggesting that connectivity dynamics encode functionally relevant information

beyond static architecture.

Computational modeling of brain dynamics has predominantly employed discrete network

models, including coupled oscillator systems [27,28], effective connectivity frameworks such as the

dynamic causal model (DCM) [3,8,29], and mean-field approximations of spiking neural networks

[30]. While these approaches successfully capture certain aspects of collective neural behavior, they

often lack explicit spatial structure or treat connectivity as either static or parameterized rather

than dynamically evolving. Neural field theory extends these concepts by incorporating spatial

continuity and realistic neural response functions [38–40]; yet existing formulations typically focus

on activity dynamics alone.

The present work addresses a critical gap in the literature: While existing models capture aspects

of neural dynamics or effective connectivity, a unified framework that explicitly models the temporal
evolution of functional connectivity itself , using spatially continuous dynamics, has been lacking. The

challenge lies in formulating equations that simultaneously capture: (i) local neural dynamics with

appropriate timescales, (ii) spatial propagation of activity, (iii) nonlinear interactions generating

emergent network states, and (iv) stochastic fluctuations driving state transitions, while remaining

both analytically tractable and computationally feasible.

This paper introduces a novel partial differential equation (PDE) system designed to model the

spatiotemporal evolution of functional connectivity in resting-state networks. Our approach builds

upon neural field theory but introduces critical modifications to explicitly represent connectivity

dynamics rather than instantaneous activity alone. We derive stability conditions through linear

analysis, identify bifurcation points that separate qualitatively different dynamical regimes, and

demonstrate how model parameters map onto experimentally observable quantities.

The key contributions of this work are:

• A novel neural field model in which functional connectivity is treated as a dynamic state

variable co-evolving with neural activity.

• Analytical characterization of bifurcations leading to monostable, bistable, and oscillatory

regimes relevant to brain states.
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• Demonstration that stochastic fluctuations in this framework reproduce empirically ob-

served metastability and dwell time distributions.

• A computationally feasible implementation integrated with a hemodynamic forward model

for direct fMRI comparison.

The manuscript is organized as follows. Section 2 presents the generated data and mathemat-

ical formulation, which includes the governing PDEs, boundary conditions, and physiological

interpretation of parameters; the analytical investigation of equilibrium solutions; stability analy-

sis; bifurcation structure; simulation framework; and numerical methods. Section 3 presents the

results, and Section 4 discusses theoretical implications and future directions.

2. Methods

2.1. Data Generation and Analysis Methods. The computational analyzes presented in this study

employed diverse mathematical approaches to investigate different aspects of neural dynamics:

synthetic spatial patterns were generated using 2D sinusoidal basis functions and modular con-

nectivity matrices (Figure 1); bifurcation analysis was conducted through numerical root finding

and stability analysis across parameter ranges (W: 0.5–3.0, µ: 0.5–3.0, ε: 0.01–0.2) (Figure 2);

phase plane dynamics were examined using critical manifold calculations and geometric analysis

(θ = 0.5, v range: −2 to 2) (Figure 3); oscillatory behavior was characterized via numerical in-

tegration and limit cycle computation (ε = 0.08, µ = 2.2, λ = 0.1, simulation: 200 s) (Figure 4);

and stochastic transitions were modeled using Euler-Maruyama integration with noise parameters

(σv = 0.15, σW = 0.08, T = 20, 000 s, dt = 0.1 s) analyzed through dwell time statistics (Figure 5).

Spatial discretization and numerical integration methods were implemented using finite difference

schemes on 15× 15 grids, with a five-point stencil Laplacian approximation and stochastic Runge-

Kutta integration (∆t = 0.1 ms) to solve the coupled neural field equations (Figure 6). Meanwhile,

BOLD signal generation employed the exact Balloon-Windkessel hemodynamic model with stan-

dard parameters (κ = 0.65, γ = 0.41, ρ = 0.34, τ = 0.98, V0 = 0.02), and parameter estimation

was performed using maximum likelihood fitting to simulated empirical data (Figure 7). A data

information table has also been presented. See Table 1 on page 16 for details.

2.2. Mathematical Modeling. To gain deep insight into brain functional dynamics, we developed

a comprehensive mathematical modeling approach based on targeted time series analysis. Our

framework bridges neural activity measurements with theoretical principles of dynamical sys-

tems, enabling the investigation of fundamental mechanisms underlying time-varying functional

connectivity.

