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Abstract. In this work, we study the following Hardy—Sobolev—-Maz’ya equation involving critical growth:

“Au-— A% - le(y# + i, inQ,

u=020, ! on dQ),
where Q) ¢ RY is a bounded domain containing a point ¥ = (0, zO) e REXRNVNF with2 <k <N, x = (y,2),0<s <2,
and 2*(s) = 25\1;]__25) . We assume 0 < A < A := (k _42)2 for k > 2, and A = 0 when k = 2, with parameters satisfying

s+2+4+2q
-1
methods, including the Fountain Theorem and its dual version, we establish the existence of two disjoint and infinite

1<g<2,p>0andN > . Using an approximating argument, local Pohozaev-type identities, and variational

sets of solutions under these assumptions.

1. INTRODUCTION

We are interested in the following Hardy-Sobolev-Maz’ya problem

2% (s)-2 .
Ay A = puli2u, inQ,

IvP? Iyl (1.1)

u=0, on dQ),
where Q) is a smooth bounded domain in RV that contains some points x0 = (0, ZO), 0<s<?2,
1<g<2 u>0and 2(s) := 2(1\1]\1_—25) is the Hardy-Sobolev exponent. The energy functional
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corresponding to problem (1.1) is defined as follows

2 2*(s)
I(u) ::EIIVuIde—&fu—de—*Lf Jul - dx—ﬁflulqu,
2 Ja 2 Ja Iyl 2(s) Ja vl 7 Ja

for all u € Hj(Q2).
Prior to presenting our main results, we will briefly review the literature related to problem
(1.1). Devillanova and Solimini, [5], proved that if N > 7, the problem (1.1) when g = 2,5 = 0 and

A = 0 has infinitely many solutions. Their key approach involves proving the strong convergence

of approximate solutions to (1.1). In order to accomplish this objective, the authors obtained
estimates for approximating solutions of (1.1) within a carefully defined safe region. Subsequently,
they employed a local Pohozaev identity get the result. In [4], Cao and Yan established the existence
(N-2)?
—-4.
1

Building upon similar ideas as those [4, 5], the authors in [10] established the existence of

of infinitely many solutions for (1.1) with y > 0,s =0andg=2if N>7and 0 < A <

infinitely many solutions to the problem (1.1) if N > 6 4 s and certain conditions on A with u > 0
and g = 2. For further related results, interested readers are referred to [3,7] and the references
therein.

However, unlike to [4,10], our work faces technical challenges due to the absence of a reverse
Holder inequality when g < 2, complicating the application of the Moser iteration. The significant
result of this work relies on Lemma 2.2, which enabled us to overcome these difficulties. Con-
sequently, this work can be regarded as the extension of the aforementioned results in the case
of Hardy-Sobolev-Maz’ya equations. To the best of our knowledge, there are no similar results

concerning the problem (1.1). The main result of this paper is the following

Theorem 1.1. If N > H;_J;Zq, 1<g<2and A€ [0,A—4), then there exists a sequence of solutions (vy)x

of the problem (1.1) such that I(vy) < 0 and I(vy) — 0ask — +oo.
Under the conditions of Theorem 1.1, we also prove

Theorem 1.2. There exists a sequence of solutions (uy)x of the problem (1.1) such that I(uy) > 0 and
I(ug) = 4o0ask — +oo.

This paper is organized as follows. Section 2 is devoted to the strong convergence of approximat-
ing solutions in H(l) (Q)) of the problem (1.1). In Section 3, we establish the main result by applying
the Fountain theorem and its dual form. We would also like to note that the Lusternik-Schnirelman
theory used in [1] does not seem applicable to our case.

