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Abstract. This manuscript is primarily concerned with the formulation of two new distinct contractions, namely γ − k

and H − γ(k) mixed power type contractions. These new contractions are based on the concept of γ − k distance

mapping. A significant application and examples are also provided to illustrate the importance of the findings.

1. Introduction

Fixed point theory is a key concept in mathematics and is important in many areas, such

as nonlinear analysis, differential equations, optimization theory, and dynamical systems. The

Banach contraction principle [1], first introduced in 1922, is one of the most significant theories in

fixed point theory.

In recent decades, many researchers have suggested various generalizations of the Banach con-

traction principle. These are designed to broaden their applications to different types of mappings

and generalized metric structures. Some notable generalizations include Kannan [2] contractions,

Chatterjea [3] contractions, weak contractions, and several types of nonlinear contractive condi-

tions such as [4–23, 25, 26].

Recently, the theory of generalized distance mappings has gained increased attention within

fixed point theory. This theory provides a new and more flexible way to create different contractive

inequalities in a generalized metric setting. The theory of γ-k distance mappings, which was

formulated by Bataihah et. al. [27] as a refinement of the theory of γ distance mapping, which was

introduced by Bataihah et.al. [28]. The theory ofγ− k offers a new method for studying the existence

and uniqueness of a fixed point under different types of nonlinear contractive inequalities.
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The notion of Mixed power type contraction formulated by Bataihah and Shatnawi [29] in 2025

and extended this notion to proved significant results.

In this subsequent discussion, D refers to the non empty set, (D , d) to the metric space, γ to γ− k
distance mappings, and H to H simulations, and A f refers to the set of all fixed points of the self

mapping f : D → D .

2. Preliminary

The concept of γ− k distance mapping was introduced by Bataihah et al. [27] and proved various

fixed point theorems using this concept.

Definition 2.1. [27] Let d be a metric on D . A function γ : [0,∞) ×D ×D → [0,∞) is said to be γ-k
distance over (D , d) if γ satisfying:

(γ1) For all t ≥ 0, γ(t, x, v) ≥ tkd(x, v), k ≥ 1.
(γ2) for each sequences (xn), (vn) in B and (tn) in (0,∞), we have

d(xn, vn)→ ξ > 0 and tn → t > 0 imply lim inf
n→∞

γ(tn, xn, vn) > ξtk.

The following examples are γ− k distance mappings [27].

In subsequent examples, the functions γ1,γ2,γ3,γ4,γ5 are established as mappings from the do-

main [0,+∞) ×D ×D to the co-domain [0,+∞).

Example 2.1. [28] On (D , d), let φ : [0,∞) → [0,∞) is continuous function with φ(a) > 0 for a > 0.
Then, γ1,γ2,γ3,γ4 and γ5 are γ-k distance over (D , d).

(1) γ1(t, x, v) = tk d(x, v) + φ(d(x, v)),
(2) γ2(t, x, v) = tk d(x, v) + φ(t),
(3) γ3(t, x, v) = etkd(x, v),

(4) γ4(t, x, v) =
(t + ε)2k + [d(x, v)]2

2
, ε > 0,

(5) γ6(t, x, v) =
t2k + 1

2
d(x, v),

Bataihah et al. [30] introduced the notion of a H-simulation function and utilized this concept to

prove several significant theorems of fixed points (uniqueness and existence). On the other hand,

Pioneers extended this notion to introduced many fixed points theorems such as [31–33]

Definition 2.2. [30] A function H : [1,+∞) × [1,+∞) → R is called H-simulation function if
H (t1, t2) ≤

t2
t1
∀ t1, t2 ∈ [1,+∞).

Remark 2.1. [30] Let H ∈ H. If (tn) and (t′n) are sequences in [1,+∞) with 1 ≤ limn→∞ t′n < limn→∞ tn,

then lim supn→∞H (tn, t′n) < 1.

Now, we provide some examples of H-simulation functions.

Example 2.2. [30] The following functions belong to H-simulation functions:
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(1) H1(t1, t2) =
k t r

2
t1

, k, r ∈ (0, 1],

(2) H2(t1, t2) =
min{t1,t2}
max{t1,t2}

.

(3) H3(t1, t2) =
t2

t1+ln
(

t2
T1

) .

(4) H4(t1, t2) =
t2

t1+
√

t2
.

(5) H5(t1, t2) =
t2

1+t1t2
.

