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Abstract. This work presents a comprehensive theoretical framework proposing the existence of solution and its main
properties of a constrained problem of an arbitrary orders differential equation with nonlocal-integral condition subject
to a weighted problem of a delayed Riemann-Liouville fractional differential equation constraint. Firstly, we prove the
existence of at least integrable solution of the constraint, then we prove that for every solution of the constraint there
exists a unique continuous solution of the constrained problem it self. Moreover, examining the continuous dependence
of the obtained solutions on some parameters and functions ensures the stability of the problem and establishes the
existence and uniqueness of solutions. The Hyers-Ulam stability of the system is thoroughly analyzed, showing
the strength of solutions against small perturbations in initial conditions or system parameters. The study develops
comprehensive mathematical results based on the fixed point theorems in suitable spaces. We also deliver an example
to demonstrate the validity of the theoretical findings and their potential application to dynamical systems and control

problems.

1. INTRODUCTION

One of the most active research areas in applied mathematics is fractional calculus due to its
outstanding capability to model phenomena exhibiting memory and hereditary properties. A
powerful generalization of classical calculus is the non-integer order differentiation and integra-
tion which enable a more accurate representation of complex systems in physics, control theory,
viscoelasticity, fluid dynamics and biological processes.

The foundations of fractional calculus trace back to the works of Liouville, Riemann, Caputo,
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and others, which has led to expanding research such as the work of Caputo-Fabrizio, Atan-
gana-Baleanu, and others. These developments have opened new ways for modeling systems with
distributed, nonlocal, or weighted memory effects. Fractional-order differential equations (FDEs)
have become established as powerful mathematical tools for illustrating memory-dependent and
hereditary behaviors in complex systems. As opposed to classical integer-order models, fractional
calculus allows for more flexible and accurate modeling of real-world phenomena. The study
of fractional integro-differential equations under nonlocal and weighted constraints has received
increasing interest because of its wide applicability in problems involving distributed parameters
and hereditary effects. For more details see [12]- [16].
In particular, [7] El-Sayed et al. studied a constrained problem of the Riemann-Liouville frac-
tional differential equation with a nonlocal and weighted delay integral constraint. The authors
demonstrated both the existence and uniqueness of the solution based on appropriate assump-
tions. Additionally, they explored the stability of the problem through the Hyers-Ulam stability, as
well as the continuous dependence of the unique solution on certain parameters. Related works
include studies in [1], [2], [4] - [9] and [16].
which highlight the significance of fractional modeling in constrained problem.

The present work aims to studying the existence of a solution of the constrained problem of
a non local integral problem of an arbitrary orders differential equation subject to a weighted

problem of a delayed fractional differential equation constraint.

Consider now the nonlocal integral problem of the functional integro-differential equation
of arbitrary orders

D(t)
Z—f = f(t,u(t),Aj(; g(s,D%(s))ds|, t € (0, T] (1.1)

with the non local integral condition
T
x(0) —|—f h(s, D%x(s))ds = xo, T € [0, T] (1.2)
T
and the delayed Riemann-Liouville (R-L) fractional order differential equation
RDBu(t) = fi(t,u(t), Au(yt)), t € (0,T] (1.3)

with each one of the weighted condition

T
FBu(f)li—o = % + f I (s, u(s), Au(yt))ds, n € (0,T] (1.4)
n
or the non local condition
T
" Pu(t)|i=o = uo +T'(B) f hi(s,u(s), Au(yt))ds, n € (0, T]. (1.5)
n

Here, we study the constrained problem of (1.1)-(1.2) subject to the constraint (1.3)-(1.4) (or (1.3)
and (1.5)).
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Where D% and D° are the the Caputo fractional derivative of orders a, 6 € (0,1), and RDP is the
fractional derivative of Riemann-Liouville of order 8 € (0,1).