At the end of this section, we establish some notations that will be used in the sequel. We denote

the norm in the space L/ (Q)) for 1 < p < co by

1
r
lull = ( f jup’ dx) ,
Q
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and the norm in the Sobolev space H}(Q)) by

1
2
lull := (f |Vu|2dx) )
@)

2. STRONG CONVERGENCE OF APPROXIMATING SOLUTIONS IN HJJ(Q)).
We consider the following perturbed problem:

ul2 (5)-2-¢4, _ .
{ —Bu = Ay = Mgt - i, in Q,

(2.1)
u=0, on JQ),

where ¢ is a small positive constant. The energy functional corresponding to problem (2.1) is

defined by
2 2°(s)—¢
I (u) ::1f|w|2dx—&f gy - 1 Jul dx—ﬁflul”’dx,
2 Ja 2 JalyP 2(s)—eda IyP q Ja

forallu e Hé (Q)). Let’s introduce some notations and terminologies that will be used later on. Let

u be a solution of (2.1). Define i := |u| (extended by zero out of (1), by a direct computation we
get that

A (267071 1 4)
fR ) (wv(p - Wuqb) dx < fR ) Tcpdx, ¥ € H'(RY),¢ > 0, 2.2)

where A(u,N) is a positive constant independent of ¢. Therefore, From now on we can only
consider the estimates of solutions to (2.1) in H! (IRN ), which also relieves us from considering the

sign of u and the bounded domain Q).

Definition 2.1. Let (uy,)nen be a given sequence. We say that (u1,) e is a controlled sequence if each u,
is a solution to problem (2.2).

Forany A >0and x € RN, we define

N
>

pxa(u) == A7u (A(.—x)),u € Hy(Q).

We have the following result.

Proposition 2.1. [10, Proposition C.1] Suppose that N > 3. Let u,, be a solution of (2.1) withe = e, — 0,
satisfying |lu,|| < C for some constant C. Then when s = 0and A > 0,

(1) uy can be decomposed as

m h
Un = Uo + Z Pxij A, (LI]-) + Z P j (U]-) T Wn, (2.3)
j=1 j=m+1
where w, — 0 in H'(Q), ug is a solution for (1.1). For j = 1,2,...,m, Ay,j — 00 asn — oo, and
U, is a solution of
u [uf> )2y

“AN—-A\— =b;—, u e DV (RN ,
|y|2 ) |y|5 ( )
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for some bj € (0,1]. For j=m+1,m+2,...,h,x,; € Q, A, ;d (xn,]», BQ) — 00, Ay il j| — o0
as n — oo, and U is a solution of

—-Au = bjlulz*_zu, ueD? (IRN),
for some b; € (0,1].
(ii) Set x,; = (0,2zp;) fori=1,2,...,m. Fori,j=1,2,...,h,ifi # j, thenasn — co

An, j n An,i
An,i An, j

2
+ An,jAn,ilxn,i - xn,j| — 00,

when t > 0or A = 0, the same conclusion holds with P jAnj = Oforallj=m+1,...,h

mj

We call (i1, )nen a concentrating sequence if the limit in (2.3) holds in the H} (Q2) -strong topology.
Assume [|u,|| < M, then from (2.3), we get k < C(M). Among all the bubbles in (2.3), we can choose
a slowest concentration rate, denoted by A,, which concentrates in x, = x,,; in the slowest way.
We may always choose a constant C > 0 such that the region

Ay = (B(C+5) () \B_

1
A, CA,?

<xn>)m

does not contain any concentration point of u, for every n. We call this region a safe region for u,,.

We consider two thinner subsets as follows

and

c+a)ay? () \B(C+2)A;% (xn)) ne

Lemma 2.1. [10, Lemma 3.2] Let (1) be a controlled sequence. Then there is a constant C > 0 independent
of n, such that

1

T T —s

PN f ||”|| dx) <CA™, VieRY,
B,(®)nq Y

_ -1 1 -
forall r € [CAnZ,(C—i—S)AnZ], where T = % and py > 2°(s) is any constant satisfying p1 <

2(k—s)

k=2-2VA-7"
Lemma 2.2. Let (uy,),en be a controlled sequence. Then there is a positive constant C independent of n
such that
1
242 252 N—s _ N-s
a2 Yl
where f = Tés).

Proof. Define
Ou(x) 1= |l (A, %), x € Q,



Int. J. Anal. Appl. (2026), 24:197 5

where Q), := {x A 2x e Q} Using the inequality (2.2), it is easy to check that v, (extended by

zero out of () satisfies
A o) dx < AE (2077 + 4) d
Vo,V — —v x< A —— ~dx.
J e e e

For fixed y € A2 and 0 < 7 < R < 1, we set z, := ALY?y and let x € Cy (B (zn,R)) be a cut-off
function with0 < x <1, x = 1 on B(z,,7) and |Vx]| < ﬁ For every t > 1 and M > 0, we define

~2(t-1
(P - sznvn(t )/

where v, = min{v,, M}. In what follows C denotes several positive constants independent of #, r,
R, t and M.

