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Abstract. In this paper, we study the problem of approximating solutions of the bilevel split variational inequality
problem (BSVIP) in real Hilbert spaces. The operator associated with the upper-level problem is assumed to be strongly
monotone and uniformly continuous, while the operators in the lower-level problem are quasimonotone and uniformly
continuous. To address this problem, we propose a new algorithm obtained by combining the modified subgradient
extragradient method with a modified Tseng extragradient method. In contrast to existing modified subgradient
extragradient approaches for solving the BSVIP, the proposed method avoids the computation of projections onto two
auxiliary half-spaces containing the feasibility sets, thereby reducing the computational complexity of each iteration.
Moreover, the step-size rules employed in the algorithm are self-adaptive and do not require prior knowledge of the
norm of the bounded linear operator or the Lipschitz constants of the involved mappings. Under mild assumptions on
the control parameters, we establish strong convergence of the proposed scheme. The algorithm further incorporates
two inertial extrapolation terms, which help accelerate the convergence process. Numerical experiments are provided
to illustrate the effectiveness and practical advantages of the proposed method when compared with several existing

algorithms. The obtained results extend, unify, and improve a number of previously known results in the literature.

1. INTRODUCTION

Let K and Q be nonempty, closed, and convex subsets of two real Hilbert spaces H; and
Hj, respectively, and let B : H; — H»> be a bounded linear operator. Consider two operators
T:Hy — Hyand S : Hy — Hp. In[4], Censor et al. introduced the split variational inequality problem
(SVIP), which consists of finding a point u* € K such that

(Tu*,u—u*y >0, VYuek, (1.1)
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and whose image v* = Bu" € Q satisfies
(Sv*,v-v")>0, YveQ. (1.2)

The SVIP unifies the classical variational inequality problem with the split feasibility framework
and has attracted considerable attention due to its theoretical significance and practical relevance.

It is worth noting that when T = S = 0 in (1.1)—(1.2), the SVIP reduces to the well-known split
feasibility problem (SFP), which was originally studied by Censor and Elfving [5] in the context of
inverse problems in infinite-dimensional spaces. The SFP is formulated as follows: find u* € K
such that

Bu' € Q. (1.3)

Over the past decades, the SFP has been extensively investigated by many researchers (see, for
instance, [6,7,12,29] and the references therein). In addition to its theoretical interest, the SFP has
been successfully applied to a variety of practical problems, including signal processing, image
reconstruction, and intensity-modulated radiation therapy [7,8,10].

In this work, we focus on the bilevel split variational inequality problem (BSVIP), which can be
interpreted as solving a variational inequality problem over the solution set of the SVIP. This

problem was first introduced by Ahn et al. [3] and is formulated as follows: find u* € I' such that
Mu*,u—uy>0, VueTl, (1.4)
where
I'={u eVIKT):Bu €VIQ,S)},

denotes the solution set of (1.1)=(1.2). The operator M : H; — Hj is assumed to be strongly
monotone and Lipschitz continuous on Hj.

The BSVIP constitutes a broad framework that encompasses several important problems studied
in optimization and variational analysis. In particular, if M = 0 in (1.4), the BSVIP reduces to
the SVIP. On the other hand, if we take Hy = H, let M : H — H be strongly monotone, set
T=TF:H — H, choose S = 0, and take Q = H», then the BSVIP reduces to the bilevel variational
inequality problem (BVIP) defined by

(Mu*,v—-u"y >0, VYveVIK,F), (1.5)
where VI(K, F) denotes the solution set of the classical variational inequality problem
(Fv',w-v")>0, VYweKk. (1.6)
The dual variational inequality of VIP is formulated as follows:
Find v* € K such that (Fw,w—v") >0VY w € K.

The solution set of the dual VIP is denoted by Sp. Sp is obviously a closed convex set (possibly).
When F is continuous and K is convex, Sp € VI(K, F). If F is pseudomonotone and continuous, then
VI(K, F) = Sp [45]. The inclusion VI(K, F) C Sp is false if F is quasimonotone and continuous [47].
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We also use St and Sy for the trivial and nontrivial solution sets of VIP; that is,

Sr={v'eK:(Fv',w—-v")=0, Ywe K},
Sy = VI(K,F)\St.

The BVIP framework includes a wide range of mathematical models such as bilevel convex
programming problems [37], bilevel optimization problems [11,26,30,32,46], equilibrium models,
and minimum-norm problems over solution sets of variational inequalities [41,43]. Because of
these diverse applications, the study of efficient numerical methods for such problems has received
considerable interest.

Among the earliest numerical approaches for solving the classical VIP is the extragradient method
introduced by Korpelevich [19]. Although this method has been widely used due to its strong
theoretical properties, it requires two projections onto the feasible set per iteration, which may
significantly increase the computational cost. To overcome this limitation, Censor et al. [9] proposed
the subgradient extragradient method, in which the second projection onto the constraint set is
replaced by a projection onto a half-space containing the feasible set. This modification reduces
the computational burden and improves the practical efficiency of the algorithm. Later, Tseng [36]
introduced another variant, commonly referred to as the Tseng extragradient method, which requires
only one projection onto the constraint set per iteration.

Recently, several authors have proposed algorithms for solving the BSVIP under various as-
sumptions. For example, Ahn et al. [3] and Van et al. [38] developed modified subgradient ex-
tragradient methods for BSVIP involving Lipschitz continuous pseudomonotone operators in the
lower-level problem and a Lipschitz continuous strongly monotone operator in the upper-level
problem. Strong convergence results were established under certain restrictive conditions on the
control parameters. Subsequently, Huy et al. [16] proposed a modified Tseng-type algorithm for
solving the BSVIP under similar assumptions.

Despite these advances, the existing methods suffer from several limitations. In particular, most
of the available algorithms require prior knowledge of the Lipschitz constants of the involved
operators, the modulus of strong monotonicity of the upper-level operator, and the norm of the
bounded linear operator. In practice, however, such information may not be readily available or
may be difficult to estimate accurately. Moreover, these algorithms are generally not applicable
when the underlying operators are non-Lipschitz.

On the other hand, recent studies have investigated extragradient-type methods under weaker
assumptions, where the cost operator is assumed to be quasimonotone rather than pseudomono-
tone [2,17,18,20,21,24]. This line of research is particularly important because convergence
analyses developed under pseudomonotonicity assumptions cannot be directly extended to the
quasimonotone setting.

