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Abstract. In this paper we study certain curvature identities on hyperbolic Kenmotsu manifolds associated with the
Schouten-Van Kampen connection. Also, we study hyperbolic Kenmotsu manifolds associated with the Schouten-Van
Kampen connection that fulfills concircularly flat, £-concircularly flat, pseudo-concircularly flat, ¢p-concircularly flat,
¢-concircularly semi-symmetric and Ricci semi-symmetric conditions. Moreover, we examine hyperbolic Kenmotsu
manifolds with the Schouten-Van Kampen connection admitting Ricci solitons and 1-Ricci solitons. To conclude, we

present an illustration of a hyperbolic Kenmotsu manifold to validate certain results.

1. INTRODUCTION

The Schouten-van Kampen connection was introduced to analyze non-holomorphic manifolds.
It represents one of the most natural connections that align with a pair of complementary dis-
tributions on a differentiable manifold with an affine connection [1-3]. Olszak [4] explored the
Schouten-Van Kampen connection in 2014, to modify it for compatibility with an almost contact
metric structure. He classified various types of almost contact metric manifolds through this con-
nection and studied certain curvature properties. Bejancu [5] examined the Schouten—Van Kampen
connection on foliated manifolds in 2006. In 2018, Ghosh [6] investigated the Schouten-Van Kam-
pen connection in the context of Sasakian manifolds. Singh, Mishra and Kumar [7] investigated

the non-symmetric non-metric connection in Kenmotsu Manifolds.
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Recently, Ramanaik and Nagaraja [8] investigated this connection in Kenmotsu manifold, while
Yildiz [9] examined it in the f-Kenmotsu manifold in 2017. In 2021, Mondal [10] explored the
Schouten-Van Kampen connection on f-Kenmotsu manifolds, while Zeren and Yildiz [11], char-
acterize Lorentzian para-Sasakian manifolds with the Schouten-Van Kampen connection. Most
recently, Mandal, Shahid and Yadav [12] have studied conformal Ricci solitons on para-contact
metric (k, 4)-manifolds with Schouten—Van Kampen connection. A new type of semi-symmetric
non-metric connection in the Kenmotsu manifolds has explored by Singh et al. [13].

Hyperbolic Kenmotsu manifolds represent a significant area of study within the broader con-
text of differential geometry, particularly, in the exploration of almost contact metric structures.
These manifolds extend the classical notions of Kenmotsu manifolds by incorporating hyperbolic
geometry, offering unique insights into curvature properties and geometric structures. In 1972,
Kenmotsu [14] investigated a class of contact Riemannian manifolds that fulfill certain special
conditions, which are referred to as Kenmotsu manifolds. Kenmotsu demonstrated that a local
Kenmotsu manifold can be expressed as a warped product 7 Xy M, where I is an interval, Mis a
Kahler manifold, and the warping function is given by f(t) = sef; with s(# 0) being a constant.

Alternatively, the concept of an almost contact hyperbolic (¢, &, 1, 9)-structure was established
by Upadhyay and Dube [15]. Das and Mandal [16] studied p-Yamabe solitons on 3-dimensional
hyperbolic Kenmotsu manifolds. Moreover, the authors [17] studied hyperbolic Kenmotsu mani-
folds that admits a new type of semi-symmetric non-metric connection. Furthermore, Haseeb and
Prasad [18] investigated certain results on Lorentzian para-Kenmotsu manifolds. Motivated by
the above ideas, in this paper, we study the hyperbolic Kenmotsu manifolds with a Schouten-Van
Kampen connection.