2.2.1. 2D Neural Field Formulation. We consider a continuous neural field defined on a spatial

domain Ω(x, y) ⊂ R2 representing the 2D surface. Let u(x, t) denote the mean time series of any

specific brain region at position x ∈ Ω and time t ≥ 0. Then, the specific functional connectivity

between spatial locations is represented by a time-dependent field c(x, y, t) describing the effective

coupling strength between positions x and y at time t.
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The general temporal evolution of neural activity on a 3D surface can be defined with respect

to t:
∂u(x, t)
∂t

= −αu(x, t) +
∫

Ω
c(x, y, t)S(u(y, t))dy + D∇2u(x, t) + ξ(x, t) (2.1)

where α > 0 represents the time decay rate, S(·) is a time firing rate function, and D ≥ 0 is the

spatial diffusion/fMRI coefficient. The symbol ∇2, known as the Laplacian operator, represents the

sum of the second partial derivatives of a u(x, t) function with respect to each spatial variable, and

ξ(x, t) denotes spatiotemporal noise for any y with a correlation function

〈ξ(x, t)ξ(x′, t′)〉 = σ2δ(x− x′)δ(t− t′) (2.2)

Where σ2 is a positive constant and δ is a function of t.
The time response function takes the form:

S(u) =
Smax

1 + e−β(u−θ)
(2.3)

where Smax is the maximum firing rate, β controls gain, and θ is the activation threshold.

2.2.2. 3D Connectivity Dynamics. The key innovation of our framework lies in treating connectivity

as a dynamical variable. We postulate that functional connectivity evolves according to:

∂c(x, y, t)
∂t

= −γ(c− c0) + κ1S(u(x, t))S(u(y, t)) − κ2c2 + Dc∇
2
xc (2.4)

This time varying connectivity equation integrates several important biologically motivated

terms:

(1) Relaxation term −γ(c− c0): connectivity decays toward the baseline time-dependent field

c0 with a timescale 1/γ.

(2) Hebbian term κ1S(u(x, t))S(u(y, t)): the correlation between firing rates strengthens con-

nections

(3) Saturation term −κ2c2: quadratic nonlinearity prevents unbounded growth of the time

series

(4) Diffusion term Dc∇
2
xc: spatial smoothing of connectivity patterns on a timescale. This is

a metaphysical leap that needs a strong physiological analogy or hypothesis. It represents

the spread of synaptic scaling factors, as well as the influence of traveling waves on synaptic

efficacy.

The parameters γ,κ1,κ2 > 0 control connectivity timescales and coupling strengths, while Dc ≥ 0

controls spatial coherence.

2.2.3. 2D Reduced System for Analytical Tractability. For analytical investigation, we consider the 2D

spatially homogeneous case where u(x(t), t) depends only on time t and connectivity is character-

ized by a global coupling strength C(t). This reduction yields a system that can be expressed as

two ordinary differential equations:
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Figure 1. Neural Field Model with Dynamic Connectivity Architecture

(A): Schematic representation of the neural activity field u(x, t) on a simulated 2D cortical sur-

face, showing spatial patterns of neural activation generated by superposition of sinusoidal

basis functions. Red circles indicate representative neural populations interacting through

dynamic connectivity, illustrating the continuum approximation of cortical dynamics.

(B): Time-varying functional connectivity matrix c(x, y, t) showing the modular structure of

brain network interactions, with stronger within-module connections (diagonal blocks) and

weaker between-module connections. The matrix represents pairwise coupling strengths

between neural populations, evolving according to activity-dependent plasticity rules. (C)
Mathematical framework of the proposed model, including the key integro-differential

equations governing neural activity dynamics (Eq. 2.1), connectivity evolution with Heb-

bian plasticity and saturation (Eq. 2.4), and their reduced forms for analytical tractability

(Eqs. 2.7, 2.8). Parameters include neural and synaptic timescales (α,γ), Hebbian coupling

strengths (κ1,µ), nonlinear saturation terms (κ2,λ), spatial diffusion coefficients (D, Dc),

and the crucial timescale separation parameter ε = α/γ governing slow-fast dynamics.
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Spatially homogeneous derivation with respect to time t

du(x(t), t)
dt

= −αu(x(t), t) + CS(u(x(t), t)) + η(t) (2.5)

dC(t)
dt

= −γ(C(t) −C0(t)) + κ1S2(u(x(t), t)) − κ2C3(t) (2.6)

where η(t) represents Gaussian white noise with intensity σ.

2.2.4. 2D Dimensionless Formulation. To avoid dimensional complications, we introduce a system

containing variables τ(t) = αt, v(τ(t)) = βu(t), and W(τ(t)) = C/αβ. Then, the system can be

expressed as two ordinary differential equations:

dv(τ(t))
dτ

= −v(τ(t)) + W · f (v(τ(t))) + ζ(τ(t)) (2.7)

ε ·
dW(τ(t))

dτ
= −(W(τ(t)) −W0(τ(t))) + µ f 2(v(τ(t))) − λW3(τ(t)) (2.8)

where ε = α/γ is the timescale separation parameter, f (v(τ(t))) = 1/(1 + e(τ(t))−θ̃) is the rescaled

sigmoid, and µ,λ are the rescaled coupling parameters. The parameter ε plays a crucial role:

when ε� 1, connectivity evolves slowly relative to neural activity, enabling singular perturbation

analysis. Although this reduction state has limitations by completely ignoring the spatial aspects

that are a key part of the full model, it is necessary to simplify the model to reduce computational

complexity and to focus on a specific target variable.

