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Abstract. In this paper, we will introduce the concept of a continuous K-biframe for Hilbert spaces, and we will present

various examples of continuous K-biframes. Furthermore, we investigate their characteristics from the perspective of

operator theory by establishing various properties. These results are interesting and more general than what exists in

the literature.

1. Introduction

The notion of frames in Hilbert spaces was introduced by Duffin and Schaffer [2] in 1952

to research certain difficult nonharmonic Fourier series problems. Following the fundamental

paper [1] by Daubechies, Grossman, and Meyer, frame theory started to become popular, especially

in the more specific context of Gabor frames and wavelet frames [6]. Currently, frames are

frequently employed in distributed signal processing, image processing, operator theory, harmonic

analysis, wireless communications, and many other fields. For more detailed information, readers

are recommended to consult [4, 7–10, 12–16, 19–30].

The concept of K-frames was introduced by Laura Găvruţa and serves as a tool for investigating

atomic systems with respect to a bounded linear operator K in a separable Hilbert space. K-frames

generalize ordinary frames by requiring that the lower frame bound is applicable only to elements

within the range of K.

The idea of pair frames, which refers to a pair of sequences in a Hilbert space, was first presented

in [5]. Parizi, Alijani, and Dehghan [17] studied Biframe, which is a generalization of controlled

frame in Hilbert space. The concept of a frame is defined from a single sequence, but to define
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a biframe, we will need two sequences. In fact, the concept of biframe is a generalization of

controlled frames and a special case of pair frames. Recently, Lfounoune, Karara, and Rossafi

studied and developed the concept of continuous biframe for Hilbert C∗-modules [9].

In this paper, we will introduce the concept of continuous K-biframes in Hilbert space, which is

a generalization of discrete K-biframes in Hilbert space [8]. Also, we will present some examples of

this type of frame. Moreover, we investigate a characterization of continuous K-biframe by using

the continuous biframe operator. Finally, in our exploration of continuous biframes, we investigate

their characteristics from the perspective of operator theory by establishing various properties.

2. Preliminaries

Throughout this paper,H represents a separable Hilbert space. The notation B(H ,K) denotes

the collection of all bounded linear operators from H to the Hilbert space K . When H = K ,

this set is denoted simply as B(H). We will use N(T ) and R(T ) for the null and range space of

an operator T ∈ B(H). Also GL+(H) is the collection of all invertible, positive bounded linear

operators acting onH .

In the following definition we define the notion of continuous frame in Hilbert spaces.

Definition 2.1. [18] LetH be a complex Hilbert space and (Ω,µ) be a measure space with positive measure
µ. A mapping X : Ω→H is called a continuous frame with respect to (Ω,µ) if

(i) X is weakly-measurable, i.e., for all f ∈ H , ω 7→ 〈 f ,X(ω)〉 is a measurable function on Ω,
(ii) there exist constants 0 < A ≤ B < ∞ such that

A‖ f ‖2 ≤
∫

Ω
|〈 f ,X(ω)〉|2dµ ≤ B‖ f ‖2,

for all f ∈ H .

The constants A and B are called continuous frame bounds. If A = B, then it is called a tight

continuous frame. If the mapping X satisfies only the right inequality, then it is called continuous

Bessel mapping with Bessel bound B.

Let X : Ω→H be a continuous frame forH . Then The synthesis operator TX : L2 (Ω,µ)→H

weakly defined by

〈TX(ϕ), h〉 =
∫

Ω
ϕ(ω)〈X(ω), f 〉dµ

where ϕ ∈ L2 (Ω,µ) and f ∈ H and its adjoint operator called the analysis operator T ∗
X

: H →

L2 (Ω,µ) is given by

T
∗

X
X(ω) = 〈 f ,X(ω)〉 , f ∈ H , ω ∈ Ω.

The frame operator SX : H →H is weakly defined by

〈SXx, y〉 =
∫

Ω
〈x,X(ω)〉〈X(ω), y〉dµ, ∀x, y ∈ H .

