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Abstract. In this work, we study the following Hardy–Sobolev–Maz’ya equation involving critical growth: −∆u− λ
u
|y|2

=
|u|2

∗(s)−2u
|y|s

+ µ|u|q−2u, in Ω,

u = 0, on ∂Ω,

where Ω ⊂ RN is a bounded domain containing a point x0 = (0, z0) ∈ Rk
×RN−k, with 2 ≤ k < N, x = (y, z), 0 ≤ s < 2,

and 2∗(s) =
2(N − s)

N − 2
. We assume 0 ≤ λ < λ :=

(k− 2)2

4
for k > 2, and λ = 0 when k = 2, with parameters satisfying

1 < q < 2, µ > 0, and N >
s + 2 + 2q

q− 1
. Using an approximating argument, local Pohozaev-type identities, and variational

methods, including the Fountain Theorem and its dual version, we establish the existence of two disjoint and infinite

sets of solutions under these assumptions.

1. Introduction

We are interested in the following Hardy-Sobolev-Maz’ya problem −∆u− λ u
|y|2 = |u|2

∗(s)−2u
|y|s + µ|u|q−2u, in Ω,

u = 0, on ∂Ω,
(1.1)

where Ω is a smooth bounded domain in RN that contains some points x0 =
(
0, z0

)
, 0 ≤ s < 2,

1 < q < 2, µ > 0 and 2∗(s) := 2(N−s)
N−2 is the Hardy-Sobolev exponent. The energy functional
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corresponding to problem (1.1) is defined as follows

I(u) :=
1
2

∫
Ω
|∇u|2dx−

λ
2

∫
Ω

u2

|y|2
dx−

1
2∗(s)

∫
Ω

|u|2
∗(s)

|y|s
dx−

µ

q

∫
Ω
|u|qdx,

for all u ∈ H1
0(Ω).

Prior to presenting our main results, we will briefly review the literature related to problem

(1.1). Devillanova and Solimini, [5], proved that if N ≥ 7, the problem (1.1) when q = 2, s = 0 and

λ = 0 has infinitely many solutions. Their key approach involves proving the strong convergence

of approximate solutions to (1.1). In order to accomplish this objective, the authors obtained

estimates for approximating solutions of (1.1) within a carefully defined safe region. Subsequently,

they employed a local Pohozaev identity get the result. In [4], Cao and Yan established the existence

of infinitely many solutions for (1.1) with µ > 0, s = 0 and q = 2 if N ≥ 7 and 0 ≤ λ < (N−2)2

4 − 4.

Building upon similar ideas as those [4, 5], the authors in [10] established the existence of

infinitely many solutions to the problem (1.1) if N > 6 + s and certain conditions on λ with µ > 0

and q = 2. For further related results, interested readers are referred to [3, 7] and the references

therein.

However, unlike to [4, 10], our work faces technical challenges due to the absence of a reverse

Hölder inequality when q < 2, complicating the application of the Moser iteration. The significant

result of this work relies on Lemma 2.2, which enabled us to overcome these difficulties. Con-

sequently, this work can be regarded as the extension of the aforementioned results in the case

of Hardy-Sobolev-Maz’ya equations. To the best of our knowledge, there are no similar results

concerning the problem (1.1). The main result of this paper is the following

Theorem 1.1. If N >
s+2+2q

q−1 , 1 < q < 2 and λ ∈ [0,λ− 4), then there exists a sequence of solutions (vk)k

of the problem (1.1) such that I(vk) < 0 and I(vk)→ 0 as k→ +∞.

Under the conditions of Theorem 1.1, we also prove

Theorem 1.2. There exists a sequence of solutions (uk)k of the problem (1.1) such that I(uk) > 0 and
I(uk)→ +∞ as k→ +∞.

This paper is organized as follows. Section 2 is devoted to the strong convergence of approximat-

ing solutions in H1
0(Ω) of the problem (1.1). In Section 3, we establish the main result by applying

the Fountain theorem and its dual form. We would also like to note that the Lusternik-Schnirelman

theory used in [1] does not seem applicable to our case.

At the end of this section, we establish some notations that will be used in the sequel. We denote

the norm in the space Lp(Ω) for 1 ≤ p < ∞ by

‖u‖p :=
(∫

Ω
|u|p dx

) 1
p

,
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and the norm in the Sobolev space H1
0(Ω) by

‖u‖ :=
(∫

Ω
|∇u|2 dx

) 1
2

.