Here, by using the Schauder fixed point Theorem we proved the existence of the solution of the
constraint (1.3)-(1.4) (or (1.3) and (1.5)) in L1[0, T|. Furthermore, we prove that for any solution
u € L1[0,T] there exists a unique absolutely continuous solution x € AC|0,T| of the problem
(1.1)-(1.2). Moreover, we present the continuous dependence of the solution x € AC[0,T] on the
parameter A and on the functions u(t) and ¢(t). Finally, we study the Hyers-Ulam stability of the
problem (1.1)-(1.2). The theoretical developments are complemented by an example which shows
the obtained results and highlights their mathematical consistency.

Our work in this article is organized as follows: Section 2, introduces the formulation of the con-
strained problem and presents the existence of solution. In Section 3, the main results concerning
the existence and uniqueness of the solution to problem (1)—(2) are established. Section 4 is focuses
on proving the continuous dependence of the obtained solutions with respect to the associate-
don parameters. We investigate the Hyers-Ulam stability of the proposed system and provide
sufficient conditions that guarantee this type of stability, as presented in Section 5. To illustrate
the theoretical findings, a concrete numerical example is detailed in Section 6, which verifies the
applicability and validity of the main results. Finally, the conclusions of our work in this paper

are outlined in Section 7.

2. SOLUTION OF THE CONSTRAINT

In this section, we establish the existence of solution of at least one integrable solution
u € L1[0, T] of the problem (1.3)-(1.4) (or (1.3) and(1.5)).

The following assumptions and Lemma will ply a crucial role in establishing this result.
First consider the following assumptions
() f1,m : [0,T] = IXRXR — R are measurable in t €  for any x € R and continuous in x € R for

all t € I and there exist two integrable functions a1, b; and two constants K;, L1 > 0, such that

If1(t, x1, x2)| < lag (#)] + Ki (Jx1] + |x2l)
|h1 (t,xl,xz)l < |b1(t)| + L1(|X1| + |XZ|), VYt € I,xl,xz € R.

(if) k' = max(L1, K1} and @ = max{lally, [bll1), T = max{%, 5is)

(iti) 2T*k* (1 + A /y) < 1.

Then, we have the following Lemma.

Lemma 2.1. The problem (1.3)-(1.4) (or (1.3) and (1.5)) is equivalent to the integral equation

T
u(t) = tﬁ‘l(% -l-f hy (s,u(s),/\u(ys))ds) + P (tu(t), Au(pt)). (2.1)
1
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Proof. Let u € L]0, T] be a solution of the problem (1.3)-(1.4) (or (1.3) and (1.5)), from (1.3) and
by using the properties of the fractional calculus [14], we have

%p—ﬁu(t) = filt,u(t), Au(yt)).

Integrating both sides of the above equation with respect to t, we get
I Pu(t) — I Pu(t)i—o = Ifi(t, u(t), Au(yt)).
Let I'Pu(t)|;—o = C, we obtain
I"Pu(t) = C+Ifi(tu(t), Au(yt)).

Operating both sides by I, then

S
= B
Tu(t) T +p) + P A u(t), Au(yt)).
By differentiating both sides with respect to t, we deduce that
(1) = S 0 u(t), Auy) 22
u(t) = —— 1(t,u(t), Au , .
r(B) !
() = S g
tPu(t) = m + PP AL u(t), Au(yt)). (2.3)
To determine the value of C, we set t = 0 in equation (2.3), yielding
C
1 Pu(t)jmg = —
W= = 1g)
From equation (1.5), we have
T
[ZA) C
—+f hi(s,u(s), Au(yt))ds = —.
I " Jy )

Substituting this expression for C into equatin (2.2), we obtain

Up T
u(t) = tﬂ_l(m —|—f hy (s,u(s),Au(yt))ds) + Iﬁfl(t,u(t),Au(yt)).
n

Conversely, let u € L1[0, T] be a solution of (2.1), then we have

HPu(t) = % + f Thl(s,u(s),)\u(yt)))ds B I (1 u(b), Au(yt)),
n
which implies that
T
7 Pu(t))mo = % +L hy(s,u(s), Au(yt))ds

and consequently,

& 17Put) = fi(t u(t), Au(y).

