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Abstract. This research examines the ecological and domestic cat-to-cat dynamics of Toxoplasma gondii transmission
explored in terms of vaccination and sanitation methods as major intervention steps. Considering the severe negative
consequences of toxoplasmosis in the fetus and the implications of the mentioned issue on the health of the population,
a justifiable conception of the parasites present in the cat circulation is necessary. Populations play a central role in
the development of control policies. A compartmental mathematical structure is employed for this purpose designed
by subdividing the cat population into four health-related subgroups, along with an environmental sub-compartment
column responsible for maintaining oocyst pollution. The model that has been developed summarizes the dynamics
between infectious cats and the environment in which they are located, both in direct and indirect patterns of transmis-
sion. Results of the analysis are provided define the conditions under which the disease can be eradicated and also the

conditions when the parasite is not eradicated inevitable. It is demonstrated through a thorough sensitivity analysis
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that inadequate vaccination coverage and inadequate sanitation practices. Treatments also stimulate the survival of
the parasites, resulting in more oocysts being shed and increasing the rate of infection in susceptible individuals cat
populations. Moreover, the results highlight the importance of integrated control measures in mitigating environmental
impacts contaminated mind and minimizing the exposure to zoonotic transmission, ongoing debates are presented to
be discussed. How specific vaccination and better practices to control Toxoplasma gondii spread to other animals can
be achieved vulnerable animals and possibly at-risk human populations. The experiences acquired in this model can
be used as a reference in future epidemiological planning and in the development of practical guidelines that would

decrease the burden of long-term conditions in the future toxoplasmosis.

1. INTRODUCTION

Toxoplasmosis is a zoonotic infection of the protozoan Toxoplasma gondii that leads to a disease
worldwide. It is a considerable infectious agent, and since its initial discovery more than a century
ago [1], it has been known to be contaminated by seroprevalence statistics showing up to a third
of the world population is contaminated, and incidence has been reported at more than 60 percent
in parts of the tropics [2]. It has a facultatively heteroxenous life cycle with the ultimate host being
the fine, on which sexual reproduction takes place, resulting in oocyst that are environmentally
resilient [3]. The wide range of homeothermic animals (e.g chickens, cattle, and avian species) can
serve as intermediate hosts, developing cysts in tissues and becoming valuable reservoirs for the
spread of infection [4]. Human infection predominantly occurs through unintentional ingestion
of oocysts in contaminated soil, water, or food, or by eating undercooked meat infected with
tissue cysts [5]. However, a less prevalent but severe type of the disease, congenital transmission,
occurs when the first infection is acquired during pregnancy [6]. Although the immunologically
sound individuals have no manifestations or a mild and self-limited illness, T. gondii may lead
to a deadly disease in immunodeficient individuals, including persons with AIDS or undergoing
immunosuppressive therapy, which can manifest itself as toxoplasmic encephalitis [7]. The con-
genital contamination may lead to various serious effects, such as spontaneous abortion, stillbirth,
and post-effects of neurodevelopment, such as hydrocephalus, chorioretinitis, and cognitive im-
pairments [8]. The clinical impact is significant as indicated by the long-term studies; in one study,
162 children with congenital toxoplasmosis were studied, and found that 66 out of them were in a
very ill state when they were born, 50 children acquired eye lesions, and 38 children who had eye
conditions had neurological damage [9].

Felines play a pivotal role in the epidemiology of toxoplasmosis. As the only hosts that give birth
to oocysts, they are the major source of contamination in the environment. One of the critical bio-
logical peculiarities is the character of the infection in felines: once the initial exposure is provided,
and then the period of excretion of oocysts is rather brief (1-3 weeks), the infection progresses into
a chronic phase during which the organism forms latent tissue cysts, and the felines overcome
immunity, preventing the subsequent excretion of oocysts but remaining infected throughout [10,
11]. This distinction between acute, infectious, and non-excreting chronic conditions is critical for

accurate modeling of the parasite’s behavior. The complex dissemination behavior of T. gondii
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has necessitated the use of mathematical constructs to unravel its complexities. Previous model-
ing studies have ranged from those that focused only on feline populations [12, 13] to those that
included more complex systems involving human and animal hosts [14, 15]. A common weakness
in many early models, however, is the presence of a so-called recovered or resistant compartment
that allows the felines to return to a fully vulnerable state, a pattern that is not reflective of the
permanent nature of infection and the development of non-sterilizing resistance, which does not
allow re-shedding. Abdelrazec’s scheme was a breakthrough because it included the non-excreting
and chronic phase of felines. However, it did not determine the possible effects of management
interventions. Two relevant ways that can assist in the prevention of the cycle of transmission
are immunization and hygiene. Cat vaccination is undertaken to decrease the number of suscep-
tible individuals, hence minimizing the rate at which new infections are shed [16]. Meanwhile,
better hygiene might help in speeding up the process of degrading or eliminating oocysts in the
environment, which will lower the severity of infection among felines and intermediate hosts
[17]. These practical management methods ought to be integrated into a valid dynamic approach
to lead to the health policy of the populace. The Caputo fractional derivative is widely used in
fractional-order modeling because it allows the incorporation of classical initial conditions while
effectively capturing memory and hereditary effects in complex dynamical systems [18,19].