2. Strong convergence of approximating solutions in H1
0(Ω).

We consider the following perturbed problem: −∆u− λ u
|y|2 = |u|2

∗(s)−2−εu
|y|s + µ|u|q−2u, in Ω,

u = 0, on ∂Ω,
(2.1)

where ε is a small positive constant. The energy functional corresponding to problem (2.1) is

defined by

Iε(u) :=
1
2

∫
Ω
|∇u|2dx−

λ
2

∫
Ω

u2

|y|2
dx−

1
2∗(s) − ε

∫
Ω

|u|2
∗(s)−ε

|y|s
dx−

µ

q

∫
Ω
|u|qdx,

for all u ∈ H1
0(Ω). Let’s introduce some notations and terminologies that will be used later on. Let

u be a solution of (2.1). Define ũ := |u| (extended by zero out of Ω ), by a direct computation we

get that ∫
RN

(
∇ũ∇φ−

λ

|y|2
ũφ

)
dx ≤

∫
RN

(
2ũ2∗(s)−1 + A

)
|y|s

φdx, ∀φ ∈ H1
(
RN

)
,φ ≥ 0, (2.2)

where A(µ, N) is a positive constant independent of ε. Therefore, From now on we can only

consider the estimates of solutions to (2.1) in H1
(
RN

)
, which also relieves us from considering the

sign of u and the bounded domain Ω.

Definition 2.1. Let (un)n∈N be a given sequence. We say that (un)n∈N is a controlled sequence if each un

is a solution to problem (2.2).

For any λ > 0 and x ∈ RN, we define

ρx,λ(u) := λ
N
2∗ u (λ(.− x)) , u ∈ H1

0(Ω).

We have the following result.

Proposition 2.1. [10, Proposition C.1] Suppose that N ≥ 3. Let un be a solution of (2.1) with ε = εn → 0,
satisfying ‖un‖ ≤ C for some constant C. Then when s = 0 and λ > 0,

(i) un can be decomposed as

un = u0 +
m∑

j=1

ρxn, j,Λn, j

(
U j

)
+

h∑
j=m+1

ρxn, j,Λn, j

(
U j

)
+ωn, (2.3)

where ωn → 0 in H1(Ω), u0 is a solution for (1.1). For j = 1, 2, . . . , m, Λn, j → ∞ as n→ ∞, and
U j is a solution of

−∆u− λ
u
|y|2

= b j
|u|2

∗(s)−2u
|y|s

, u ∈ D1,2
(
RN

)
,
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for some b j ∈ (0, 1]. For j = m + 1, m + 2, . . . , h, xn, j ∈ Ω, Λn, jd
(
xn, j, ∂Ω

)
→∞, Λn, j|xn, j| → ∞

as n→∞, and U j is a solution of

−∆u = b j|u|2
∗
−2u, u ∈ D1,2

(
RN

)
,

for some b j ∈ (0, 1].
(ii) Set xn,i = (0, zn,i) for i = 1, 2, . . . , m. For i, j = 1, 2, . . . , h, if i , j, then as n→∞

Λn, j

Λn,i
+

Λn,i

Λn, j
+ Λn, jΛn,i|xn,i − xn, j|

2
→∞,

when t > 0 or λ = 0, the same conclusion holds with ρxn, j,Λn, j = 0 for all j = m + 1, . . . , h.

We call (un)n∈N a concentrating sequence if the limit in (2.3) holds in the H1
0(Ω) -strong topology.

Assume ‖un‖ ≤M, then from (2.3), we get k ≤ C(M). Among all the bubbles in (2.3), we can choose

a slowest concentration rate, denoted by Λn, which concentrates in xn = xn,i in the slowest way.

We may always choose a constant C̄ > 0 such that the region

A
1
n :=

(
B
(C̄+5)Λ

−
1
2

n

(xn) \B
C̄Λ
−

1
2

n

(xn)

)
∩Ω

does not contain any concentration point of un for every n. We call this region a safe region for un.

We consider two thinner subsets as follows

A
2
n :=

(
B
(C̄+4)Λ

−
1
2

n

(xn) \B
(C̄+1)Λ

−
1
2

n

(xn)

)
∩Ω,

and

A
3
n :=

(
B
(C̄+3)Λ

−
1
2

n

(xn) \B
(C̄+2)Λ

−
1
2

n

(xn)

)
∩Ω.

Lemma 2.1. [10, Lemma 3.2] Let (un) be a controlled sequence. Then there is a constant C > 0 independent
of n, such that (

rs−N
∫

Br(x̂)∩Ω

|un|
τ

|y|s
dx

) 1
τ

≤ CΛ
N−s
2p1 , ∀x̂ ∈ RN,

for all r ∈
[
C̄Λ−

1
2

n , (C̄ + 5)Λ−
1
2

n

]
, where τ =

2(N−s)
2N−s−2 and p1 > 2∗(s) is any constant satisfying p1 <

2(k−s)

k−2−2
√

λ̄−λ
.

Lemma 2.2. Let (un)n∈N be a controlled sequence. Then there is a positive constant C independent of n
such that (∫

A2
n

|un|
2β2

|y|s
dx

) 1
2β2

≤ CΛ
N−s
2p1
−

N−s
4β2

n ,

where β := 2∗(s)
2 .

Proof. Define

vn(x) := |un|
(
Λ−1/2

n x
)

, x ∈ Ωn,
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where Ωn :=
{
x : Λ−1/2

n x ∈ Ω
}
. Using the inequality (2.2), it is easy to check that vn (extended by

zero out of Ω) satisfies∫
RN

(
∇vn∇φ−

λ

|y|2
vnφ

)
dx ≤ Λ

s−2
2

n

∫
RN

(
2v2∗(s)−1

n + A
)

|y|s
φdx.

