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Abstract. This study employs the generalized homogeneous g-shift operator,  defined as

-
(/all'“ s Qr

ﬁl/"‘ ’ﬁs

g-identities. These derived identities include the generating function, the Rogers’ formula, Mehler’s formula

r+1Ps ;0,9°pDyy | Subsequently, by utilizing this operator, we derive several polynomials’

along with its extension, and three distinct mixed generating functions for the generalized Cigler’s polynomials
C,(qa_n) (a, B, x,¢,plg). Furthermore, we establish a transformational identity linking various generating functions
specifically for CE,“‘”) (e, B, x,¥,plg). Finally, by proposing certain specific values for C,(f_”)(oz, B, x. ¥,plq), we
(a;c

establish new identities for the extended Verma-Jain polynomials V,

g-hypergeometric polynomials ¥ (x, y, zIq).

)(x, ¥,zlq) and a related class of generalized

1. INTRODUCTION

The present work adopts the standard notations and definitions pertaining to g-series, consistent
with those established in [18]. It should be noted that the constraint 0 < |g| < 1 is imposed. The
g-shifted factorial is formally defined with b € C as referenced in [17,18]

[e¢]

(;q)o=1, (b;q)n = (1-b)(1-0bq)...(1-bg"™"), (1- bq
k=0

The several g-shifted factorials, in addition to [8]

(b1/ b, ..., by; q)n = (bl;q>n(b2; Q)n te (br} q)m

such that nn € Z or oo.

The basic hypergeometric series ,¢; is presented as follows [2,6,18]:

bl, ..,b = bl,...,br;q)n m11+k—r
x| =1+ ~1)"g®) "
rq)k( 1, ] Z‘ (0,01l D [0

..,
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where g # 0 when r > k + 1. Note that [30]

br,...,b (b1, bria;
r+1<]5r(1 g ]_1+Zl ARKLI x", Il < 1.

.o , q/ C], . ct’/

The g-binomial coefficient is defined according to the expression

[n]:% 0<k<n
(49 ' '

k D)k (45 9) n—k
for which the condition 7,k € IN must hold.
,3] (q_ﬁ;q)k Bk k _(k)
= (-1)*q7"9, e R. (1.1)
[k (7 9)x 1 1 p
Note that

lim [i](q;ﬁi)k =1

p—00

We utilize the expression for the Cauchy identity, which is referenced in [10, 18, 32]:
v WDk x_ (1%9)e
. x - .
— (q;q)x (% q) o0
When the parameter v is set to zero, the Cauchy identity reduces to Euler’s identity, as indicated
in [18]:

, < 1.

0 k
Y = <, 12)
= (gig)e  (%5q)e

The g-Chu-Vandermonde sum is represented by the following identity [18,21,22]:
@/%9)n
(@; @)n
The following identity represents the transformation for the >¢; series, a result originally pro-
vided by Jackson [18, Appendix III, equation (II1.4)]:

201(97", x;w;q,q) = (1.3)

X, XZ; () oo x,w/
21 Y 9,z = (eziq) 202 4 ;g yz|, 2l < 1 (1.4)
w (Z9)eo w, Xz
Putting x = 0, y — w/y, then z = yd/w in equation (1.4) leads to
0,w/
1(}51( ;/] ;q,d] = (yd/w;q)eo 2<P1( " Y ;q,yd/w], lyd/w| < 1. (1.5)
Heine’s transformation of the ¢ series [18, Appendix II1] is:
Xy (y,x2;9) o0 w/y,z
. — il . 1. 1.
2¢1[ " ,q,Z] (©,20)e 2¢1[ Y| max{lz|, [yl} < (1.6)

The identities presented below, taken from [18, 26,27], are fundamental relations employed

throughout this work:

(%) = (4" /x%;q)u(~1)q ). (1.7)
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—-n

(@ Dn_ (k-

0) = —1)kg)-nk, (1.8)
T g

The Hahn polynomials [7,19,35] are defined as follows:

(q

o (xlg) = ) [Z] (a; 1) x". (1.9)
k=0

o (xdg) = ) m g (ag" = q)1. (1.10)
k=0

In 1989, Srivastava and Agarwal established the generating functions for (f)ﬁfn (x) and 1,[1,(1“) (x)

respectively [34]. This result is also referenced in [11].

™ _ (AT« Aa
Z(f)n G (G le( e ,q,x*c], max{|t], |x7|} < 1. (1.11)
(AgT)" (xq7; ) o 1/A,1/ (ax)
H7%; B 14,991, 1.12
Z w0/ A @ (AT ) 2¢1[ 1/(Axt) aq] (1.12)

where max{|Axzql, lag|} < 1.
e The formula of Mehler for gb,(f) (x)is [5]

@ 0y T (anbyTg)e [T,ywl
n \X)Py =
Z_]qs W0 D = (e yna

4, qJ, max{|zl, |x, |y} < 1.

q/x,byt
7 b ; o 4 bl
_wnbyis  foabTo ], (1.13)
(T, X7, Y7 9) o axt, byt
such that max{|z|, [x7|, |y7l], |xyz|} < 1.
The g-differential operator was defined by [16,24,25]
f(x) = f(xq)
Dy (f(x)) = =——F—
x
The Leibniz rule for Dy is [28]
n ' n — n—
Dyl = Y- 1P DDy Hg . (114
k=0

Chen and Liu introduced the g-exponential operator [16], which has the following definition:

& (D)
Taby) = ,;0 (@ a)k

The proof of the following is simple [1,37]

_ Y 1] (1.15)
X

k
Dk{ (xt,q)oo} — Py(o,) (X9, 9)eo (1.16)

(x0; 7)o
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The following is the definition of Cauchy polynomials [29,31,33]:

Pu(x,y) = (y/x:q)n X" = (x—=y)(x—qy) - (x =" "y),

which have the generating function [3, 4,20]

D (W q)e
In 2003, Chen et al. [15] initially introduced the homogeneous g-difference operator D,,. The

an(x,]/)(t _ Whq) . Ixt < 1. (1.17)
n=0 1

action of this operator on functions involving two variables is defined as follows:
fray) - flgxy)

x=qly
The construction of the homogeneous g-shift operator was as follows :

ny (f(X, y)) =

o0 D};Ey
- kz_:*, (@9
Proposition 1.1. [15] The following conclusions are determined
Dk, {Pa(x,y)) = (f]qq;’) Pook(x,y): (118)
i {(yt; »7)«»} _ W) (1.19)
(Xt )0 (Xt ) 0

In 2015, Cao’s research focused on the investigation of the extended Verma-Jain polynomials
[13,35].
Vi = R, (1.20
moA k(e '

(a;e

in which a = (ay,...,a,), ¢ = (c1,...,cu). The subsequent results for V,, )(x, y,zlq) were obtained

by Cao [13] through the strategic application of the method of homogeneous g-difference equations.

¢ Anextension to the generating function for the further extension of Verma-Jain polynomials
Vi (x,y,2l0).
n

Vnac (x,y,2q)
Z +s y q q q)n

(WE9)w v (075X 9)kq" ay...,a 4
r ; /Z t 7
(xt; q)oo k=0 (q’ yt; q)k qb“ q q

such that max{|xt|, |zt|} < 1.