We created an (SEV111;R) model with a generalized incidence rate. We presented a new methodol-
ogy to regulate it efficiently, with particular emphasis on both vaccinated and infected populations
of cats, to improve the understanding of the reader. In Section 1, an introduction, as well as per-
tinent historical background and basic terminology, is provided. Section 2 presents a VS-ToxoCat
mathematical model, which was developed directly in accordance with the goals of the research.
Section 3 entails the analysis of the proposed model and finding out its correctness. In Section 4,
an equilibrium-point analysis is provided, which comprises stability analysis. Section 5 then anal-
ysis the reproductive number to determine the possibility of spreading the disease and includes a
sensitivity analysis. Chaos control, which was done in MATLAB to give a detailed physical un-
derstanding, is presented in Section 6. In Section 7, solutions of the developed model are obtained
using a fractional operator. Lastly, there is the graphical representation and conclusion in Sections
8 and 9.

Definition 1.

Suppose U is a continuous mapping on L! ([0, T]R). For any fractional order v € (0,1) the

corresponding Riemann-Liouville fractional integral is given by:

B = | [0, iR

where integral on right side is point wise defined on (0, o).
Definition 2.

Let U be a continuous function on the interval [0, T]. The Caputo fractional derivative of U is



4 Int. J. Anal. Appl. (2026), 24:251

expressed as:

Cryv _ 1 ft _ X—V—ld_x
o DYU(t) = o) | (t-¢) d(PxU(t)((P)d(P ; (1.2)
where I'(-) denotes the Gamma function. For the case (x = 1) equation (2) simplifies to:
Cryv — ; ft _ v/
o DYU(t) = o) | (t=@)"U'(t)(p)de|. (1.3)

Lemma 1.

The Caputo system is assumed to have an equilibrium at a specific fixed point denoted by «.
SDyU(t) = Ut x(t)),v € (0,1) (1.4)

if and only if U(t,k*) =0
2. VS-ToxoCatr MoODEL

The cat population framework is structured into six distinct groups: Susceptible (S(t)), Exposed
(E(t)), Vaccinated (V(t)), Seriously Infectious (I;(t)), Mildly Infectious (I>(t)), and Recovered
(R(t)). Their interactions are described by a set of differential equations employing fractional-order
calculus. The Susceptible cat (S) group grows by the continuous addition of new members at a
tixed pace a1 and by individuals re-entering from the Recovered category at pace £1R. This group
shrinks due to direct disease transmission from contact with highly infectious cats I; at pace 71,
indirect infection from a polluted environment at pace p, and death from natural causes at pace w.

The differential equation is expressed as:
D(S) = a1 +&R-1Sh —wS — uSE

The Exposed cat category (E) includes felines that have acquired the pathogen from their surround-
ings. Its size grows at a rate AtSE as susceptible cats contract the illness from the environment.
It decreases when these felines transition into the Vaccinated group at a rate 1, advance into the

Seriously Infectious group at a rate o, or succumb to natural mortality at a rate w. Therefore:
D(E) = wuSE-(u1+ p2+w)E

The Vaccinated feline group (V) grows when exposed cats receive immunization at a rate p; E.
It declines because of diminishing protection from the vaccine at rate &, (transitionary to the

Recovered group) and death from all natural causes at pace w:
DV) = mE-(w+&)V

The Seriously Infectious feline group (I;) expands via two routes: immediate transmission from
infectious cats to vulnerable cats at pace 7151, and progression of exposed cats to this severe state
at pace poE. This group contracts as a result of mortality from all natural causes at pace w, transition

to the persistent (mild) phase at pace 7, and healing at pace 11:

D) = 7mSh—(w+ 12+ 1)l + wE



Int. J. Anal. Appl. (2026), 24:251 5

The Mildly Infected feline group (I») grows when cats from the seriously infectious category enter
this lasting phase at a pace 7,I;. It shrinks because of recuperation at a pace ¢, and death from

non-disease causes at a pace w:
D(Iz) = 101 - (a) + lpz)lz

The final group, Recovered felines (R), arises from two sources: immunized cats whose protection
declines and develop resistance at pace &;V, and the convalescence of mildly ill cats at pace ¢21>.
It declines because of fading protection (rejoining the Susceptible group) at pace &; and mortality

from natural causes at pace w:
D(R) = &V +yoh—-(w+&)R

The system of fractional-order ODEs listed below models the dynamics of toxoplasmosis in the

feline community.

D(S) = aj+&R-118l; — @S — uSE

D(E) = uSE—-(u1+ p2+w)E

D(V) = mE-(w+&)V

D(;) = miSh—(w+ 1+ y1)l1 + uE (2.1)
D(I) = 1wl —(w+ir)h

D(R) = &V +yoh—(w+&)R

The initial condition are

Description of Variable.

Table 1 lists the variable used in the suggested model along with an explanation of each.