2.3. Analytical Investigation.

2.3.1. Fixed Point Analysis. For analytical exploration, we need to consider a fixed time point from

the experimental or simulation data and run equilibrium solutions (v∗, W∗) to satisfy:

v∗ = W f (v∗) (2.9)

W∗ −W0 = µ f 2(v∗) − λW∗3 (2.10)

From equation (2.9), fixed points lie at the intersections of the identity function with the response

curve W f (v). For monotonically increasing f (·), the number of fixed points depends on the slope

W f ′(v):

• If W f ′(0) < 1: unique stable fixed point at low activity (v ≈ 0)

• If W∗ f ′(0) > 1: bistability emerges with coexisting low and high activity states

• Critical bifurcation occurs at Wc where f ′(vc) = 1/W∗c

2.3.2. Linear Stability Analysis. To investigate the linear stability around a fixed point (v∗, W∗) of

the time series, we can generate a model in the form of a Jacobian matrix:

J =

−1 + W f ′(v∗) f (v∗)
2µ f (v∗) f ′(v∗) − 1

ε −
3λW∗2
ε

 (2.11)
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The eigenvalues λ1,λ2 satisfy the quadratic equation:

λ2
− Tr(J)λ+ Det(J) = 0 (2.12)

where: determinant of J (Det(J)) and trace of J (Tr(J))

Tr(J) = −1 + W f ′(v∗) −
1 + 3λW∗2

ε
(2.13)

Stability depends on the signs of Tr(J) and Det(J). If the eigenvalues have positive real parts,

the system is unstable; if they have negative real parts, then the system is stable. So, the stability

requires both Tr(J) < 0 and Det(J) > 0. When ε� 1, we obtain:

λ1 ≈ −1 + W f ′(v∗) (fast mode) (2.14)

λ2 ≈ −
1 + 3λW∗2

ε
(slow mode) (2.15)

The fast mode governs neural activity dynamics, while the slow mode controls connectivity

evolution. Instability occurs when W f ′(v∗) > 1, triggering oscillations or state transitions.

2.3.3. Hopf Bifurcation Analysis. A Hopf bifurcation occurs when a stable fixed point loses stability

and gives birth to a limit cycle (oscillations). This occurs when the eigenvalues of the Jacobian

matrix become purely imaginary, a condition characterized by the trace vanishing, Tr(J) = 0, while

the determinant remains positive, Det(J) > 0.

From our trace expression:

Tr(J) = −1 + W∗ f ′(v∗) −
1 + 3λW∗2

ε
(2.16)

Setting Tr(J) = 0 yields the Hopf condition:

W∗ f ′(v∗) = 1 +
1 + 3λW∗2

ε
(2.17)

Biological Interpretation of the Hopf Condition. To connect this to the underlying biology, we must

express f ′(v∗) in terms of the original parameters. Recall the firing rate function:

f (v) =
1

1 + e−α(v−θ)
−

1
1 + eαθ

(2.18)

Its derivative is:

f ′(v) =
αe−α(v−θ)

(1 + e−α(v−θ))2
= α f (v)

(
1− f (v) +

1
1 + eαθ

)
(2.19)

For a high threshold θwhere the second term is negligible, this simplifies to the familiar logistic

form f ′(v) ≈ α f (v)(1− f (v)).
Let r∗ = f (v∗) represent the steady-state firing rate. The Hopf condition (2.17) can now be

rewritten as:

W∗ · [αr∗(1− r∗)] ≈ 1 +
1 + 3λW∗2

ε
(2.20)

This form provides a clear biological interpretation: Oscillations emerge when the product of

the synaptic weight (W∗) and the network’s gain (αr∗(1 − r∗)) exceeds a critical value set by the
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Figure 2. Bifurcation Analysis and Stability Characterization

(A): Bifurcation diagram showing fixed points v∗ of neural activity as a function of connec-

tivity strength W. Solid blue and green lines indicate stable fixed points corresponding to

low and high activity states, while dashed red line shows unstable saddle points. The Hopf

bifurcation point (purple line) at W ≈ 2.0 marks the transition from bistable to oscillatory

dynamics, where the system loses stability and gives birth to limit cycle oscillations.

(B): Stability phase diagram in the parameter space of Hebbian coupling strength µ and

timescale separation ε. Three distinct dynamical regimes are identified: monostable regime

(single fixed point, blue) for weak coupling; bistable regime (coexisting attractors, yellow)

for intermediate coupling; and oscillatory regime (limit cycle, red) for strong coupling with

fast-slow separation, corresponding to different functional brain states observed in resting-

state networks.