—~

=t

(1.21)

e A generating function of the Srivastava-Agarwal type for extending Verma-Jain polynomi-
als furtherV(a;c) (x,v,2lq)

ZV (ery,210) (A )n s
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 (AyEge v (KB Y ¢
- ;9,20 t], 1.22
(xt;7)co Z:‘) ORI R (22

such that max (Ixtl, Ithkl) <1.
e Transformational identity that includes generating functions to extend Verma-Jain polyno-
. (ac) .
mials further V" (x, y, zlg) is:

The relationship between the coefficients A(k) and B(k) is assumed to satisfy the follow-

ing generating form:

GRS Kyt 4)eo
k)Pe(x, y) = ZB Faae (1.23)
kZ_: pamy Xt ) oo
Under this assumption, the following identity can then be established:
- ytq q) oo ai,...,a ‘
A(k (x, 9,z B(k ;0,20 t|. 1.24
Z y.2l) = Z(‘) (xtg*; q) oo (P“(cl,...,cu 9= ) ( )

It is stipulated that every series involved in both (1.23) and (1.24) possesses absolute con-
vergence.
(ab

The collection of generalized g-hypergeometric polynomials ¥,
2021 by Srivastava and Arjika [35]:

)(x, ¥,zlg) was examined in

a: n (" a 7 ar/ k Ls=r
Y@ (v 4 21g) (~1)g %) —Z[ ] bi e q;k [(—1)kq(z)] ZPyi(y, %), (1.25)

wherel <r<s,a= (ay,...,a,),b = (by,...,0bs).
The subsequent results concerning the polynomials ‘F,Sa;b) (x, y,zlg) were established by Srivas-
tava and Arjika [35] as follows:
¢ An extension of the generating function for the generalized g-hypergeometric polynomials
[35]‘I’,Sa;b) (x,y,zl9) is given by the identity:
1)kt g (55 g
ZT““ )

_ a0 ¥ (q‘”,yf;q)jqfqb( ey
(Yta)o 4 (a,3t59); br,... b

19,24’ t] (1.26)

This result is crucial for manipulating the generating relations in the subsequent sections
of this study. where |yt| < 1.
e The Rogers’ formula for [35] ‘I’(a;b) (x,y,2lg) is
k

o0 (o) . tn a)
III (x,1,2lq) ntk_("55)
Zskza o ey i) (D) (4:9)n (7:9)

k

o]

(xw; q) oo (yw; )9’ ay,...,a ;
- ;q, , 1.27
(yw, t/@;q)e ]Z (q,qw/t, xw;q); s [ by, ..., bs qzwq) (127
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such that max (|yw|, |t/ w|) < 1.
e The following identity represents the Srivastava-Agarwal type generating function for

‘I’](ca"b) (x,y,2l9):
00 k+1 k
(@) (ab) (-1)fq2 )t
xlg)¥ u,v,zlg) —————
;wk (xl) ¥ (1, 0,21g) (M)
_ (q/x,uxtq; q) i )(1/(ax),1/ (uxt); q)x (auq)k
~ (ag,vxtq; ) e ~ q,q/x 1/vxt; ) v
ai,az, yAry
X rQs ; tl, 1.28
¢[b1,b2,..b 4 xz) (1.28)

such that max (|ag|, [vxtq|) < 1.
e The Mehler’s formula for 41]((“) (xlg) [35]is

-1k (q/x,xytq, xtg; q) o

Zw" (xa)” (vl @ak  (aqaxytg;q)e
1/(ax), 1/ (xyt), 1/ (xt) axtq
g, —— .29
X 3¢2[ q/x, 1/(axyt) 9, a s (1 2 )

such that max{|agl, laxytq|} < 1.
¢ A transformational identity concerning the generating functions for the collection of gener-

alized g-hypergeometric polynomials ‘I’]Ea; b

)(x, y,zlq) is established below. This identity is
derived by assuming that the coefficients A(k) and B(k) satisfy the relationship presented

hereafter [35]:
Z k)Pe(0, 1) :iB (utg 5 0)e (1.30)
~ xvtq1 (xotgk; 4) o
Then;

- tg' 7% ) oo ,a2, ..,y
= ZB(k) —(xu 1 — q) rqbs .0 o q, ql_kxzt , (131)
; 00 b1,b2,...,bs;

provided that absolute convergence holds for every series involved in both (1.30) and (1.31).
The following Cigler’s polynomials were examined by Wang and Cao [36] in 2018:

i) = ) [Z][i](q;q>k<—1>kq<5>pkpn-k<x,¢>- 132)

k=0
They discovered the following conclusions for Cigler’s polynomials using homogeneous g-

difference equations [36].
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e The generating function for Cfla_”) (X, ¥, plg) is

" (o £ WE9)x(ptg)a
M x, L , H, Iptg®l) < 1. 133
I;O (e pl) o = = maxllatllpta’l) < (1.33)

e An extension for C,E“_k) (x, ¥, plg) is

k

chiak 7 pl) (qtq)

s Wt q) e (pt;q)a q7°, xt, ptq*
: P2
(Xt q) oo Vt, pt

>~

;4 q), Ixt| < 1. (1.34)

e The following identity represents the Srivastava-Agarwal type generating function for the

polynomials C ]Ea_k) (X, ¢, plg):

(0 k) ok (A phYh)e ( ptq®, xt,0 )
C XY, plg)(A; = g, A, (1.35)
kZ‘O b WP PG = e e 2P g

such that max{|xt|, |ptg®|, IAl} < 1.
e The generating function for C]Ea_k) (x, ¥, plg) in a transformational identity are
It is assumed that the following relationship holds true for the coefficients A (k) and B(k):

Y AR)Pi(x, v ZB [T 9w (1.36)
= S (@)
Then
S S qut Pt ) oo
ARC ™M (x, . plg) =Y Bk (137)
;) k Z(; (xqkt, ptaq*; )0’

provided that every series in both (1.36) and (1.37) maintains absolute convergence.
The structure of this paper is outlined as follows:

In Section 2, we introduce the generalized homogeneous g-shift operator

-

P25 VAR . . ege .
,+1<1>S[ g ! g ! ;4,94 pr) and subsequently derive numerous related identities. Section
1,°°" /Ps
3 is dedicated to discussing the generating function and its comprehensive extension for the

(a=n)

generalized Cigler’s polynomials C, (&, B, x, ¢, plg), utilizing an operator technique. Section
4 presents the Rogers’ formula, its extension, and addresses the inverse linearization formula.
In Section 5, we provide a detailed discussion of Mehler’s formula and its related extension. In
section 6, we build three mixed generating functions for the generalized Cigler’s polynomials
C’na ") (a, B, X, ¢, plg). In section 7, we conclude by establishing the transformational identity for

the generalized Cigler’s polynomials cle) (a, B, X, ¢, plq).
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2. Tue GENERALIZED HOMOGENEOUS -SHIFT OPERATOR AND SOME OPERATOR IDENTITIES

This section is devoted to introduce a generalized homogeneous g-shift operator and a gener-
alized Cigler’s polynomials. Throughout this section, we derive several key identities associated

with this operator.

Definition 2.1. The generalized homogeneous g-shift operator is formally defined as follows:

qg%ay,

Bl B
_ kio [Z] [(_1)kq(§)]

= i % [(—1)"67(g

k=0

r+1q)s[ ' ;Q/qapDXlP)

T (PDxy) 2.1)

) 1+S—(7’+1) k
] Wi (pDyo) - (2.2)

(a1,..., 009k

(B, Bss @i

Certain values given to the homogeneous g-shift operator , ;1 ®; yield a number of the previously
described operators [12,14,15].
Throughout this section, we will employ the abbreviation ;1P (q‘“, a, B, q" pDXl/,) to denote

suchthat1 <r<s, Wy =

_a,all... a

7 r’_,aD/ )
Br, -, Bs q.9°P w)

Definition 2.2. We construct a generalization of Cigler’s polynomials as follows:

9 (a, B, x, v, plq)

o [ 2 [l A Al
_kgo[k][k](q’q)k[( 1) q ] (ﬁl,...,ﬁs,‘EI)kP Pn_k(X,¢>, (23)

suchthatl <r<s,a = (aq,..., o), " = (a1q",...,0.q"), B = (B1,...,Bs)-

the operator ,1P; [

¢ By applying the specific constraints 7 = s = 1and @; = 1 = 0to equation (2.3), the Cigler’s
polynomials cla™) (x, ¥, plg), defined explicitly in (1.32), are derived.

o Lettings=r=1,a1 =1 =0, x =2 ax, ¢y - x, p=1,and @ — oo in equation (2.3), then
using equation (1.7), we get (—1)”5/(3)1#,(1”) (xlg), where ngZ) (x]9) is defined in (1.10).

e We impose the restrictions on the indicesas 1 +s—r = 1 4 u —r = 0 and set the parameters
a; = a; and B; = ¢; holding true for the range 1 < i < r < u. Additionally, x — x, p — z,
Y — y, and @ — oo in equation (2.3), we obtain the extended Verma-Jain polynomials
V,(f" © (x,y,2lg9), as presented in equation (1.20).

e When a; = a; and f; = b; for the constraint 1 <7 < r < s, and transforming the variables as
X—Y,p—z - xand a - co, we obtain the expression (—1)”q(§)‘i’,(f;b) (x,y,2lq), where
Tﬁf"") (x,y,zlq) is defined in equation (1.25).