This article is structured in the following manner: Section 2 introduces the fundamental con-
cepts of the hyperbolic Kenmotsu manifold. Section 3 focuses on defining the relationship between
the curvature tensor of the Schouten-Van Kampen connection in the hyperbolic Kenmotsu mani-
fold. Section 4 explores concircularly flat and &-concircularly flat hyperbolic Kenmotsu manifold
concerning the Schouten-Van Kampen connection. Section 5 explores pseudo-concircularly flat
and ¢-concircularly flat hyperbolic Kenmotsu manifolds concerning the Schouten-Van Kampen
connection. Section 6 discusses ¢-concircularly semisymmetric hyperbolic Kenmotsu manifolds
concerning the Schouten-Van Kampen connection. Section 7 examines Ricci semi-symmetric hy-
perbolic Kenmotsu manifolds with the Schouten-Van Kampen connection. Furthermore, sections
8 and 9 are dedicated to the study of Ricci solitons and n-Ricci solitons on hyperbolic Kenmotsu
manifold associated with the Schouten-Van Kampen connection, respectively. In conclusion, the
final section illustrates an example of a 3-dimensional hyperbolic Kenmotsu manifold with the

Schouten-Van Kampen connection to validate our findings.
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2. PRELIMINARIES

Let Mbe a (2n + 1)-dimensional contact metric manifold equipped with the structure (9,£1,9)
including a (1,1) tensor field ¢, a vector field &, a 1-form 7 and a Riemannian metric ¢ on M

fulfilling
O*(Ki) = Ki +n(K1)E,  poE=0, nop=0, @.1)

nE) =-1, (2.2)

8(p%, §Kz) = —a(Kr, Ka) = 1(Ki)n(Kz), (2.3)

9(%1, 0%K2) = —9(9pK1, Kz), (2.4)

8(%1, &) = n(*K1), (2.5)

for any vector fields K, K> on M. An M is said to be a hyperbolic Kenmotsu manifold [19,20], if
it is satisfies

(Vo) () = —1(Ha) 9K + 6(¢K1, )€, (2.6)

Vi, & = =K1 —n(K1)¢&, (2.7)
where V is Levi-Civita connection on M.
In an M, the following relations hold [19,20]:

(Vo n) (Kz2) = 9(¢K, ¢K2) = —a(K1, Ka) — n(Ki)n(Kz), (2.8)

o(R(K, Ka)Ks, &) = n(R(K, K2) Ks) = o(Fa, K)n(K) = o(Ka, Ka)n(Ka),  (29)
R(Kr, K2)E = n(FKa) K — (K1) Kz, (2.10)

R(E, KT = —n(Fa) K1 + a(K1, )&, (2.11)

R(E,K)E = =K —n(Fq)éE, (2.12)

S(%Kq, &) = 2nn(%q), (2.13)

Qs = 2n¢, (2.14)

S(&,&) = -2n, (2.15)
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8(7(1,7(2) = g(Q?Q,?(z), (2.16)

S(¢%K, 9Kz) = =S(K:, Kz) — 2nn(K1)n(Kz), (2.17)

for all K3, K5, K3 on M, where R is the Riemannian curvature tensor and S is the Ricci tensor.

Thus, the Ricci tensor S and the scalar curvature r of the manifold are defined as follows:

2n+1
S, %) = Y eio(Rle, Ki) Ko, ),

Additionally, we have

where ¢; = g(e;, ;) = +1.

Definition 2.1. An M is said to be an n-Einstein manifold if its Ricci tensor S(# 0) is of the form
S(K1, Kz) = ag(%a, Kz) + bn(K1)n(Kz), (2.18)

for any arbitrary vector fields Ky, Ko; where a and b are scalar functions on M. If b = 0 (resp., a = 0),
then manifold M becomes an Einstein (resp., special type of n-Einstein) manifold.

Definition 2.2. The concircular curvature tensor C of a (2n + 1)-dimensional hyperbolic Kenmotsu man-
ifold with respect to the connection V is defined as [21,22]

r
Ca, Ho) Ko = R(%0, F)Hs = 5o =5

for K1, Kz, Kz on M, Rand x are the curvature tensor and the scalar curvature with respect to V, respectively.