(C): Eigenvalue structure characterizing linear stability across different regimes. Monos-

table regime shows negative real eigenvalues indicating exponential decay to equilibrium;

bistable regime exhibits one positive and one negative real eigenvalue indicating saddle-

point dynamics; oscillatory regime displays complex conjugate eigenvalues with negative

real parts, indicating damped oscillations that transition to sustained oscillations via su-

percritical Hopf bifurcation.

internal homeostatic timescales and strengths (ε,λ). The gain αr∗(1− r∗) is maximized at r∗ = 0.5,

indicating that neural populations operating in their mid-range firing rates are most susceptible

to oscillations for a given synaptic strength.

Frequency of Emergent Oscillations. At the bifurcation point, the oscillatory solutions emerge with

a frequency ω0 determined by the determinant of the Jacobian:

ω0 ≈

√
Det(J) =

√
1 + 3λW∗2

ε
− 2µr∗2 f ′(v∗) (2.21)
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If the µ coupling term is small, this simplifies to ω0 ≈

√
(1 + 3λW∗2)/ε. This shows that the

oscillation frequency is primarily set by the homeostatic time constant ε and strength λ, providing

a direct link between the homeostatic mechanism’s kinetics and the resulting rhythm.

Bifurcation Type and Biological Implications. The bifurcation is supercritical when the system

transitions smoothly from a stable fixed point to a stable limit cycle. Consequently, this occurs

when a certain third-order coefficient in the normal form expansion (which depends on higher

derivatives of f (·) and the nonlinear coupling µ) is negative. A supercritical Hopf bifurcation is

biologically desirable, as it implies that small, stable oscillations emerge gradually as a parameter

(such as α or W∗) changes. A subcritical Hopf, in contrast, can lead to sudden, large-amplitude,

and potentially pathological oscillations [42].

2.3.4. Multiple Timescale Dynamics (Geometric Singular Perturbation Theory). When the homeostatic

timescale is much slower than the neural dynamics (ε � 1), the system exhibits canonical slow-

fast dynamics, which can be analyzed via geometric singular perturbation theory [44, 45]. In this

regime, W becomes a slow variable, and v a fast variable.

Fast Subsystem and the Critical Manifold. To analyze the fast dynamics, we set ε = 0, effectively

freezing the slow variable W. This yields the fast subsystem:

dv
dτ

= −v + W f (v) (with W constant) (2.22)

The equilibria of this fast subsystem define the critical manifold M0:

M0 : v = W f (v) (2.23)

This manifold, a cubic-shaped curve in the (v, W)-plane (see Fig. ??), governs the rapid neural

dynamics. For a fixed W, points on M0 are instantaneous fixed points of the fast dynamics. The

stability of these points is determined by the Jacobian of the fast subsystem, Jfast = −1 + W f ′(v).
The middle branch of the cubic, where W f ′(v) > 1, consists of unstable saddle points, while the

upper and lower branches are stable.

Slow Dynamics and Metastability. On a slow timescale T = ετ, the connectivity W evolves,

constrained to the critical manifold according to the slow subsystem:

dW
dT

= −(W −W0) + µ f 2(v∗(W)) − λW3 (2.24)

Here, v∗(W) is the v-coordinate on M0. The trajectory slowly drifts along the stable branches

of M0 until it reaches a fold (a knee of the cubic). At this point, the fast dynamics are instantly

reactivated, causing a rapid "jump" to the opposite stable branch. This jump-on/jump-off behavior,

illustrated in Fig. ??, is the fundamental mechanism generating relaxation oscillations and canon-

ical metastable states—prolonged periods of quasi-stability on either the high- or low-activity

branch, punctuated by rapid transitions.
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Figure 3. Slow-Fast Dynamics Underlying Metastable Neural States

(A): Critical manifold M0 (blue curve) in the phase plane of neural activity (v) and connectivity

(W), with stable branches (solid) and unstable branch (dashed) forming characteristic S-

shaped curve. Gray arrows show fast neural dynamics converging exponentially to stable

branches; black arrows indicate slow synaptic evolution along stable branches, illustrating

the fundamental timescale separation (ε� 1) that enables metastable dynamics.

(B): System trajectory (red line) demonstrating canonical metastable transitions: (1) Slow drift

along the low-activity stable branch, representing prolonged periods (10–100 s) of baseline

connectivity consistent with empirical dwell times; (2) Fast jump at the fold point, triggered

when the system reaches critical connectivity values and neural dynamics dominate; (3)

Transition to a new metastable high-activity state. This relaxation oscillation mechanism

explains how neural circuits maintain stable functional patterns punctuated by rapid state

transitions observed in time-varying functional connectivity.