The subsequent lemma can be established:
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Lemma 2.1. We have:

r+1<Ds (q—a’ a,ﬁ,q"‘pr) {Pn()(f 11[))} = Cna n (“/ﬁ X,l,b PW) (2-4)

(Xt;9) oo

—0(

r+1Ds (q_a/ a,pB, q"‘pr) { (lptf q)m}

(Xl ...,(X

;q, qapt], Ixt] < 1. (2.5)
ﬁl/ /ﬁ

= —q r+1¢s (

_a/alz"'/ar o
r+lq)s( 1 49,9 pr] {Pn()(,t,b)}

k ]1+s—r

Wi (pDyy ) {Pn (x, w)}

o J1+s—r » ‘
Z][ﬂ(q;‘”k [(—1)kq(2)] ﬁpkl’n_k(){, ) by using (1.18)
= " (@B, pla),

Equation (2.4) has been proved. In the same way, the proof of Equation (2.5) follows:

q_a/ ai, - ,Qr a (E[}t}Q)oo
r+1Ps 74, D
+1 ( Br,- s 1,9 p Xw]{(xt;q)oo

0 2 ( al]') . 1+4s—(r+1) k (¢t;q)w
= Z k q [<—1>kq(2)] Wk (PDW) {(Xt}q)oo}

o ;q,q“pt), by using (1.19).
O

Lemma 2.2. Given the definition of the operator , 1P as explicitly defined in (2.1), The following results

are established as a consequence:

g Pe(xt, 1) (Pt 9)es Joo x (07, xtiq); ;
rJrlq)S (‘1 ,l’f/ﬁ/q pDX‘u[’){ (l[)t q) (Xt q) } ; qu;])t q
r+1qﬁs( 97 ;q,q““pt}, max{|pt], |xt|} < 1. (2.6)
B, Bs

Proof. Employing the g-Chu-Vandermonde sum (1.3), we find

Pe(xt, Y1) () _ (W5q)e(Pt/ Xt @) (x)"
(Wt g)k(xt; 9)co (Xt )0 (VE )i
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(Y9
(X9
k _
v @59 (@Y e
_;o‘ (9)i (gxt;q)e

201 (975 xt 9t q,9)

2.7)

The following expression is derived after operating on both sides of equation (2.7) with the operator
r+1Ps (q—a, a, B, q“pr):

a o Pe(xt, 1) (Pt q) oo
S pr){ (W5 (Xt 7)o }
. .
_y @5 ‘g g g @9t)e
- Zﬁ G b pDXLP){(qfxt;q)oo}

gt pt) (by using (2.4))
ﬁl/ e /ﬁs

(
_ W)y (07t T PRI TR
~ (xtq) Z‘ (9, 9t:9)i r1¢s 49,97 Pt

3. GENERATING FUNCTION FORC (a B, x. v, plq)

Dedicated to the generalized Cigler polynomials, C,(f“” (a, B, X, Y, plg), this segment utilizes the

operator ,,1®s to establish both the generating function and its pertinent extension.

Theorem 3.1.
a-n-o) t" 2 (Yt;9) o 0, xt;q)iq
C ) a, B, x, ¥, pl
Z o (@B pl) e = o Zé T
—a L0, , Oy ;
r+1¢)s( q 1, ,q, quJF pt], Ith < 1. (31)
Bi, ,Bs
Proof.
n
C o on U a X, |
Z ot B.x. ¥, pl9) T
- tn+a )
- FUZ r+1Ps (q_“,a,ﬁ, anDW) Pt (X, ) @) (by using (2.4))
n=0 7 n

. i N sl tVl+U
=t 1 Ds (q B9 PDW){ZPHG(X,ED)ﬁ}
=0 q/q n

D, (q_a’ a, B, anDXQL’) {PG()(t, Yt) Z Pu(x,q9°¢) (qtq) }
n=0 o
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(°Pt9) oo
(xt;q)w

P, (xt, vt) wmq)w}

=t 1% (7 @ B, 4" PDyy) {Pa (xt,yt) } (by using (1.17))

=177 1P (47, @, B,4"pD W){ (WYt9)s (Xt:q)e

_ W) N (470 xt)i
(XEg)eo = (9, 9E4)i

q_a/all"' , 0

r a+i :
;0,9 th . (by using (2.6))
B, PBs

X r+1¢s(
O

e When the parameter ¢ is set to zero in equation (3.1), the generating function for
C’,(f_") (e, B, x, ¥, plg) is immediately retrieved.

Corollary 3.1. The subsequent results are presented:

" ola) N T (
nZ(‘)Cn (a/ﬁ/)(r 1111/ P|‘I) (q, q)n (Xt; q)oo V+1¢s

q_a/all"' s 0

Bi, s

' ;9,9%pt], (3.2)
where |xt| < 1.

¢ By applying the following specific set of conditions and substitutions to identity (3.1), the
extended generating function for the Verma-Jain polynomials V,Sa;c) (x,,zlg) is obtained (as
presented in equation (1.21)): The constraints on the indices aresetas1+s—r=14u—r =
0; the parameters are equated such that @; = 4; and f; = ¢; for therange 1 < i <r < uy;
and the variables undergo the transformations y — x, ¢ — y, p — z,0 — s along with the
limiting condition a — oco.

¢ By applying the following specific set of conditions and substitutions to identity (3.1), an
extension to the generating function for the class of generalized g-hypergeometric polyno-
mials ‘i’ia;b) (x,y,zlg) is obtained, as represented by equation (1.26). The conditions involve
setting the parameters a; = a; and f; = b; for the constraint 1 < i < 7 < s, transforming the
variables as x — y, ¢ — x, p — z,0 — u and evaluating the expression under the limit
condition a — oco.

e When the parameters in equation (3.1) are restricted such that ; = 0, ; = 0and s—r =0
for1 <i < r <s, the extended generating function for Cigler’s polynomials C,(f_n) (x, . plg)

is consequently obtained (equation (1.34)).

(a=n)

4. Rocers’ Formura rFor C,, (&, B, X, ¥, plg)

This section is dedicated to exploring Rogers” formula and its corresponding extension, along-

side the inverse linearization formula, specifically for the generalized Cigler’s polynomials

C’Ela_n) (a, B, X, ¥, plg). Moreover, we establish the Rogers’ formula, its extension, and the inverse

formula for the further extension of Verma-Jain polynomials V,Sa;c) (x,y,2lg) and the class of the
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g-hypergeometric polynomials y(ab)

(x,y,zlq). These identities are derived by utilizing specific
transformations and substitutions for the variables of the generalized Cigler’s polynomials.
Regarding the generalized Cigler’s polynomials C (a,ﬁ X, ¥, plg), two distinct proofs for

the subsequent Rogers” formula were developed:

Theorem 4.1. (Rogers’ Formula for C,(f‘_") (a, B, X, ¥, plq)). The formula is stated as follows:

(o] (o] 11 k
(a—n—k) 0]
Cox (@B x,¥.pl) :
;;‘J;a (7:9)n (4 9)x
IPO‘ q - XG/ lall"' , Oy ati
s 34, , 4.1
(X0, 7/0;q)e Z (g0/1, qu ’“‘P( Br g TP @D

such that max(|xol,|t/0]) < 1.