Another technique that has proved effective in accelerating the convergence of iterative algo-
rithms is the inertial extrapolation technique, originally introduced by Polyak [28]. The key idea is to
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incorporate information from previous iterates in order to improve the convergence speed of the
algorithm.

To the best of our knowledge, there is currently no algorithm available in the literature for
solving the BSVIP in which the operator in the upper-level problem is strongly monotone but not
necessarily Lipschitz continuous. This naturally leads to the following question:

Is it possible to design a non-monotonic self-adaptive algorithm with double inertial extrapolation steps
for solving the BSVIP without assuming pseudomonotonicity or Lipschitz continuity of the underlying
operators in infinite-dimensional Hilbert spaces?

Motivated by this question and the recent developments in the literature, we propose in this pa-
per a new mixed extragradient-type method for solving the BSVIP. The proposed algorithm combines
the main ideas of the subgradient extragradient method and Tseng’s extragradient method. It is
designed to handle uniformly continuous quasimonotone operators in the lower-level problem
and a uniformly continuous strongly monotone operator in the upper-level problem.

The main features of the proposed method can be summarized as follows:

e The algorithm incorporates double inertial extrapolation steps, which enhance the convergence
behavior.

e It employs a non-monotonic self-adaptive step-size strategy that is updated dynamically at each
iteration.

e The convergence analysis does not require prior knowledge of the Lipschitz constants or
strong monotonicity parameters of the involved operators.

e The implementation does not require computation or estimation of the norm of the bounded

linear operator.

To demonstrate the practical performance of the proposed algorithm, several numerical experi-
ments are presented and compared with some existing methods in the literature.

The remainder of this paper is organized as follows. In Section 2, we recall some preliminary
concepts and auxiliary results that will be used in the subsequent analysis. Section 3 introduces
the proposed algorithm and establishes its strong convergence properties. In Section 4, numerical
experiments are provided in both finite- and infinite-dimensional settings to illustrate the efficiency

of the proposed method. Finally, Section 5 concludes the paper with a summary of the main results.

2. PRELIMINARIES

Let K be a nonempty, closed and convex subset of a real Hilbert space H. We represent the weak
and strong convergence of {u,} to u by u, — u and u,, — u, respectively, and w,, (1, ) represents
the set of weak limits of {u}, that is w,, (1,) = {u € H : Un; = 1U, for some subsequence {unj} of uy}.
For every point u € H, the unique nearest point which is denoted by Pxu exists in K such that
lu — Pxul| < |ju—1||, Yo € K. The mapping Pk is called the metric projection of H onto K and it is

known to be nonexpansive.
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Lemma 2.1. [14] Let H be a real Hilbert space and K a nonempty closed convex subset of H. Suppose
ueHandveK. Thenv =Pxu < (u-v,v—w)>0,Yw e K.

Lemma 2.2. [14] Let K be a closed convex subset of a real Hilbert space H. If u € H, then
() |IPxu — Pxol|* < (Pxu — Pxv,u—1v), Yo € H;
(ii) ((I-Px)u—(I-Px)v,u—0v)2||(I-Px)u—(I-Pg)ol?, YveK;
(iif) [IPxu = ol* < llu = ol? = llu = Pxull®, Yo € H.

Lemma 2.3. Let H be a real Hilbert space. Then for every u,v € H and o € R, we have
@) I+ ol < llulP® + 2¢v, u + v);
(i) llu+ ol = lull* + 2(u, v) + [l
(ifi) flow + (1 - 0)ol = ollul? + (1 0)l[0ll2 ~ (1 ~ o)l — ol

Lemma 2.4. [42] Let {u,} be a sequence of non-negative real numbers such that
pi1 < (1=vn)an +vaby, Yn 21,

where {vy} € (0,1) with ;7 o vy = oo. Iflimsup by, < 0 for every subsequence {an;} of {an}, the following
n—oo

inequality hold:
lill<rr_1)1£1f(anj+1 —ap;) 20,

Then nh_r)r(}o a, = 0.

Lemma 2.5. [34] Let {p,,} and {0,} be two non-negative real sequences satisfying
Pnt+1 < Pn+o0p, V> 1

Suppose Y, 1 0 < 00, then limy_,c0 Py eXists.

Definition 2.1. Let M : ‘H — H be an operator. Then M is called

(1) Lam-Lipschitz continuous if there exists Ly > 0 such that

IMu — Mol| < L|lu -,

for each u,v € H;

(2) uniformly continuous, if for every € > 0, there exists 6(€) > 0, such that
|lu—v||<d6 = ||IMu—-Muv| <e, Yu,v € H;
(3) a—strongly monotone, if there exists a constant a > 0 such that
(u — v, Mu — Mv) > allu —v||?, Yu,v € H;
(4) a—inverse strongly monotone (a-co-coercive), if there exists a constant o > 0 such that
( — v, Mu — Mv) > a||]Mu — Mv|?, Yu,v € H;
(5) monotone if

Mu—-Mv,u—v)>0, Yu,v € H;
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(6) pseudomonotone if
Mu,v—u)>0= Mv,v—u) >0, Yu,v € H;
(7) quasimonotone

Mu,u—0v)>0= Mov,u—v)>0VY uveH.

Lemma 2.6. [15,44] Let H be a real Hilbert space, K be a nonempty, closed and convex subset of H and
S : H — H be a quasimonotone and hemicontinuous operator. Suppose that v € K and for some u € K, we
have (Sv,u —v) > 0. Then at least one of the following hold: (Su,u —v) > 0 or (Sv,w —v) < 0, for all
w € K.

Lemma 2.7. [25,39] Let K stand for a nonempty convex subset of a real Hilbert space H. The mapping

M : K — H is uniformly continuous if and only if for every € > 0, a constant D < +oo exists such that
[|[Mu — Mvo|| < D|lu—v|| +¢, Yu,v € K.

Lemma 2.8. [47] If either

1. A is pseudomonotone on K and VI(K, A) # 0,

2. Ais the gradient of G, where G is a differential quasiconvex function on an open set C, K C C and attains
its global minimum on K,

3. A is quasimonotone on K, A # 0 on K and K is bounded,

4. A is quasimonotone on K, A # 0 on K and there exists a positive number r such that, for every v € K
with |[v]| > r, there exists y € K such that ||y|| < r and (Av,y —v) <0,

5. A is quasimonotone on K and Sy # 0,

6. A is quasimonotone on K, intK is nonempty and there exists v* € VI(K, A) such that A(v*) # 0.

Then, Sp is nonempty.