(6) Let f1, f2 : (0,+∞) → (0,+∞) be continuous functions such that f1(r) < r and f2(r) ≥ r, for
each r ∈ (0,+∞). Define H6(t1, t2) =

f1(t2)
f2(t1)

.

3. Fixed Point Results for γ− k Mixed Power Type Contractions

Definition 3.1. Suppose that there is γ − k distance mapping γ over (D , d). A self-mapping f : D → D

is said to be a γ− k mixed power type contraction if ∃ c1, c2,α ∈ R with 0 < c1 + c2 < 1, 0 < α < 1 s.t.

γ(d( f x, f y), f x, f y) < [c1(dα(x, y) + c2(d1−α(x, y)]k+1, with K ≥ 1 (3.1)

Remark 3.1. If f : D → D is a γ− k mixed power type contraction, then ∀ t, s ∈ D , we have:

d( f t, f s) < c1dα(t, s) + c2d1−α(t, s) (3.2)

Proof. By the definition of γ− k distance mapping we have :

γ(d( f t, f s), f t, f s) ≥ dk+1( f t, f s).

Therefore,

dk+1( f t, f s) ≤ γ(d( f t, f s), f t, f s) < [c1(dα(x, y) + c2(d1−α(x, y)]k+1

Hence, the desired result. �

Lemma 3.1. Suppose that the self mapping f : D → D is a γ− k mixed power type contraction, then A f

has at most one element.

Proof. Assume to contrary that ∃t, s ∈ A f . By using remark 3.1 we have

d( f t, f s) < c1dα(t, s) + c2d1−α(t, s)

If r = min{α, 1− α} and c1 + c2 = R, then r, R < 1. Now,

d(t, s) = d( f t, f s)

< c1dα(t, s) + c2d1−α(t, s)

≤ Rdr(t, s)

≤ R(Rdr(t, s))R
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= Rr+1dr2
(t, s)

...

≤ Rnr.

Taking the limit as n→∞. Hence, the desired result. �

Lemma 3.2. Assume that f : D → D is a γ− k mixed power type contraction with diamD ≤ 1, and t0 ∈ D

be arbitrary element. Then the Picard sequence (tn) generated by the function f at t0, if for each n ∈N we
have tn , tn+1, then

lim
n→∞

d(tn, tn+1) = 0.

Proof. By the definition of γ− k distance mapping, we have

dk+1(tn+1, tn) ≤ γ(d(tn+1, tn), tn+1, tn)

γ(d( f tn, f tn−1), f tn+, f tn−1)

< [c1dα(tn, tn−1 + c2d1−α(tn, tn−1)]
k+1

≤ R(Rdr(t, s))R

= Rr+1dr2
(t, s)

...

≤ Rnr.

�

Theorem 3.1. Suppose there exists a γ-k distance mapping γ over a complete metric space (D , d) with
diam(D) ≤ 1. Assume that f : D → D is a γ-k mixed power type contraction. Then A f has only one
element.

Proof. We construct a Picard sequence {tn} by choosing an arbitrary element t0 ∈ D and defining

tn+1 = f tn ∀n ∈N.

Now assume for some m ∈N that tm+1 = tm. Then tm is a fixed point.

So for all n ∈N assume that tn+1 , tn. By Condition 3.1 and Lemma 3.2, we obtain

d(tn, tn+1) ≤ Rnr.

For m ≥ n ≥ 0, we have

d(tn, tm) ≤ d(tn, tn+1) + d(tn+1, tm)

≤ d(tn, tn+1) + d(tn+1, tn+2) + d(tn+2, tm)

≤ Rnr + R(n+1)r + · · ·+ Rmr

= Rnr
[
1 + Rr + R2r + · · ·+ R(m−n)r

]
.

Taking the limit as n→∞, we get

lim
n,m→∞

d(tn, tm) = 0.
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Hence, (tn) is a Cauchy sequence. Since D is complete, there exists t ∈ D such that tn → t.
Now, by the triangle inequality we get

d( f t, t) ≤ d( f t, f tn) + d( f tn, t) < c1d(t, tn)
α + c2d(t, tn)

1−α + d( f tn, t).

Taking the limit as n→∞, we obtain d( f t, t) = 0 =⇒ f t = t.
Lemma 3.1 ensures that A f has exactly one element. �

In the next corollary, we may assume that c = c1 + c2 and β = max{α, 1− α}.