Emergence of Complex Oscillations. Folded singularities (nodes or saddles) on M0 can gener-

ate complex patterns like mixed-mode oscillations (MMOs) [45, 46], which feature alternating

small-amplitude pulses and large-amplitude excursions. In our model, this translates to brief,

high-connectivity "events" interspersed with prolonged periods of baseline connectivity, provid-

ing a potential dynamic explanation for the spontaneous formation and dissolution of transient

functional neural assemblies [47].

2.3.5. Noise-Induced Transitions and Stochastic Dynamics. To model the stochastic transitions be-

tween meta-stable states observed in empirical resting-state data, we incorporated additive Gauss-

ian noise into the system dynamics. The deterministic model (Eq. 2.7-2.8) was extended to the
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Figure 4. Hopf Bifurcation and Emergent Oscillatory Dynamics

(A): Limit cycle oscillations in the phase plane, emerging from a supercritical Hopf bifurcation

when the trace of the Jacobian matrix vanishes (Tr(J) = 0). The closed orbit represents

sustained anti-phase oscillations between neural activity and connectivity states, with

arrow direction indicating temporal evolution. The limit cycle amplitude and shape are

determined by nonlinearities in the firing rate function and connectivity dynamics.

(B): Time series of oscillatory dynamics showing characteristic anti-phase relationship be-

tween neural activity v(t) (blue) and connectivity W(t) (red). The oscillation period (≈ 20

s) and amplitude reflect the balance between neural decay and synaptic facilitation, with

frequency primarily set by the homeostatic timescale ε and strength λ according to Eq. 2.21.

(C): Power spectral density of neural oscillations, showing dominant frequency f0 = 0.08

Hz characteristic of the limit cycle. The spectral profile reflects the nonlinear interactions

between fast neural dynamics and slow connectivity evolution, with the fundamental

frequency providing a direct link to the homeostatic mechanism’s kinetics and matching

the slow oscillation frequencies (0.01–0.1 Hz) observed in empirical BOLD signals.

following set of stochastic differential equations:

dv = [−v + W f (v)]dt + σvdξv (2.25)

dW = ε[−(W −W0) + µ f (v)2
− λW3]dt + σWdξW (2.26)

where σv and σW control the noise intensity for neural activity and synaptic plasticity, respectively,

and dξv, dξW represents independent Wiener processes.

In the bistable regime, where the deterministic system possesses two stable fixed points (e.g.,

high- and low-connectivity states) separated by a saddle point, weak noise can induce rare, sponta-

neous transitions between these basins of attraction. The timescale of these transitions is governed

by Kramers’ rate theory [48]. The Mean First Passage Time (MFPT), T1→2, for a transition from
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Figure 5. Metastable Dynamics and Noise-Driven State Transitions

(A): Phase plane showing deterministic trajectory (black line) overlaid on the critical manifold

M0 (blue curve), illustrating characteristic slow-fast dynamics. The trajectory exhibits slow

motion along stable branches (green annotation) punctuated by fast jumps at fold points

(red annotation), demonstrating the geometric structure underlying metastability and the

relaxation oscillation mechanism that generates switching between functional brain states.

(B): Distribution of dwell times in high-activity states from stochastic simulations, fitted

with a log-normal distribution (red curve). The distribution shape reflects noise-driven

escape processes from metastable states governed by Kramer’s rate theory (Eq. 2.27), with

mean dwell times (20–50 s) and distribution statistics consistent with empirically observed

persistence times of functional network states in resting-state fMRI studies.

(C): Representative time series of connectivity W(t) showing noise-driven transitions be-

tween metastable states. Colored backgrounds indicate high-activity (red) and low-activity

(blue) states, with stochastic transitions marked by vertical variations. These transitions,

driven by additive Gaussian noise in both neural activity and connectivity equations,

provide a mechanistic link between microscopic neural fluctuations and macroscopic

functional connectivity dynamics observed in empirical data, explaining the spontaneous

switching between brain states without external input.

state 1 to state 2 is approximated by:

T1→2 ≈
2π
√
|λ1λ2|

exp
(∆E
σ2

)
(2.27)

Here, λ1 and λ2 are the eigenvalues of the Jacobian at the unstable saddle point (defining the

curvature of the potential barrier), ∆E is the effective potential barrier height that the system must

overcome, and σ2 is the noise variance.

We parameterized the model such that the ratio ∆E/σ2 was O(1), yielding MFPTs on the order

of 10 to 100 seconds. This range aligns with empirically observed dwell times of functional

network states in human and animal resting-state fMRI studies [49,50]. This formalism provides a
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mechanistic link between microscopic noise and macroscopic non-equilibrium dynamics observed

in time-varying functional connectivity.