I;ZJT/ 00 /XT at, - /ar}Q)]’[ . j:|s_r : 17b X,
_1 ] (2) a ] g,
(X0 Z;) @0, i prd); (=1)/g% | (q°po) 291 i KO

q_OH_]/ alq]/ Tty a}’q]

. a+j(s—r)
ﬁlqj’... ,ﬁsqj ’q’q pT),

X r+1¢s (

such that |xt| < 1.

First proof
Proof.

).

n=0

Coi @B pl) (q D (59)x

n k

4 11
gk

(by using (2.4))

;r
I

r+1q>5 (q—a’ a, ﬁ/ qapDXll)) {Pn+k(X/ l,b)}

n=0 k=0

k

= 1% (77 @B, pDyy) { Y Palx, ) ( q.Tq)n Z Pi(x, q”w)ﬁ} (by using (1.17))

_ . ) 0"90i0)e "
1P (77, &, B,q"pD
+1 (l] B.q"pDyy {Z (xo;q) (Q}Q)n}

3

n

Pn , 0,0)c0
r+1Ps (q‘“f ap, ‘1“PDW) { (lp(an)n) ((:ia; Z))oo }

n-—n

(XG;El)oonZ(‘)(Q}Q)n;)‘ (flreba,q) r+1¢s[ . ,ﬁ " 0,9 po

(by using (2.6))

T

4 (0 )n

Il
gk

3
Il

q_a al ...’a

Bi, - Bs

g (=1)iqQ g (xo;q)iq
(@ q)n-i (9,90;9);

)
(X0;9)co

M
gl

1105 ( ;4 q‘”im)
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(by using (1.8))
_ 0i9)e i w0~ (-1)qD g (x0;9)iq’ i (g7"c/o0)"
(X0 9)e0 & (9,90;9)i = (3 9)n
q_a/ a]_/ ttty ar a_H'
X T / 7 o
+l¢s[ ,31,"'/,85 4.4 P]
_ (Yo q)w i vlo(=1)'g g (xo; g 1
(X0;7)e0 = (9,90;9)i (97'1/0;9) o0
—a oo .
r+1q/)s ( q , a1, , &y ,q, qa+1pa) (by USing (12))
ﬁl/ ot /ﬁs

- Wode § o1 Do)
~ (x0,7/0;9) e = (- 1)i(f[/a)iq_(£)_i(q6/’f,qzIPUWI)i

,qus( g ;q/q“”pa) (by using (1.7))
B, Bs
. Wo)e x4 xog)i a0
= ()(G,T/G;q) ; (qO/T,q,l,DG, ) H—lﬂbs( ﬁlf‘" /ﬁs 9.9 po|.
O
Second proof
Proof.
e " k
C(a n—k) ) )
];0;) ntk aﬁxwplfw( T G,
wiy (9:9)nT ot
= C , ,
L) b ) >nk<q,>
:ic,ﬁ <aﬁx,¢p|q Hknk
o (4:9)n
00 a-n)
_y (@ p i yp lq)T(GDq) o} (by using (1.15)) (4.2)
— (7 9)n
_ 1 m){ — rmbs[ L q“m]} (by using (32)
- (UDq)k ( 00 - —oc /ar}CI)n ) s—r
—1)"a(2 o n
=L (q,rm{(xr Do Za e ORI M

B > of o (% a1, a9, oy OT (v L (W)
=L (94 )kZ (@81, B2+, Bs; D [ e) Dq{T (“”7)“}
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00 o k
(7 /alz ey Oy q)i’l n (%) 5= n [ :| —k)
-1 2 J(i= D]
Z q/ k Z q/ﬁllﬁZIH-/ﬁs;Q)n [( ) q ] q p Z q

X Dk_j{%} (by using(1.14))

XTq/;q) o
_ = K = (q_a,all"',ar;Q)n 1 n s (A ]Pk] XT"J)‘
,;OG Zg (B === Bsiq)n [=0rs ;3 )i Q-
x w (;b)”(z():’q) (by using (1.15)) 4.3)
q 00 Z Z Z <0 Q) j ()T Pr(x, ) (X T 9)
o =R /31, B Dt @GO ED) (@D (WD)

X [( 1)”+fq(w)]

 (WTg)e v @) (XT9); v v (00) (/X9 i (]
- (ma)e ]Z Wq];]kZ‘o De(vrg); )[( e )]

—r

% (q_a+]/ alq]/ e /arq]; Q)n(q_a/ al/ crcy ar} Q)]
(@ pr’, ﬁzqf c B @)n(Br Bo -, Bsi ),

DY . . . S
¢T q ) /XT an, /OéyIQ)][(_l)]q(é)]
XT q =0 q,EbT/ﬁlr"'/,Bs}ﬂl)j

q—aJr]', Oflqj/ e, Ofrqj ) a+j(s=r)
X r-‘rl(PS( ﬁlqj,... ,ﬁsqj Iq/q pT

(9% p7)".

=t

. ,0
(g%pa)’ z¢>1( Iib/;j ;q,)(o)

O

The aforementioned Rogers’ formula allows for the direct derivation of the inverse lineariza-

tion formula corresponding to C,(f_n) (a,B, x, 0, plq)-

Theorem 4.2. (Inverse linearization formula for C,(;X—") (a, B, X, Y, plq)). Assuming k and n are non-

negative integers, we state the following relationship:

K -1 (gT¢@ Q)i
) (@, B, 0 plg) = ) [ﬂp 100 9) @) | (-1 | ! <5f-1 - ,ﬁ;;();)jq :

j=0

xCy T @, B, xql, gt pal ). (4.4)

Proof. We commence the derivation by utilizing the following equation, designated as (4.3):

" k

chﬂkﬂ R e ey

) i i i (4% a1, @ )u(gp)" [(-1)" D] TP, 9) (9705 9)eo
: Brr B (@ D= (45 9) (@ ) - (X705 ) o
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_ i i i (7)™ a1, i Py 0 ) (W50
o= B B D (@ 9)k-(0:9)1(3:9)n (XT3 )

N il

ook Pk—j(X/ 77[}) (qap)] l:(_l)]q(é)] (q_a/ ay, -, Qy; Q)] (¢qu; 5])00
B kZ‘O Z‘O (4 9)i-j(3:9)j B+, Psi ), (XTq/;9)

S (q—aqj, alqu"' /arqj} Cl)n o n 15—7
X - - a T ](S 7’) n _1 n (2) O'k
Z ’ﬁlq],... ,arq];q)n (q p q ) [( ) 5] ]

(

> Zk', Pey(x, ) @) (07 a1, i), [EEI (1T 9)

= (g q)-jg:9); (B Bsig); (X975 9)oo
]

q_(a_j)/ alqj, cee, arqj
ﬁlq]/ T /ﬁsq]

ok .
_ k—j(XﬂP)(qap)J (g%, a9, ,ar;q)j N s—r
. ZZ @ Di-j(@:9);  (Br--- Bssq); [< 'q ]

; q/ qa_]+]pq](s_r) T) Gk

o
=

oo “—f—”)(aj B, xql, wgk, pgi1+sq) gk 7"

B xq,9q", pq lq)o"T ,

X E (by using (3.2))
(4 9)n yHeme

By equating the coefficients of c*7" on both sides of the preceding equation, we successfully

arrive at the necessary identity.