Corollary 3.1. Suppose there exists a γ-k distance mapping γ over a complete metric space (D , d) with
diam(D) ≤ 1. If f : D → D satisfies the condition that c, β ∈ R such that c = c1 + c2 and β =

max{α, 1− α}, and

x , y =⇒ γ(d( f x, f y), f x, f y) <
[
c dβ(x, y)

]k+1
, k ≥ 1,

then A f has exactly one element.

Proof. Since

γ(d( f x, f y), f x, f y) <
[
c dβ(x, y)

]k+1
= ck+1dβ(k+1)(x, y) ≤

[
c1dα(x, y) + c2d1−α(x, y)

]k+1
.

Hence, the result follows from Theorem 3.1. �

In the following significant example, we will show the novelty of Theorem 3.1

Example 3.1. Suppose that D = [0, 1] (diamD = 1), the function f : [0, 1]→ [0, 1] be defined as:

f x =
1− xm

Γ + xm , where Γ ≥ 3 and
2
3
≤ m < 1.

Then A f has only one element on [0, 1].

To show this, define the following mappings:
d : D ×D → [0,∞) By d(x, y) = |x− y| the Euclidean metric. It is obvious that (D , d) is a complete metric

space. Assume that γ(t, x, y) =
1
2

(
d2(x, y) + 1

)
d(x, y). Then,γ is a γ− k-distance mapping ( with k = 1)

over (D , d).
We claim that ∀ x, y ∈ D with x , y we have:

d( f x, f y) <
Γ + 1

Γ2 dm(x, y). (3.3)

To prove this claim, ∀ x, y ∈ D with x , y we have
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| f x− f y| =

∣∣∣∣∣∣ 1− xm

Γ + xm −
1− xm

Γ + xm

∣∣∣∣∣∣
≤

1
(Γ + xm)(Γ + ym)

(|xm
− ym
|+ Γ|xm

− ym
|)

<
Γ + 1

Γ2 |x
m
− ym
|

≤
Γ + 1

Γ2 |x− y|m

=
Γ + 1

Γ2 dm(x, y).

Therefore,

γ(d( f x, f y), f x, f y) =
1
2

(
| f x− f y|2 + 1

)
| f x− f y|

<
1
2

[(Γ + 1
Γ2

∣∣∣x− y
∣∣∣m)2

+ 1
]

Γ + 1
Γ2

∣∣∣x− y
∣∣∣m

=
1
2

[(
(Γ + 1)2

Γ4

∣∣∣x− y
∣∣∣2m

)
+ 1

]
Γ + 1

Γ2

∣∣∣x− y
∣∣∣m

=
1
2

[
(Γ + 1)3

Γ5

∣∣∣x− y
∣∣∣3m

+
Γ + 1

Γ2

∣∣∣x− y
∣∣∣m]

≤
1
2
[(

√
(Γ + 1)3

Γ5

∣∣∣x− y|m)
2
+

Γ + 1
Γ2

∣∣∣x− y
∣∣∣m]

≤

(
√

(Γ + 1)3

2Γ5

∣∣∣x− y|m) +

√
Γ + 1
2Γ2

∣∣∣x− y
∣∣∣1−m


2

If c1 =

√
(Γ + 1)3

2Γ5 and c2 =

√
Γ + 1
2Γ2 and B ≥ 3, then c1 + c2 < 1. and we get

γ(d( f x, f y), f x, f y) < [c1dm(x, y) + c2d1−md(x, y)]2 (3.4)

Consequently, all conditions of γ− k mixed power type contraction are met by the mapping f . Theorem 3.1
confirms that A f has exactly one element.

4. Fixed Point Results forH − γ(k) Mixed Power Type Contractions

Definition 4.1. Suppose that there is γ − k distance mapping γ over (D , d) and there is H simulation
function H. A self-mapping f : D → D is said to be a H − γ(k) mixed power type contraction if
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∃ c1, c2,α ∈ R with 0 < c1 + c2 < 1, 0 < α < 1 s.t.

H
(
γ(d( f x, f y), f x, f y), [c1(dα(x, y) + c2(d1−α(x, y)]k+1

)
> 1, with K ≥ 1 (4.1)

Remark 4.1. Assume that f : D → D is a H − γ(k) mixed power type contraction. Then for each
∀ t1, t2 ∈ D , we have:

d( f t1, f t2) < c1dα(t1, t2) + c2d1−α(t1, t2) (4.2)

Proof. Using the definition of H simulation function, we get:

1 <
[c1(dα(x, y) + c2(d1−α(x, y)]k+1

γ(d( f x, f y), f x, f y)
.