Note that Vv, Vo, = |[Vo,[> and an%“nyn}ji(t‘l)‘l _ |Wn|25i(t_l).

We have

f anv(pdx:f an'[zXVXUﬁﬁ(t_l)+X25i(t_1)VUn+2(t—1))(20n5i(t_1)_1v’z7n] dx
RN RN
_ f Vo, Vax +2(t- 1) f Vo2 Vx4 2 f
RN RN R
2(s)-1
s_12 A
Sf )\v;1 LAl 120, 5 + M
RN | Y lyl

By the Young’s inequality, we have

)(Unb',zl(t_l) VxVou,dx
N

2vn~i(t_l)dx.

1
|(xVou) - (@uVx)l < IVxlPoy, + 20 IVoul?,

Thus,

f )(2lvvn|2%7,21(t_1)dx +2(t-1) f X2|V5n|253,(t_1)dx
RN

RN

2*(s)-1
A 512 A (- (- 1
< f [ N, A J Coa Vdx +2 f oY [|VX|20§+ZX2|VW|2 dx,
RN RN

lyl? [yl°

and it follows that

f X2|an|2~5]21(t—1)dx +4(t-1) f X2|V5n|25i(t_l)dx
RN RN

e (2.4)
A s_12 A =2(t- N
SZI [ In A 1u])(20nvi(t 1)dx+4f o VIV xPoddx.
RN R

|yl lyl®

Now we take t = ZT(S) > 1. Consider ¥ := )(vn?)Tn‘l, we have

V¥ = V)(vn'z}ff_l) + )(Vvﬁff_l) +(t-1) )(vnﬁff_z) Vo,
= )(Vv,ﬁff_l) +(t— 1))(?Jff_1)sz7n + V)(vn'z?,(f_l),
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sincet > 1,

VM2 < Vo5, ™ + (1= 1235 T IVa R + 3, Vo,

(2.5)
< CtAVoET Y 4 4t - DT IVEE + o T VP,
Formula (2.4) and (2.5) yields that
A O ) P, 7D "
IV pi[Pdx <A2 f D X gy 4+ AADT f 4 f 72DV RoRdx].
RN RN lyl* rRY P RN

By the Hardy embedding theorem, we have

~2(t-1)

2
g 26\ 2(s) _p=2(t-1) ; o
f (Fm)” M)s x| <Al 1f D X0 gyt AAE f X0ty o +f 201y Po2dal.
RN Iyl RN Iyl RN Iyl RN

By Holder’s inequality, we have

()szz(f 1) 0721 (s)- ZXZUZUZU 1)
f —dx = dx
RN |]/|5 RN Iyls

2%(s)-2

vi*(s) e (Xvn?;n_l)z*(s)
B(zn,R) |y| RN |y|
2%(s)-2 2
2°(s) 1261 2'(s) 17
Uy (‘Ym)
B f i f T
Bz, R) Y RN y
f TV Poddx < f o2 |Vx2dx,
RN RN
f )(ZUnEi(t_l)dxsf )(ZU%*_lsf v2 L
RN RN Bz R)

2 2—s
¥)70 VO
( f %dx) <CAl™!
RN

Since v, < v,, we have

and

So

S 2
»(s) N ¥ 26 \F
f On dx f %dx
B(zR) 1YF RN |YP

- szT(S)-l .
+CAZ” f L gx+C f o2 OV 2.
RV YP RN

Since B (y, -1/ 2) C &7{,17, and ﬂl does not contain any concentration point of v,, we can deduce
that

2—s 2-s

U2* (s) N=s . N=s
f dx| < AZ -
Zn |y|5 Zn |y|5

2-s

2*(s N-s
— f . Iu}’ll - dx:| N 0’
Bya2) Yl

A

n
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as n — +oo. It follows that