O

¢ By subjecting identity (4.4) to the following specific set of conditions and substitutions, the

inverse linearization formula for V,(f; © (x,y,zlg) is successfully derived, The constraints on

the indices are setas 1 + s —r = 1 4+ u —r = 0; the parameters are equated such that a; = a;
and B; = ¢; for the range 1 < i < r < u; and the variables undergo the transformations

X = x, Y =y, p — z,along with the limiting condition @ — co.

Corollary 4.1. We present the following:

V) (2, y,2 >—i[k]1’ () D) (41 gy
ntk S =0 ] ¥ Y (C]/"'/Cs;q)j ! T ‘

The inverse linearization formula for the polynomials ‘Ifsla; b) (x, y,zlq) is successfully derived

by subjecting identity (4.4) to the following specific transformations: setting the parameters
a; = a; and f; = b; for the constraint 1 < i < r < s, transforming the variables as x — v,

Y — x, p — z, and evaluating the expression under the limit condition a — co.

Corollary 4.2. The following identity holds true:

(ab) k- —(5)—kn 5 [k I
0y aln) = (R Y P () | (-1
j=0
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(a1, ,a,;9);

(ﬂ/,’bj) k j (1+s—r
X Y, xq*, yq!, zq/¢
b 50, (xq", yq’, zq g2/,

Theorem 4.3. (An Extension to Roger’s formula for C, (a nk) (ae, B, x, ¥, plq)). We have

SRR (a—n-m— k t" (i ok
Crimik (@B x 1, plq)
Z_;),nz_g);; ek (q;q)n+m (@ 9)m (4:9)
_ IPO‘ q = )(O', q_az A, , 0y . ati
(X0, T/4t/0;0)e Z‘ (4, ¢o, v/ff/tv/ s Bu-e g TTP)
such that max{|yxol,|t/t,|t/ol} < 1.
Proof.
i i icm_"—m_k)(a B pl)—o—
b b L itk ' (@ Dt (5 D)m (99)
= r CDS _a,&,,aD an X,
Z;J,;J,;O A apigp W){ ekl w)}(q;Q)nMn (@ ) (29)k
(o] tn Tm (o]
— @ (7% a, D Puim(x, v Pe(x, 9"™"y)
1P (77 @, B,4*pDyy {;5”;) n-tm qq)n+m (q;q)mes k(g
Gk
(4 9)x
by " ™ ("0, q)w
= r q) , &, D Pn m X/
@7 @ "D {Z;)n;) ! @ Dmtn @D (X059)e0
(by using (1.17))
SR p " _ (9" "o, q) e
= r1Ps (97, &, B, 4" pD Povm(X, ) ———
HZ‘OmZO (q}Q)m+n (q,q)m +1 (q ﬁq p Xll)){ + ( 111}) ()(Uﬂ])oo
) oo i m o (Y0;9) e G_(m+n)”1z+,:1(q—(m+n),)(0;q)i ;
== (@) (4 ) m (X039) 0 — (q,90;9)i
q_a/ ay, -, 0y ati
X r+1¢s( 4.9 pGJ
ﬁl/' o rﬁs

(Vo9 v v (t/0)" (/o)™ (" xoq)i
(xa:q%olzzg(q,q)mw (4 9)m ;m“ (4, o3 q)i

( g, 0 ;4 qa+ipo] (by usjng (2.6))

~ (Wog)e v v o (H/0) (1/0)™ (g7, x039)id
a 2,22 @9); (@Dm  (9,90;9);
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X r+1¢s( _ ﬁlm ﬁ,ar ;q,q““pa]
C W0e > = (H/0)1T (1/0)™ (<1)ig g0 (xa; )i’
 (X0;9)w i_ZO‘rnZ—:)]Zz‘z (@) j+i-i (@ Dm (9,90;9)i

X r+1¢s( q‘;, a 8 o g, q“+ipa] (by using (1.8))

1/.. 7 S

_ (Yo)e v v () (1/8)"(t/0) (=1)ig U+ )gl) (xo; q)iq
~ (X0:9)w ;;0;.) @0 (@9)n (4, $0;4)i

x r—o—l(Ps[ q ﬁ,lal, ﬁ,ar ,q,qa+lpﬁ]

C (Yoe &2 (/)" (~1)ig ) t/o' )i o _Zt/o

- (o )e mZ:) (4 9)m ZZO‘ (4:49); JZ‘O 94

—Oé,a AN 2 i
><r+1¢s(q 5, ‘1“ ; 79,9 po)

_ _[Wod)e i(—l)iq_(é)(f/o)i(xa;q)i 1
(xo,t/t9)e (4:9) (¥3;9)i (97t/0;9)eo

qtan e, ar a+i
X ;4 o
+1¢s( ﬁll"'/,Bs 9.9 P]
. (Yoq)e i J(t/o)  (xo;q)i
(X0, T/b 1t/ 0;0)e0 ,q (Yo;q7't/0;q)i
g, i
r+1¢)s[ Bl B 79, qa+ pa].
IPU q = XG 5/ q_a/alr' L, ati
= r s 749, ol.
~ (xo,T/t,t/0;9)w ZZ: (q,v%0,90/t;9); ne B1,---, Bs L
(by using (1.7))

e By subjecting equation (4.5) to the following set of specific conditions and substitutions,

we successfully derive an extension of Roger’s formula pertaining to the V,Sa;c) (x,y,zl9):
The constraints on the indices are defined as 1 +s—7 = 1 4 u —r = 0; the parameters are
equated such that a; = a4; and ; = c; for the range 1 < i < 7 < u; and the variables undergo

the transformations y — x, ) — vy, p — z, along with the limiting condition o — oco.
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Corollary 4.3.

t" T
Z Z kZO V"+k+m o y’ZW)( D nsm (@ 0)m (@9)x

n=0m=0

— yaq & xa, i al’...,ar . ;
= (xa,t/t,t/0;q) Z q/]/U,l]U/t 2); rﬁbu( LGy /q,CIZG),

such that max{|xol,|t/¢t,|t/o|} < 1.

¢ By applying the following specific set of conditions and substitutions to equation (4.5), we
derive an extension of **Roger’s formula** pertaining to the polynomials \P,(f"") (x,y,2lg)
The parameters are set such that a; = a; and ; = b; for the constraint 1 < i < r <s, and
the variables undergo the transformations y — y, ¢ — x, p — z, along with the limiting

condition ¢ — oo.

Corollary 4.4.

iy 1)nHkem ”*k*"’)xy(ﬂb) X, 1,7 t" T
0,,;),;0 i (%Y q)(q;q)nm (@D)m (4:9)k

s m Gk

[o¢]

(x0; 1) oo (yo;9)iq .
(yU T/t t/O, Z q,XO qO/t q r@bs( bl, ,b /5115120]

i=

such that max{|yol, |t /¢, |t/ol} < 1.

e By substituting T = 0 and replacing t with 7 in the Theorem 4.3, we obtain Roger’s formula

(a

for the polynomial C,, ) (a, B, x, ¥, plg), which is specifically cited as the Theorem 4.1.

5. MEHLER'S FORMULA FOR C,(la_n) (a, B, X, U, plg)

This segment introduces the generalized Cigler’s polynomials C,(f“”) (a, B, X, ¢, plg) and is de-
voted to the derivation of Mehler’s formula and its corresponding extension. The derivation is
performed using the operator representation deﬁned in (2.1). Furthermore, by applying specific
values for the variables in Mehler’s formula for C (ae B x v, plq) we successfully establish

Mehler’s formula and its extension for both V,S © (x,y,2lg) and ‘FE, (x,y,2l9).