Lemma 2.9. [48] Let M : H — H be an a-strongly monotone and (D, €)-uniformly continuous on a real

HilbertspaceHwith0<,8<1,0<e*<1,0§y§1—ﬁand0<y<%,whereQ:D+€*. Then,

(1 =y)u—BuMu - [(1 - y)o—puMo]l| < (1 -y = BO)llu —oll, Yu,v € H

where € =1— /1 - u(2a - u0?) € (0,1].
3. MaIN Resurts

In this section, we introduce the proposed algorithm and establish its strong convergence in real
Hilbert spaces. We begin by stating the assumptions that form the basis for the subsequent

convergence analysis.

Assumption 3.1.

(A1) Let Hy and Hj be two real Hilbert spaces, and the feasible sets K and Q be nonempty, closed and convex
subsets of Hy and Hy, respectively.

(A2) M : Hy — H; is an a-strongly monotone and (D, € )-uniformly continuous on Hj.
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(As) S : Hy — H» is quasimonotone and (D3, €2 )-uniformly continuous on Hp.

(As) T : Hy — H;j is quasimonotone and (D1, €1)-uniformly continuous on Hy.

(As) B: Hy — Hj is a bounded linear operator such that B # 0, B* : Hy — Hj is the adjoint operator of B.

(Ag) The solution set T* = {u* € S}, : Bu* € S+D} # (0, where S}, is the solution set of the dual VIP
corresponding to (1.1) and Sk, is the solution set of the dual VIP corresponding to (1.2).

(A7) {Bn} € (0,1) such that lim, e fpn = 0, Yp 1 fn = c0and 0 < y, < 1—B,, Yn > 0. The positive
sequences {€,} and {&,} satisfy lim,,_,co ;—: =0 =Ilim,50 /%

(Ag) Let g, C [0,00) with }Y,"  gn < 00 and p, C [0, c0) with ¥, pn < co.

Algorithm 3.1. A Mixed Extragradient Algorithm with Double Acceleration

Initialization: Choose ¢ >0,¢¥ >3,71>0,A1>0,7,A,c€ (0,1)and 0 < u < %, where Q) = D + €.

Let ug, uy € Hq, ug = hg and set n = 1.

Iterative Steps: Calculate the next iteration point u,1 as follows:

Step 1: Given the iterates u,_1 and u, (n > 1), we choose ¢, such that ¢, € [0, d,), where

. en .
min {qj' max{nZHun—un_l||,n||un—un_1||}}' if Uy # U1,

On = ‘ (3.1)
o, otherwise.
Step 2: Set
ry = Uy + ¢n(un - un—l) (32)
and compute
Un = PQ(Brn - /\nSBrn), (3-3)
2y = Po, (Bry — AuSvy), (3.4)
where
Qn = 1{g2 € Hy : (Bry, — A4SBry — vy, g2 —vy) <0}, (3.5)
and
o2 12 .
min {A(glf;%r:fllsgllz?_;”;l ), Ap + pn} , if (SBry, —Svy,z, —v,) >0,
Apy1 = (3.6)

An + Pu, otherwise.

Step 3: Compute

hy = 1y + 64B* (24 — Bry), (3.7)
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where the stepsize 0, is choosen in such a way that

Yl_B 1‘12 s *
o _ w18 =Bl # 0,
-

0, otherwise.

Step 4: Choose ,, such that ,, € [0,y], where

3 n—1 " .
1’5” = mn {YH»Il)—l / ”h'l_hn—]” } 4 1f hn * hn—lz
n—1 .
-1’ otherwise.

Step 5: Set
Wy = hy + Ebn (hn - hn—l)
and compute

en = Px(w, — 1, Twy),
dy = en — 10(Te, — Twy),
where

: Tllw,—enll } :
mm{”Twn_Ten”,Tn +qny, if Twy, # Tey,

Tn+1 = )
Tn + Gn, otherwise.

Step 6: Compute
U1 = Ynly + (1 - )/n)dn _,BnIJMdn-

Put n :=n+ 1 and return to Step 1.

(3.8)

(3.9)

(3.10)

(3.11)
(3.12)

(3.13)

(3.14)

Remark 3.1. (1) Algorithm 3.11is developed by integrating the modified subgradient extragradient

method with a modified version of Tseng’s extragradient scheme for solving the BSVIP. In

contrast to the modified subgradient extragradient methods studied in [3,38], the proposed

algorithm eliminates the need for computing projections onto two auxiliary half-spaces that

contain the feasible sets K and Q, thereby reducing computational complexity.

(2) To the best of our knowledge, there are no existing results addressing the BVIP and BSVIP
in the setting where the upper-level operator M is non-Lipschitz. The results obtained in this

work fill this gap and, at the same time, extend, generalize, and improve several related results

reported in [3,16,27,34,39].

(3) The operators S and T in the lower-level problem are assumed to be quasimonotone and

uniformly continuous. It is important to emphasize that these assumptions are weaker than the

commonly imposed pseudomonotonicity and Lipschitz continuity conditions used in [3,16,38],

thereby broadening the applicability of the proposed method.
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(4) The proposed algorithm incorporates two inertial extrapolation terms, which contribute to
accelerating its convergence behavior. Furthermore, the inertial update rules (3.2) and (3.10)
are computationally efficient, since the quantities |[u, — u,—1|| and ||h, — h,—1l| are readily
available prior to updating the parameters ¢, and ;.

(5) Strong convergence of the proposed method is established under mild conditions on the control
parameters. Notably, the analysis does not require the restrictive condition lim, e yn = ) <
1, which is commonly assumed in the convergence results of [3,39].

(6) The step-size selection in Algorithm 3.1 is fully adaptive and does not depend on prior knowledge
of the norm of the bounded linear operator ||B||. This is particularly advantageous, as computing

or estimating ||B|| is often difficult and, in some cases, infeasible in practice.

Lemma 3.1. Suppose Assumption 3.1 holds. Then, the sequences {A,} and {t,} of the step sizes formulated
by Algorithm 3.1 are bounded and well defined.