Now, for the problem (1.3) and (1.5), we have

%Il_ﬁu(t) = f1 (t, M(t), Au(Vt))/ Au(yt))
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By integrating both sides of the equation, we get
I Pu(t) — Pu(t)imo = Ifi(t, u(t), Au(yt))

and from equation (1.5), we get

I'"Pu(t) = ug +T(B) fThl(t,u(t),)\u(yt)),/\u(yt))ds+If1(t,u(t),Au(yt)).
n

Applying the operator I, to both sides gives
8

(1+p)

and by differentiating both sides with respect to t, we get that

-1 T
u(t) :m(uo—kl"(ﬁ) fn I (t,u(t), Au(yt)), Au(yt))ds) + IPfi (t, u(t), Au(yt)).

Conversely, from (2.1), we have

T
Iu(t):r (u0+1"(ﬁ)f hl(t,u(t),)\u(yt)),Au(yt))ds)+Il+ﬁf1(t,u(t),Au(yt)).
n

T
Il_ﬁu(t) =uo+TI(B) f hifi(t,u(t), Au(yt)), Au(yt))ds + Lfi(tu(t), Au(yt)).
1

Hence, by differentiation both sides, we obtain

dll—ﬁ(t)—d( r Thtt/\t)\tdltt/\t
ol ult) = 2 (uo+ (ﬁ)fn 1(tu(t), Au(yt)), Au(yt))ds + Ifi (8, u(t), Au(yt)),

then
RDPu(t) = fi(tu(t), Au(yt))

and ,
I Pu(t)|imo = uo + F(ﬁ)f hi(s,u(s), Au(yt))ds.
n

This completes the proof.
Now, we have the following existence theorem

Theorem 2.1. Let the assumptions (i) — (iii) be satisfied, then the equation (2.1) has at least one solution
uely (I )

Proof. Let Q,, be the closed ball

. lug|
T (2a+%)

Qn =1{ueli(I):llullh <r}CLly,rn = TR /7))

and the operator F define by

u T
Fu(t) = tﬁ‘l(TZ) +f h (s,u(s),)\u(yt))ds) + IPfi(s,u(s), Au(ypt)).
n

Now, let u € Qy,, then for each t € I we have

" T
|Fu(t)| :ltﬁ_l(T;) -I-f hy (s,u(s),/\u(ys))ds) + IP(s,u(s), Au(yt))|
n
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r(p)
<p1( ol f LIy (5)] Ly (10(6) + Alu(ys))ds) + P (s, u(s), Au(yt))
B re) Jo
stﬁ-%r“g—g') F1lh + Ly (1 A /) llly + FUf (8 (), Au(ye).
Hence, integrating both sides over [0, T], we get
f Fu(tt <= <F'L(‘;') bl L (14 A/l + f f = (s uls), Aulys) s d
T (1_ o\p-1
SF(%—F”blnl+L1(1+A/7)”u”1+£ |f1(s,u(5),/\u(y5))|fs %dtds
<— ('”0| + 1111l + Ly (T4 A/ ) llull +T—ﬁfT(la (s)I + Kqlu(s)| + Au(ys))|)ds
TpoTg T TR Jy ’
p
—EQ?—Z') + b1l + Li (1 + A/p)lullh) + ﬁ(”ﬁlllh + Ki(1+ A/p)lulh)
p
SF(IPZ_;J) + b1l +Li(1 4 A/y)ry) + r(ﬁT+ 0 (laalh + Ks(L+A/y)r) =1,
It followes that

Fully < 1.