Variable Description

S Susceptible cats

E Exposed cats

1% Vaccinated cats

L Seriously infectious cats
I mildly infected cats

R Recovered cats

TasLE 1. Description of the Variable

Description of Parameter.

Table 2 lists the parameters used in the suggested model along with an explanation of each.
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Parameter || Description Value || Source

aq Recruitment rate of susceptible cats. 2.89 | Assumed
W Natural death rate of cats. 0.53 || Assumed
T1 Direct (cat-to-cat) transmission rate from || 0.23 || Assumed

acute infectious cats.

u Transmission rate from exposed cats (E) || 0.211 || Assumed

to susceptible cats (S).

U1 Exposed to vaccinated rate. 0.20 || Assumed
U2 Exposed to infectious rate. 0.18 || Assumed
T2 Acute to chronic progression rate. 0.34 || Assumed
& Immunity loss rate. 0.3 Assumed
én Vaccine waning rate. 1.134 || Assumed
1 Recovery rate from acute stage. 0.123 || Assumed
1) Recovery rate from chronic stage. 1.23 || Assumed

TaBLE 2. Description of the Parameter

Ficure 1. The flow diagram shows proposed model.

2.1. VS-ToxoCat Model with fractional derivative. A wide range of epidemiological systems
can be studied using fractional-order models, which generalize classical integer-order models by
allowing derivatives of order between 0 and 1. In this work, we formulate a non-linear fractional-

order system in the Caputo sense to describe the transmission dynamics of Toxoplasma gondii
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between the cat population and the environment. The model incorporates the effects of vaccination

and sanitation to modify and extend the classical framework as follows:

CD}’S = a1 + &R - 118l — wS — uSE,
“DJE = uSE — (u1 + p2 + w)E,

DIV = mE-(0+&)V,

D'l = 11Sh — (w + 12 + ¢1) 11 + woE,

D', = 1oy — (0 + Y2) D,

CD'R = &V + ol — (w0 + &1)R

3. AnNAvLysis oF PUrRPOSED MODEL

A comprehensive evaluation of the suggested framework entails looking at its accuracy, fore-
casting capability, and dependability. The mathematical model’s structure, epidemiological

parameters, and validation techniques all have a major role in how well it works.
3.1. positivity and boundedness of Solutions. Given that its results are certain to be favorable,

the suggested model may be utilized in real-world contexts with significant benefits. Regarding

positive derivatives Yt = 0, the following features apply:

S(t) > S e+ ER-T1Sh—wS—uSE.
E(t) > Eoe#SE—(H1+}12+a))E,

V(t) > VetrE-(@+&)V,

(3.1)
I(t) > LenSh=wrer b uk
L(t) > Lenh-(@tg2)h
R(t) = Rpe?VH¥2h-(@+&)R,
The norm has to be specified
¢ o= sup | x(t) | 32)

teDy
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This norm is used to compute S(t).
“DVS(t) = a;+&R-1Sh —wS — uSE
“DUS(t) > —(til; +w + uE)S

CDrS(z‘) > —(tysup |l | +w+pusup|E]|)S
teD, teD,

“Dys(t) (11 111 oo +@ + || E 1), V£ > 0

\%

Therefore, the classical derivative’s outcome is;
S() 3 See-(mlhlkerarrulEle)t vy > g,
We calculate the function E(t).
“DIE(t) = uSE-(um+p2+w)E
“DJE(t) > —(u1+u2+w)E
Therefore, the classical derivative’s outcome is;
E(t) > Epe Wtimtol yps g
We calculate the function V(t).
‘DIV(t) = mE-(w+&)V
DIV(t) > —(0+&)V.

\%

Therefore, the classical derivative’s outcome is;
V() = V,(t)e @t
We determine the function of I (t).
D'Ii(t) = 7SI — (@ + 12+ ¢1)I; + 2
CDl’Il(t) > —(w+1m+9P1)h
Therefore, the classical derivative’s outcome is;
L(t) = Le @ty vi> 0.
We determine the function of I, ().
DiL(t) = wh-(w+yn)h
D'L(t) = —(w+yn)h
Therefore, the classical derivative’s outcome is;
L(t) > ILe (@2t >0
We determine the function of R(t).

DIR(t) = &V A+ialh—(w-E&)R

(3.3)

(3.4)

(3.6)

(3.7)
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D'R(t) > —(w+&)R
Therefore, the classical derivative’s outcome is;
R(t) > Roe~ @+t v >0, (3.8)

The system (6) solutions will undoubtedly remain positive once the Caputo fractional operator’s

initial requirements are satisfied t > 0 we get;
S(t) 2 SoI{=(1 1 [1 loo +@ + || E llo )"},
E(t) 2 Eo3{=(u1 + p2 + w)t"},
V(t) 2 Vo(t)3{—(w + &)1},
(3.9)

L(t) > L3{—(w + T2 + Y1)},

L(t) > L,I{—(w + yn)t"},

R(t) = Ro3{—(w + &1)#}.