Proof. Due to the uniform continuity of S, Lemma 2.9, and (3.6), if (SBr, — Svy,, 2, — v,,) > 0 for all
n > 1, we obtain

/\(”Brn - U?IHZ +lzn — U‘VZHZ) > M|Bty = vallllzy — vnll > AIBty = val| AIBry = val| A

2SBr—Svg,zk—or)  NISBry— Soalllzs —vall ~ DallBry —oall+ €2 (D2 +€3)IBra—vall  E’

where €, = e€3]|Bry, — v,|| for some €3 € (0,1) and E = D, + €3. We infer from the definition
of A,11 that the sequence {A,} has lower bound min{%,Al} and has upper bound A; + P. From
Lemma 2.5, we know that lim, . A, exists and lim, A, = A*. Apparently, we have that
A e [min{%,M}, A1+ P], where P = Y. ° | pu.

Similarly, following the same approach above, we obtain 7* € [min{f, 71}, 71 + U], for some
F>0,whereU =}." { qn. O

Lemma 3.2. Assume ||B*(z, — Bry)|| # 0, then the sequence {0, } defined by (3.8) has a positive lower bound.

Proof. If ||B*(z, — Bry)|| # 0, it implies that

__cllza = Bral?
" ||B*(Zn = Brn)llz

Now, since ¢ € (0,1), and B is a bounded linear operator, we get

cllzn — Brall® clliza = Bral> ¢
1B*(zn = Bra)I? ~ |IBIPllzn — Brull®  IIBI[?

<

B is a lower bound of {5,,}. O

Hence,

Lemma 3.3. Suppose that Assumption 3.1 holds and the solution set I # 0. If {u,} is the sequence
generated by Algorithm 3.1. Then, for each u* € I'"" and k > 0, the following inequality holds:

) ) Al A
lIzn = Bu'l? < ||Bry, — Bu'|l* (1 - )IIBrn — rall? = (1 - )Ilvn — rall?. (3.15)
An—o—l /\n—&-l
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Proof. Letu* € I'", we have Bu* € S‘LD. Since Bu* € S‘LD c VI(Q,S) € Q c Q, then using (3.4), Lemma

2.2 and Lemma 2.3, we have

lizo — Bul* = |IPg, (Bry — AySv,) — Pg, Bu'|?
|Br — Bu'|[> = 2Ax(Br, — Bu*, Sv,) + A2||Sv,|?
—||Bry — Zn||2 + 2A4(Bu” =z, Svp) — /\illsvnllz
= |IBry — Bu|]* = ||Bry — zull* = 21,,(S0n, 24 — Bu*)

= |IBry — Bu*|? = |IBry — zl? = 2A1(S0n, Zu — U — 2A,(S0p, v, — Bu*).  (3.16)
Since Bu* € SE and v, € Q, we have that (Sv,,, v,, — Bu*) > 0. Thus, from (3.16), we have
Iz = Bl < ||Bry = Bu'lP* = |IBri = zill = 2A4(Svs, 20 = 0n)
= |IBry = Bu'l? = 11Bry = 0l = llon = zall* = 2(Bry = 0, 0y = 21) = 2A(S0s, Zn = 0n)
= |IBru = BuI* = 1IBru = vall® = llon = zal® + 2(Brn = AuSOn = 0, 20 = va).  (3.17)
Observe that
2(Bry — ARSvy — vy, 2 — 0y = 2(Bry, — ARSBr — Uy, 2y — Uy)
+2A1{SBri — Svi, zi — Uk). (3.18)
Since v,, = Po(Br, — A,SBry), then from Lemma 2.1, we have
(Bry, — AySBry, —v,,z2—1,) <0, Vz€Q = QC Q.
This implies from z, € Q, that
(Bry, — AySBry, — v,z — 0y < 0. (3.19)
Using (3.18) and (3.19), we have
2(Bry, — AySvy — Uy, 2y — Uy < 2A,,{SBr,, — Svy,, 2y, — Uy). (3.20)
From (3.6), we claim that
2(SBry — Svp, zy — ) < Ajﬂ IBry — vall* + . llzn = vull?, ¥ > 1. (3.21)
Indeed, if (SBr, — Svp,, 2y — vy) < 0, then (3.21) holds. Putting (3.21) into (3.20), we have
2By = AnSn = Up, Zn = Un) S = —I1Bry = 0al* + —=—llzn = vall*. (3.22)
n+1 Anta
Substituting (3.22) into (3.17), we have
=Bl < 1Bry = Bl = NBra = oull = llow = 20l + 22 1Bry = 0l + Tz o,
n+1 n+1
— B, - Bu'l? —(1 - AALA)uBrn ~ o —(1 - 2 )nzn ~ ol (329
n+1 n+1

O
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Lemma 3.4. Let {u,} be the sequence generated by Algorithm 3.1. Then, {u,} is bounded.

Proof. Let u* € I'". From (3.1), we have ¢nllu, — uy-1ll < €,, Y1 € IN. Since by Assumption 3.1 (A7)

we have that lim,,_,« ;—: = 0. This implies that

Ol < €2 5 0, asn — co. (3.24)
Bn B
Thus, there exists C; > 0 such that
¢n
ﬁ—llun —uy1|| < Cq, Yn e N. (3.25)
n
Using (3.2) and (3.25), we have
lrp —u'll = llun+ qbn(un - un—l) —u’|

< My = |l + Pullty — uy—ll

. oM
<y = | Br—— sy — upll
B

< lup =o'l + BuC. (3.26)

From Lemma 3.1, we have that lim,,_,, A, = A*. This implies that lim,,_, (1 - #j\l) =1-A. Thus,
A

there exists ng € IN such that 1 — p

> 0, for all n > ng. Therefore, from (3.23), we have
l|z;, — Bu®|| < ||Bry, — Bu®||. (3.27)
By Lemma 2.3 and (3.27), we have
iy = 1P = |Irn 4 64B" (24 — Br) — w'|I?
= lrn = 'I* + S311B" (2 = Bra) I + 20u(r — u", B* (24 = Brn))
= |lrn = w'l* + 831IB* (zu — Bra)II* + 26,(Bry — Bu", z, — Bry)
= lra — @I + 6311B* (20 = Bra)IP* + 0ulllzn — Bu'|* = |Bry — Bu'|[* = ||z, — Brall*]
< lirw =P + 6311B" (20 = Bra) I = Oullzn — Bral?
= ity = u'I? = 8, [llzn = Brall* = 64lIB" (21 — Bra)IP]. (3.28)
If ||B*(zy, — Bry)l| # 0, then from (3.8), we have that
12 = Brall* = 4l1B* (20 = Bra)II> = (1 = ¢)|IBry — zul* 2 0. (3.29)
Combining (3.26), (3.28) and (3.29), we have
Wy =l < llrn — |l < Ml — Il + BuCa, ¥ 2 ng. (3.30)
Next, from (3.12) and Lemma 2.3, we have
ldy = wlP = llen = Tu(Ten = Twy) — uw'll?
= llew = u'IP + T3l Ten = Twal* = 2t,(en — u”, Tey — Twy)