{8(76, ) K - a(K:, o) Ko, (2.19)

Definition 2.3. The concircular curvature tensor C of a (2n + 1)-dimensional hyperbolic Kenmotsu man-
ifold with respect to the Schouten-Van Kampen connection V is defined as

T
2n(2n+1)

where R and T are respectively the curvature tensor and the scalar curvature with respect to the connection

V.

C(K1, 5a) K = R(K, Ka) K — {9(7<2, IG)IG - 9(7(1,7(3)7(2}, (2.20)

Definition 2.4. A Ricci soliton (g, V, A) on a Riemannian manifold is expressed as
£vg(7(1,‘K2) + 28(7(1, 7(2) + 2/\9(7(1,7(2) =0, (2.21)

where £y is the Lie derivative operator along the vector field V on M, and A denotes a real number. It is

described as shrinking, steady, or expanding depending on whether A <0, A = 0, or A > 0, respectively.
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Definition 2.5. An n-Ricci soliton consists of a quadruple (g,&, A, 1), where & denotes a vector field on
M, and A, p are real constants, which fulfills the equation

(Eve) (K1, IG) +28(%, Ka) + 2A9(K, Ka) + 2[11}(7(1)7}((](2) =0. (2.22)

Specifically, when u = 0, the concept of an 7-Ricci soliton (g, &, A, ) turns to the Ricci soliton

(g,&,A). We recommend the papers [23-26] for more detailed studies on Ricci and 1-Ricci solitons.

3. HyperBoLIC KENMOTSU MANIFOLDS WITH RESPECT TO THE CONNECTION V
The Schouten-Van Kampen connection V on M can be expressed as follows [27,28]:
Vo, Ko = Voo, Ko — (Ko) Vi, & + (Ve ) (K2) E. (3.1)
Using (2.7) and (2.8), (3.1) reduced to
Vo, Ko = Vg, Ko + n(F) K — o(Kq, o) €. (3.2)
Putting K, =& in (3.2) and using (2.1), (2.5) and (2.7) we get,

Vi & = =2(%q +n(%:1)é). (3.3)
Putting K =& in (3.1), we obtain
Veka = VKo, (3.4)
and
(Vea) (%1, %) = 0. (3.5)

The curvature tensor of M with respect to the connection V is defined as follows:
R(K1, T) I = Ve, Vi, K = Ve, Vi, Ks = Vig, 5, K- (3.6)
In view of (3.3), (3.6) takes the form
R(KLIQ)Ks = R(Ky, Ka)Ks - 3(a( Ky, Ks) Ko — a(Ka, Kz ) %K)
= 2n(%Ks)(n(%) K - 1(Ka) %K) (3.7)
= 2(a(%1, Ka)n(HKa) - (%, Ka)n(K0) )£
Taking the inner product of (3.7) with Ky, we get
R(K1, 5o, IG, Ke) = R(K, Ko, Kz, Ka)
- 3(9(‘K1,7(3)9(7(2,7(4) - (7(2,7(3) (7(1,7<4))
= 2(%s) (n(K)a(Ka, Ka) = n(Ka)a (K, Ky)) (3.8)
- 2(9(‘7<1,7<3)n(7<z)n(7(4)—9(7<z,7<3)17(‘7<1)n(7<4)),

where R(K, Ko, Kz, Ks) = 9(7_3(7(1,7(2)7(3,7(4)-
Contracting (3.8) over K; and Ky, we obtain

S(%2, %) = S(Ka, Ks) +2(3n — 1)g(%Ka, Ks) +2(2n = 1)n(Ka) (%), (3.9)
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where S is the Ricci tensor on M with respect to V. From (3.9), we derive

QK> = QIG +2(3n - 1)K + 2(2n — 1)1n(%2)E, (3.10)
where Q and Q are the Ricci operators on M with respect to V and V, respectively. Also from (3.7),
we get
R(%, Ka)E = 2{n(%z) K — n(%) Kz)}- (3.11)
From (3.9), we obtain
S(%, &) = 4nn (%) (3.12)
And from (3.10), we find
Q& = 4né. (3.13)