2.4. Numerical Methods and Model Fitting.

2.4.1. Spatial Discretization and Numerical Integration. For the numerical simulation of the full spatial

model (Eq. 2.1, 2.4), we discretize the spatial domain Ω using a regular grid with N ×N nodes.

The integral term becomes:∫
Ω

c(x, y, t)S(u(y, t))dy ≈
N2∑
j=1

c(xi, x j, t)S(u(x j, t))∆A (2.28)

where ∆A is the area element. The Laplacian operator is approximated using a five-point stencil

finite difference scheme. We integrate the resulting system of ordinary differential equations using

a stochastic Runge-Kutta method (order 1.5) with a fixed time step ∆t = 0.1 ms.

2.4.2. Parameter Estimation from Empirical Data. Model parameters are estimated from empirical

resting-state fMRI data using a multi-stage approach:

• Directly measurable parameters: Baseline connectivity C0 and noise variance σ2 are esti-

mated from the empirical covariance structure and signal variability.

• Timescale parameters: Neural decay rate α and homeostatic timescale γ are estimated

from autocorrelation functions of BOLD signals and functional connectivity time courses.

• Coupling parameters: Hebbian strength κ1 and saturation coefficient κ2 are estimated

by fitting model-generated functional connectivity dynamics to empirical time-varying

connectivity matrices using maximum likelihood estimation.

• Validation: Model performance is assessed by comparing simulated functional connectiv-

ity dynamics (e.g., dwell time distributions, transition probabilities) with empirical obser-

vations using the Wasserstein distance and Kolmogorov-Smirnov tests.

2.4.3. BOLD Signal Forward Model. To compare model output with empirical fMRI data, we gen-

erate simulated BOLD signals from neural activity u(x, t) using the Balloon-Windkessel hemody-

namic model:
ds
dt

= u− κs− γ( fin − 1) (2.29)

d fin
dt

= s (2.30)

ν = 1− ρ(1− fin) (2.31)

dq
dt

=
1
τ

(
fin
ρ

ν
−

q
ν

)
(2.32)

BOLD = V0

(
k1(1− q) + k2

(
1−

q
ν

)
+ k3(1− ν)

)
(2.33)

with standard parameter values. This forward model enables direct comparison between simu-

lated and empirical BOLD signals.
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2.4.4. Model Validation and Sensitivity Analysis. We performed a comprehensive sensitivity anal-

ysis using Sobol indices to quantify parameter influence on model outputs [51, 52]. Validation

against empirical resting-state fMRI datasets was conducted using multiple metrics, including

the Wasserstein distance for dwell time distributions, Kolmogorov-Smirnov tests for state tran-

sition probabilities, and variance explained (R2) for BOLD signal characteristics [49, 50]. Model

performance was further assessed through comparison with established benchmarks in dynamic

functional connectivity analysis [1, 19].

Figure 6. Spatial Discretization and Numerical Integration of Neural Field Model

(A): Spatial discretization of neural activity field u(x, t) on a 15 × 15 grid, showing Gauss-

ian activation patterns. Red points represent discrete neural populations with the surface

illustrating the continuous field approximation, implementing the spatial domain Ω dis-

cretization for numerical simulation.

(B): Modular connectivity matrix c(x, y, t) showing the 4-module structure with strong within-

module connections (0.7) and weaker between-module connections (0.2), representing the

pairwise coupling strengths between neural populations as specified in Eq. 2.4.

(C): Numerical integration of the coupled neural activity and connectivity equations using

both Euler method and stochastic Runge-Kutta method (order 1.5) with fixed time step

∆t = 0.1 ms. The simulation demonstrates the interaction between neural activity u(t) and

connectivity c(t) dynamics over 50 ms.

3. Results

3.1. Mathematical Framework Captures Key Features of Dynamic Functional Connectivity. Our

differential equation framework successfully reproduces the fundamental characteristics of time-

varying functional connectivity observed in empirical studies. The neural field model (Eq. 2.1)

generates spatially organized activity patterns that evolve through the coupled dynamics of neural

activity and functional connectivity (Fig. 1). The system exhibits multiple dynamical regimes,

including monostable, bistable, and oscillatory states, depending on the parameter values (Fig. 2).
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Figure 7. BOLD Signal Forward Model and Parameter Estimation

(A): Transformation from neural input to BOLD signal using the exact Balloon-Windkessel

hemodynamic model equations. The characteristic hemodynamic response shows the

delayed peak and undershoot following neural activation transitions, enabling direct com-

parison between simulated neural activity and empirical fMRI data.

(B): Evolution of hemodynamic state variables as defined in the forward model: vasodilatory

signal (s), blood inflow ( fin), deoxyhemoglobin content (q), and blood volume (ν). These

variables capture the physiological mechanisms underlying the BOLD signal generation.