2 2
= |lw, = u'|* + llw, — eqll” —2{en — wy, en — u*)
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+12||Tey, — Tw,|* — 27,(en — u*, Te, — Tw,)
= llwy = P + llwy = enll® = 2(en = wn, €5 = W) + 2en — Wy, 4 — u*)
+12||Te, — Tw,l? — 27,(en — u*, Te, — Tw,)
= lwn = u'IP = lfwn = enll® + 2(en — wn, €0 — ")
+72||Tey, — Twnll* = 2T(en — u”, Tey — Tw,). (3.31)
Since ¢, = Px(wy, — t,Twy,) and u* € ShHC VI(K,T) c K, then by Lemma 2.1, we have
(en —wy + 4 Twy, e, —u™) <0
or, equivalently,
(e — Wy, ey — Uy < =1y {Twy, e, — U*). (3.32)
From(3.31) and (3.32), we have that
Idy = I* < llwy — | = llwy — enll* = 27,(Twn, e, — u*)
+y,21||Ten — Twy|l? = 2t,(e, — u*, Te, — Twy,)
= lwy = P = llwn = enl® + Tl Ten = Twal* = 27,¢eq — ", Tey). (3.33)
Since Since u* € S}, and ¢, € K, we have that (Te;, e, — u*) > 0. Thus, from (3.33), we have
dy = w'l* < llwn = w'lI? = fw, = eall* + T3 Te, — Tw,l . (3.34)

Furthermore, it is not hard to see from (3.13) that

ITew = Twall < —— llavy = eull, Y1 € N (3.35)
n+1
Using (3.34) and (3.35), we have
112 112 TZT% 2
Iy = w1 < Mlwn — w'll” = |1 = —— [llw, —enll”. (3.36)
n+1

2.2
From Lemma 3.1, we have that lim;, .« 7, = 7*. This implies that lim, e (1 - ;T”) = 1—12. Thus,
n+1

there exists g € IN such that (1 - :ET%) > 0, for all n > ng. Therefore, from (3.36), we have
n+1

lldn = Il < llwy — w7|l. (3.37)

From (3.9), we have |, — hy,-1|l < &, ¥n € IN. Since by Assumption 3.1 (A7) we have that
im0 5 = 0. This implies that

%”hn —hyall < % — 0, asn — oo. (3.38)
n n
Thus, there exists C, > 0 such that

Oy~ By 1]l < Ca, Y € N (339)

Bn



Int. ]. Anal. Appl. (2026), 24:162 13

Using (3.10) and (3.39), we have

lewn =l = W+ (g = hua) =16
< W= 'l + Plln = hal
< ||hn—u*||+ﬁn%nhn—hn_1||
< = 'l + BuCo. (3.40)

Combining (3.14), (3.30), (3.37), (3.40), and recalling Lemma 2.9, we have

i1 —w'll = W1 =yn)dn— BuppMdy — [(1 = yu)u” = BpuMdy] + v (i — 1) — B M|
< (L =yn)dn = BuptMdn = [(1 = yn)u” = BuptMdn]ll + yullun — w'll + BrpllMu|
< (T=yu—=Bul)lldn — 'l + yulln — wll + Bupl M|
< (X =yu=Bul)llwn =l + yulluy — 'l + B pllMu||
< (T=yu=Bul)llhy — ')l + BuCa + Yulltn — w'll + Bl M|
< (X =yn=Bul)lluy — 'l + BuCi1 + BuCo + Yulltn — || 4 Bl Mu||
= (1-BuO)lluy — 'l + BnC1 + BnCa + BuplMu’|]
= (1= Bl — ]+ N S

¢

Mu*|| + C
< max{nun ‘“*”'W}'

where C3 = C;+Crand € =1 - \/1 —p(2a — p0?) € (0,1]. Thus, by induction, for every n > 0,
we obtain

* M) + Cs
e — 1)) < max{nuo C, RIS

¢

Hence, the sequence {u,} is bounded and so are the sequences {d,.}, {e,}, {wx}, {hn}, (zn}, {04}, {ry} and
Md,. O

Lemma 3.5. Suppose Assumption 3.1 holds and {uy} is the sequence generated by Algorithm 3.1. If there
exists a subsequence {un].} of {u,} such that Up; — ut € Hy and lim; e ||rn]. - hn]-” =0 =limj,e IIwn]. -
dkjll. Then, ut e T*.
Proof. Let u® € I'. Now, from (3.28) and (3.29), we have

W, = 1 < M, = 1% = 80, (1 = €)l1Brin, — 2 I (3.41)

It follows that

8, (1= O)lIBri, — 2 I

IA

1, = 71 = Wi, — 07112
(s, = Bl + Wy = 271)% = W, — 071
Wiy = PP 4 200, = PV, — 107 (3.42)

IA
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Since {h;, ].} is bounded and by hypothesis we have that lim;_,« ||, i~ h,, j|| = 0, then by (3.42) and

the assumptions on the control parameters, we have

lim ||Brn]. —anll =0. (3.43)
j—o0
Now, from (3.23), we get
A A A A
1— ——|IIBrp, — v | + |1 - = |
( An]-—b—l)” rn] Un]” +( /\nj—i-l)llznj Un]“

< 1B, = Bl = |z, — Bu'|P
= IBr; = 2| + llzn; = BulP + 2(Brn, = 2y, Zn, = Bt") = llz; = Bu'|I?
< |1Bra; = 2 |2 + 211Bra; — 2z llza, — Bl (3.44)
Since lim;, e A”i“ = A and together with (3.43), we have
}LrgollBrnj—vnjll =0= }Lrglollznj—vn,ll. (3.45)
Now, from (3.4), we have v,; = PQ(Brnj — /\n].SBrnj). By Lemma 2.1, we have
(Brn/, - /\n].SBrn/ — Up U= vn]) <0,VueQ. (3.46)
It follows that
(Brn]. = Uy, U — vn]) - )\n].(SBrnj, u-— vn].> <0. (3.47)
This means that
(B, = Unj,u=0n;) < An(SBry;, 1 —vy)
= An](SBrn]., Brn], - vn]) + /\kj<SBrnj, u-— Brn/.). (3.48)
Thus, from (3.48) we have
A;jl (Brnj — Op, U = vnj) + (SBrnj, Un; — Brk].) < (SBrn]., u-— Bfn,)- (3.49)
Since from Lemma 3.38, we have lim;_,« Ap; = A >0. Then applying (3.45) in (3.49), we have
lim inf(SBrn].,u - Brn]) >0, Yuel. (3.50)