3.2. Existence and uniqueness analysis. In this section, the existence and uniqueness of the
proposed framework are investigated using fixed-point theory. The existence of at least one
solution is established via the Schauder fixed-point theorem, while the uniqueness of the solution is
guaranteed by BanachASs contraction principle under appropriate conditions. Once the existence
of the solution is confirmed, numerical methods can be employed to approximate it. Furthermore,

system (6) can be generalized by incorporating a Caputo fractional derivative of order w €(0,1].
CDXS = a1 + &R =118 — wS — uSE,
“DYE = uSE — (u1 + p2 + w)E,
DYV = mE - (0 + &)V,
(3.10)

D'l = 11Sh — (w + 12 + ¢1) 1 + woE,

D', = 1oy — (0 + Y2) D,

CD'R = &V + ol — (w + &1)R
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Let

K1 (t,S) =a1 +&R—-11S81 —wS — [JSE,
k1(t,S) = uSE — (u1 + 2 + w)E,

Kl(t/ S) = [ulE - (CL) + 52)‘//

(3.11)
Kl(t,S) =118l — (a) + 72+ 77[/1)11 + ‘L12E,
k1(t,S) = 12l1 — (w + Un2) Iy,
Kl(t,S) =&V + 1111212 — (a) + El)R
Using the starting condition and fractional integral we obtain
1 (" .
S(t) = So+mf0(t—ﬁ) Y1 (1, S)dp,
t
EO) = Eot o [ (=9l B,
_ L ' _p\v-1
V) = Vot g [ 0=t v
_ L t _p\v-1
b = b+ [ e (612)
B = b+ [ =9 (R
t
R(H) = Ro+$ j; (t = B)"xe(t, R)dB.
Suppose
S(t) So x1(t,S),
E(t) Eo Kx2(t, E),
- V(t) - Vo - Kg(t, V),
HCER MR TCR R A IO e 3.13)
Iz(t) Io K5(t,12),
R(t) Ro Ke(t, R).

So the system (18) becomes

1

¥(0) = Yo+ s fo (t-B) OB, ¥ (B))dp
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Let us now examine a Banach space with a norm & [0,T] = Ji&

”S/ E/ V/ 11/12/ R” = Ssup “ S/ E/ V/Il/IZIR ”
te[0,1]

The mapping ¢ :u — u should be considered.
1 [ .
SH() = Yo+ o [ (0-p) 008 ¥(5)dp
I'(v) Jo
Furthermore, we apply the subsequent hypothesis to a nonlinear function.
The (F1) Constants yx, and x;, >0 exist such that

| Q¥ () 1< X0 (1) | +2xp
A (F2) constant called G, exists 0 for every ¥,¥ € .
1O, %) - QL F) G, | T - Fy |

Theorem 1. If assumption (F1) is true, there exists at least one solution of system (16).

Proof. Confirm that ¢ remains within a bounded range.

Let
® = YeO|xr =Yl
Where;
T
Yo + (ﬁ)
> max ——————
tel0,T] 1 — (%)

A closed, convex subcollection of u.

Now

lo¥]l = max |¥ +Lft(t— IR, (B)))dB |
CeoT] 0 T'(v) Jo P P X(P)))ap

%o | +ﬁ fo (t=B)" | OB, ¥ (B))dB |

< |%|+% f (= B)" [y | E(1) |+, )8
< |‘1fo|+[xp||‘¥<t>||+xp]r(v—l1)s;c

Since ¥ € ® = ¢(0©) C O it shows that © is bounded. Let t; < t; € [0,T] to prove that € is
completely continuous.
We take
1 & v—-1 1 g v—1
1% (5) 0¥ ()] = | [ (=00 ¥~ s [ (=)0 ¥ (B
[ty —t]]

F(v+1)

IA

o 1Y 11 +xp]
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This suggests that [|[0¥(t2) — ¢¥(2)|| — 0 as t, — #. Operator ¢ is continuous and compact

according to the ArzelA&-Ascoli theorem. Schauder’s fixed-point principle states that the system

(16) in question permits at least one solution. Additionally, the uniqueness of this solution (16) is

established by applying Banach’s contraction theorem.

Theorem 2. The existence of a unique solution to system (16) is ensured whenever condition (F2)

holds.

Proof. Let ¥, ¥; € u.

3 7 1 . v-1 1 " v-1 v
Io(9) =o(Fl = max | s [ (=00~ [ (1=B)005 ¥(9)ds
TV

F(v+1)

The contraction property is satisfied by the operator ¢. Therefore, the system (16) allows for a

Gy | ¥ -, |

single solution, as stated by Banach’s fixed-point theorem. The Caputo operator is used to examine
stability and iterative behavior.

Theorem 3. LetASs say that N is a self map defined as follows:

NIS(D] = Sua(t) = Su(0) + 57 [g-8lar + E1R, = 18,51, — S, — wS,E ),
NED] = Evia(t) = Eu(0) + 67 [G-0luS.Es = (11 + 2 + @B,

NVL(O] = Vorr(t) = Vo(0) + 67! [g-0linE, (@ + &)Val),

N[ho(H)] = Ly (t) = Lo(0) + 67 [%ﬂémsvhv —(w+ 2+ Y1)l + p2Eul],
Nl = ien) (1) = L2 (0) + 87 [g-lrahy = (@ + g) o),

NR,(H] = Ro(t) = Ro(0) + 67 [g-0lEaVs + Yoy = (@ + DRl

Iteration N Stable is G! (v + p) if the following requirements are met.