For fixed y ∈ A2
n and 0 < r < R ≤ 1, we set zn := Λ1/2

n y and let χ ∈ C∞0 (B (zn, R)) be a cut-off

function with 0 ≤ χ ≤ 1, χ = 1 on B(zn, r) and |∇χ| ≤ 1
R−r . For every t > 1 and M > 0, we define

ϕ = χ2vnṽ2(t−1)
n ,

where ṽn = min{vn, M}. In what follows C denotes several positive constants independent of n, r,

R, t and M.

Note that ∇vn∇ṽn = |∇ṽn|
2 and ∇vn∇ṽnvnṽ2(t−1)−1

n = |∇ṽn|
2ṽ2(t−1)

n .

We have∫
RN
∇vn∇ϕdx =

∫
RN
∇vn ·

[
2χ∇χvnṽ2(t−1)

n + χ2ṽ2(t−1)
n ∇vn + 2(t− 1)χ2vnṽ2(t−1)−1

n ∇ṽn
]

dx

=

∫
RN
χ2
|∇vn|

2ṽ2(t−1)
n dx + 2(t− 1)

∫
RN
χ2
|∇ṽn|

2ṽ2(t−1)
n dx + 2

∫
RN
χvnṽ2(t−1)

n ∇χ∇vndx

≤

∫
RN

λvn

|y|2
+ Λ

s
2−1
n

2v2∗(s)−1
n + A
|y|s

χ2vnṽ2(t−1)
n dx.

By the Young’s inequality, we have

|(χ∇vn) · (vn∇χ)| ≤ |∇χ|
2v2

n +
1
4
χ2
|∇vn|

2.

Thus, ∫
RN
χ2
|∇vn|

2ṽ2(t−1)
n dx + 2(t− 1)

∫
RN
χ2
|∇ṽn|

2ṽ2(t−1)
n dx

≤

∫
RN

λvn

|y|2
+ Λ

s
2−1
n

2v2∗(s)−1
n + A
|y|s

χ2vnṽ2(t−1)
n dx + 2

∫
RN

ṽ2(t−1)
n

[
|∇χ|2v2

n +
1
4
χ2
|∇vn|

2
]

dx,

and it follows that∫
RN
χ2
|∇vn|

2ṽ2(t−1)
n dx + 4(t− 1)

∫
RN
χ2
|∇ṽn|

2ṽ2(t−1)
n dx

≤ 2
∫

RN

λvn

|y|2
+ Λ

s
2−1
n

2v2∗(s)−1
n + A
|y|s

χ2vnṽ2(t−1)
n dx + 4

∫
RN

ṽ2(t−1)
n |∇χ|2v2

ndx.
(2.4)

Now we take t = 2∗(s)
2 > 1. Consider ΨM := χvnṽt−1

n , we have

∇ΨM = ∇χvnṽ(t−1)
n + χ∇vnṽ(t−1)

n + (t− 1)χvnṽ(t−2)
n ∇ṽn

= χ∇vnṽ(t−1)
n + (t− 1)χṽ(t−1)

n ∇ṽn +∇χvnṽ(t−1)
n ,
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since t > 1,

|∇ΨM|
2
≤ C

[
χ2
|∇vn|

2ṽ2(t−1)
n + (t− 1)2χ2ṽ2(t−1)

n |∇ṽn|
2 + ṽ2(t−1)

n |∇χ|2vn
2
]

≤ Ct
[
χ2
|∇vn|

2ṽ2(t−1)
n + 4(t− 1)χ2ṽ2(t−1)

n |∇ṽn|
2 + ṽ2(t−1)

n |∇χ|2vn
2
]

.
(2.5)

Formula (2.4) and (2.5) yields that∫
RN
|∇ΨM|

2dx ≤Λ
s
2−1
n

∫
RN

v2∗(s)
n χ2ṽ2(t−1)

n

|y|s
dx + AΛ

s
2−1
n

∫
RN

χ2vnṽ2(t−1)
n

|y|s
+

∫
RN

ṽ2(t−1)
n |∇χ|2v2

ndx].

By the Hardy embedding theorem, we have∫
RN

(ΨM)2∗(s)

|y|s
dx


2

2∗(s)

≤Λ
s
2−1
n

∫
RN

v2∗(s)
n χ2ṽ2(t−1)

n

|y|s
dx + AΛ

s
2−1
n

∫
RN

χ2vnṽ2(t−1)
n

|y|s
+

∫
RN

ṽ2(t−1)
n |∇χ|2v2

ndx].

By Hölder’s inequality, we have∫
RN

v2∗(s)
n χ2ṽ2(t−1)

n

|y|s
dx =

∫
RN

v2∗(s)−2
n χ2v2

nṽ2(t−1)
n

|y|s
dx

≤

∫
B(zn,R)

v2∗(s)
n

|y|s
dx


2∗(s)−2

2∗(s)


∫

RN

(
χvnṽt−1

n

)2∗(s)

|y|s
dx


2

2∗(s)

=

∫
B(zn,R)

v2∗(s)
n

|y|s
dx


2∗(s)−2

2∗(s)
∫

RN

(ΨM)2∗(s)

|y|s
dx


2

2∗(s)

.