which implies that F : Q,, — Qy,, moreover {Fu} is uniformly bounded.
Now, let u € Qy,, then

t+h

\(Fu)a(t) = Fu(t)] = |}1th Fu(6)d6 — Fu(t)|
t+h

s%ft+ IFu(0) - Fu(t)|d0

T t+h
iEwn=Ful < [ 3 [ Pou@) - Fuoo

But the class of functions {Fu} € L1 (I), then from the properties of the Lebesgue point Theorem [?]

and

we have
|(Fu),(0) —Fu(t)l >0 as  h—0.
Hence,
l(Fu)p, — Full; — 0

this means that (Fu),(t) — Fu(t) uniformly in L;(I). Thus, from the Kolmogorov compactness
Theorem [11] , the class of functions {Fu} is relatively compact and by Arzela’s Theorem the

operator F is compact [15].
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Now, let {u,} € Q;,, and u, — u, then

T
Fu,(t) = tﬁ_l(% —|—j,; hi(s, un(s),/\un()/s))ds) + P A (t un(t), Ay (ys))

and

lim Fu,(t) = lim (tﬁ‘l(% + f ' 1 (5, 1t (5), At (y5))ds) + IP fi(t, 1 (£), A (y5)) ).
n

n—oo n—oo ﬁ

Applying the Lebesgue Dominated Convergence Theorem [11], then from our assumptions we get

T
lim Fu,(t) :tﬁ_l(ﬂ —|—f hi(s, lim u,(s), A lim un()/s))ds) + IPfi(t, im u,(s), A lim u,(ys))
0 n—oo n—oo n—oo

T
_p-1 Yo s,u(s), Au(vs))ds |+ IPf (t u u(vs)) = Fu(t),
t (T(5)+f,, T (s,u(s), Au(y ))d)H fi(tu(t), Au(ys)) = Fu(t)

Then Fu,(t) — Fu(t). This means that F is continuous.
Finally, by Schauder fixed point Theorem [3] and [11] we infer that there exist at least one solution

u € L (I) of the functional integral equation (2.1).

3. SoLUTION OF THE PROBLEM (1.1)-(1.2)

Now consider the following assumptions
(iv) ¢ : I — I is continuous and ¢(t) <t on I
(v)f : IXRXR — Rismeasurableint € I,V x,y € R, and continuousin x,y € R, YVt €[ and

satisfies Lipschitz condition

If(t,x,y) = If (£ x1, 1)l < K(lx — 21l + |y — )

with a(t) = f(+,0,0) is bounded and measurable on I. Then we can deduce that

If(t,x, )l <la(t)l + K(lx| + [yl).

(vi)h : IXR — Ris measurableint € I ,V x € R, and continuous in x € R, ¥ t € I and satisfies

Lipschitz condition
|h(t,x) —h(t,y)] <Llx-yl, L>0.

(vi)g : IXR — Ris measurableint € I,V x € R, and continuous in x € R, ¥ t € I and satisfies

Lipschitz condition
lg(t,x) —g(t, )l <clx—yl, c>0

with m(t) = g(t,0) is bounded and measurable on I. Then we can deduce that
g (t,x) < Im(t)l + cll.

Under the above assumptions,we can now establish the following lemma
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Lemma 3.1. Let x € AC(I) be a solution of the problem (1.1)-(1.2), then for every solution u € Ly (I) of the

constraint, it can be represented by the solution of

x(t) = xp— fTh(s,Il_Vy(s))ds+ j:y(s)ds (3.1)

where vy is the solution of the functional integral equation.

¢ (t)
y(t) = F(t,u(t), A fo o5, Ty (s))ds). (32)

Proof. Assume that x € AC(I) satisfies the problem (1.1)-(1.2).
Let & = y(t), then we obtain

From equation (1.2), it follow that

T t
x(t):xo—f h(s,Dyx(s))ds—i—f(; y(s)ds.