Theorem 5.1. (An extension to Mehler’s formula for C (ct, B, x, ¥, plq)).-We present the following:

n

. oc n—n) t
Z_: n—+m le ﬁ X/lab plq) )(Y/ 61 C/ a),alq) (q’q>

n

(5.1)

_ (@) (gltg)w (i, yiq) p (@/0)"(=1)"q"
0g”/C,a/C
XtC 7)o Z(;n — (9,61, 6s,q) Piog ) (4 0)n
y [(_1)kq(§)]5_r k+n+m (q—(k+n+m ,XCtH])j qf " 7% ay,
r S
=0 (q’ llbct/q)] ﬁl/"' /ﬁs
such that |xtC| < 1.

"q,q% I ptt|,
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Proof. From (2.4), we present the following:

n

a—n—m) t
Z Cn+m a ﬁ X/lab p|q) )()// 6/ C,a),alq) (q’q>

n

. - o —-n ti’l
Z r+1<I> &, B,q pr){an()(,v,b)C,(f )(y,é, C,w,alq)(—}

0 q)n
(by using (2.4))
= 1@ (77 @, B, 4" pDyy {ZPn+m ()7 qt ™ Z[Z][i](qu}
k=0
o ]1ts-r L Ve .
X([(—l)kq(Z)] Hm_k(gw)ak) (by using (2.3))
tlfl N Eid
= 1@ (47 @, B,9"pDy { Prem(x (-1)fq® }
a7 w ;)nzk ! )(qq)nk[ ]
(V1 vk
X(m%q )
qf;’l 2 ot [ (1| (57 D)
. Pn+k+m()(r¢)tnpﬂ(c/w)
X{Zg (@) }

_ — v, vk BT
= 11D (97%, @, B, pD, tp )Py (0qP, 0 [—1"(9]
19 (77 @, B,4°pDyy {Z k+m (X, ¥)Pi(0g )<q’5bm,55;q>k (=1)%q

gty
><2¢1[ x (;a)/C ;q,XCf]}

_ C (u vk s
— % (g “,a,ﬁ,q"‘pr){kZ o e P +m(x,¢)Pk(0qﬁ,a)[(—1)kq(2)]
:0 7 7 7

(7Lt 9)eo %o |
C (XCg)e sqoxt|e (b 14
8 (XCtq) oo 22 k+m¢€ 4, WX (by using (1.4))

Z 1 Dk FPem (X, ¥)Pi(ogP, 0)
e (q,01,,059)k (q,9"PCEq)n

(=1)"q 2P, (x, ") (YTt g) oo ()" o
(XCtq) oo [(_1)kq(2)] }

= rHcDS( ,a,B,4"pDyy {

X

[ )

Z 1, e @)k F(wt)'P(ogP, o)
k=0 n=0 (4,01, ,650)k (3 9)n (YCE @

= 19 (7% @,B,9°pDyy) {
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(")]H (—1)”q(3>1’k+n+m(x,¢)(¢Ct;q)w}
(qEEmypCt; 9)n (X CE 9) oo
N
e L ez
) g e o) S g

J
(th ) (Ct) —n—k-m (q—k—m—n,XCt;q) ; ( q—a -
SENITEnR watta, 1 g

(Ct Ct q 7/11 o /7/7’/ B (a)/c)n(_l)nq@)
oq"/C,0/C
xtC 7)o Z()n 4 (q,01,-- 65, Pilog ) (4 D)n
R (g7, xig), ¢ vin [ g,
]':0 (q’ ¢Ct, q)] a ’

/a a+1
;4,9 +]péif]

,a :
X [(—1)"11@] ' ;q,q“*]pCtJ,

B, s

Corollary 5.1. (Mehler’s formula for C,(f_n) (e, B, X, Y, plg)). We present the following:

n

S B t
Z C1(1a )(a/ﬁ/ X lnb/ P|’7)C£zﬂ )<Y’ 6’ C’ w, G|q) .
L (4:9)

n

_ Wlge vy cu/C P v Ve )k kT
7 _1 2
o Ll Ao €0/ [

—lJt al ...’a

Bi, - Bs

k+Tl n+k), t
% Z xC q

. a+j
79,9 pCt), (5.2)
= (ayckq);

. r+1q5s (

such that |xtC| < 1.

¢ By applying the following extensive set of constraints and substitutions to identity (5.2),

(a;c

Mehler’s formula for Verma-Jain polynomials V,; )(x, y,z|q) is successfully derived: The
index constraint is set as 1 + s —r = 0; the parameters are equated such that a; = a;,
Bi = ci, yi = b;, and §; = d; for the range 1 < i < r < u; and the variables undergo the
transformations y — x, ¢ — y, p — z, C — u, @ — v, along with the double limiting
condition & — oo and § — co.

L+ (arc) (b:d) "
V., (x,v,2lq)V, u,v,olg)——
HZ (x,v,21q) ( q) (q;q)n

_ (yutg)w ii (0/u)" @ (a/u)f (b1, b gk
(xtu; q)o0 &=t =4 q, q,q)k(dll"' ,ds; 9)k
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k+n (q—(n+k),xut,'q)]' j ¢ ( ai, - ,da
o (qyutg); T

X

;4q, quut),
€1, ,Cs
such that |xtu| < 1.
e By applying the following comprehensive set of constraints and substitutions to identity
(5.2), Mehler’s formula for polynomials 1~I’,(Za"c) (x,,2lq) is successfully established: The
parameters are equated such that a; = a;, i = ¢;, i = b;, and §; = d; for the range
1 <i < r < u; and the variables undergo the transformations y - y, ¢ - x,p =z, = 7,

@ — u, along with the double limiting condition @ — oo and  — co.

Corollary 5.2.
ZT d) qi’lz—nti’l
x y’ Zlq (1/[, o, qu) (qq)
0o oo b b k (k) 14+s—r
(ot q ZZ (u/o)" q J(a/0)k(by, -, r,q)k[(—l) qZ]
(yto; 00 =4 £ (@ D) (@ Di(dr, -+, ds; 9)x
k+n (q—(n+k)

7 " sbs

/yvt;q)j i ai, - ,ar i
r ;q,q9'zot |, where|lyto| < 1.
o (@, x05q),; 7 s o 4,9 y

6. Mixep GENERATING FUNCTIONS FOR Cfla_n) (a, B, x, ¥, plg)

This section utilizes an operator method to construct several mixed generating functions for the

(a-n)

generalized Cigler’s polynomials C,, ' (a, B, x, ¥, plg). Subsequently, specific parameter values

applied to the Cigler’s polynomials are used to derive a mixed generating function for the g-Hahn

polynomials (]),(f) (xlg) as well as for the Verma-Jain polynomials V,(f; © (%, y,zlq) and the generalized
g-hypergeometric polynomials ‘I’fla"b) (x,y,219).

Theorem 6.1. (Mixed generating functions of C,(f‘_”)(a, B.x,¥,plq)). The subsequent identity is
formally introduced:

n

Y o8 (xig) " (e, B,C w0, 0lg)
n=0

(4:9)n
(@t ax;g)e v (C5a);  (a;9);0 g P, g
= r ,4q, ot P 6.1
(Ctx:q ]Z (g, 0t9); (9/x:9); nes B+ Ps 04 A
provided max{|Ct|, [x]} <1
Proof.
(@ - &
Z o\ (xlg) ¥ (@, B, ¢, a),olq)( )
n=0 ’ n
Z [n] (a;q) k)(kC (a p.Cw, olq)( ) (by using (1.9))
n=0 k=0 4 q)n
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n

= Z | ] a;q)x r+1q)s( _ﬁ,a,ﬁ,qﬁGDcm) {PW(C’w)W'tW} (by using (2.4))

| B }

" (& 9)(xt)* (dFwt; ) e
pamry (Tr (T

= 1’+1q>s (q—ﬁ, a, ﬁf q'BGDCw)