Since ṽn ≤ vn, we have ∫
RN

ṽ2(t−1)
n |∇χ|2v2

ndx ≤
∫

RN
v2∗

n |∇χ|
2dx,

and ∫
RN
χ2vnṽ2(t−1)

n dx ≤
∫

RN
χ2v2∗−1

n ≤

∫
B(zn,R)

v2∗−1
n .

So ∫
RN

(ΨM)2∗(s)

|y|s
dx


2

2∗(s)

≤CΛ
s
2−1
n

∫
B(zn,R)

v2∗(s)
n

|y|s
dx


2−s
N−s ∫

RN

(ΨM)2∗(s)

|y|s
dx


2
2∗

+ CΛ
s
2−1
n

∫
RN

χ2v2∗(s)−1
n

|y|s
dx + C

∫
RN

v2∗(s)
n |∇χ|2dx.

Since B
(
y, Λ−1/2

n

)
⊂ A

1
n, and A1

n does not contain any concentration point of vn, we can deduce

that

Λ
s
2−1
n

∫
B(zn,R)

v2∗(s)
n

|y|s
dx


2−s
N−s

≤ Λ
s
2−1
n

∫
B(zn,1)

v2∗(s)
n

|y|s
dx


2−s
N−s

=

[∫
B(y,Λ

−1
2

n )

|un|
2∗(s)

|y|s
dx

] 2−s
N−s

→ 0,
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as n→ +∞. It follows that∫
RN

(ΨM)2∗(s)

|y|s
dx


2

2∗(s)

≤ C
∫

RN

χ2v2∗(s)−1
n

|y|s
dx + C

∫
RN

v2∗(s)
n |∇χ|2dx.

Let M go to infinity, we obtain that∫
B(zn,r)

v2∗(s)t
n

|y|s
dx


2

2∗(s)

≤ C
∫

RN

χ2v2∗(s)−1
n

|y|s
dx + C

∫
RN

v2∗(s)
n |∇χ|2dx. (2.6)

It then follows from (2.6) and Young inequality that∫
B(zn,r)

vt2∗(s)
n

|y|s
dx


1

t2∗(s)

≤
C

(R− r)
1
t

[∫
B(zn,R)

v2∗(s)
n dx

] 1
2t

+ C

∫
B(zn,R)

v2∗(s)−1
n

|y|s
dx


1
2t

≤ C

 1

(R− r)
1
t

+ 1


∫
B(zn,R)

v2∗(s)
n

|y|s
dx


1

2∗(s)

+ C

< ∞.

By applying the interpolation inequality and Young’s inequality, we obtain∫
B(zn,r)

vt2∗(s)
n

|y|s
dx


1

2∗t

≤ C

 1

(R− r)
1
t

+ 1

 ‖vn‖
k
Lτs (B(zn,R)) × ‖vn‖

1−k
L2∗(s)t

s (B(zn,R))
+ C

≤
1
2
‖vn‖L2∗(s)t

s (B(zn,R))
+ C

 1

(R− r)
1
t

+ 1

 ‖vn‖Lτs (B(zn,R)) + C,

where the number k is given by 1
2∗ =

k
τ +

1−k
t2∗ . Using iteration argument, we set ri = R− R−r

i+1 , i ∈N,

we obtain

∫
B(zn,r0)

vt2∗(s)
n

|y|s
dx


1

2∗t

≤
1
2i ‖vn‖L2∗(s)ts

s (B(zn,ri))
+ C

i∑
j=1

1
2 j−1

 1(
r j − r j−1

) 1
t

+ 1

 ‖vn‖Lτs (B(zn,r j))

+ C
i∑

j=1

1
2 j−1

.

(2.7)

It is easy to see that

+∞∑
i=1

1
2i−1

 1

(ri − ri−1)
1
t

+ 1

 < ∞ and
+∞∑
j=1

1
2 j−1

< ∞.

Letting i go to infinity in (2.7), we obtain then that∫
B(zn,r)

vt2∗(s)
n

|y|s
dx


1

2∗t

≤ C ‖vn‖Lτs (B(zn,1)) + C. (2.8)
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Letting r→ 1
2 in (2.8), we infer that∫

B(zn, 1
2 )

vt2∗(s)
n

|y|s
dx


1

2∗s

≤ C ‖vn‖Lτs (B(zn,1)) + C. (2.9)

On the other hand, we have from B
Λ
−

1
2

n

(y) ⊂ A1
n and Lemma 2.1

‖vn‖Lτs (B(zn,1)) ≤ CΛ
N−s
2p1

n .

Together with (2.9), this implies that∫
B(y, 1

2 Λ
−1
2

n )

|un|
2β2

|y|s
dx


1

2β2

≤ CΛ
N−s
2p1
−

N−s
4β2

n .

�

As a consequence of the previous Lemma we have the following estimates which play a crucial

role in the proof of the main results.