J—00

Notice that

IA

<Svnj/u_vnj> <Svnj/u_Brnj>+<Svn,~/ Brnj _vn/->

(Svnj - SBrnj, u— Brn],) + (SBrn]., Uu— Brn],) + (Svnj, Brn], — vn]) (3.51)

IA

By the uniform continuity of S on H, and (3.45), we get

)
Combining (3.45), (3.51) and (3.52), we have

im [|S0,,; — SBry, || = 0. (3.52)

lim inf(Svnj, u—1up;) 2 0. (3.53)

]—}OO
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Next, we show that But e SJ{J. To show this, we first consider the case where lim sup j_m(Svn U

vn].) > 0, for all u € Q. Without loss of generality, there exists a subsequence v, y of U, such that

hm(Svn] U=y, ) >0, Yu e Q. (3.54)

1—00
It implies that one can find iy € IN such that
(Svn].l_,u - v”f,-> >0, Yi > iy. (3.55)

By the quasimonotonicity of S, we have

(Su,u—vy,) 20, ¥i> . (3.56)

From (3.2), we have
Pnj, . ;
”rn, Un,, | = ﬁn, ‘3 ” Un;, ”n]-l.—lu — 0asi — oo. (3.57)

Since {u, ji} is a subsequence of {u;, j} and Up; — u' € H;. Furthermore, since B is a bounded linear
operator we know that Brnjl_ — Butand by (3.45), we have lim; ||Brn].1_ — Un;, || = 0. Thus, itimplies
that Vg, — Bu'.

Now, passing the limit as i — oo in (3.56), we have

lm (Su, 1 — vy, ) = (Sut, 1 — Bu') > 0. (3.58)
1—00

Hence, Bu® € S},

In the second case, we consider limsup]-_m(Svnj,u - vn],) = 0, for all u € Q. Let {6;} be a

non-increasing positive sequence defined by

1
6] = |<Svn,-,1/l - Un]>| + ]_|__1 (359)
Thus, we have that
1
]11_>r£10 0; = ]hm (Son,;, u —vn)| + 11r£10 H‘_l = 0. (3.60)
This means that
(Svn].,u - vn].) +0;>0, (3.61)
foreachj > 1. Sincev, ; C Q, itfollows that {Sv;, ].} is strictly non-zero and liminf;_, ||Svn].|| =Ky > 0.
Thus, we deduce that
K
150, |I > 70 (3.62)
Furthermore, let the sequence {p,,;} be defined by p,, = ||Sv ”2 It follows that

(Sn;, pny)y = 1. (3.63)
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Now, we can deduce from (3.61) that
(Svn].,u + Gjpn]. - Un].> >0, (3.64)
Due to the quasimonotoniclity of S on H,, we have
(S(u+6]~pnj),u+6jpn/—vn/) > 0. (3.65)
Using (3.65), (3.62), the definition of p;, ; and the Lipschitz continuity of S on Hy, we have

(Su,u+0jpy, —vn;) = (Su—S(u+0jpy;) + S+ 0jpn) 1+ 0jpn, —0n;)

(Su—S(u+ ijnj),u + 0jpn, —vn;) + (S(u+ Qanj),M + 0jpn; = Un;)

> (Su—S(u+6]-pn].),u—|— Ojpn; = Un;)
> —|ISu—S(u+ 0pu)llllu + Ojpn; — vnll
2 —LollOjpulllle + Ojpn; — vn)ll
2L,
> 20+ Ojpn — ol (3.66)

Since {u, /.} is a subsequence of {u,} such that u, ;= ut € Hy, it follows also from (3.57) that the
subsequence {rn].} of {r,} converges weakly to ut e Hy. Again, since B is a bounded linear operator,
it implies that Brnj — But. Thus, by (3.45), it follows that Up; — Bu'. In (3.66), letting j — oo and
using the fact that lim; .., 6; = 0 and the boundedness of {|[u + 0;p, S~ vnjll}, we obtain

(Su,u—Bu'y>0,YueQ.

This implies that But e SE.
Next, from (3.36), we have
2,2
.
s, — 712 < N, —u'l2 = (1 S J e, — e, (3.67)
T
n]‘+1

which implies that

2

2.2
T Tnj 2 112 %112
1- llwn; = enll” < llwn; —uw’ll” = lldy; — ull
Ti’l]‘-i-l

— N, = d I + i, =161 + 2e0, = by, o, — 1% = i, = 17|12
< N0y, = |+ 2le0, — i, — 17
Due to our hypothesis lim; ., [[w; ;= dkjll = (0 and the boundedness of {d, /.}, we obtain
}Eﬁ‘o llwn,; — ex,ll = 0.
Also, from (3.10), we have

nj. .
ko, = Il = B =V, = P al] = Oasi > e (3.68)
I’ljl.

Following similar approach above, we can show that u" € S},. Hence, we have that u® € T. m]
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Lemma 3.6. Let {u,} be the sequence generated by Algorithm (3.1); for all n € IN, we have

”un+1 - u*llz < (1 _,Bng)”un - u*llz

2
B |2ty =ty Ca -+ a2 )] (3.69)

Bul Bul
where u* is a solution of the BSVIP (1.4).