{n_OkZ‘nO (40)n

- st gona)| L SRR

= 1® (77, &, B, 4P D) { gs Zjé - Q)k(i;{ g;(;ij:)t“” }

= (i ﬁ,qﬁaDCw){ Pk(c,w)%;o WG g'w) J;) }
{

} (by using (1.17))

o (o 9)ex” _ Pi(Ct, wt) (wt;q) o
= 195 (77, &, B,9P0 D¢,
kZo TR L) e
S (anX 00 £ q th ' (q_ﬁ/all'”/ar ﬁ+] ]
= r 79, ot
kzo (9)c (Ctyq ]_ZO (9, wt;9); ¥ riads BB
(by using (2.6))
Jo (@ q)k (9, @t;9),
,0( 7 0(1» i
X r+1¢s[ 9 6, 1 5 ;9,9 ot
7 7 XS
(Wh o 1 ; 2 (Ch9);] w aq] k)cq
o) j_ZO< 7 (~1)gq” oot kzo
B
X r+1¢s[ 1 ﬁ,all ,q, qﬁ""](jt]
L
(05w oy e (CEa)i (axiq)eq
— a;q)ix! (-1)/g@ g7 ‘
ol 2 S D s e
_ﬁ,a AR /ar i
X r+1¢s[ 1 ﬁl 1 ﬁ ,‘q,qﬁﬂat]
7 7 XS

;q,qP ot
q,0t;9); (9/x:9); B1,+ ,Ps o4

(by using (1.7))

(wbaxg)e v (C5); () gF a1, o
- )oo Z( r+1@s
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O

¢ By applying the following specific set of constraints and substitutions to identity (6.1), a
a;c

mixed generating function for V] )(x, y,zlq) is successfully established: The constraints
on the indices are defined as 1 +s —r = 1+ u —r = 0; the parameters are equated such that
a; = a; and B; = c; for therange 1 < i < r < s5; and the variables undergo the transformations

X = x,C = u, w — v, along with the limiting condition @ — 0.

Corollary 6.1.
n (xlg) (u v,0lq)
qu NV V@D
_ (haxg)e v (uha) aq)jqu J T g gt |,
(ut, %;q) oo q,vtq (q/x;9); €1, ,Cs

=

such that max{|ut|, |x|} < 1

e Settinga; = a;, i =b;;1<i<r<s,xy —=>x,0—>v,w—u f — cin(6.1), we discover a

(ab)

mixed-function generating function for ¥, (x, y,zlg) .
Corollary 6.2.
qun (x1) ¥ (1,9, 0lg) (~1) ") —
(:9)
_ (haxig)s 35 0ha) (9 | T g qlat|,
(0, %9)e0 4= (q,8;9), q/x 9)j " by b

\N

provided max{[vt], x|} <1

¢ By applying the following specific set of substitutions and constraints to equation (6.1),
Mehler’s formula for the Hahn polynomials qbff) (xlg) is successfully retained (as shown in
equation (1.13)): The constraints on the indices and parameters are set as s = r = 1 and

= By = 0. Additionally, the variables undergo the transformations y =x,{ =1, w =0,
a=ap= logqb‘l,o =by,andt = 1.

In continuation of our analysis, we explicitly define and establish the validity of the additional

mixed generating functions for the generalized Cigler’s polynomials, which are presented as the

assertion in the theorem below:

Theorem 6.2. (Another mixed generating function for generalized Cigler’s polynomials
C,(la_”) (a, B, X, ¥, plg)).We present the following:

n

(0:9)n

Y i (elg) € (@, B, € w,0lg)
n=0
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@/ X9)e (a))(T;q)oo(i (=1)"42 (3% @) (55 4)n(waq/C)"

(g9 QTP \E 0,9/ (%59)n
aFar, ]
7 . Ig —-n
X rr1Qs 9,47 oxtg |, (6.2)
( ﬁll /,B

provided |Cxt|} <1

Proof. To demonstrate Theorem 6.2, Jackson’s transformation is required. After allowing
(a,x,A,7)=(a, x,{/w, wt/q) in equation (1.12), we receive the following:

e n

(a) P, (C,
HZ:;)% (xlg) Pn(C, ) T
(a)’c)(, Yoo Lw/C
= e [ a 'WQ}
(@I @/ N Gp e 020 |
T (GG e (ag;9)e 2@[ %/q/x | (by using(1.4))
_ (069w (9/X69) (i(—1)%1@<%ﬂ;q>n<$;q>n<%"q>”)
(Crxia)es (@09 \ i (@ 25,9/ X:Dn
(0t 9)w (9/X:9) ( oo (q—"a)xf;q)n(—l)nq(ﬁ)(O}_X;q)n(aq)n) L
(e (agg)e \ &L (0,07t 3/ 1 @) (by using (1.7))
_ <q/x;q>oo( (wxTq” ;q>m<—1>”q<?><$;q>n<aq>”) .
(a9;9) ;;J (Cxtq7;:9)0(9,9/ X 9)n ' (6.3)

By operating with the generalized homogeneous g-shift operator on equation (6.3), the identity

transforms into the following expression:

7;) labsla) (qu) r+1Ds (q_ﬁ/ a,p, qﬁGDCw) {Pn (Cr a)) (qu}

_ W50 Z 1<I> qF, & B4 oDy ){(CW(W_”/"J)OO (_1)110/(;)(%"”7)”(“’7))1}
) r+ s w

(2 9)e0 (CXTq7;9) o0 (9,9/X:9)n
_ @/x49) ooz (50 Dn(00)" (wxTg™; q)e
(aq;9) &= q,q/x, )n (CXTq™"; ) o
ﬁ
mqu( ﬁlal ﬁ’a ;q,9°0xtq | (by using (2.5))

4/ X% 9) (0XT;9) o Z (_1)71‘1(;)(%%;‘7)11(0“1)11 (wxtq™; q)n
(ag;9) (CXT;9)e0 (9,9/X:0)n (CXTq™™:q)n

r+l§bs( /q/ qﬂGXTq ]

ﬁlr /ﬁ
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@/ 69w (0XT;q) e Z aleﬂl) (a7 9)n(waq/C)"
<aq,q o (CXTq)e &= q,q/x, (L)
ﬁ a DR ’a
r+1¢s( 8 v s 4, L]ﬁGXTq_n] (by using (1.7))
1, ’

O

¢ By subjecting identity (6.2) to the following extensive set of constraints and substitutions,

(asc

another mixed generating function for V, )(x, y,zlq) is successfully derived: The con-
straints on the indices are defined as 1 +s —r = 1 4+ u —r = 0; the parameters are equated
such that a; = a;, fi = ¢i, and a = a for the range 1 < i < r < u; and the variables undergo
the transformations y — x, v —» v, = u, 0 — z, T — t, along with the limiting condition

ﬁ—)oo,

Corollary 6.3. The subsequent results are presented:

an X|C] (u U Z|EI) (q q)
~ (@/%9)x (0x59)w (1 D (25 9)n (35 9)n (vaq/u)"
—(03;9)e (uxt;q)eo (Z (q q/xq (L5 @)

a, - ,4a
X 1Py ,q,zxtq
Cll .«

provided |uxt|} <1

¢ By subjecting identity (6.2) to the following set of specific constraints and substitutions, the

mixed generating function for ‘I’,(Za; b

) (x,y,2lq), as presented in equation (1.28), is successfully
derived: The parameters are set such that a; = a; and ; = b; for the constraint1 <i<r <s;
and the variables undergo the transformations y — x, { = v, w — u, 0 — z, T — tg, along
with the limiting condition f — co.

¢ By applying the following specific set of constraints and substitutions, Mehler’s formula
for the Hahn polynomials ¢/} (x|q), as presented in equation (1.29), is successfully derived.
The index and parameter constraints are setas s —r = 0, @; = 0, and ; = 0 for the range
1 <i <r <s; and the variables undergo the transformations y — x, . = ay, w = y, 0 =1,

and 7 — tg, along with the limiting condition f — co.