Proposition 2.2. Let un be a weak solution of (2.1) with ε = εn → 0. Then there is a constant C > 0

independent of n, such that (∫
A2

n

|un|
p

|y|s
dx

) 1
p

≤ CΛ
N−s
2p1
−

N−s
2p

n ,

where p1 > 2∗(s) is any constants, satisfying p1 <
2(k−s)

k−2−2
√

λ̄−λ
, and 1 ≤ p ≤ 2∗(s).

Proof. Using Hölder’s inequality we have(∫
A2

n

|un|
p

|y|s

) 1
p

≤

(∫
A2

n

|un|
2β2

|y|s

) 1
2β2

Λ

(
−

N−s
2p

)(
1− p

2β2

)
n ,

using Lemma 2.2, we get (∫
A2

n

|un|
p

|y|s

) 1
p

≤ CΛ

(
−

N−s
2p

)(
1− p

2β2

)
n Λ

N−s
2p1
−

N−s
4β2

n ,

we conclude that (∫
A2

n

|un|
p

|y|s
dx

) 1
p

≤ CΛ
N−s
2p1
−

N−s
2p

n .

�

Proposition 2.3. We have

∫
A

3
n

|∇un|
2dx,

∫
A

3
n

λ|un|
2

|y|2
dx ≤ C

∫
A2

n

(
|un|

2∗(s) + 1
)

|y|s
dx + CΛn

∫
A2

n

|un|
2

|y|s
dx. (2.10)

In particular, ∫
A

3
n

|∇un|
2dx,

∫
A

3
n

λ|un|
2

|y|2
dx ≤ CΛ

2+s−N
2 +

(N−s)
p1

n . (2.11)



Int. J. Anal. Appl. (2026), 24:197 9

Proof. Let φn ∈ C∞0
(
A

2
n

)
be a function with φn = 1 inA3

n, 0 ≤ φn ≤ 1 and |∇φn| ≤ CΛ
1
2
n . From∫

Ω

(
∇un∇

(
φ2

nun
)
−
λφ2

nu2
n

|y|s

)
dx ≤

∫
Ω

(
2|un|

2∗(s)−1 + A
)

|y|s
φ2

n|un|dx.

we get ∫
Ω
∇|unφnun|

2
−
λ (φnun)

2

|y|2
dx ≤ C

∫
A2

n

(
|un|

2∗(s) + 1
)

|y|s
dx + CΛn

∫
A2

n

|un|
2

|y|s
dx.

Using the fact that the norms are equivalent and Hardy inequality we can prove (2.10).

On the other hand, from (2.10) and Proposition 2.2, we have∫
A

3
n

|∇un|
2dx,

∫
A

3
n

λ|un|
2

|y|2
dx ≤ CΛ

2∗(t)
2p1

(N−t)−N−t
2

n + CΛ
N−t
p1
−

N−t
2 +1

n

Since p1 > 2∗(s), we see

2∗(s)
2p1

(N − s) −
N − s

2
=

N − s
p1

+
2∗(s)(2− s)

2p1
<

N − s
p1
−

N − s
2

+ 1,

we get ∫
A

3
n

|∇un|
2dx,

∫
A

3
n

λ|un|
2

|y|s
dx ≤ CΛ

N−s
p1
−

N−s
2 +1

n .

�

Proposition 2.4. For any un which is a solution of (2.1) with ε = εn → 0 as n→ +∞, satisfying ‖un‖ ≤ C
for some constant independent of n, the sequence (un)n∈N converges strongly in H1

0(Ω).

Proof. Take a tn ∈ [C̄ + 2, C̄ + 3], satisfying∫
∂B

tnΛ
−

1
2

n

(xn)

(
Λ−1

n
|un|

2∗(s)−εn

|y|s
+ |un|

q + Λ−1
n |∇un|

2 + Λ−1
n
λu2

n

|y|2

)
dσ

≤ CΛ
1
2
n

∫
A

3
n

(
Λ−1

n
|un|

2∗(s)−εn

|y|s
+ |un|

q + Λ−1
n |∇un|

2 + Λ−1
n
λu2

n

|y|2

)
dx.

(2.12)

Applying Proposition 2.2, (2.12) and (2.11), we get∫
∂B

tnΛ
−

1
2

n

(xn)

Λ−1
n

u2∗(s)−εn
n

|y|s
+ |un|

q + Λ−1
n |∇un|

2 + Λ−1
n
λu2

n

|y|2

 dσ

≤ CΛ
1
2
n

CΛ−1
n Λ

(
(N−t)

2p1
−

N−t
2(2∗(s)−εn)

)
2∗(s)−εn

n + CΛ
Nq
2p1
−

N
2

n + CΛ−1
n Λ

(N−s)
p1

+ 2+s−N
2

n


≤ CΛ

1
2−

N−s
2 +

(N−s)
p1

n ,

(2.13)

since

−1 +
(
(N − s)

2p1
−

N − s
2 (2∗(s) − εn)

)
(2∗(s) − εn) < −

N − s
2

+
(N − s)

p1
,
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and
Nq
2p1
−

N
2
< −

N − s
2

+
(N − s)

p1
.