From the properties of the fractional order derivative, we can get

D%(t) = ' *y(t) and DVx(t) = I'7y(t).
Then
T t
x(t) :xo—f h(s,Il_Vy(s))ds—i—j(; y(s)ds

where vy is the solution of the functional integral equation (3.2).

Conversely, let x € AC(I) be a solution of (3.1), then we have

d_x_i _ T 1— t
ﬂ‘m“OJ:Wﬂyﬂm%+Ly@@

dx _d ("
FTiieT ; y(s)ds

o1
%:f@MmAL g(s, D(s) )ds)

and
x(0) = xo — fTh(s, D’x(s))ds.

Finally, we are now in a position to state the following theorem
Theorem 3.1. Let the assumptions (iv) — (vii) be satisfied. If KI/\I% < 1, then for every solution

u € Li(I) of (1.3)-(1.4) (or (1.3) and (1.5)) there exists a unique solution x € AC(I) of the problem
(1.1)-(1.2).
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Proof. Define the operator F by

(v
Fy(t) =f(ffu(t)/Af 8(s, 1" "y(s))ds).

Let u be a solution of (1.3)-(1.4) (or (1.3) and (1.5)) and y € L1 (I), then we have
P (t)
YOl =t u, 2 [ g1 y()de)
0
(t)
<la(t)| + Klu(t)| + K|A| jj g(s, I'%y(s))ds|

<la(t)| + Klu(t)| + K|A| j:(lm(s)l + " y(s)|)ds

1-a

ct
<la(t) + Klu(t)| + KIA|(llmll1 + - )Ilylll)
By integrating both sides, we get
T T ctl—a
[ irvteyar < [ oo+ Ko+ KAl + F v
2—a

cT
<llally 4 Klfully + KIA|([lmll; T + T3 )Ilylll)

2—q

c
IFylly <llally + Kry 4 KIA|(|lm]|; T + T(3- )||y||1)
This proves that F : Ly (I) — Ly (I).
Now, let y1, y2 € L1(I), then
Fya(8) ~ Fya (1)) =1 (1, u( f (5, 1"ya(s))ds) - f §(5, 17y (5))ds)
<K|A|f (s, 1%y (s)) — (s, Iy (s))Ids

SKMIcf Il_“lyz(s)—yl(s)lds

1-a

ct
<K|A| T2 )llyz vl

Then

f [Fya(t) — Fy (1)ldt < f (K1) (tl_a)uyz—ylnl)

2—a

cT
<K|A| TG-a) ly2 — v1ll

T2—a
IFy2 = Fy1lli <K[A| TG- )Ilyz yilh

(=K =L s =l <0
r(3-a) Ya =l = E
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This implies that F is a contraction operator. By Banach fixed point Theorem [3] for every solution
u € L1 (I) of the problem (1.3)-(1.4) or (or (1.3) and (1.5)), then there exists a unique solution y € L; (I)
of the integral equation (3.2).

Lemma 3.2. From Lemma 3.1 for every solution u € Ly (I) of the problem (1.3)-(1.4) or (or (1.3) and (1.5)),
then there exists a unique solution x € AC(I) of the problem (1.1)-(1.5) given by equation (3.1).

4. CONTINUOUS DEPENDENCE

In this section, we establish the continuous dependence of the solutions on the given data. To
this end, two theorems are presented together with their detailed proofs.

Theorem 4.1. Let the assumptions of Theorem(3.1) be satisfied. Then the unique solution of (3.2) depends
continuously on A, ¢, u in the sense that ¥ € > 0, 3 6(€) such that

max{|A = A, 1 (t) = " ()], Il — 'l } < &

implies |ly —y*lli <e,
where y* is the solution of

¢ (t)
v (1) = (b (£), 1 f o5, 10y (s))ds).