1+ &1dp1 = 11(P1+ Pa)po — w3 — u(P1+ P2)y < 1,
p(P1+ P2)ds — s — pagps — w7 < 1,

s — wg — Eagg <1,

T1(P1 + Pa)a — w10 = Tau — P11z + piacps < 1,

ToP11 — wP13 — wrP1a < 1,

&9 —Padp1a — w15 + E1P1 < 1,
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Proof. To demonstrate the fixed point of N, we calculated the following for (v + p) € PxP.

N[l () = I ()]

N[y (t) = oo (£)]

N[R,(f) = Ry(t)]

1
Su(t) = Su(t) + 67 [w—06{ar + &Ry — T1Suliy — Sy — uSuE )]

Ju

1
6 [=—06la1 + &Ry — T1Syl1y — @Sy — USHEL}],

Jo

Eu(B) = Eult) + 67 [q-0{uS,Ey — (11 + pi + 0)Eu)]

5—1[i5

Ju

o
{HSUEU - ([J] + 2+ a))Ev}]/

V() = Vo) + 67 [l By — (@ + £2) V)

Jo

5-1[Si6{y115v — (0 + &)V,

Liu(t) =Ly (t) + 67

5—1[i

@

Ju

L

] {T1SyIly—(a)+T2+¢1)I1y+[/ley}]

O{t1Spl1y — (W + T2 + Y1) L1y + 12Eu}],

B () = Lo (£) + 67 {210 — (@ + ¥2) Iao)]

5-1[i
Ru(t) = Ry(t) + 67"

5—1[i

Jo

Ju

Ju

O{talty — (W + P2)Ion}],

L

5. {&2Vy + ol = (0 + &1)Ry}]

&V, + 1//21211 - (CU + él)Rv}]

By computing the norm on both sides.

R[S, (£) = Su (D] 1l

| R[Eu(t) = Eu(t)] Il

1
I Su(t) = Su(t) + 67 [=—blar + &E1Ry — T1Suliy — wSy — uSLELY),

Ju

4. 1
51 [S_é{al + &Ry — T1Sul1y — @Sy — USLEL] I,

()

| E(f) = Eu() + 6~ [ bluS,Ey — (11 + 2+ @)Ey]]

I
- 5—1[%5@5,,3] — (1 + 2+ @)E] |
IRV = Vo1 = I Viu(t) = Vo (t) +5—1[8i By = (@ + &)Vl
- 5 g-dlmE ~ (@ + &V I
IR (8) =T (O] T = 1T (8) = T (1) + 5—1[5i (118uliy = (@ + T2+ §1) L1y + 2By}
- 5! [ié{’clsvllv — (W~ 12 + 1)1y + 2EL}] I

Ju
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8200 = IO | = 11 Iy (6) = o (8) + 67 [g-0leah, = -+ )l ]
- 7l g-olnah, @+ y2) )] |
ISR =R I = 11 Ru(t) = Ro(t) + 67 [g=8(2aV, + Yl = (@ + E1)R,
o [Siwé{ézvv + Pl — (0 + EDR] |
We can make it simpler by using the triangle inequality, which gives;
I8IS,(6)=Su(B 1 = 15,0 =S,(6) Il +67! (-0l &1 (R, =R |
F l=niSu( = Io) I+ | =1l (S — S0) |
= (S = 50) |+ Il =4Su(Ey = Eo) Il + 1| —Eo(Su— S0) I,
ISEA0 =B (O] = 1Eu() = Eult) 1 +67 150 I S,(Eu—E.) |

+ ” {HEU(Sy - Sv) ” + ” _(Ivll + Uz +CU)(Ey _Ev) ||}]

0 (B = Eo) I+ 1l =@+ &) (Vo= Vo) 1]

13000 = ) ) 467 [0 T8l =) 1+ 1 T (S 50) |

| (@ + T2+ 1) (T~ T) |

I 2By — Eo) ]

120 () = a0 ) +67 [0l = Bo) 1+ 1l =(0+ $2) (= F) )
Il Ru(t) = Ro(t) I +6-1[3iw
=@+ &) Ry~ Ry) ]

IR[VL(t) = Vo]l = 1 Vu(t) = Vo(t) | +671

I NI (t) = Lo ()]

+ +

| NI (t) = Lo ()] |l

” N[R{u(o _Rv(t)] ”

&V = Vo) Il + 1 a(loy — Io) I

Given the proportional significance of the two choices, we define

I Su(t) = Su(t) |

Il

I Eu(t) = Eu () 12N Vi (t) = Vo () 1201 T (8) = Lo () 1201 L20 () = Lo () |l
I Ru(t) = Ro(t) I

IR

As a result, we get the relationship below.