We have three different cases:

(i) B
tnΛ

−
1
2

n

(xn)∩
(
RN
\Ω

)
, ∅ ;

(ii) B
tnΛ

−
1
2

n

(xn) ⊂ Ω and x0 < B
tnΛ

−
1
2

n

(xn);

(iii) B
tnΛ

−
1
2

n

(xn) ⊂ Ω and x0
∈ B

tnΛ
−

1
2

n

(xn);

Let pn(s) = 2∗(s)− εn, we have the following local Pohozaev identity for un on Bn = B
tnΛ

−
1
2

n

(xn)∩Ω

: [
N − s
pn(s)

−
N − 2

2

] ∫
Bn

|un|
pn(s)

|y|s
dx + µ

∫
Bn

|un|
qdx +

λ
2

∫
Bn

u2
n

|y|2
(y0 · y) dx

=
N − 2

2

∫
∂Bn

(∇un · ν) undσ+
1
2

∫
∂Bn

|∇un|
2 (x− x0) · νdσ

+
λ
2

∫
∂Bn

u2
n

|y|2
(x− x0) · νdσ+

1
pn(s)

∫
∂Bn

|un|
pn(s) (x− x0) · ν

|y|s
dσ

+
µ

q

∫
∂Bn

|un|
q (x− x0) · νdσ,

(2.14)

where ν is the outward normal to ∂Bn. The point x0 = (y0, 0) in (2.14) is chosen as follows.

• In case (i), we take x0 ∈ RN
\Ω with |x0 − xn| ≤ 2tnΛ−

1
2

n and ν · (x− x0) ≤ 0 in ∂Ω ∩ Bn. With

this x0, we can check that y0 · y ≥ 0 in Bn.

• In case (ii), we take a point x0 = xn. Then y0 · y ≥ 0 in Bn.

• In case (iii), we take y0 = 0. Thus, in any case y0 · y > 0 in Bn.

Since pn(s) < 2∗(s) and N−s
pn(s)
−

N−2
2 > 0, hence the first term in the left-hand side of (2.14) is non-

negative and by the choice of x0, the third term in the left-hand side of (2.14) is also non-negative.

Hence (2.14) can be rewritten as

µ

∫
Bn

|un|
qdx ≤

N − 2
2

∫
∂Bn

(∇un · ν) undσ+
1
2

∫
∂Bn

|∇un|
2 (x− x0) · νdσ+

λ
2

∫
∂Bn

u2
n

|y|2
(x− x0) · νdσ

+
1

pn(t)

∫
∂Bn

|un|
pn(t) (x− x0) · ν

|y|s
dσ+

µ

q

∫
∂Bn

|un|
q (x− x0) · νdσ.

(2.15)

Now we decompose ∂Bn into ∂Bn = ∂iBn ∪ ∂eBn, where ∂iBn = ∂Bn ∩Ω and ∂eBn = ∂Bn ∩ ∂Ω.

Observing that un = 0 on ∂Ω, we have

N − 2
2

∫
∂eBn

(∇un · ν) undσ+
1
2

∫
∂eBn

|∇un|
2 (x− x0) · νdσ+

λ
2

∫
∂eBn

u2
n

|y|2
(x− x0) · νdσ

+
1

pn(s)

∫
∂eBn

|un|
pn(s) (x− x0) · ν

|y|s
dσ+

µ

q

∫
∂eBn

|un|
q (x− x0) · νdσ

=
1
2

∫
∂eBn

|∇un|
2 (x− x0) · νdσ ≤ 0.
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Hence, we can rewrite (2.15) as

µ

∫
Bn

|un|
qdx ≤

N − 2
2

∫
∂iBn

(∇un · ν) undσ+
1
2

∫
∂iBn

|∇un|
2 (x− x0) · νdσ+

λ
2

∫
∂iBn

u2
n

|y|2
(x− x0) · νdσ

+
1

pn(t)

∫
∂iBn

|un|
pn(s) (x− x0) · ν

|y|s
dσ+

µ

q

∫
∂iBn

|un|
q (x− x0) · νdσ.

(2.16)

By (2.13), noting that |x− x0| ≤ CΛ−
1
2

n for x ∈ ∂iBn, we have

RHS of (2.16) ≤CΛ−
1
2

n

∫
∂iBn

(
|∇un|

2 +
|un|

pn(s)

|y|s
+ |un|

q + λ
u2

n

|y|2

)
dσ+ C

∫
∂iBn

|∇un|un|dσ

≤CΛ−
1
2

n

∫
∂iBn

(
|∇un|

2 +
|un|

pn(t)

|y|t
+ |un|

q + λ
u2

n

|y|2

)
dσ+

∫
∂iBn

(
Λ−1

n |∇un|
2 + C|un|

q
)

dσ

≤CΛ
1−N−s

2 +
(N−s)

p1
n + CΛ

1
2−

N−s
2 +

(N−s)
p1

n

≤CΛ
1−N−s

2 +
(N−s)

p1
n .