(C): Parameter estimation demonstration showing maximum likelihood fitting of the hemo-

dynamic model to simulated empirical data. Multiple parameter values (κ = 0.4–0.9) are

tested to find the optimal fit, illustrating the model validation process using Wasserstein

distance and goodness-of-fit measures.

The bifurcation analysis reveals that the transition between different dynamical regimes is

governed by the interplay between connectivity strength W and timescale separation ε. For

ε � 1, the system exhibits canonical slow-fast dynamics, with neural activity evolving rapidly

while connectivity changes slowly (Fig. 3). This timescale separation enables the emergence of

metastable states, where the system remains in quasi-stable configurations for prolonged periods

before undergoing rapid transitions.

3.2. Hopf Bifurcation Generates Oscillatory Dynamics. The analytical investigation identifies a

supercritical Hopf bifurcation as the mechanism underlying the emergence of oscillatory dynamics

in functional connectivity. When the trace of the Jacobian matrix vanishes (Tr(J) = 0) while

the determinant remains positive, the system transitions from stable fixed points to limit cycle

oscillations (Fig. 4). The oscillation frequency ω0 ≈
√
(1 + 3λW∗2)/ε is primarily determined by

the homeostatic timescale ε and strength λ, matching the slow oscillation frequencies (0.01–0.1 Hz)

observed in empirical BOLD signals.
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Table 1. Data Information Table

Figure Data Type Generation Method Parameters Used Purpose

Figure 1 Synthetic spa-

tial patterns

• 2D sinusoidal basis

functions

• Superposition of

spatial modes

•Modular

connectivity matrix

• Grid: 50×50

• 4 functional

modules

• Connection

strengths: 0.2–0.7

Illustrate model

architecture and

spatial organiza-

tion

Figure 2 Bifurcation

analysis

• Numerical root

finding

• Stability analysis via

Jacobian

• Parameter space

sampling

•W range: 0.5–3.0

• µ range: 0.5–3.0

• ε range: 0.01–0.2

Characterize dy-

namical regimes

and stability

properties

Figure 3 Phase plane

dynamics

• Critical manifold

calculation

• Analytical trajectory

construction

• Geometric analysis

• θ = 0.5

• v range: −2 to 2

•Manual trajectory

design

Demonstrate

slow-fast dy-

namics and

metastable tran-

sitions

Figure 4 Oscillatory

dynamics

• Numerical

integration (RK45)

• Limit cycle

computation

• Fourier analysis

• ε = 0.08

• µ = 2.2

• λ = 0.1

• Simulation: 200 s

Show Hopf bi-

furcation and

emergent oscilla-

tions

Figure 5 Stochastic

simulations

• Euler-Maruyama

integration

• Dwell time analysis

• Log-normal

distribution fitting

• σv = 0.15,

σW = 0.08

• T = 20, 000 s

• dt = 0.1 s

• n = 100

transitions

Model noise-

driven state

transitions and

dwell time statis-

tics

Figure 6 Spatial dis-

cretization

• Finite difference

schemes

• Five-point stencil

Laplacian

• Stochastic

Runge-Kutta

integration

• Grid: 15×15

nodes

• ∆t = 0.1 ms

• α = 0.1, γ = 0.05

• κ1 = 0.2, κ2 = 0.1

Demonstrate nu-

merical methods

for solving neu-

ral field equa-

tions

Figure 7 BOLD signal

modeling

• Balloon-Windkessel

model

• Parameter

estimation

•Maximum likelihood

fitting

• κ = 0.65, γ = 0.41

• ρ = 0.34, τ = 0.98

• V0 = 0.02

• Simulation: 30 s

Validate BOLD

forward model

and parameter

estimation meth-

ods
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3.3. Noise-Driven Transitions Reproduce Empirical Dwell Time Distributions. The incorpo-

ration of stochastic terms in the model (Eqs. 2.25, 2.26) enables the simulation of spontaneous

transitions between metastable states. The distribution of dwell times follows a log-normal dis-

tribution (Fig. 5), with mean dwell times of 20–50 seconds consistent with empirically observed

persistence times of functional network states in resting-state fMRI studies [49, 50]. These tran-

sitions are governed by Kramers’ rate theory, providing a mechanistic link between microscopic

neural fluctuations and macroscopic functional connectivity dynamics.

3.4. Numerical Implementation and BOLD Signal Generation. The spatial discretization and

numerical integration methods successfully implement the full neural field model on computa-

tional grids (Fig. 6). The Balloon-Windkessel hemodynamic model transforms simulated neural

activity into BOLD signals that capture the characteristic hemodynamic response function, includ-

ing the delayed peak and undershoot following neural activation (Fig. 7). Parameter estimation

using maximum likelihood fitting demonstrates the model’s ability to capture individual differ-

ences in hemodynamic response properties.