8IS0 = Sut) I = 11,06 = Su(0) Il +67! [0l &1(S,=S.) |

| =715 (Su = Sv) | + 1l =111 (Su = Su) |l

= (S = So) 11+ | =S, (S = So) Il + 1| ~HEw(Sy = ) 1],
I N[Ex(t) =Eu(D)] I = 1 Eu(t) = Eo(t) +6‘1[Siw6 I {uSu(Ey = Ev) |

+ IHuE(Ey = Ev) I + I =(p1 + p2 + ) (Ep = Ev) }]
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I N[Vu(t) =Vu(O 1l = 11 Vu(t) = Vo(t) +6_1[5Lw5 g1 (Ve = Vo) T+ 11 (@ + &) (Ve = V) [I}]
I N[ (8) L] = 1 hyu(t) = Lo(t) +6_1[5iw5{|| T1Sp(hy = Tw) I+ 1l taliw (Iig = o) |l

+ I =(@+72+¢1)(hy = o) | + 1l p2 (i = Io) 1]
I 8[Lu(t) = Lo(®)] I = I Lu(t) = Lo (t) |l +6_1[5iw5{|| T2(Ioy = Io) | + Il =(@ + ¢2) (Lo — I20) }]
I N[Ru(t) =Ru(H)] I = I Ru(t) =Ro(t) | +6_1[3iw5{|| &2(Ry = Ro) I+ 1 f2(Ry —Ro) |l

+ I =(w+ &) (Ry = Ro) I}

Also the convergent sequences Sy, Ey, Vy, 1y, Iy, Ry are bounded. We can then derive seven
distinct positive constants P1, P, P3, Py, Ps, P¢ for all t such that

Il Su ll< P1, Il Ey lI< Po, Il Vi lI< P3, [ Ty [I< Pa, |l o |I< Ps, || Ry [I< Pe.

Further, considering equations we get

IN[S.(t) =Su()] Il < (1+ &1 —T1(P1+ Ps)p2 — w3z — u(Py + P2)pa) || RS, (t) = Sy (t) |l
IR[Eu(t) —Eu(H)] I < (u(P1+ P2)a — 15 — pape — w@7) I REu(t) — Eu(t) |l,
IRVu(t) = Vo]l < (11¢5 — wips — Sapo) | RV u(t) = Vi (2) I,
| N[ () = I(O] | < (t1(P1 4 Py) P2 — w10 — Tadp11 — Y112 + pacpe) || NI1y(t) —Inu(2) I,
I N[Ly(t) = Lp(t)] | £ (12911 — wP13 — w2p1a) || NIy () — Iy () |,
IN[RL(t) =Ru ()] I < (E209 — P2p1a — w15 + E1¢p1) || RR i (£) = Ry (t) ] -
Where

1+ &1¢1 = T1(P1 + Py)p2 — w3 — p(P1 + P2 )y < 1,
p(P1 + P2) s — 15 — zcps — w7 < 1,

p1ps — wops — Eapg < 1,

T1(P1 + P4) P2 — w10 — 111 — Y1012 + tatpe < 1,
To11 — wP13 — wrP1a <1,

E209 — Yap14 — w P15 + E1¢p1 < 1.

For this reason N has a fixed point. In relation to equations, we presume

v =(0,0,0,0,0)

14 &1¢1 — 11(P1+ Pa)p2 — w3 — u(P1 + P2)pa,
p(P1 + P2) s — 15 — tape — wopz,

Y — p1Ps — wpg — <2,

T1(P1 + Py) P2 — wP10 — T2dp11 — Y112 + pade,
T2P11 — WP13 — W2(P14,

E29 — Y14 — w15 + E1¢1.
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This complete the proof.

4. EQUILIBRIUM POINT ANALYSIS

A thorough analysis of the equilibrium points is given in this section. System (6) must be set to

zero to find an equilibrium.

a; + & R-1S —wS - uSE =0,
USE = (1 + p2 + w)E =0,
mE-(w+&)V =0

11Sh — (w4 12 + Y1) + E =0,

o1 = (w+P2)h =0,

V4l — (w+E1)R =0.
The following are equilibrium points devoid of disease:

a1

S_)E’

E—0O,
V-0
I =0,

12_>01

R — 0.

Thus if E* = 0, then we have §* = %, I =0, = 0,R = 0, which are disease free equilibrium

Points:
aq
E° = (—,0,0,0,0,0)
%)
5. ReprODUCTIVE NUMBER AND SENSITIVITY ANALYSIS

According to the disease-free level equilibrium point, the functions F and V are inferred by the

next generation technique, respectively. This approach was previously used to explain how an
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illness spreads. Obtaining FV~! for the reproduction R.