The following definition and theorem are used to prove our results.
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Definition 2.2. [11] LetH be a Hilbert space, and suppose that T ∈ B(H) has a closed range. Then there
exists an operator T+

∈ B(H) for which

N

(
T

+
)
= R(T )⊥, R

(
T

+
)
= N(T )⊥, TT

+ f = f , f ∈ R(T ).

We call the operator T+ the pseudo-inverse of T . This operator is uniquely determined by these properties.
In fact, if T is invertible, then we have T −1 = T+.

Now we recall the famous Douglas majorization theorem.

Theorem 2.1. [3] LetH be a Hilbert space and T1,T2 ∈ B(H). The following statements are equivalent:

(1) R(T1) ⊂ R(T2);
(2) T1T

∗

1 ≤ λ
2
T2T

∗

2 for some λ ≥ 0;
(3) T1 = T2U for some U ∈ B(H).

3. Continuous K-biframe in Hilbert spaces

In this section, we begin by presenting the definition of a continuous K-biframe in a Hilbert

spaces, followed by a discussion of some of its properties.

Definition 3.1. A pair (X,Y) = (X : Ω→H , Y : Ω→H) of mappings is called a continuous K-
biframe forH with respect to (Ω,µ) if:

(i) X,Y are weakly-measurable, i.e., for all f ∈ H ,ω 7→ 〈 f ,X(ω)〉 andω 7→ 〈 f ,Y(ω)〉 are measurable
functions on Ω,

(ii) there exist constants 0 < A ≤ B < ∞ such that for all f ∈ H :

A‖K∗ f ‖2 ≤
∫

Ω
〈 f ,X(ω)〉〈Y(ω), f 〉dµ ≤ B‖ f ‖2. (3.1)

The constants A and B are called continuous K-biframe bounds. If A = B, then it is called a tight continuous
K-biframe and if A = B = 1, then it is called Parseval continuous K-biframe .

If (X,Y) satisfies only the right inequality (3.1), then it is called continuous K-biframe Bessel mapping
with Bessel bound B.

Remark 3.1. Let X : Ω→H be a mapping. Consequently, in light of the Definition 3.1, we express that

(i) If (X,X) is a continuous K-biframe forH , then X is a continuous frame forH .
(ii) If P ∈ GL+(H), (X, PX) is a continuous K-biframe for H , then X is a P–controlled continuous

frame forH ,
(iii) If P, Q ∈ GL+(H), (PX, QX) is a continuous K-biframe for H , then X is a (P, Q)–controlled

continuous frame forH .

We now provide some examples that verify the description given above.

Example 3.1. Let {ek}
∞

i=1 be an orthonormal basis for H . We consider two sequences X =
{
fi
}∞
i=1 and

Y =
{
gi
}∞
i=1 defined as follows:
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X = {e1, e1, e1, e2, e3, · · · · · · } ,

Y = {0, e1, e1, e2, e3, · · · · · · } .

We have Ω =
⋃
∞

i=1 Ωi, where {Ωi}
∞

i=1 is a sequence of disjoint measurable subsets of Ω with µ (Ωi) < ∞.
For any ω ∈ Ω, we define the mappings X : Ω → H by X(ω) = (µ (Ωi))

−1 fi and Y : Ω → H by
Y(ω) = (µ (Ωi))

−1 gi and K : H →H by

Ke1 = e1, Ke2 = e1, Ke3 = e1, Ke4 = e2, Ke5 = e3, · · · .

Then for f ∈ H , ∫
Ω
〈 f ,X(ω)〉〈X(ω), f 〉dµ =

∞∑
i=1

∫
Ωi

〈 f , fi〉〈 fi, f 〉dµ

= 2〈 f , e1〉〈 f , e1〉+
∞∑

i=1

〈 f , ei〉〈ei, f 〉

= 2〈 f , e1〉〈 f , e1〉+ ‖ f ‖2.

≤ 3‖ f ‖2

So,

‖K∗ f ‖2 ≤
∫

Ω
〈 f ,X(ω)〉〈X(ω), f 〉dµ ≤ 3‖ f ‖2.