(a=n)

Theorem 6.3. (Another mixed generating functionsforC,, ' (a, B, X, ¢, plq)). The subsequent results

are presented:

[e) (a_n) tn
Cn 1P A Yy Pn Cl
DGl Pa{ )
L)oo £4q)n g ay e
_ (@/Cyttq) (xCtq) (@/0)" s | T OO ettt T <1 (6.4)

(Xt 4= (4Tt q)n B, Bs
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Proof.
) CL) (o, 0Pl 0) —
7;, (4 q)n
(o] tn
= 7 qDS _al P “ D P” s P” ’
1;) AP (77 B,q%p w){ (X, ) Pu(C w)(q;q)n}
[ee] tn
— r cI)S s & D P” 4 4
+1 ( o ﬁ qp le){,;) X (C )(q,q)n}
_ N (xCo)"
= 1@ (77 @, B,4°pDyyp) 4 YW/ ) n(@/ T @)
n=0 (EI/”])H
= T+1CDS (q /a/ﬁ/qapD){lP){qul( IP/X(’)C‘) Ct]}
t;q) o ,0 )
= 1P ( a, qapr){E:ﬁélg Z(Pz[ l](b)/:b(a ;q,a))(t)} (by using (1.4))
Ct;q)co
= 1P ( @, pB,q pr){% 1P1 [ l’:; ,q,th]}
Ct,w/Gq)e 0, xCt .
= 1P (77 a, B, 9% w){% ¢ [ 1;2 ;q,w/C)} (by using (1.5))
= (VX" ) e (w/ Q)" a0 )
= (w/Cq Z:: (0T 0)m (@) r+1¢s( B f ;4,49 pCt)(by using (2.5))
(/G Yt g)e v (XCEQn Gy
T T e Z::g @t Y ”“Ps[ Bupe 1 pct]

O

¢ By subjecting identity (6.4) to the following extensive set of constraints and substitutions,

(a;c

another mixed generating function for the polynomials V, )(x, Yy, zlq) is successfully de-
rived: The constraints on the indices are defined as 1 +s—r = 1 4+ u —r = 0; the parameters
are equated such that a; = a; and ; = ¢; for the range 1 < i < r < u; and the variables
undergo the transformations x = x, ) = y, p = z,0 = z,{ — u, and w — v, along with

the limiting condition @ — co.

Corollary 6.4. The subsequent results are presented:

[oe]

tVl
V™ (x, y,21q) Pa(1,0)
HZ_O (45 9)n
(v/u, yut; q)oo (xut; q)n ai, -+ ,ar
= )nr u( 4, HZUt]
xutq HZ‘O q,yutq ¢ €1, ,Cy o
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|xut| < 1.

e By applying the specific substitutions u = 1, v = A, to Corollary 6.4, the formula for a
generating function for the Srivastava-Agarwal type for extending Verma-Jain polynomials
further V,Sa;c) (x,y,zlg) was formulated, as represented by equation (1.22).

e By subjecting identity (6.4) to the following extensive set of constraints and substitutions,

(a;b

another mixed generating function for the polynomials ¥, )(x, y,zlq) is successfully de-
rived: The parameters are equated such that @; = 4; and B; = b; for the constraint
1 <i <r <s; and the variables undergo the transformations y — vy, ¢ — x, p — z,

C — u, and w — v, along with the limiting condition a — co.

Corollary 6.5. The subsequent results are presented:

o0

e (g £
(1) D%\ (x, y,21q) Pa(u,0)
nz_‘g 7 = (4 9)n
~ (0/u,xut;q)e xo (yut;q)n o/1)" v S 0, gz
(yut; q)co =0 (g, xut; q), 171,"' , bs

such that lyut| < 1.

¢ By applying the specific substitutions s = r = 1, &y = 0, and 1 = Ow/C = A and
C — 1 to equation (6.4), the formula for another mixed generating function for the Cigler’s

polynomials Cfla_n)

(X, ¢, plg) was formulated, as represented by equation (1.35).

* By subjecting equation (6.4) to the specific substitutions x = 1,1 = 0,a — log, al,p - ax,
and t = 7, and subsequently applying Heine’s transformation (1.6), an alternative mixed
generating function formula for the polynomials qi),(f) (x) is yielded, as formally presented

in equation (1.11).
7. TRANSFORMATION IDENTITY INCLUDING GENERATING FUNCTION FOR C (ae B.x. v, p)

In this part, we demonstrate the concept of a transformational identity relevant to the polyno-

(a-n)

mials C,,

g%, ar N
r+1DPs ﬁ1 ﬁ 79,9 PD)(l/; .

Theorem 7.1. We define the relationship between the coefficients A(n) and B(n) as follows:

. Y (9"t 9)w
;0A<n>zvn<x,¢> =Y. B Gt ) (7.1)

n=0

(a, B, x, 0, plq) through the utilization of the homogeneous operator

Then

(o]

Y AmCE ™ (e 8,2, )

n=0
- (Wh9)e v (xt;9)n q
- (Xt’q)oo 7;)B(1’l) (wth) r+1¢s[

—a 041/"' , O

b b ;9,9 " pt . (7.2)
1/ v
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Proof. We denote the left-hand side of (7.2) by f(x, ¢, p). Through the combined application of
(7.1) and (2.4), we successfully demonstrate that:

fOot.p) = Y AMCE™ (@B,x, ¥, pl)
= 11D, (q‘“,a,ﬁ,q"‘pr){ZA(n)Pn(XﬂP)}
= 1@ (77" @B, q"pDyy {ZB Z ;ﬁ Z . }
= ZB( )r+1q> ( - a/ﬁrqapDX‘P){(lpqnt ‘7)‘”}

Ebg”t 5] q—a’al, O 4n .
= B(n s ;q,9% t]. (by using (2.5
2: Xw%q 19 B g TP (by using (2.5))

It corresponds precisely to the right-hand side of (7.2) m]

e When the constraints s = r = 1, a1 = 0, and 1 = 0 are applied to identities (7.1) and (7.2),
(a—n

the resulting expression is the transformational identity for C,, ) (x, ¥, plg), which is given
by equation (1.37).

e When the constraints 1 +s—-r=14+u—-r=0,a; =a;,fi=ci(1<i<r<u), x = x,9 >y,
p — z,and a — oo are applied to identities (7.1) and (7.2), the resulting expression is the

(a;c

transformational identity for V, ) (x,y,2lq), which is given by equation (1.24).

¢ By subjecting the identities (7.1) and (7.2) to the following comprehensive set of constraints

(ab

and substitutions, the transformational identity for ¥, )(x, y,zlq) is successfully derived,
as presented in equation (1.31): The parameters are equated such that a; = a; and ; = b; for
the constraint 1 < i < r < s; and the variables undergo the transformations y — v, ¢ — u,

1-2n

p — z,and t — xtq' ", along with the limiting condition a — co.

8. CONCLUSIONS

(1) The retrieval of various designated operators is made possible by substituting particular

values into the generalized homogeneous g-shift operator,

q_a/all---/ar
ﬁl/--'/ﬁs

For comprehensive information, consult [12,15].

(2) The polynomials V,(f; ¢

r+1DPs 79, anDmp . (81)

(ab

) (x, y,zlg) and the polynomials ¥, ) (%, y, zlq) both constitute specific

instances, or particular cases of the generalized Cigler’s polynomials,

C ™ (a, B, x, v, plg).
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(3) The identities presented herein are specific extensions developed for the generalized
Cigler’s polynomials, which encompass the known identities for the further extension
of Verma-Jain polynomials and the generalized g-hypergeometric polynomial.

(4) We suggest extending our results by employing the generalized homogenous g-difference
equation method.This approach could provide a more general framework for characterizing

the identities and properties of the polynomials investigated in this study

Conflicts of Interest: The authors declare that there are no conflicts of interest regarding the

publication of this paper.
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