0

Proof.

ly(£) =y ()1 =If (¢, u( f 8(s,I'™%y(s))ds) = f(t,u*(t), A" fo?*(t)g(sfll'“l/*(S))dS)l
<Kju(t) —u"(t) I+IKAf 8(s,I'™y(s))ds — KA* fw)g( L0y (s))dsl
<Klu(t) = ' (1)] + KIA| f 19(5,1'y(5))lds - KIA) f (s I (5))lds
+KIA|‘[0(W)| (s, " %y*( Ids—KlAlf g(s, 1'%y (s))ds
K [ " gty o)lds - K f 905, 'y (5))lds

3K|u(t)—u*(t)|+1<m|cfozl—“|y(s) v (s)lds + K|A — /\|f g(s, I%y*(s))|ds

P (t)
+K|AY| g(s, I0y* (s))|ds
" (t)
Ctl—a £
<KJu(t) —u*(t)| + KIA| mlly -yih+ K(SL (Im(s) + cI'"“ly*(s))])ds

+K|A|f (s, I"%y*(s))|ds
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1-a 1-a

ct ct
< — - — 1/
<Klu(t) —u*(t)| + K|A| F(Z—a)”y y||1+K5(|I771||1+r(2_ )Ily Ilh)
¢(t) .
KA [ Ig(s, Iy (s))lds
(1)
<K|u(t)—u*(t)|+K|/\|Ctl—_a|| -yl +0
= T(2—a)/ Y7o
Hence
T T Ctl—a
fIy(t)—y*(t)ldtSI(Klu(t)—u*(t)|+KIAI—|Iy—y*|I1+61)df
0 0 F(Z—a)
=yl <Kl = Tl + KA =y =yl + 61T
ly -yl s—ot ol
R e
Then
lly —v'lh <e.

Wihere 81 = Kb (llmlh + < llylh) + KIAT 76l (s, 1=y (5))ds.

Theorem 4.2. Let the assumptions of Theorem(3.1) be satisfied. Then the unique solution of (3.1) depends
continuously on xo, y in the sense that ¥ € > 0, 3 6(e) such that

max{lxo = xgl, ly = y'lli} <6
implies

[lx = x|l < €.
T ¢
xX*(t) :x(*)—f h(s,11‘7’y*(s))ds+f y*(s)ds
T 0
Proof.

T t T t
() = (O] <o~ [ (s, I y(o)ds + fo y(s)ds —x; + f h(s, 17y (5))ds — fo v (s)ds
T
Slxo—xBH—f (s, I y(s)) = h(s, I'7Vy* (s |ds+f ly(s) s)|ds

where x* is the solution of

T
<5+ Lfo I7ly(s) =y (s)lds + lly = 'lh

<6+L

0
£6+LfT|y(S) f

LTlV
f () =y (s)lds + 1y — 'l

-y (s)lds dt + lly — y'lh

dt ds+ly—y'lh
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o Lyl lly =
<0+ y=vih+lly—ylh.
r2-vy)
Hence .
LT
x|, <6+ —— 5+ 5 =c¢,
||x x”c +1_,(2_y) + €
then
llx = x*[|c < e.

Corollary 4.1. Let the assumptions of Theorems 4.1-4.2 be satisfied, then the solution x € AC(I) of the
problem (1.1)-(1.2) depends continuously on xg, A, ¢ and u.

5. Hyers-ULAM STABILITY

Numerous researchers have extensively investigated and developed the concept of Hyers-Ulam
stability in connection with various classes of functional and differential equations, see for
instance, [6]- [10]. This notion provides an important framework for analyzing the robustness of
exact solutions under small perturbations in the data or functional arguments.

In the following, we introduce the formal definition and establish the theorem proving that the

problems (1.1)-(1.5) possess the property of Hyers-Ulam stability.

Definition. [6]- [10] Let the solution x € AC(I) of the problem (1.1)-(1.5) be exists, then the
problem (1.1)-(1.5) is Hyers-Ulam stable if Y € > 0, 3 6(e) such that for any 6— approximate

solution x; € AC(I) satisfies,

<9, (5.1)

N —f(t,u(t),/\jj(t) g(G,D“xS(G))dG)

then ||x — x4||c < €.