Therefore, X is a continuous K-frame forH with bounds 1 and 3. Similarly, we have∫
Ω
〈 f ,Y(ω)〉〈Y(ω), f 〉dµ =

∞∑
i=1

∫
Ωi

〈 f , gi〉〈gi, f 〉dµ

= 〈 f , e1〉〈 f , e1〉+
∞∑

i=1

〈 f , ei〉〈ei, f 〉

= 〈 f , e1〉〈 f , e1〉+ ‖ f ‖2.

≤ 2‖ f ‖2.

So,

‖K∗ f ‖2 ≤
∫

Ω
〈 f ,Y(ω)〉〈Y(ω), f 〉dµ ≤ 2‖ f ‖2

ThereforeY is a continuous K-frame forH with bounds 1 and 2.
Now, for f ∈ H , we have∫

Ω
〈 f ,X(ω)〉〈Y(ω), f 〉dµ =

∞∑
i=1

∫
Ωi

〈
f , fi

〉 〈
gi, f

〉
dµ

=
〈

f , e1
〉 〈

e1, f
〉
+

〈
f , e1

〉 〈
e1, f

〉
+

〈
f , e2

〉 〈
e2, f

〉
+ · · ·

=
〈

f , e1
〉 〈

e1, f
〉
+
∞∑

i=1

〈 f , ei〉〈ei, f 〉

=
〈

f , e1
〉 〈

e1, f
〉
+ ‖ f ‖2
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≤ 2‖ f ‖2.

So,

‖K∗ f ‖2 ≤
∫

Ω
〈 f ,X(ω)〉〈Y(ω), f 〉dµ ≤ 2‖ f ‖2.

Thus, (X,Y) is a continuous K-biframe forH with bounds 1 and 2.

Example 3.2. Assume that S =


 a 0

0 b

 : a, b ∈ R

, with the inner product:

〈., .〉 : S×S → R

(M, N) 7−→MNt.

for all M, N ∈ S. It is then straightforward to verify that 〈·, ·〉 forms a real inner product on S. Now, let’s
consider a measure space (Ω = [0, 1],µ) where µ is the Lebesgue measure. Define X : Ω→ S by

X(ω) =

 2ω 0

0 1−ω

 , ω ∈ Ω

andY : Ω→ S by

Y(ω) =

 3ω 0

0 ω+ 1

 , ω ∈ Ω

For all M ∈ S, it’s straightforward to verify that the functions ω 7→ 〈M,X(ω)〉 and ω 7→ 〈M,Y(ω)〉 are
measurable on Ω. Let’s define

K : S → S by KM =
√

2M for all M ∈ S.

Then, it’s easy to verify that ‖K∗M‖2 = 2‖M‖2.

For every M f =

 a 0

0 b

 ∈ S, we have

∫
Ω
〈M f ,X(ω)〉〈Y(ω), M f 〉dµ(ω) =

∫
[0,1]

〈 a 0

0 b

 ,

 2ω 0

0 1−ω

〉〈 3ω 0

0 ω+ 1

 ,

 a 0

0 b

〉 dµ(ω)

=

∫
[0,1]

 2ωa 0

0 (1−ω)b

  3ωa 0

0 (ω+ 1)b

 dµ(ω)

=

∫
[0,1]

 6ω2 0

0 1−ω2

  a2 0

0 b2

 dµ(ω)

=

 a2 0

0 b2

 ∫
[0,1]

 6ω2 0

0 1−ω2

 dµ(ω)

=

 2 0

0 2
3

  a2 0

0 b2

 ,
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consequently
1
3
‖K∗ f ‖2 ≤

∫
Ω
〈 f ,X(ω)〉〈Y(ω), f 〉dµ ≤ 2‖ f ‖2.

Therefore, (X,Y) is a continuous K-biframe forH with bound
1
3

and 2.

Next, we introduce the continuous biframe operator and provide some of its properties.

Definition 3.2. Let (X,Y) = (X : Ω→H , Y : Ω→H) be a continuous biframe forH with respect to
(Ω,µ). Then the continuous biframe operator SX,Y : H →H is defined by

SX,Y f =
∫

Ω
〈 f ,X(ω)〉Y(ω)dµ,

for all f ∈ H .