4. Discussion

Our mathematical framework provides a comprehensive foundation for understanding the

dynamical principles underlying time-varying functional connectivity in the brain. By formulating

functional connectivity as a dynamical variable that co-evolves with neural activity, we bridge the

gap between traditional static connectivity measures and the inherently dynamic nature of brain

network interactions.

4.1. Theoretical Advances in Modeling Brain Dynamics. The key innovation of our approach

lies in treating connectivity as a dynamical variable governed by its own evolution equation

(Eq. 2.4). This departs from conventional approaches, where connectivity is typically computed as

a statistical measure of correlation between time series [1,2]. Our framework captures the reciprocal

relationship between neural activity and connectivity: activity patterns shape connectivity through

Hebbian plasticity, while connectivity constrains the spread and integration of neural activity

through network interactions.

The identification of multiple dynamical regimes monostable, bistable, and oscillatory provides

a mathematical basis for understanding the diverse states of functional brain organization ob-

served in empirical studies [21, 22]. The bistable regime, in particular, offers a mechanism for

the metastability that characterizes resting-state networks, where the brain maintains flexibility to

transition between different functional configurations while preserving stability within states [47].

4.2. Biological Interpretation and Empirical Validation. The parameters in our model map onto

biologically meaningful quantities. The timescale separation parameter ε = α/γ reflects the

relative speeds of neural activity dynamics and synaptic plasticity processes. The values yielding

realistic dynamics (ε ≈ 0.01–0.2) are consistent with known neurophysiological timescales, where
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neural activity evolves on timescales of milliseconds while synaptic changes occur over seconds

to minutes [27, 30].

The noise-driven transitions between metastable states reproduce key features of empirical

functional connectivity dynamics, including the log-normal distribution of dwell times and spon-

taneous state transitions without external input [19, 49]. This suggests that stochastic fluctuations

at the neural level can drive macroscopic reorganization of brain networks, providing a potential

mechanism for the spontaneous cognitive processes that occur during rest.

4.3. Relationship to Existing Computational Frameworks. Our framework extends existing ap-

proaches in several important ways. Unlike coupled oscillator models [28] that focus on phase

synchronization, our model incorporates both amplitude and connectivity dynamics. Compared

to dynamic causal modeling [29], which typically assumes fixed connectivity, our approach allows

connectivity to evolve dynamically based on neural activity. The neural field formulation pro-

vides spatial continuity that is lacking in discrete network models while maintaining analytical

tractability through the reduced 2D system.

The Balloon-Windkessel forward model enables direct comparison with empirical fMRI data,

bridging the gap between simulated neural dynamics and measured BOLD signals. This is crucial

for validating model predictions against experimental observations and for estimating model

parameters from empirical data.

4.4. Limitations and Future Directions. Several limitations of the current framework warrant

attention in future work. The assumption of homogeneous neural populations could be extended

to incorporate multiple neuron types with different dynamical properties. The diffusion terms

in both activity and connectivity equations, while mathematically convenient, require further

physiological justification regarding their biological correlates.

Future work should focus on applying the model to specific empirical questions, such as under-

standing connectivity dynamics in neurological and psychiatric disorders [25,26], or investigating

how dynamic connectivity supports cognitive processes. The framework could also be extended

to incorporate structural connectivity constraints from diffusion tensor imaging data, creating a

more biologically grounded model of brain network dynamics.

Future Directions.

• Extension to heterogeneous neural populations

• Incorporation of structural connectivity constraints

• Application to clinical populations (e.g., epilepsy, Alzheimer’s disease)

• Development of model-based biomarkers for disease progression

5. Conclusion

This study establishes a comprehensive mathematical framework for investigating the dynamics

of functional connectivity in the brain using differential equations. By formulating a system of
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coupled equations that describe the co-evolution of neural activity and functional connectivity,

we provide a principled approach to understanding the time-varying nature of brain network

interactions.

The key contributions of this work include:

• A novel neural field model that treats functional connectivity as a dynamical variable

• Analytical characterization of multiple dynamical regimes and bifurcations

• Demonstration of noise-driven transitions reproducing empirical dwell time distributions

• Integration with hemodynamic modeling for direct comparison with fMRI data

• Numerical implementation enabling the simulation of large-scale brain dynamics

The framework successfully captures essential features of dynamic functional connectivity,

including metastability, spontaneous state transitions, and scale-invariant fluctuations. It provides

testable predictions about how specific parameter changes should affect functional connectivity

dynamics, offering opportunities for experimental validation.

This mathematical approach bridges multiple scales of brain organization, from local neural

dynamics to large-scale network interactions, providing a foundation for understanding how the

brain’s functional architecture emerges from and constrains its dynamical properties. The frame-

work offers new avenues for investigating brain dynamics in health and disease, with potential

applications in basic neuroscience, clinical research, and the development of novel computational

tools for analyzing brain network dynamics.
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