Once again, setting K> = K3 = ¢; in (3.9) and taking the sum over i, we get
T =1+ 12n°-2n, (3.14)

here T and r denote the scalar curvatures corresponding to the connections V and V, respec-
tively. Furthermore, from (3.5) and using Binachi’s first identity R(%K1, K2) K5 + R(Kz, K3) K +
R(K3, K1) F2 = 0, we get

@(7(1,7(2)7(3 + @(7(2, 7(3)7(1 + 7_3(7(3,7(1)7(2 =0.
Again from (3.8), we get

R(K1, 5o, Kz, Ka) = —R(Fa, K, K, Ka),
ﬂ((}<1/ «21«31«4) = _@(7(1/ 7(2/ 7(4/7(3)/

R(K1, o, Kz, Ka) = —R(IG, K, K, Kz).
Hence, we can state the following;:

Proposition 3.1. Inan (M, g, V), we have

(i) the curvature tensor R of V is given by (3.7),

(ii) the Ricci tesor S of V is given by (3.9),

(iii) the scalar curvature ¥ of V is given by (3.14),

(ZZJ) (7(1, 7(2)7(3 —R((](z, K1 )7(3,

(0) R(K1, Ko) K3 + R(Ka, ) K + R(Ks, K1) Ko = 0.

One notable invariant of a concircular transformation is the concircular curvature tensor.
By interchanging % and %, in (2.20), we get
T

C%a, K1) Ko = R(¥a, H)H6 = 5o =y

a(76, 565) % - a(K, K ) K . (3.15)
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By combining (2.20) and (3.15) and applying the fact that R(K, o) K + R(Kz, K1) Kz = 0, we get
C(K1, 50) K5 + C(K, K1) K5 = 0. (3.16)

From (2.20) and (3.7) and first Bianchi identity R(%Ki, K2) K5 + R(Kz, K3) K + R(K3, K1) Ko = 0
regarding V, we obtain

6(7(1,7(2)7(3 +C(7(2,(](3)7(1 +C(7<3,7(1)7<2 =0. (3.17)
Therefore, the relations (3.16) and (3.17) respectively show that the concircular curvature tensor
regarding the connection V in an M is skew-symmetric and cyclic.
4. CONCIRCULARLY FLAT AND £-CONCIRCULARLY FLAT HYPERBOLIC KENMOTSU MANIFOLDS WITH RESPECT

TO THE CONNECTION V

First, we assume that the manifold M with the connection V is concircularly flat, that is,
C(K1, %)% = 0. Then from (2.20) it follows that

T

R(K, K) K5 = m{g(«m@m — a(K, K3) K. (4.1)
Taking the inner product in both side of (4.1) with &, we have
_ T
Q(R((Kll'Kz)‘K& 5) = m{g((](z’](za)n(«l) - 9(7(1,7(3)77(7(2)}- (4.2)
Now, using (3.7), (3.14) and (2.9), we get
6n — 1t — 4n?

m{g(WZ’q(??)n(?(l) - 9(7(1,7(3)1](7(2>} —0.

Which suggests that either the scalar curvature of Mist = —2n(2n —3), or
8(Kz, Ks)n(Ka) — a(%q, Kz)n(Kz) = 0.
Replacing K> by & and K by QK and using (2.13), we obtain
S(K1, Ks) = —2nn(K1)n(%Ks).

Thus, we can state the following theorem:

Theorem 4.1. For a concircularly flat hyperbolic Kenmotsu manifold concerning the connection V, either

the scalar curvature is —2n(2n — 3), or the manifold is a special type of n-Einstein manifold.