2
¥ 26 \TO 5 2%(s)-1 .
f %dx SC[ de—l—Cf vi”lV}(lzdx.
RV YF RV YP RN

Let M go to infinity, we obtain that

2 P ERJCR N
f " dx < Cf I dx+ Cf v, (s)|V)(|2dx. (2.6)
B(zp,r) |y|S RN |]/|S RN

It then follows from (2.6) and Young inequality that

1
12*(s) 2 (5) . %
f D_gx| < c_ f v (s)dx] +C
B(Zn/r) |y| (R - 1") T B(Zn,R)

2(s)
f In__ gy
B(znR) Y

By applying the interpolation inequality and Young’s inequality, we obtain

1

2%(s)-1 2f
f n dx
B(z,R) |YP

1
2%(s)
+C

1+1

th*(s) b 1
"__dx| <C + 1 l[oall%. . X |[oulltE +C
(L(ZM) P ) [(R—r)% ]H nlliz gz, r)) Xl n||L§ (B2, R))

1
-+ 1] lonllrz(8(z,,R)) + C

<

||vn|IL§*<s>f(s(zn,R)> +C

N =

where the number k is given by 21 = % + %‘ Using iteration argument, we setr; = R — fﬁ, ieN,

we obtain

1
2'(s)  \Z i
U, 1 1 1
dx| <= |lvall. 2 s +C : + 1| |vnll; < (4
(L(Zn,rg) |y|s ] 21 ” n”L: ) (B(zuri)) ]—Zl 2]_1 1 ” n”Ls (B(Z,,,i’j))

(-1
R (2.7)
51
+ C.Z =
j=1
It is easy to see that
+0c0 +o0
1 1 1
Z,— —— 41| <00 and Z.—<OO.
-1 1 -1
=2 [(Ti —riz1)! it

Letting i go to infinity in (2.7), we obtain then that

1

Ut2 (S) 2%t
n dx <C ||’0n|| T ’ +C. 2‘8)
L(Zn,r) |y|s LI (B(zn,1)) (
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Letting r — 1 in (2.8), we infer that

th (s) ﬁ
n dx < Clloallpr (g2 +C. ’9
(L(Zw%) lyl* ] lonlles (8(z0,1)) (2.9)

On the other hand, we have from B _; (y) c Al and Lemma 2.1
A

onllLs (8(z,,1)) < CAL™

Together with (2.9), this implies that
a1
f 5 |un|2ﬁ2dx 2;32 S CAEPTT_%
Brin2) WP

As a consequence of the previous Lemma we have the following estimates which play a crucial

O

role in the proof of the main results.

Proposition 2.2. Let u, be a weak solution of (2.1) with ¢ = ¢, — 0. Then there is a constant C > 0

1
u,.|P P Nos _ N-s
(f o dx) CAT T
A Y

el o 2(k-s) .
where p1 > 2*(s) is any constants, satisfying p; < m, and 1 < p <2*(s).

independent of n, such that

Proof. Using Holder’s inequality we have

1
( [ |un|v)3"<( [ |un|2ﬁ2)2ﬂ2 ACF) )
T2 lyl* B T2 lyl® ! ’

1 —s —s —s
([ 1) s cnl o503,
Az

1
» N-s_ N-s
(f il 1) < can ™7
s n .
T2 lyl*

using Lemma 2.2, we get

we conclude that

Proposition 2.3. We have

2 [un 2 ) +1 2
Vi, f A '“’;' dx<C f udaH—CAn f erl (2.10)
A 7 1yl A lyl* a2 lyP

In particular,
2+4s5-N | (N=s)

Viun2dx, Al e <on, T T .11
A a3 yP "
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1
Proof. Let ¢n € C (ﬂ%) be a function with ¢, = 1in A>, 0 < ¢, < 1 and |V¢,| < CAZ. From

A2 (2 €)1 4 A)
ViV (02u,) — A0 n)dng 2|10, |dx.
fo( (¢ ) lyl* 0 lyl* Plitn

we get

A 2 ) 41 2
f Vlunqbnun|2 B LG)dx = Cf (—)dx + CAnf e dx.
0 Iyl g lyls a2 TP

Using the fact that the norms are equivalent and Hardy inequality we can prove (2.10).
On the other hand, from (2.10) and Proposition 2.2, we have

2 20 () D=t Nt Not g
[V, Pdx, f All”‘l';' dx < CA,” R CA 7
A, A 1Y
Since p1 > 2*(s), we see
2° - - 2%(s)(2 - - -
(S)(N—s)—N s_N 5. (s)(2-5) N-s N S,
2p 2 p1 2p p1 2
we get
2 Nes_Nos g
f Vi Pdx, f Ml e coan 7
A a2 lyP

O

Proposition 2.4. For any u, which is a solution of (2.1) with ¢ = &, — 0asn — +oo, satisfying ||lu,|| < C
for some constant independent of n, the sequence (i), converges strongly in Hy ().