Proof. Indeed, from (3.2), Lemma 2.3 and (3.25), we have

llre = w'P = 1ty + P (st = ttym1) — "]
= Nl = 1P 4 2pu ity — 17, 1ty = 1) + Q3 — 1]
4 = w1 + 26pullitn — 107 let = 1]l + PFll1en — 101 ]>
=ty = w1 + Pullitn — 11|ty — 17l 4 Pullitn — unall)
< lun =11 + ullitn — y1]|Ca. (3.70)
where Cy = sup(2||u, — w*|| + Pullun — uy-1ll) < oo.
Also, from (3.10), Lemma 2.3 and (3.39), we have
lwn = 1P = Whn + (b = hye) —u|?
= Iy = Wl + 2l — ", By = 1) + P31l — |
< M = I 4 24l — i = hyall + Q31 — ]
= W =1 + Pulln = Bt ll (2N = 1l + Pl = Frall)
1 = 11 + Pl — B lICs. (3.71)

IA

where Cs = sup(2||h, — u*|| + Yl — hy-1ll) < 00. Now, using (3.14), (3.36), (3.37), (3.71), Lemma
2.9, and Lemma 2.3, we obtain
141 — u*”2 = ”(1 - )/n)dn - ,BnHMdn - [(1 - Vn)u* - ﬁn[«lMdn] + )/n(un - Ll*) - ﬁn[«lMu*Hz
= (1 =yn)dn = BuuMd, — [(T=yu)u"~ ﬁn#Mdn] + Y (tn = ”*)”2
+2Buu{Mu’*, U =ty 1)

< {”(1 - )/n)dn - ﬁnHMdn - [(1 - Vn)u* _ﬁn[-lMdn]” + )/n”un - u*”}2
+2Buu{Mu’, U =ty 1)
< [(1 - 771 - ﬁnf)”dn - u*” + yn”un - u*”]Z + Zﬁn}l(Mu*r u* - un+1>
< (L=yu=Bul)lldy — "I + pullitn — ' l* + 2B (Mu*, u* = 11y41)
112 1, 2
< (1_)/n_ﬁnf)”wn_u I _(1_7/n_ﬁn€) 1- 5 |l — enl|
Tn+1
+Vn||un - u*llz + zﬁn{l(Mu*/ U —Upy1)
< (L=yu=Bul) Il — w1 + Pullty — hy11ICs)
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TZTZ
—(1=yu = Put) (1 — 2 |lon = enll* + yullitn = 1 IP + 2Bt Mu", 1" = 14y 41)
Tn+1
%112 TZT% 2
< (1 - yn - ﬁnf)”hn —u ” + l;bn”hn - hn—llICS - (1 - Vn _ﬁng) 1- T2 “wn - en”
n+1
+yullin — u*llz + 2B {Mu*, 1" — 1ty 1) (3.72)

Combining (3.72), (3.41) and (3.70), we have

st s1 — w2
< (T=yu=PBul)llrn - “*”2 = (L =yu=But)on(1 = c)|IBry —Zn||2
=1 2
+¢n|lhn_hn—1llc5_ (1_Vn_ﬁn€) 1- 5 ||z, — el
Tn—i—l
+Vn||un - u*”2 + Z,Bn[vl<Mu*r u - un+l>
< (1 —Vn _,an)”un - u*llz + an”un — Up-1]|Cq — (1 —Vn _ﬁnf)én(l - C)”Brn - Zn||2
2.2
+‘7bn”hn = hyp-1lICs — (1 —Vn _,an) (1 - Z_n) ||, — en”2
n+1
+Yullitn = I + 2Bl M”14 = 14y 41)
2,2
= (1=BuOlltn — 1P = (1 =y = Bul)6n, (1 = €)IBry — zul® = (1 =y = Put) (1 - Tz_] [, — eall®
n—+1
, 5 ]
+Bnt P —lun —upq|lCs + —— lpn hy = hy1]|Cs + —[J<Mu*, U —Upy1) (3.73)
| Bnt ﬁn 4 ]
< (1= Bul)lluy —u|?
5 )
+But | & ol =t lICa+ 2= Y o ln = I Cs + M = 1) |
,Bl’l ﬁn g ]

O

Theorem 3.1. Suppose {u,} is the sequence generated by Algorithm 3.1 under Assumption 3.1. Then, {u,}
strongly converges to a unique solution of the BSVIP (1.4).

Proof. Letu" € I'". We, claim that {||u,, — u*||2) converges to zero. Indeed, from Lemma 2.4, (3.24) and
(3.38), it suffices to prove that lim sup j_m(Mu*, u— un],H) < 0, for every subsequence {||u, ;= u*||}
of {|[u, — u*||} fulfilling

tim iy, 1~ 1l =, = 1) 2 0. (3.74)
In what follows, suppose {|un], —u”||} is a subsequence of {|[uy — u*||} such that (3.74) holds. Then,
from (3.73), lim; o ,8,1]. = 0, Lemma 3.1 and Assumption 3.1 (A7), we have

j—oo

TZTZ.
lim sup | (1= Y, = B €)0n; (1= )IBrn; = 2ol + (1=, = Bul) [1— . ”f]uwn]—en]nzl
T
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< Timsup (1= B, O)lltn, = 'l = ot 1 = 'l

j—ooo
, P Pn; 2 A
+ m]p sup (ﬁnjf [m||unj ~ tty 114 + ﬁn—;nhnj ~ Ity -11ICs + 7“||Mu Mlee" =ty 1 )
—00 j ]

= —timinf (g 1 =01 = e, — 1)
<0.
This implies that
]132 IBra, = za]l = 0, and }ij{,}, llwn; — x|l = 0. (3.75)
Now, from (3.7), we have
;= 7|l =6 |IB (20; = Bru) )|l = cllzn, = Bru | = 0 as n — co. (3.76)

Clearly, if ||B*(zn],Brn/.)|| = 0, we still have that lim; IIhnj =1yl = 0.
Next, combining (3.75), (3.12) and (3.35), we have

Ty, T _
llen; = dnll S ——llwy; — e, ]l = 0 as j — co. (3.77)
Ti’lj+l
From (3.77) and (3.75), we have
”dn]‘ - wnj” < ||d1’l/' _en]'” + ”en]‘ - wn]‘” - 0 as ] — 9. (378)

Also, using (3.78), (3.68), (3.76), and (3.57), we have
b, = th | < e, = 03, |+ N, = T |+ iy = 7 | [l = [l > 0 a5 j— 00, (3.79)
Since limj, B, = 0 and Md,,; is bounded, using (3.14) and (3.79) together with the boundedness
of {yn;}, we have
a1 = Il < Valltn, = | + By lMd || = 0 as j — oo, (3.80)
Now, combining (3.79) and (3.80), we have
it 1= 1t 1 < ot 1 = i |+ i, = | > 0 5 j = 0. (3.81)

Since uy,; isbounded, then w,, (1) isnonempty. If we arbitrary take i € w,, (1), then, a subsequence
U, of {un].} exists such that Up, — il as i — oo. By (3.57), we know that Ty, — i as j — 0. Now,
applying Lemma 3.5, (3.76) and (3.78), we get it € I'"".