For every f ∈ H , we have

〈SX,Y f , f 〉 =
∫

Ω
〈 f ,X(ω)〉〈Y(ω), f 〉dµ. (3.2)

This implies that, for each f ∈ H ,

A‖ f ‖2 ≤ 〈SX,Y f , f 〉 ≤ B‖ f ‖2.

Hence AI ≤ SX,Y ≤ BI, where I is the identity operator on H . consequently, SX,Y is positive and

invertible.

Proposition 3.1. Let SX,Y and SY,X be continuous biframe operators such that SX,Y = SY,X. Then the
pair (X,Y) is a continuous K-biframe for H with respect to (Ω,µ) if and only if (Y,X) is a continuous
K-biframe forH with respect to (Ω,µ)

Proof. Let (X,Y) is a continuous K-biframe forH with bounds A and B. Then for every f ∈ H , we

have

A‖K∗ f ‖2 ≤ 〈SX,Y f , f 〉 =
∫

Ω
〈 f ,X(ω)〉〈Y(ω), f 〉dµ ≤ B‖ f ‖2.

Since SX,Y = SY,X we have

〈SY,X f , f 〉 = 〈SX,Y f , f 〉 =
∫

Ω
〈 f ,Y(ω)〉〈X(ω), f 〉dµ

Thus, for each f ∈ H , we have

A‖K∗ f ‖2 ≤
∫

Ω
〈 f ,Y(ω)〉〈X(ω), f 〉dµ ≤ B‖ f ‖2.

Therefore, (Y,X) is a continuous K-biframe forH .

Likewise, we can establish the converse part of this theorem. �

In the following theorem, we establish a characterization of a continuous K-biframe by utilizing

its continuous biframe operator.
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Theorem 3.1. Let (X,Y) be a continuous biframe forH with respect to (Ω,µ).Then (X,Y) is a continuous
K-biframe with bounds A and B for H if and only if SX,Y ≥ AKK∗, where SX,Y is the continuous biframe
operator for (X,Y).

Proof. Let (X,Y) is a continuous K-biframe forH with bounds A and B. Then using (3.1) and (3.2),

for each f ∈ H , we get

A‖K∗ f ‖2 ≤ 〈SX,Y f , f 〉 =
∫

Ω
〈 f ,X(ω)〉〈Y(ω), f 〉dµ ≤ B‖ f ‖2.

Thus,

A〈K∗ f , K∗ f 〉 ≤ 〈SX,Y f , f 〉,

Hence,

SX,Y ≥ AKK∗.

Conversely, assume that SX,Y ≥ AKK∗. Then, for every f ∈ H , we have

A‖K∗ f ‖2 ≤ 〈SX,Y f , f 〉 =
∫

Ω
〈 f ,X(ω)〉〈Y(ω), f 〉dµ.

Since (X,Y) is a continuous biframe forH . Therefore, (X,Y) is a continuous K-biframe forH . �

Furthermore, we provide a characterization of a continuous biframe with the assistance of an

invertible operator onH .

Theorem 3.2. Let T ∈ B(H) be invertible onH . Then the following statements are equivalent:

(1) (X,Y) is a continuous K-biframe forH with respect to (Ω,µ)

(2) (TX,TY) is a continuous K-biframe forH with respect to (Ω,µ).

Proof. (1)⇒(2) For each f ∈ H ,

ω 7→ 〈 f ,TX(ω)〉

and

ω 7→ 〈 f ,TY(ω)〉

are measurable functions on Ω. Let (X,Y) is a continuous biframe for H with bounds A and B
and T ∈ B(H). for f ∈ H , we have∫

Ω
〈 f ,TX(ω)〉〈TY(ω), f 〉dµ =

∫
Ω
〈T
∗ f ,X(ω)〉〈Y(ω),T ∗ f 〉dµ

≤ B‖T ∗ f ‖2

≤ B‖T ‖2‖ f ‖2.