Proof. Takeat, € [C +2,C + 3], satisfying

10, |2 (s)—€n Ay
f (A,;ll”l—s + |un|q+A;1|Vun|2+Aﬁl_§)dG
JB 1 (%) |y| |y|
. (2.12)
b (gm0 IV A
< CA; i — s T il + A Vunl™ + A, dx.
y v lyP?

Applying Proposition 2.2, (2.12) and (2.11), we get

do

yr©)en Au?
f A el 4+ AL IV P+ A
9B 1 (x) yl yl

1 =) Nt 2 (s)—€n No _ N (N=s) | 245N 2.13
< CA? (CA;lA,(1 ) +CAPT T 4 CASA -

since
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and
Ng N N—s+(N—s)

2}71 2 2 P1

We have three different cases:

(i) B . () N(RM\Q) # 0 ;
(ii) B Ak (xp) cQandx®¢ B 1 (x,);
tiA,,
(iii) B b (x,) cQandx’ € B 4 (xn);
n/\ n ta\,
Letpu(s) = 2*(s) — en, we have the following local Pohozaev identity for u, onB, =B _ 1 (x,)NQY
tiA,
N-s N-=2 |, P2 8) u?
-— dx + |u [1dx + — f — (Yo y)dx
o L e [ s, P Y
= — (Vuy, -v) uydo —|— = [Vuy,|* (x —xo) - vdo
2 Jss, 2 Jos,
A uz 1 i) (x = x0) - v @19
+ = X —Xxp)-vdo + f - O do
2 faBn lyl? (x=x0)- pu(s) Jas, lyl*
+ i [un|? (x = x0) - vdo,
dB,

where v is the outward normal to dB,. The point xg = (1o, 0) in (2.14) is chosen as follows.
_1
e In case (i), we take xg € RN\Q with [xg — x,,| < 2t,A,,> and v - (x — x0) < 0 in dQ N B,,. With
this x9, we can check that yo -y > 0in B,,.
e In case (ii), we take a point xo = x,,. Then yo-y > 0in B,.
e In case (iii), we take yo = 0. Thus, in any case yo -y > 0in B;,.

Since p,(s) < 2*(s) and ;\; (_SS) N2 > 0, hence the first term in the left-hand side of (2.14) is non-
negative and by the choice of x, the third term in the left-hand side of (2.14) is also non-negative.

Hence (2.14) can be rewritten as

_ 2
g luglldx < 2 f (Vuy, - v) uydo + 1 f Vi, ? (x = xq) - vdo + A f u—"Z (x —xp) - vdo
B, 9B, 2 Jog, 2 Jos, vl

pn(t) —
+— f il <xs %)V b lunl? (x = x0) - vdo.
pu(t) Jos, Iyl q Jos,

(2.15)
Now we decompose dB, into dB, = 9,B, U d.B,, where d;B, = dB, N Q and J,.B, = 9B, N IQ.
Observing that 1, = 0 on JQ, we have

N—2f 1f ) A u?
—_— Vuy, -v)u,do + = [Vug, |~ (x — xg -vda—l——f X—Xxp) - vdo
2 aan( w V) 2 Jos, ( ) 2 JsB, |y|2( )

pn(s) —
+ ! f it (xs Xo) v d + = d [un|? (x = x0) - vdo
pu(s) 9By lyl q Ja,.B,

1
= —f IVu,? (x = xo) - vdo < 0.
2 Ja.B,
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Hence, we can rewrite (2.15) as