This implies that

γ(d( f x, f y), f x, f y) < c1(dα(x, y) + c2(d1−α(x, y)]k+1

Hence, the desired result we get by Remark 3.1. �

Lemma 4.1. Assume that the self-mapping f : D → D is an H − γ(k) mixed power type contraction.
Then A f has at most one element.

Proof. The proof follows from the definition of H simulation function and Remark 4.1. �

Lemma 4.2. Assume that f : D → D is a a H − γ(k) mixed power type contraction with diamD ≤ 1,
and t0 ∈ D be arbitrary element. Then the Picard sequence (tn) generated by the function f at t0, if for each
n ∈N we have tn , tn+1, then

lim
n→∞

d(tn, tn+1) = 0.

Proof. Since tn , tn+1, by Condition 4.3

1 < H
(
γ(d( f tn−1, fn), f tn−1, f tn), [c1(dα(tn−1, tn) + c2(d1−α(tn−1, tn)]

k+1
)

.

This implies that

γ(d( f tn−1, fn), f tn−1, f tn) < [c1(dα(tn−1, tn) + c2(d1−α(tn−1, tn)]
k+1

From Remark 4.1, we have

d( f tn−1, fn) < [c1(dα(tn−1, tn) + c2(d1−α(tn−1, tn)].

The rest of the proof is typical to Lemma 3.2. �

Theorem 4.1. Suppose that there exists a γ-k distance mapping γ and H simulation function H over a
complete metric space (D , d) with diam(D) ≤ 1. Assume that f : D → D is a H − γ(k) mixed power
type contraction. Then A f has exactly one element.
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Proof. First, we construct a Picard sequence {tn} by choosing an arbitrary element t0 ∈ D and

defining tn+1 = f tn ∀n ∈N.

Now assume for some m ∈N that tm+1 = tm. Then tm is a fixed point.

So for all n ∈N assume that tn+1 , tn. we have:

H
(
γ(d( f tn, f tn−1), f tn, f tn−1), [c1(dα(tn, tn−1) + c2(d1−α(tn, tn−1)]

k+1
)
> 1, with K ≥ 1 (4.3)

Using Remark 4.1, we obtain:

d(tn+1,tn) = d( f tn, f tn−1) < c1dα(tn, tn−1) + c2d1−α(tn, tn−1) (4.4)

By condition 4.1 and Lemma 4.2, we get limn→∞ d(tn+1, tn) = 0.

For m ≥ n ≥ 0, we have d(tn, tm) ≤ d(tn, tn+1) + d(tn+1, tm) ≤ d(tn, tn+1) + d(tn+1, tn+2) +

d(tn+2, tm) ≤ Rnrd(t0, t1) + R(n+1)rd(t0, t1) + · · · + Rmrd(t0, t1) ≤ Rnr + R(n+1)r + · · · + Rmr =

Rnr
[
1 + Rr + R2r + · · ·+ R(m−n)r

]
.

Taking the limit as n→∞, we get limn→∞ d(tn, tm) = 0.

Hence (tn) is a Cauchy sequence. Since D is complete, there exists t ∈ D such that tn → t.
Now, by the triangle inequality, we get d( f t, t) ≤ d( f t, f tn) + d( f tn, t) < c1d(t, tn)α +

c2d(t, tn)1−α + d( f tn, t).
Taking the limit as n→∞, we obtain d( f t, t) = 0 =⇒ f t = t. �

5. Application

Our application refer to Example 3.1. Let
2
3
≤ m < 1,Γ ∈ R with Γ ≥ 3. The following equation on

the unit interval [0, 1]:

1− tm+1
− tm
− Γt = 0, where

2
3
≤ m < 1, Γ ∈ R with Γ ≥ 3. (5.1)

has a unique solution.

It is typical to show that the following mapping f has a unique fixed point within the unit interval

[0,1].

f t =
1− tm

Γ + tm , where
2
3
≤ m < 1, Γ ∈ R with Γ ≥ 3.

Example 3.1 guarantee that A f has one element 0n [0,1]. Consequently, equation 5.1 has a unique

solution.

Conclusion

In this study, we formulated several innovative contractions that are noteworthy. These con-

tractions are based on the frame of γ− k distance mapping. Moreover, to highlight the novelty of

our findings, we formulated a significant application along with a numerical example.

Conflicts of Interest: The authors declare that there are no conflicts of interest regarding the

publication of this paper.
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