Again, since U, = il as i — oo, it implies that

lim sup(Mu", u* — un].) = lim(Mu*,u* - uk].,) = (Mu*,u* — ).
. i—00 i

J—00

Since u" is a solution of the BSVIP (1.4), it implies that

lim sup(Mu*, u* — un/) = Mu*,u* —1i) <0. (3.82)

J—00



20 Int. ]. Anal. Appl. (2026), 24:162

Using (3.81) and (3.82), we have
lim sup(Mu", u* — Mn]-+1) = lim sup(Mu", u” — unj) = Mu*,u* —i) <0. (3.83)
j—00 j—o0
Combining Lemma 2.4, Lemma 3.6, (3.83), (3.24), and (3.38), we have that u, — u* asn — oo.
Hence, we know that {u,} strongly converges to a unique solution of the the BSVIP (1.4). m]

4. NumericaL ExaMPLES

In this section, we present several numerical experiments to demonstrate the effectiveness of
the proposed method in comparison with some well-established strongly convergent algorithms
available in the literature. In particular, we compare our approach with Algorithm 1 of Van et
al. [38] (denoted by VTA Alg 1), Algorithm 3.1 of Huy et al. [16] (denoted by HVHA Alg 3.1), and
Algorithm 3.1 of Peng et al. [3] (denoted by PLZL Alg 3.1). All numerical computations are carried
out using MATLAB 2018a on a standard personal computer.

For Algorithm 3.1 (referred to as OMM Alg 3.2), the parameters are selected as follows:

¢=035 v¢v=4 711=075 A;=065 1=025 A=0.10,

€ =&, — 1 By — 1 o 1 1 _ 0.6a
n = n——(n+1)2/ n——(n+2)/ pn_qn_—(n+1)1~05' Vn nr3 H——LZZVI .
For VTA Alg 1, we choose

A =075 p =065 A=010, u=025 06,=0.85

- 1 . 1 o= 0.6a
n —(n+2)/ Vn Tl_—i—3, _LIZVI .

For HVHA Alg 3.1, the parameters are taken as

A =075 w3 =065 A=010, u=025 06,=0.85

1 y = 0.6a
(n+2) L2

ay =
For PLZL Alg 3.1, we select

6 =035 u=010, ;=065 t=13 y=25

1 1 .1 . 06
"+ T (n42) T (s T2

Example 4.1. Next, let the operators S, T : £2(R) — £»(IR) be defined by
1
Su:Tu:(—+ u )u,‘v’ue€ R),s > 0.
el 2(R)
It is not hard to verify that S and T are uniformly continuous and pseudomonotone operators (hence,

quasimonotone). Furthermore, we define the mapping M : £(R) — £>(R) by

Mu = g Vi e 6(R).
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For this numerical experiment, we consider the stopping criterion E, = |luy41 — unll < 1075 and the
following cases for starting points:

Case I: 1 :(2,}1,%,---)undu1 = (1,%,%,---).

Case IV: ug = (—%,%,%,---)andul :(2,%,%,---).

In each of the cases, we plot the graphs of errors against the number of iterations as shown in
Table 1 and Figure 1.

TasLE 1. Comparison of various methods for four Cases

Case 1 Results
Method Iterations | CPU time (s)
VTA Alg 1 52 0.01431
PLZL Alg 3.1 61 0.01489
HVHA Alg 3.1 35 0.02392
OMM Alg 3.2 25 0.00543
Case 2 Results
Method Iterations | CPU time (s)
VTA Alg 1 56 0.00498
PLZL Alg 3.1 65 0.00466
HVHA Alg 3.1 37 0.00387
OMM Alg 3.2 27 0.00501
Case 3 Results
Method Iterations | CPU time (s)
VTA Alg 1 56 0.00385
PLZL Alg 3.1 65 0.00322
HVHA Alg 3.1 37 0.00215
OMM Alg 3.2 27 0.00255
Case 4 Results
Method Iterations | CPU time (s)
VTA Alg 1 45 0.00233
PLZL Alg 3.1 52 0.00265
HVHA Alg 3.1 30 0.00160
OMM Alg 3.2 22 0.00206
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Case 1l Case 2
T T T T T T

100 T T ; r 10t ; 1
% —6—VTAAg1 —e—VTAAg 1
- © - PLZLAIg3.1 — % —PLZLAlg 3.1
10tE Vo HVHAAlg3.1| | 100 g HVHAAIg3.1| 3
o —=%-=OMM Alg 3.2 o —-3%-— OMM Alg 3.2

*
*

| | | | | |
0 10 20 30 40 50 60 70 0 10 20 30 40 50 60 70
Iterations Iterations

Case 3 Case 4
. . ; ;
—e—VTAAIgL i i i

——VTAAlg 1

T T !
5 = % —PLZLAIg3.1 = © = PLZLAIg 3.1
10" B3 HVHA Alg 3.1 3 10_1 i HVHA Alg 3.1 4
= —-%-— OMM Alg 3.2 8 —-P-— OMM Alg 3.2
ge A
10t TR E z

. . . . . .
0 10 20 30 40 50 60 70 Y 10 20 30 40 50 60
Iterations Iterations

Ficure 1. Plot of convergence results for various methods.

5. CoNCLUSION

In this paper, we have developed a robust extragradient-type algorithm for solving the bilevel split
variational inequality problem (BSVIP) in real Hilbert spaces. The proposed scheme integrates key
features of the subgradient extragradient method and Tseng’s extragradient method, resulting in
an efficient hybrid approach. Furthermore, the algorithm incorporates two inertial extrapolation
steps, which significantly enhance its convergence behavior.

Strong convergence of the method is established under mild conditions imposed on the control
parameters. Notably, the operators involved in both the upper- and lower-level problems are
assumed to be uniformly continuous, which represents a weaker requirement than the Lipschitz
continuity condition commonly adopted in the literature. Consequently, the results presented here
extend, generalize, and unify several existing works.

An additional advantage of the proposed method is that its implementation does not rely on
prior knowledge of the norm of the bounded linear operator or the Lipschitz constants of the
underlying mappings. Numerical results reported in Section 4 clearly demonstrate the superior
performance of the proposed algorithm when compared with several well-known methods from

the literature.
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