N-2 1 A 2
po| o funlldx < f (Vi - v) uydo + = f Vi |? (x = xg) - vdo + = f “n —= (x—x0) -vdo
Bn 2 aiBn 2 aiBn 2 aBn |y|
1 Pu(s) — .
+ Lf‘ L (xs x0) Vdo—+éfkf‘ il (x — x0) - védo.
Pn (t) ;B |y| q 9;By,
(2.16)
1
By (2.13), noting that |x — x| < CA,,* for x € d;B,;, we have
-1 2 |un| u%z
RHS of (2.16) <CA,,? Vu,|” + + w7+ A — do+C |Vu,|u,|do
;B |y| | | d;By,
1 u?
SCAWZL[‘ OVuMZ el +4uﬂ +n%—%)do+—Jﬁ (AL Vil + Cluy|7) do
9B, [yl [yl 9:B,
_N=s y (N=s) 1_ N (N=s)

<CA, © " 4cCA, T

It is standard to show that there is a constant ¢y > 0, see [3], such that

qN+2

|uﬂ|q 2 COA ’
By,
where p; > 2*(s) is any constant, satisfying p1 < % and A < A -4. Choose p; =
% +owithp; +6 < - (l;j)_ where 6 > 0 is a small constant. This can be achieved

if A < A —4 with this p;, we know

Ng N-s (N-s)
—-q-N+—>1- .
q 5> >t "
So, we obtain a contradictionif 1 <g <2and N > Stftzq ]

3. THE EXISTENCE OF INFINITELY MANY SOLUTIONS

In this section, we will prove our main results following the ideas in [6,8,9]. We fix an orthonor-
mal basis (e]-)‘ of Hé(Q) and we define X; := Re;. On H[l) (Q)) we consider the antipodal action of
]
Z./2. Let

k )
Yk = @Xj, Zk = @X]
j=1 j=k

Proof of Theorem 1.1. By employing arguments analogous to those in [9, Theorem 3.20], it can be
easily verified that for all k > ko, there exist py > rx > 0 such that py — 0 as k — 40 and for all
n €N

ap := inf I,/(u) 20, b} —maxlg”( ) <0, by := maxI,(u) <0,

ueZy ueYy ueYy
lledl=py lull=ry [leall=r
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and
= inf 150 > Oask > 4o
llull<py
where

= {u € Yi: llull < p}, Ni:={u € Zg: |lull =nd,

and (ey), is a decrcasing sequence with ¢, > 0 and ¢, — 0 as n — oo. Then, From [9, Theorem
3.18], the functional I, possesses a sequence of critical points, denoted by (ZJZ)H, furthermore we
use the fact that I, (UZ) = ¢} and (I, (0}).0} = 0, we deduce that

1 1 ) u? —
(2 2*—8;1)[le“| dx ALIyIZ] #(q T )flvkldx cj.

isnegatif, 2*(s) < 2* and by using Sobolev’s embedding, we conclude that (UZ)H is bounded

Since CZ

in Hj(Q)). Using Proposition 2.4, we can identify a subsequence of (vl’:)n such that

n
(Uk )n = Uk

where vy is the solution of the problem (1.1) at level cx with ¢, := h+m cr-
n-—+oo

Firstly, we want to prove that for any k > ko, ¢, < 0. Indeed, because dBy is compact and the

functionals (I.,), are equicontinuous, then

by — by.
Thus
cr < b <0.
Secondly, we want to prove that khm cx = 0. Indeed, for any k > kj there exists n; > k such that
——+o00
1
et = crl < -
Let 6 be a fixed number such that 6 € (0,0¢) , where
5o 1= inf f [Vul?dx > 0.
ueHl Q) |lull,=1
Set
ay = inf Vul? = 6lul?) dx, 3.1
Soin.. fQ (IVal? ~ 6lul?) (3.1)

where p,, := 2*(s) — &, € (2,2"). We will prove that, up to a subsequence, ay — +0o0 as k — co.

While p,,, < 2%, thus the scalar ay can be achieved by a function vy € zi, which satisfies
—Av = aklvklp”k_ka ~+ 69y

Using Young inequality, we get that

ay = f (IVvkl2 - 5|Uk|2) dx > (1 - E)f |VorPdx — C. (3:2)
o %0/ Ja
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From (3.1) and if a; —+» oo as k — oo, we find f [Vo[2dx < C. By Proposition 2.4, we deduce

0
that the sequence (), converges strongly in H}(Q2). Since v € Zj, up to a subsequence, we may

assume that
v — 0in Hy(Q).
From Holder inequality, thus klim f |og[Pvdx = 0, which is a contradiction due to f [oglPredx = 1.