Theorem 5.1. Let the assumptions of Theorem (3.1) be satisfied, then for every solution u € Li(I) of
(1.3)-(1.4) (or (1.3) and (1.5)) the constrained problem (1.1)-(1.5) is Hyers-Ulam stable.
Proof. Let ’% = ys(t) then substituting this relation into inequality (5.1), we obtain

¢ (t)
ys(t) = F(tu(t), A f ¢(6,114(6))d6)]| < 5,
o (t)

-5 < 3h() = Fbu, A [ g(0,10s(0))d0) <o,

t t b(t)
[ wtwe= [t [T g0 v o)) <ot
0 0 0
Furthermore, from inequality (5.1), it follows that

dxs P(t)
—0 < - (t,u(t),/\f g(0,1'%y4(0))do) < 6
0

<) 50 [ A [ 507y ©)d0) <o
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—5t <xs(t) = (x0 — f Th(@,ll‘Vys(G))dG)— fo t Ftu(t), A fo " 2(6, 1y, (0))do)dt < ot

-6T <xs(t)—(xo—fTh(Q,Il_Vys(G))dQ)—fotf(t,u(t),A£¢(t) ¢(6,1""%y4(0))do)dt < 6T

and

T t P(t)
|%W_MH:[thkwxmweiﬁf@quhﬁ g(0,1'%y,(0))do)dt| < oT.

T

We first observe that
¢ (t)
(E) — y()] =If (¢, u(t), A fo ¢(6,1y(6))d6) - ys(¢)]
ol () ¢(t)
IF (6 u(t), A f ¢(6,1y(8))d0) — £(t,u(t), A f $(6,11.(6))d0)
o (t)
HFu,A [ 90,10 (0))d0) = (o)
<K f 15(6,1y(6)) - g(6, "y, (6))1do
+|]/s f g 6 I~ ays ))d9)|
1-a _
sKIAlchI y(0) — y5(0)ld0 +

1-a

ct
<K]|A| mﬂy = Yslh + 0.

Integrating both side, we obtain

ct 1—04
f ly(t) — ys(t)ldt < f (KIA] m”y— yslli + 0)dt

2—a

ly — vl < KIA| ﬁny—ysnl 46T
5T
ly — ysllh < W =€,
thereafter,
lly —yslh <e.

Secondly, we have

T ¢
|x(t)—xs(t)|:|x0—f h(o, Il_“y(Q))d6+f y(0)dO — x4(t)|

:|x0—f h(o, 1"y d6+fy

T
+fT h(6,1"7ys(0))d6 - foys(e)de
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fTh(eﬂ ys(0) d9+fys 0)do — x,(t)]

tf"h 17y(6) h(erﬂ_y%ie)ﬂde*-JE|y(9)—lh(eﬂd9

$(t)
~|—|x0—f h(0,1"7ys(0))do - fftu ,/\f g(0,1'%y4(0))d0)dt — xs(t)]
0

+|ff u( ﬁ g(fhll‘“ys(@))d@)df—ftys(f))d@'

<Lf M7y (0) - ys(0 |d6+f|y 0)|dO + 6T + 6T

ff T y )—ys(9)|d6dt+f0|y(@)—ys(e)|d9+5T+5T

Sf f ly(0 0)ldtd0 + |ly — yslly + 6T + 0T
o T(1-y)
t—s 1=y
f ly(6 0)1d0 + lly — yslly + 6T + 0T
L“_S) Iy = yslh + lly = yslh + 6T + 6T
—r(z_y) Y= Yslh Y= Yslh .
therefore
L(t-s)'7 6T
llc = xslle < ( Unt) +1) — 4+ 0T+ 0T =¢
I(2-7) 1- K| 555
finally
Il = xslle < e.
This complete the proof.