It is standard to show that there is a constant c0 > 0, see [3], such that∫
Bn

|un|
q
≥ c0Λ−q−N+

Nq
2

n ,

where p1 > 2∗(s) is any constant, satisfying p1 <
2(k−s)

k−2−2
√

λ̄−λ
and λ < λ̄ − 4. Choose p1 =

2(N−s)
(N−2)q−(N+s+2) + δ with p1 + δ <

2(k−s)

k−2−2
√

λ̄−λ
, where δ > 0 is a small constant. This can be achieved

if λ < λ̄− 4 with this p1, we know

−q−N +
Nq
2
> 1−

N − s
2

+
(N − s)

p1
.

So, we obtain a contradiction if 1 < q < 2 and N >
s+2+2q

q−1 . �

3. The existence of infinitely many solutions

In this section, we will prove our main results following the ideas in [6,8,9]. We fix an orthonor-

mal basis
(
e j

)
j

of H1
0(Ω) and we define X j := Re j. On H1

0(Ω) we consider the antipodal action of

Z/2. Let

Yk :=
k⊕

j=1

X j, Zk :=
∞⊕

j=k

X j.

Proof of Theorem 1.1. By employing arguments analogous to those in [9, Theorem 3.20], it can be

easily verified that for all k ≥ k0, there exist ρk > rk > 0 such that ρk → 0 as k → +∞ and for all

n ∈N

an
k := inf

u∈Zk
‖u‖=ρk

Iεn
µ (u) ≥ 0, bn

k := max
u∈Yk
‖u‖=rk

Iεn
µ (u) < 0, bk := max

u∈Yk
‖u‖=rk

Iµ(u) < 0,
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and

dn
k := inf

u∈Zk
‖u‖≤ρk

Iεn
µ (u)→ 0 as k→ +∞,

where

Bk :=
{
u ∈ Yk : ‖u‖ ≤ ρk

}
, Nk := {u ∈ Zk : ‖u‖ = rk} ,

and (εn)n is a decrcasing sequence with εn > 0 and εn → 0 as n → ∞. Then, From [9, Theorem

3.18], the functional Iεn possesses a sequence of critical points, denoted by
(
vn

k

)
n
, furthermore we

use the fact that Iεn

(
vn

k

)
= cn

k and (Iεn)
′

(vn
k ).v

n
k = 0, we deduce that(1

2
−

1
2∗ − εn

) [∫
Ω
|∇u|2dx− λ

∫
Ω

u2

|y|2

]
− µ

(
1
q
−

1
2∗ − εn

) ∫
Ω
|vn

k |
qdx = cn

k .

Since cn
k is negatif, 2∗(s) < 2∗ and by using Sobolev’s embedding, we conclude that

(
vn

k

)
n

is bounded

in H1
0(Ω). Using Proposition 2.4, we can identify a subsequence of

(
vn

k

)
n

such that(
vn

k

)
n
→ vk,

where vk is the solution of the problem (1.1) at level ck with ck := lim
n+∞

cn
k .

Firstly, we want to prove that for any k ≥ k0, ck < 0. Indeed, because ∂Bk is compact and the

functionals (Iεn)n are equicontinuous, then

bn
k → bk.

Thus

ck ≤ bk < 0.

Secondly, we want to prove that lim
k→+∞

ck = 0. Indeed, for any k ≥ k0 there exists nk > k such that

|cnk
k − ck| <

1
k

.

Let δ be a fixed number such that δ ∈ (0, δ0) , where

δ0 := inf
u∈H1

0(Ω),‖u‖2=1

∫
Ω
|∇u|2dx > 0.

Set

αk := inf
u∈Zk,‖u‖pnk ,s=1

∫
Ω

(
|∇u|2 − δ|u|2

)
dx, (3.1)

where pnk := 2∗(s) − εnk ∈ (2, 2∗) . We will prove that, up to a subsequence, αk → +∞ as k → ∞.

While pnk < 2∗, thus the scalar αk can be achieved by a function vk ∈ zk, which satisfies

−∆vk = αk|vk|
pnk−2vk + δ0vk.

Using Young inequality, we get that

αk =

∫
Ω

(
|∇vk|

2
− δ|vk|

2
)

dx ≥
(
1−

δ
δ0

) ∫
Ω
|∇vk|

2dx−C. (3.2)
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From (3.1) and if αk 9 ∞ as k → ∞, we find
∫

Ω
|∇vk|

2dx ≤ C. By Proposition 2.4, we deduce

that the sequence (vk)k converges strongly in H1
0(Ω). Since vk ∈ Zk, up to a subsequence, we may

assume that

vk → 0 in H1
0(Ω).

From Hölder inequality, thus lim
k→∞

∫
Ω
|vk|

pnk dx = 0, which is a contradiction due to
∫

Ω
|vk|

pnk dx = 1.

Then αk →∞ as k→∞.

Now, if we suppose u ∈ Zk, ‖u‖ ≤ ρk and k large enough, then we deduce that

Iεn(u) =
1
2

∫
Ω
|∇u|2 − λ

u2

|y|2
dx−

1
2∗(s) − εn

∫
Ω

|u|2
∗(s)−εn

|y|s
dx−

µ

q

∫
Ω

uqdx

≥ C
1
2
‖u‖2 −C‖u‖2

∗(s)−εn −C3‖u‖q.