Next, we study &-concircularly flat hyperbolic Kenmotsu manifold admitting the Schouten-Van
Kampen connection, i.e., C(K3, K>)& = 0. From (4.1) and (2.20), we find

7?(7(1/«2)5 = 271(2;—+1)

which by using (3.5) and (3.9) turns to

61 —1 — 4n?
2n(2n+1)

(n(7G) % = n(K) %),

{n(7) % - (K1) T} = 0. (4.3)
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Putting K, = £ in (4.3) and using (2.2), we get

6n — 1 — 4n?

h— . 4-4

6n —1 — 4n?

nan 1) (900 5) + (K%)= 0,

which suggests that either the scalar curvature of Misr = —2n(2n-3), or
o(K1, %) = —n(Ki)n(Ks). (4.5)
Replacing K by QK in (4.5) and using (2.13), we obtain
S(%K1,Kz) = =2nn(K1)1n(%s). (4.6)
Thus, we can state the following theorem:

Theorem 4.2. For a &-concircularly flat hyperbolic Kenmotsu manifold with respect to the connection V,

either the scalar curvature is —2n(2n — 3), or the manifold is a special type of n-Einstein manifold.

5. PSEUDO-CONCIRCULARLY FLAT AND ¢-CONCIRCULARLY FLAT HYPERBOLIC KENMOTSU MANIFOLDS WITH

THE CONNECTION V

In this section, first we consider a pseudo-concircularly flat hyperbolic Kenmotsu manifold M
with the connection V, i.e., ¢2(C (9%, 7(2)7(3) = 0, which leads to

Q(C((Pqﬁ,?(z)q(g, (]57(4) = 0, (5.1)

for any vector fields K, K3, K3, Ky on M.
In view of (2.20), (5.1) turns to
T

o(R(¢K, K2) K, pKs) = 2n(2n+1)

{0(76, %) a (@K, §Ks) + a(¢Ka, Ks)a(K, $Ka )},
which by using (3.5) takes the form

o(R(¢K1, T2)Ks, 0Ks) = 3la(@Kr, Ka)a(Ka, ¢Ka) — a(%a, Ka)a(9Ka, pK))
- 2n(%G)(n(K2)s(p%, pKa))

m{g(wz, TG)a(p¥Ka, pKy) (5.2)

+ g(q57(1,7(3)g(7(2, (]57(4)}

is also local orthonormal basis in M. If we take K7 = Ky = ¢; and taking sum over i(1 <i < 2n),
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then we have

2n 2n
Z €i9(R(¢€i/ T7G) TG, ¢€i) = 3 Z eila(Pei, K3)a(Ta, dpei) — a(Ka, Kz) a(Pei, de;)}
i=1 i=1

2n

= 29(%s) ) eiln(Ka)a( e, ber))

i=1
2n _

- Zeim{g(%r%)g(qbehqbei) (5.3)
i=1

+  o(¢ei, Kz)a(Kz, Cbei)} =0.

It can be easily verified that

2n
Y eis(R(gei, Ka) K, pei) = S(Ha, Ks) — a(Ka, Ks) = n(Ka) (%K), (5.4)
i=1
and
2n
Y ein(eei, Ka)o(pei, Ks) = o(%, Ks). (5.5)
i=1

From the above equations, it follows that

—12n% +10n +r(2n - 1)
2n(2n+1)

S(70, Ks3) = 3(%K2, Ks) = (4n = 1)n(HKa)n(96G). (5.6)

Thus, we can state the following theorem:

Theorem 5.1. A hyperbolic Kenmotsu manifold admitting the connection V is pseudo-concircularly flat if
and only if the manifold is an n-Einstein manifold.

Next, we consider a ¢-concircularly flat hyperbolic Kenmotsu manifold with the connection V,

e, p*(C(¢K1, pK2)$%s) = 0, which leads to

o(C(9%, pF2) %, ¢ ) = 0. (5.7)

In view of (2.20), (5.7) becomes

T
2n(2n+1)

a(9K1, 9Ks)a(¢K, 9Ka) (538)

o(R(PT, 952) 9K, P {a($7, 9% )a(0%61, §Ka)