Then a; — oo as k — oo.

Now, if we suppose u € Zy, ||ul| < px and k large enough, then we deduce that

|u|2*(s) €

f|V = A—zdx— ! ndx—ﬁfuqu
Iyl 2:(s) —en Ja  lyF q Ja

2 2% (s)—¢
ZCEIIuII — Cllul® )= — Csul 7.

While the functiont — C % — C#* ()=ém — C# is decreasing on [0, py] for k large enough, consequently

pk ()é’nk

I, () = C5 = Cp, - Cpy-
Hence we get
Pi _ o Z6en _ o T p
of 2d* > > Cp, ~ ™ —Ca_?p ™ -Cpl.

Since px — 0, ay — +o0 as k — oo, we can deduce that

lim ¢ = lim ¢* =0.
k——+o0 k—+o0

Then, the problem (1.1) possesses infinitely many solutions (v ), such that I(vx) < 0 and I(vy) — 0
as k — +oo. m]

Proof of Theorem 1.2. By employing the same arguments as [9, Theorem 3.7], we can demonstrate
that for every k, there exist g > 7% > 0 such that gy — +o0ask — +ocoand
ay := max [ (u) <0, by := inf [["(u) —» 0 ask — +oo,

neYy UeZy t
[luell=gj Iluell=ry

where
By :={ueYi:|lull <o}, Ne:={ueZ:|lull =,

and (&), is a decreasing sequence with ¢, > 0 and ¢, - 0 as n — oo.
Using [9, Theorem 3.6], we deduce that I, possesses a sequence of critical points, denoted by

(u”) Furthermore, ¢} = Ian(

' ), where

Uy

.= inf I, ,
% = inf max[,, 2 (v (u))

and

= {)/ € C(Bk, Hé (Q)) Vi, = ld} ’
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We claim that for any k € IN,

¢p = ¢ := inf maxI(y(u)) asn — +oo.
yel"k u€By

In fact, for any u € Hj(Q2)

where
1 |u|2*(s)—sn 1 |u|2*(s)
x f—
2(s)=enJa  IyF 2(s) Ja lyF
A simple calculation show that for s > 0 the function

Fu(u) = dx.

h(s) = msz*(s)‘sn - 2%(5)52*(5) have a maximum in s = 1, so for y € Ty

I(y(u)) <Ie,(y(u)) + C(z*(s)l— en 2*15))'

Then

cx < limcy. (3.3)

On the other hand, the functionals I, (y) are equicontinuous on the compact set By, then
hm n sup e, (y(u)) = I(y(u)). Passing to the limit as n — +oco, we deduce that for any k € IN

uGBk

lim o < lim lim I, (y(u)) = sup I(y(u)).

n—oo n—oo uEBk ueB;

Since y is arbitrary, then

lim O < G (3.4)

n—->oo
Our claim follows from (3.3) and (3.4). By employing arguments similar to those in the proof of
Theorem 1.1, we may see that (uZ)n is bounded in Hy(Q)). Consequently, we can find a subsequence

of (MZ)H that strongly converges to a solution v, of (1.1) at level ¢;. Then, for every k € IN, there
exists ny > k such that
1
ok =l < = (3.5)

By applying Young’s inequality and an argument similar to that used in the proof of Theorem 1.1,

2*(s)—é&n
f|V > - )\—de L flul dx—ﬁfuqu
lyl 2°(s) —en Ja  lyP qJa

we get

1 _ P

> 5 Il - _||u||2 - Cy
1 _V”_k

i %) julf? = Ca, * Jjulf™ = Ca.
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p’% A ’?
Choosing 7y = %6—Cz ,and ||u]| H\(Q) = Tk We obtain that
P P =2
N SRS O]
I > = — —Cy. 3.6
&n (M) =12 6C 4 ( )

From the fact that @ — oo as k — o0, it follows that bzk — o0 as k — oo. Using [9, Theorem 3.5], we
get that CZk > bZ" and from (3.5), we have

s — —|—OO

lim ¢, = lim ¢
k k— o0 k

k—o0
Then, the problem (1.1) possesses infinitely many solutions (i), such that I(u) > 0 and I(uy) —
+ooask — +oo. m|
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