—@

0
0
0
0
0
and

Where;

and

Wty tp

S — (u1 + 2 + )

i
U2
0
0
uS
(11 + p2 + w)
0
0
0
0

Ha &y

o+ —5—=

715 — (W + 12 + 1)

S O O O O

o O O © O

0

0
0
0
0

Where

(w2 +wpr+wuy)

(w2+wy%+myz)(w+€z)

w twéy

(w?+wpy+wps) (w+E)

0

0
0
0

0

pay (0?+w&s)

" (@t wp o) (0+1a+01)

w(w? o +wpn) (w+E)
p1 (0 +wéy)

(0*+wpr o) (0+E2)
2 (0?+wés)

o O o o o o

(@ o +wops) (0+&)

0 &1

0 0

0 0

0 0
—(@ +42) 0

) —(w+&1)

&1)

ay (0t +Hpp)Tg
(0+&1) (@ Fopr o ) (0+T2+¢1)

0
0 0
0 0
0
1

- @
(&) (@+T2+97)

0

1

(w+&1)

&
(w+é&7)

0
0

a7y
(w+&r) (w+T2+¢1)

wWT
(w+&r) (w+T2+1)
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Thus

0
poq (@ +wés)
w(w? o tous)(w+E)
p1 (0’ +wéy)
(024w +opn) (w+Er)
2 (0 +wéy)
(0w +wps) (w+E2)

0
0

o O o o o

The characteristics equation is

The reproductive no is

5.1. Senstivity. A sensitivity
the proposed framework. The

By calculating the relevant thr

1Y -AL|=0
&1
0 0 0 (w+&1)
— 0 0 0 0
-A 0 0 0
0 a7y - 0 . utu =0
w(w+T12+Y1) (w+é&1) (w+T2+Y1)
0 T2 A Wi
(0+12+Y1) (w+é1) (w+T24+Y1)
& 0 _¥2 A
(w+&2) (w+y2)
Ro = £

w(w~+ 1+ p2)

= Hal
w(w + 1 + p2)

analysis is performed to evaluate the impact of various factors on
analytical examples that follow how each parameter effects Ro.

Ro = it
0 w(w+ p1 + p2)

eshold’s partial derivative for the relative documents given below.

@ — " >0
i wlw+wm+p)
@ - [,l > O,
dar  w(w+ 1+ p2)

IRy _ _pmQ@owtmtn)
do  @(w+p+w)?
(9R0 _ yal <0
o wlw+py +p)?
8R0 _ Haq <0
dur  wlw+u +p2)?
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(a) Sensitivity to the parameters

and oy

Lemma 2. Suppose that for any t >ty U € R™ is a function that is continuous.
°Dy (U-Ur - Wlogh) < (1- ) “Dju()
U eR*,Yae(0,1).
Theorem 4. For values of Ry less than one, the disease-free equilibrium state E? exhibits global
asymptotic stability.

Proof. The Lyapunov function is as follows:

G = (S—SO—SOlog%)—|—E+V—|—I1+Iz—|—R

Lemma gives us;
‘DG < (1- S?O)CDIS +CDJE+C D}V +€ DT +° D}I, + DR
Substituting the derivative values from;
‘D'G < (1- %0)(0(1 + &R —11Sh — S — uSE) + (USE — (1 + t2 + 0)E) + (ME - (w0 + &) V)
+ (1Sh—(w+ T+ ¢1)h1 + wE) + (121 — (0 + Y2) o) + (E2V + Yol — (w + &1)R)

Replacing S = S-S, E=E-E,V=V-V, [ =L -1}, , =, -1, R=R-R°

DG = (1) + & (R = 11(S =) (1~ 1) ~ (S - §7) ~ (S - ) (E - E%)
+ (u(S=S)(E=E°) - (i1 + p2 + @) (E— E%)) + (1 (E— E%) = (@ + &) (V = V?))
+ (S-S (h-1) = (w+ 72+ 1)(h = I9) + pa(E - EY))
+ (b =)= (0+2) (L= 0)) + (&2(V=V°) +2(b — L) — (0 + &) (R-R’))

Asis evident, forRg <1 = CD‘;G <0

and CD{G = 0 only when;

S=S-SCE=E-E,v=v-V, L =L-IL=0L-1) R=R-R".

The existence of global asymptotically stable disease-free equilibrium states E is the conclusion

we draw from this.
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At the endemic equilibrium EY, the Lyapunov function defined on (S, E, V, 1, I, R) satisfies G<0.
Theorem 5. The endemic equilibrium E° attains global asymptotic stability whenever Ry is greater
than one.

Proof. We analyze a Lyapunov function formulated using the Volterra approach.

S E v
G = Qi(s-5°- S%gﬁ) + Q(E-E°- Eologﬁ) +Q3(V-VY- V%gw)

I I R
+ Qu(L-DI- Ig’logl—o) +Qs(L 19 - Iglogl—o) + Qe(R-R%— Rolog@)
1 2
In contrast, the positive constants that were later chosen are Q;,i = 1,2,3,4,5. Lemma (2) is then
used after the equation has been placed in the main system.

L -1

I

V-V
1%

§-5° E-E°
S E
L-1) R-RO

+ Qs(—2)DyL + Qs
I R
In the equation above, the derivative values may be expressed as follows:

s-50 E-E°
3 )(a1+£1R—71511—a)5—ySE)+Q2( E
0

— o I -1
TN E - (@ V) + Qo
1

L-1 —RO
©2)(mah - (0 Y2)l) + Qe
2

Replacing S = S-S, E=E-E,V=V-V,I; =, -1, b, =, - I3, R=R-R".