On the other hand, Since T ∈ B(H) is invertible, for each f ∈ H , we have

‖K∗ f ‖2 = ‖
(
TT

−1
)∗

K∗ f ‖2

= ‖
(
T
−1

)∗
T
∗K∗ f ‖2

≤

∥∥∥∥(T −1
)∗∥∥∥∥2
‖T
∗K∗ f ‖2.
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Consequently, for each f ∈ H , we have∫
Ω
〈 f ,TX(ω)〉〈TY(ω), f 〉dµ =

∫
Ω
〈T
∗ f ,X(ω)〉〈Y(ω),T ∗ f 〉dµ

≥ A‖T ∗K∗ f ‖2

≥ A
∥∥∥∥(T −1

)∗∥∥∥∥−2
‖K∗ f ‖2.

Hence, (TX,TY) is a continuous K-biframe forH with bounds A
∥∥∥∥(T −1

)∗∥∥∥∥−2
and B‖T ‖2.

(2)⇒(1), Assume that (TX,TY) is a continuous K-biframe for H with bounds A and B. Now,

for each f ∈ H , we have

A‖T ∗‖−2
‖K∗ f ‖2 = A‖T ∗‖−2

‖

(
TT

−1
)∗

K∗ f ‖2

≤ A‖
(
T
−1

)∗
K∗ f ‖2

≤

∫
Ω
〈

(
T
−1

)∗
f ,TX(ω)〉〈TY(ω),

(
T
−1

)∗
f 〉dµ

=

∫
Ω
〈T
∗
(
T
−1

)∗
f ,X(ω)〉〈Y(ω),T ∗

(
T
−1

)∗
f 〉dµ

=

∫
Ω
〈 f ,X(ω)〉〈Y(ω), f 〉dµ.

On the other hand, for each f ∈ H , we have∫
Ω
〈 f ,X(ω)〉〈Y(ω), f 〉dµ

=

∫
Ω
〈T
∗
(
T
−1

)∗
f ,X(ω)〉〈Y(ω),T ∗

(
T
−1

)∗
f 〉dµ

=

∫
Ω
〈

(
T
−1

)∗
f ,TX(ω)〉〈TY(ω),

(
T
−1

)∗
f 〉dµ

≤ B‖
(
T
−1

)∗
f ‖2

≤ B
∥∥∥∥(T −1

)∗∥∥∥∥2
‖ f ‖2.

Therefore, (X,Y) is a continuous K-biframe forH with bounds A‖T ∗‖−2 and B
∥∥∥∥(T −1

)∗∥∥∥∥2
. �

In the following proposition we will require a necessary condition for the operator T for which

(X,Y) will be T -biframe forH .

Proposition 3.2. Let (X,Y) be a continuous K-biframe for H . Assume that T ∈ B(H) with R(T ) ⊆
R(K). Then (X,Y) is a continuous T -biframe forH .

Proof. Suppose that (X,Y) is a continuous K-biframe for H . Then there are positive constants

0 < A ≤ B < ∞ such that

A
∥∥∥K∗ f

∥∥∥2
≤

∫
Ω
〈 f ,X(ω)〉〈Y(ω), f 〉dµ ≤ B‖ f ‖2, for all f ∈ H .
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Since R(T ) ⊆ R(K), by Theorem 2.1, there exists α > 0 such that TT ∗ ≤ α2KK∗.
Hence,

A
α2

∥∥∥T ∗ f∥∥∥2
≤ A

∥∥∥K∗ f
∥∥∥2
≤

∫
Ω
〈 f ,X(ω)〉〈Y(ω), f 〉dµ ≤ B‖ f ‖2, for all f ∈ H .

Hence, (X,Y) is a continuous T -biframe forH . �

Theorem 3.3. Suppose K ∈ B(H) has a closed range. The continuous biframe operator of a continuous
K-biframe is invertible on the subspace R(K) ofH .

Proof. Assume that (X,Y) be a continuous K-biframe for H . Then there are positive constants

0 < A ≤ B < ∞ such that

A
∥∥∥K∗ f

∥∥∥2
≤

∫
Ω
〈 f ,X(ω)〉〈Y(ω), f 〉dµ ≤ B‖ f ‖2, for all f ∈ H .