While the function t→ C t2

2 −Ct2∗(s)−εnk −Ctq is decreasing on [0,ρk] for k large enough, consequently

Iεnk
(vnk

k ) ≥ C
ρ2

k

2
−Cρ

2∗(s)−εnk
k −Cρq

k.

Hence we get

cnk
k ≥ dnk

k ≥
ρ2

k

2
−Cρ

2∗(s)−εnk
k −Cα−

pnk
2

k ρ
pnk
k −Cρq

k.

Since ρk → 0, αk → +∞ as k→∞, we can deduce that

lim
k→+∞

ck = lim
k→+∞

cnk
k = 0.

Then, the problem (1.1) possesses infinitely many solutions (vk)k such that I(vk) < 0 and I(vk)→ 0

as k→ +∞. �

Proof of Theorem 1.2. By employing the same arguments as [9, Theorem 3.7], we can demonstrate

that for every k, there exist %k > τk > 0 such that %k → +∞ as k→ +∞ and

an
k := max

n∈Yk
‖u‖=%k

Iεn
µ (u) ≤ 0, bn

k := inf
u∈Zk
‖u‖=rk

Iεn
µ (u)→∞ as k→ +∞,

where

Bk :=
{
u ∈ Yk : ‖u‖ ≤ %k

}
, Nk := {u ∈ Zk : ‖u‖ = τk} ,

and (εn)n is a decreasing sequence with εn > 0 and εn → 0 as n→∞.

Using [9, Theorem 3.6], we deduce that Iεn possesses a sequence of critical points, denoted by(
un

k

)
n

. Furthermore, cnk = Iεn

(
un

k

)
, where

cnk := inf
γ∈Γk

max
u∈Bk

Iεn(γ(u)),

and

Γk :=
{
γ ∈ C

(
Bk, H1

0(Ω)
)

: γ|∂Bk
= id

}
.
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We claim that for any k ∈N,

cnk → ck := inf
γ∈Γk

max
u∈Bk

I(γ(u)) as n→ +∞.

In fact, for any u ∈ H1
0(Ω)

I(u) = Iεn(u) + Fn(u),

where

Fn(u) =
1

2∗(s) − εn

∫
Ω

|u|2
∗(s)−εn

|y|s
dx−

1
2∗(s)

∫
Ω

|u|2
∗(s)

|y|s
dx.

A simple calculation show that for s > 0 the function

h(s) = 1
2∗(s)−εn

s2∗(s)−εn −
1

2∗(s) s2∗(s) have a maximum in s = 1, so for γ ∈ Γk

I(γ(u)) ≤ Iεn(γ(u)) + C
(

1
2∗(s) − εn

−
1

2∗(s)

)
.

Then

ck ≤ limcn
k . (3.3)

On the other hand, the functionals Iεn(γ) are equicontinuous on the compact set Bk, then

lim
n→∞

sup
u∈Bk

Iεn(γ(u))→ I(γ(u)). Passing to the limit as n→ +∞, we deduce that for any k ∈N

lim
n→∞
cnk ≤ lim

n→∞
lim
u∈Bk

Iεn(γ(u)) = sup
u∈Bk

I(γ(u)).

Since γ is arbitrary, then

lim
n→∞
cnk ≤ ck. (3.4)

Our claim follows from (3.3) and (3.4). By employing arguments similar to those in the proof of

Theorem 1.1, we may see that
(
un

k

)
n

is bounded in H1
0(Ω). Consequently, we can find a subsequence

of
(
un

k

)
n

that strongly converges to a solution vk of (1.1) at level ck. Then, for every k ∈ N, there

exists nk > k such that

|c
nk
k − ck| <

1
k

. (3.5)

By applying Young’s inequality and an argument similar to that used in the proof of Theorem 1.1,

we get

Iεn(u) =
1
2

∫
Ω
|∇u|2 − λ

u2

|y|2
dx−

1
2∗(s) − εn

∫
Ω

|u|2
∗(s)−εn

|y|s
dx−

µ

q

∫
Ω

uqdx

≥
1
2
‖u‖2 −

λ

2λ̄
‖u‖2 −Cα−

pnk
2

k |u|pnk −C4

≥
1
4

(
1−

λ

λ̄

)
|u‖2 −Cα−

pnk
2

k ‖u‖pnk −C4.
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Choosing rk =

α
pnk

2
k (1− λ

λ̄
)

6C


1

pnk−2

, and ‖u‖H1
0(Ω) = rk, we obtain that

Iεn(u) ≥
1
12

α
pnk

2
k (1− λ

λ̄
)

6C


2

pnk−2

−C4. (3.6)

From the fact that αk →∞ as k→∞, it follows that bnk
k →∞ as k→∞. Using [9, Theorem 3.5], we

get that cnk
k ≥ bnk

k and from (3.5), we have

lim
k→∞

ck = lim
k→∞

cnk
k = +∞.

Then, the problem (1.1) possesses infinitely many solutions (uk)k such that I(uk) > 0 and I(uk) →

+∞ as k→ +∞. �
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