Using (3.8) in (5.8), we have
o(R($T, §FKa) 0%, §Ka) = 3la(dKr, §K)a (@Ko, $Ks) = a(Ka, $Kz)a(9Ki, ¢Ka))

m{g(qﬂﬁ, P%G)a(pK1, PKs) (5.9)

+ 8@k, %)a(d%, 9Ky)}-

_|_
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is also local orthonormal basis in M. If we take K7 = Ky = ¢; and taking sum over i(1 < i < 2n),

then we get
2n o
Z GiQ(R(¢€i/ 0K2)PKs, ¢€i) =3 Z eila(pe, dKz)a(dKa, dei) — a(dKz, pIG)a(dei, e; )}
i=1 i=1
= 2n
ST L S0 0 )a(es ge) 65.10)

im1
+  o(¢ei, 9%G)a(PKa, qbez-} =0.

It can be easily verified that

2n

Y eia(R(ge, 97)$Ks, gei) = S(¢Ka, §%s) — a(9Kz, %), (5.11)
i=1
and
2n
Zeig(qbei, (P?(Q)g(qbei, (P?(g) = g(qb?(Q, (P?(g) (512)

i=1
From the above equations, it follows that

—12n® +10n +r(2n—1)

S(o%Kz, K3) = 22+ 1) 3(p%, K3). (5.13)
By using (2.3), (2.17) in (5.13), we get
_ —12n2 +10n+r(2n—1)
S %) = 2n(2n +1) 8(2, %)
—8n® — 161> + 10n +r(2n—1)

Thus, we can state the following theorem:

Theorem 5.2. A hyperbolic Kenmotsu manifold admitting the connection V is ¢p-concircularly flat if and
only if the manifold is an n-Einstein manifold regarding the connection V.

6. (P-CONCIRCULARLY SEMI-SYMMETRIC HYPERBOLIC KENMOTSU MANIFOLDS WITH RESPECT TO THE

CONNECTION V
Definition 6.1. An M is said to be ¢p-concircularly semi-symmetric with respect to the connection V, if it

fulfills the condition C(%, %z).¢ = 0.

Let the manifold be a ¢-concircularly semi-symmetric with respect to the connection V. Then,

we have

(C(K1, %) YKz = C(K1, Ka) 9K — C(K, Ka) K. 6.1)
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Putting K3 = £ in (6.1), it follows that
(C(%, %)E) = 0. (6.2)
Using (2.20), (2.10) and (3.9) in (6.2), we get
—4n? +6n -1
Znn 31y (MK~ (%)) = 0,
which by replacing K, by & and K by ¢ turns to
—4n? 4+ 6n-1
m{—(lﬁ - 77(7(1)5} =0. (6.3)
Taking the inner product of (6.3) with K3, we have
—4n? +6n—t
This implies that either the scalar curvature of M is v = —4n® + 6n, or
o(%1, Kz) = —n(K)n(%G). (6.5)
Replacing K; by QK and using (2.13), we obtain
S(K1, Kz) = —2nn(%K1)n(KG). (6.6)

Therefore, we can state the following theorem:

Theorem 6.1. For a ¢-concircularly semi-symmetric hyperbolic Kenmotsu manifold with respect to the

connection V, either the scalar curvature is —4n* + 6n or the manifold is a special type of n-Einstein

manifold.

7. Riccr SEMI-SYMMETRIC HYPERBOLIC KENMOTSU MANIFOLDS WITH RESPECT TO THE CONNECTION V

An M equipped with the connection V is considered Ricci semi-symmetric if
(R(K:1, %2).S) (K, Ka) = 0.

Therefore, it can be written as

S(R(K, Ka) K, Ka) + S(Ks, R(Kq, Ka)Ks) = 0,

for any 7(1,7(2, 7(3, 7(4 on M.
Putting K = £ in (7.2), we have

S(R(E, Ka) K, Ka) + S(Ks, R(E, 5K) Ka) = 0.

Using (3.3) in (7.3), we get

N(9G)S(%, Ky) = (Ko, K3)S(E, Ka) + n(Ka) S(K2, Kz) — 6(Ka, Ka)S(%K, &) = 0.