Since R(K) is closed, then KK+ f = f , for all f ∈ R(K). That is,

KK+
∣∣∣
R(K) = IR(K),

we have I∗
R(K) =

(
K+

∣∣∣
R(K)

)∗
K∗. For any f ∈ R(K), we obtain

‖ f ‖2 =

∥∥∥∥∥(KK+
∣∣∣
R(K)

)∗
f
∥∥∥∥∥2

=

∥∥∥∥∥(K+
∣∣∣
R(K)

)∗
K∗ f

∥∥∥∥∥ ≤ ∥∥∥K+
∥∥∥2
·

∥∥∥K∗ f
∥∥∥2

.

Thus, ∥∥∥K∗ f
∥∥∥2
≥

∥∥∥K+
∥∥∥−2
‖ f ‖2.

So, we have ∫
Ω
〈 f ,X(ω)〉〈Y(ω), f 〉dµ ≥ A

∥∥∥K∗ f
∥∥∥2
≥ A

∥∥∥K+
∥∥∥−2
‖ f ‖2, for all f ∈ R(K).

Therefore, based on the definition of a continuous K-biframe, we have

A
∥∥∥K+

∥∥∥−2
‖ f ‖2 ≤

∫
Ω
〈 f ,X(ω)〉〈Y(ω), f 〉dµ ≤ B‖ f ‖2, for all f ∈ R(K).

Hence,

A
∥∥∥K+

∥∥∥−2
‖ f ‖ ≤ ‖ SX,Y

∣∣∣
R(K) f ‖ ≤ B‖ f ‖, for all f ∈ R(K).

Consequently, SX,Y

∣∣∣
R(K) : R(K)→ R(S) is a bounded linear operator and invertible on R(K). �

Theorem 3.4. Let K ∈ B(H) be with a dense range. Suppose that (X,Y) = (X : Ω→H , Y : Ω→H)

be a continuous K-biframe and T ∈ B(H) have a closed range.
If (TX,TY) = (TX : Ω→H , TY : Ω→H) is a continuous K-biframe forH , then T is surjective.

Proof. Suppose That (TX,TY) = (TX : Ω→H , TY : Ω→H) is a continuous K-biframe forH

with frame bounds A and B. Then for each f ∈ H ,

A
∥∥∥K∗ f

∥∥∥2
≤

∫
Ω
〈 f ,TX(ω)〉〈TY(ω), f 〉dµ ≤ B‖ f ‖2.
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Hence,

A
∥∥∥K∗ f

∥∥∥2
≤

∫
Ω
〈T
∗ f ,X(ω)〉〈Y(ω),T ∗ f 〉dµ ≤ B‖ f ‖2. (3.3)

Since K has a dense range,H = R(K), so K∗ is injective. From (3.3), T ∗ is injective sinceN (T ∗) ⊆

N (K∗). Moreover,

R(T ) = N (T ∗)⊥ = H .

Therefore T is surjective. �

Theorem 3.5. Let K ∈ B(H) and let (X,Y) be a continuous K-biframe forH . If T ∈ B(H) has a closed
range with TK = KT , then (TX,TY) = (TX : Ω→H , TY : Ω→H) is a continuous K-biframe for
R(T ).

Proof. Since T ∈ B(H) has a closed range. Then for each f ∈ R(T ),

K∗ f =
(
T

+
)∗
T
∗K∗ f ,

so we have ∥∥∥K∗ f
∥∥∥ = ∥∥∥∥(T+

)∗
T
∗K∗ f

∥∥∥∥ ≤ ∥∥∥∥(T+
)∗∥∥∥∥ ∥∥∥T ∗K∗ f∥∥∥ .

Hence ∥∥∥∥(T+
)∗∥∥∥∥−1 ∥∥∥K∗ f

∥∥∥ ≤ ∥∥∥T ∗K∗ f∥∥∥ .