6. ExaMPLE

Consider the following constrained problem of the initial value problem of the functional integral

differential equation

dx t

___+1()+1ft(£—1D%x(s))ds ae.te(0,1]
dt 1+t 2 2Jp°2 4 '

with the nonlocal integral condition
1 2
X(0) =1 —f & 4+ Lpig(s))as,
: 3 2

subject to the fractional order differential equation

1
RD3y(t) = te™ = Zu(t),
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with each of the following nonlocal condition

2 1 1 82 1
Bu(t)—o = —— —|—f (= — zu(s))ds,
r(3) p 3 3

or )
1 s 1
Bu(t)eo = —— +f (= — su(s))ds
r(3) Jy 3 3
Set
fit,z) =t - %z

1
lfi(t,z)) <te' + lel’ Vtel zeR.

Where ay(t) = te™ and |la1]l; = j;)l te~idt =1— %
Similarly,
2 1

hl(t,Z) = g - gZ

2 1
I (t,z)| < 3 + §|z|, Vtel zeR.

Where by (t) = & and ||bylly = [, £dt = 0.111111.

Now, wehaveT =1, = %, L:%, K, = %.

Then ; ;
LlT— —KlT— =0.71982 < 1.
p I'(1+p)
Now all the conditions of Theorem 3.1 are satisfied, then the problems (1.3)-(1.4) or (1.3)-(1.5) has

at least one solution u € L1[0,1]. And

f(tz z)——4+lz +lz
7 1/ 2 - 1 —|—t 2 1 2 2/
1
|f(t,z1,22) = f(t,23,24)] < E(lzl —z3| +lz2—z4l), VtEI 21, 22 €R.
Where f(t,0,0) = 1t_j—t € L1[0,1].
In a similar manner, consider
2?1
h(t,Z) = g + EZ.

which satisfies
1
|h(t,z) —h(t,z1)| < Elz —-z1|, Vtel, z, z; R

Moreover, h(t,0) = %
weobtainT =1, A =
Then

e 1,[0,1].
1
2

1
—,OC—E,C
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Consequently, all the conditions of Theorem 3.1 are satisfied, then the problem (1.1)-(1.2) has a
unique solution x € AC[0, 1].

7. CONCLUSION

The fractional order derivatives extend the concept of classical derivatives to non-integer orders.
In this paper, we have considered the constrained problem of a nonlocal integral problem of a
functional integro- differential (mixed integer and fractional (1.1)-(1.2) subject to the Riemann-
Liouville fractional order nonlinear constraint (1.3)-(1.4) (or (1.3) and (1.5)). By using fixed point
theorems within suitable spaces, we clearly established the existence and uniqueness of solutions.
Furthermore, we have proved that for every solution u € Li(I) of the constraint, there exists a
unique solution x in the class AC(I) of the initial value problem of the non-local functional integro-
differential equation. Our analysis confirmed the continuous dependence of these solutions on
initial data, parameters, and functional terms, thus preserving model consistency and reliability.
Moreover, we analyzed the Hyers-Ulam stability and the continuous dependence of the solution
on the initial condition xp, the parameter A and some functions u(t) and ¢(t). Additionally,
the investigation of Hyers-Ulam stability further confirms the strength of the fractional model,
proving that small disturbances in parameters or initial values do not considerably affect the
solution trajectory, which is crucial for the practical implementation of fractional models in real-
world applications.

The presented example verifies the usefulness of the theoretical framework, which generalizes
existing results in the field of fractional differential equations with constraints. Overall, this study
not only adds to the fundamental theory of fractional calculus but also opens the way for further
contributions to the advancement of fractional differential theory in both theoretical and applied
mathematical contexts by presenting new analytical tools for understanding complex dynamical

behavior in nonlocal and memory-dependent systems.

Conflicts of Interest: The authors declare that there are no conflicts of interest regarding the
publication of this paper.
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