Replacing K3 = & in (7.4) and using (2.2), (3.12) in (7.4), we obtain

8(7(2, 7(4) = 41’19(7{2, 7(4).

(7.1)
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Therefore, we can state the following theorem:

Theorem 7.1. A hyperbolic Kenmotsu manifold admitting the connection V is Ricci semi-symmetric if and

only if the manifold is an Einstein manifold.

8. Riccr soLIToNS ON HYPERBOLIC KENMOTSU MANIFOLDS WITH THE CONNECTION V

The Ricci soliton characterized by the data (g, V, A) is defined by Equation (2.21). Here, two
cases arise corresponding to the vector field V: Ve span(&) and V L span(&). We focus exclusively
on the case V = &. The Ricci soliton (g, V, A) on a hyperbolic Kenmotsu manifold admitting the

Schouten-Van Kampen connection with V is represented as
(Eve) (K1, ) +28(%4, ) + 2A8(%4, Kz2) = 0, (8.1)
for any K, K> on M. Here
(Eve) (K1, Ka) = a(Vy &, K0) + (K, Vi, &), (8.2)
which signifies that
8(Va, & Kz) + 8(K1, Ve, &) + 28(Kq1, Kz) + 2Aa(%1, %z) = 0. (8.3)
Using (3.3) in (8.3), we obtain
S(%1, Kz) = 2n(K1)n(9z) + (A = 2)a(K1, Kz) = 0. (8.4)
Putting K, = £ in (8.4), we obtain
A=-4n<0 (8.5)
Putting this value of A in (8.4), we get
S(%K1,7G) = (4n +2)a(K1, Ka) + 20(%K1)n(%z). (8.6)

Therefore, we can state the following theorem:

Theorem 8.1. If a hyperbolic Kenmotsu manifold admitting the connection V admits a Ricci soliton then

the manifold is an n-Einstein manifold taking the form (8.6) and the Ricci soliton is always shrinking.

9. n-RICCI SOLITONS ON HYPERBOLIC KENMOTSU MANIFOLDS WITH THE CONNECTION V

Consider a hyperbolic Kenmotsu manifold with a connection V that possesses an 7-Ricci soliton
(8,& A, 1). Hence, (2.22) holds and we have

(Eva) (K1, Ka) + 28(Kq, Kz) + 2A8(Kq, Kz) + 2un(Ki)n(Kz) = 0. (9.1)
Using (8.2) in (9.1), we obtain
3(Va, &, 5) + o(K, Vi, &) + 28(K1, Kz) + 2A8(Kq, Kz) + 2un(Kqi)n(Kz) = 0. (9.2)
Using (3.3) in (9.2), we get

S(K1, Kz) = —(A =2)g(K1, Kz) — (1= 2)n(K)n(Kz). (9.3)
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Putting K = K, = £ in (9.3), we obtain

A—pu=—4n (9.4)
Therefore, we can state the following theorem:
Theorem 9.1. If (g,&, A, i) is an n-Ricci soliton on a hyperbolic Kenmotsu manifold admitting the con-

nection V is an n-Einstein manifold and the scalars A and p are related by A — yu = —4n.

10. ExaMPLE

Let us consider the 3-dimensional manifold M={(ki, k>, k3) € R3 : ks # 0}, with (ky, ko, k3),

representing the standard coordinates in R3. The vector fields

b 0 J

— k3— — JR— — — =
R U
Let g represents the Riemannian metric specified by
1 0 0
gle,e))=0 -1 0
0 -1

Let ¢ represents the (1,1)-tensor field expressed by

dle1) = ea, Ple2) =e1, Ples) =0.

Let 1 represents the 1-form expressed by 1(K1) = g(%, e3) for any K; on M.
Then using the linearity of g and ¢, we get

n(es) = —-1,¢* (K1) = K1 + n(K1)es, §(¢pK1, ¢%1) = —g(Ka, Kq) — n(K1)n(Kq),

where K € x (M). Then, for e3 = &, the structure (¢,,1,9) introduces an almost contact metric
structure on M.