Since (X,Y) is a continuous K-biframe with frame bounds A, B, then for each f ∈ R(T ), we have∫
Ω
〈 f ,TX(ω)〉〈TY(ω), f 〉dµ =

∫
Ω
〈T
∗ f ,X(ω)〉〈Y(ω),T ∗ f 〉dµ

≥ A
∥∥∥K∗T ∗ f

∥∥∥2

= A
∥∥∥T ∗K∗ f∥∥∥2

≥ A
∥∥∥∥(T+

)∗∥∥∥∥−2 ∥∥∥K∗ f
∥∥∥2

.

On the other hand, we have∫
Ω
〈 f ,TX(ω)〉〈TY(ω), f 〉dµ =

∫
Ω
〈T
∗ f ,X(ω)〉〈Y(ω),T ∗ f 〉dµ ≤ µ

∥∥∥T ∗ f∥∥∥2
≤ µ‖T‖2‖ f ‖2.

Hence,

A
∥∥∥∥(T+

)∗∥∥∥∥−2 ∥∥∥K∗ f
∥∥∥2
≤

∫
Ω
〈 f ,TX(ω)〉〈TY(ω), f 〉dµ ≤ B‖T ‖2‖ f ‖2.

Therefore (TX,TY) is a continuous K-biframe for R(T ). �

Theorem 3.6. Let K ∈ B(H) be with a dense range. Let (X,Y) be a continuous K-biframe and suppose
T ∈ B(H) have a closed range. If (TX,TY) and (T ∗X,T ∗Y) are continuous K-biframes then T is
invertible.
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Proof. Assume that (TX,TY) is a continuous K-biframe for H with frame bounds A1 and B1.

Then for every f ∈ H ,

A1

∥∥∥K∗ f
∥∥∥2
≤

∫
Ω
〈 f ,TX(ω)〉〈TY(ω), f 〉dµ ≤ B1‖ f ‖2. (3.4)

Since K has a dense range, K∗ is injective. Then from (3.4), it follows that T ∗ is injective as

N (T ∗) ⊆ N (K∗). Moreover

R(T ) = N (T ∗)⊥ = H .

Then T is surjective.

Suppose that (T ∗X,T ∗Y) is a continuous K-biframe forH with frame bounds A2 and B2. Then

for every f ∈ H ,

A2
∥∥∥K∗ f

∥∥∥2
≤

∫
Ω
〈 f ,T ∗X(ω)〉〈T ∗Y(ω), f 〉dµ ≤ B2‖ f ‖2. (3.5)

Since K has a dense range, then K∗ is injective. From (3.5), T is injective sinceN(T ) ⊆ N (K∗).
we can conclude that T is bijective. Therefore T is invertible. �

Theorem 3.7. Let K ∈ B(H) be with a dense range. Let (X,Y) be a continuous K-biframe forH and let
T ∈ B(H) be co-isometry with TK = KT . Then (TX,TY) is a continuous K-biframe forH .

Proof. Assume that (X,Y) is a continuous K-biframe for H . Then there are positive constants

0 < A ≤ B < ∞ such that

A
∥∥∥K∗ f

∥∥∥2
≤

∫
Ω
〈 f ,X(ω)〉〈Y(ω), f 〉dµ ≤ B‖ f ‖2, for all f ∈ H .

Let T ∈ B(H) be co-isometry with TK = KT . Then for each f ∈ H , we have∫
Ω
〈 f ,TX(ω)〉〈TY(ω), f 〉dµ =

∫
Ω
〈T
∗ f ,X(ω)〉〈Y(ω),T ∗ f 〉dµ

≥ A
∥∥∥K∗T ∗ f

∥∥∥2

= A
∥∥∥T ∗K∗ f∥∥∥2

= A
∥∥∥K∗ f

∥∥∥2
.

On the other hand, for f ∈ H all we have∫
Ω
〈 f ,TX(ω)〉〈TY(ω), f 〉dµ =

∫
Ω
〈T
∗ f ,X(ω)〉〈Y(ω),T ∗ f 〉dµ ≤ B‖T ∗ f ‖2 ≤ B‖T ‖2‖ f ‖2.

Hence (TX,TY) is a continuous K-biframe forH . �
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