Let V represents the Levi-Civita connection related to the metric tensor g. The Lie bracket can
be calculated by using the definition [%, Kz f = K1 (Kaf ) — Ko (K f). Thus, we obtain

[61,61] = 0’ [81’62] = 0’ [61163] = _61/
[e2,e1] =0, [ez,2] =0, ez 3] = —e2.
les,e1] = e, [e3, e2] = e2, [e3, 3] = 0.

The Levi-Civita connection V associated with the metric g is expressed by the Koszul’s formula

28(Vy, Ko, ) = Kaig(Ka, Ks) + Fag (K, K ) — Kzg (K, Kz)
+ ([, K], Ks) — g([Fa, K], Kq) + g([5G, K|, 7).
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By using the above formula, we obtain
Veer = —e3 ,Vee2 =0, Vees = —ey,
Ve,e1 =0, Veeo =e3, Vee3 = —e,
Vesel = 0, Ve332 =0 V€3€3 = 0.

From the above properties the manifold satisfies V., & = =K — (K7 )&, for e3 = &. Therefore, the

manifold qualifies as a Kenmotsu manifold. Using the formula
R(%1, Ka) Kz = Ve, Vi Ks = Vag Vaa Ks = Vi 76 K,

we calculate the following expressions:

R(e1,e2)er = —ex = —R(ea, e1)e, R(e1,e3)er = —e3 = —R(e3, e1)eq,
R(e1,ex)er = —e1 = —R(ez, e1)e, R(ez, e3)er = e3 = —R(e3,e2)er,
R(€1,€3)€3 = —€1 = —7{(63, 61)63, R(ez, 63)83 = —€y = —R(€3, 62)63.

Hence we have the following values:
S(el,el) = 2, S(@z,@z) = —2, 8(63,63) = 2.

Consequently, Z?:l €iS(ej,e)) =1 =6.
Using (3.2) we calculate the following values:

Vele1 = —263, Velez = 0, V31€3 = —261

Ve,e1 =0, Ve,2 = 2e3, Ve,03 = —2e

Ve,e1 =0, Ve,e2 =0, Ve,e3 = 0.

Further, using (3.7) we can calculate

R(ex,e1)er =4ex,  Rles,en)er =2e3,  Rley,ex)er = —4ey,

R(eg,, 82)62 = —263, R (81,63)63 = —261, R(Bz, 63)63 = —262.

Hence we have the following values:

S(e1,e1) =6, S(ez,e2) = -6, S(es,3) = -4 = t=16.

Which can also be verified from (3.14). Hence, from the above discussion, it is clear that theorems

(8.1) and (9.1) are satisfied by the given example.

11. CONCLUSIONS

In this paper, we examined concircularly flat and &-concircularly flat hyperbolic Kenmotsu
manifolds and concluded that the manifolds are special type of n-Einstein manifolds. Again, we
discussed that pseudo-concircularly flat hyperbolic Kenmotsu manifold and it comes out to be an -
Einstein manifold. Next, we explored the ¢-concircularly flat hyperbolic Kenmotsu manifold with

the Schouten-Van Kampen connection and established that it is an n-Einstein manifold. Also, we
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explored a ¢-concircularly semi-symmetric hyperbolic Kenmotsu manifold with the Schouten-Van
Kampen connection and verified that it is a special type of n-Einstein manifold. Furthermore, we
investigated a Ricci semi-symmetric hyperbolic Kenmotsu manifold with Schouten-Van Kampen
connection that it is an Einstein manifold and 7-Einstein manifold. In the last two sections, we
discussed that the hyperbolic Kenmotsu manifold with the Schouten-Van Kampen connection

admitting Ricci solitons and n-Ricci solitons are 1-Einstein manifolds.
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