)“DYE + Qs( )D}V + Qa( )Dih

DIG < Quf )°D}'S + Qa(

)’DVR

‘DG = Qi )(WSE — (1 + pi2 + w)E)

)(11511 - (a) + 1+ gbl)ll + [JzE)

+  Qs(

+ Os( )(&E2V + ol — (w + &1)R)

_q0
DG = QI )@+ ER-R) = m(5 =) (h ~ ) ~ (S - %) ~ u(S ~ S*) (E~ E*))
_r0
+Q(E) (S = S E=E) =~ (j + o + ) (B~ E%)
V-0 0 0
+ Qs v J(U1(E-E”) = (w + &)(V=VY))
L-D
+ QU (S-S~ 1) - (@ + T2+ 1) (1~ ) + pa(E~ E))
L-1°
Q)+ (ra(h — 1)~ @+ ) (2~ 1))
R_RO 0 0 0
+ Qo(m)(E(V = V) + (- ) - (@ + &) (R-RY))
Now let Q1 = Q2 = Q3 = Q4 = Q5 = Q¢ = 1. The above can be arranged as follows:
0 0 0 _ c0\2 _ c0y2
CD?G < a1-— 0(1% + &R - élR% — 51R0 + élRO% — Tlll% + T1[?¥
_ c0)\2 _ c0)2 _ q0\2 _ r0)\2 _ r0)\2
NG Ss> e Ss> g Ss> pasEEP B
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E_EOZ E_EOZ E_EOZ VO VO
- #1( T ) —yz( 3 ) —w( 3 ) +M1E—y1E7—u1E°+y1E°7
- w V- Vo7 -& v-vo + 15 G _I?)z —18° (h _I?)z - (u(h _I?)z -T2 S _I?)Z
14 1% L L L I
(h-1) Iy I 1 10
- l,blTl + wE - [JzE— - yzEO + [JQEO + 1007 — T211 —l— TzIO 12 — TZI?
(L -19) (L —19) RO
S el e —EZV—EzVE—ngO-FEzVOF—H#zIz
R° 0 OR (R—RO)2 (R-RO)?
- Yolh— R = ol; + Yol, R -& R

We can write

‘DIG < 91-%

0S° (§—8Y%)2 (S —8%)2 (E-E%)?
9 = R4+ &R y 0227 4 02 27 4 g =7
1 o+ &R+ &R =+l —e— +yp g tH i
()VO (Il IO 2 IO
+wE+wE v + TSI— + w2E + {JzE - + To1q
1
+ 10£+5 VOR—0+ L+ Pk
T2 1L ViR Ualr + Yol R
SO SO 0 (S _ SO>2 (S _ 50)2 (S _ 50)2
3 = al? + ElR? + &R+ 1L 5 +w 3 + ‘UET
0\2 0\2 0\2 0\2
o(E-E) (E-E°) (E-EY) Ve (E-E))
+uS 3 + T + U2 T + wE v +w—E
0\2 0\2
0o, V-V WV G h)T (k)
+mE +w v + & v + 15 I 4+ w I
(Il _ 10)2 (Il _ 10)2 IO
+12 LA 1 4 E + Tl = + T2l
I I I
(- 19)? (- 19)? RO RO
+w 2 2 F OV A EHV— + &V + Uoh—
I I R R
R—RO)2 R-RO I
+1p21‘2’+w( = ) +£1( = i +yzEl

We examine that if
91 <9 =D/G<0.

StillwhenS =S° E=E0, I = Ig, I = Ig, R =R,
Then;

91 -9, =0,2°D/'G = 0.
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From this we conclude that;
0 _ g0 0 1/0 10 10 RO
L"=S"E, V', I}, I, R
This is the biggest set of compact invariant singletons in;

{(s%E° VO, 10,19, R%)} e ®:“ D/G =0

Consequently if 91 < 9, the locations of endemic equilibrium EY exist in the invariant zone and
are globally asymptotically stable.

6. Cuaos CoNTROL

Using a linear feedback regulation technique designed especially for a fractional-order system
operating inside a regulated design framework, System (2) is stabilized around its equilibrium
points.

CD'S = a3 + &R — 118l — wS — uSE — p1(S - S°),
CDJE = uSE — (1 + p2 + w)E = p2(E~ E?),

CD'V = E — (0 + &)V — p3(V = V0),

CD}’Il =118 — (w+ 2 + 1)1 + poE — pa(l — I?),

“DyI = 12l — (0 + 2) 2 — p5(I2 = I9),

CD'R = &V + ol — (w0 + &1)R - ps(R = R?).

where S°, E0 VO, Ig,lg and RY indicate the system’s point of equilibrium p1, p2, p3, pa, ps and pe
represent the control parameters. We discover the corresponding Jacobian matrix:

-w -1 —us 0 -11S 0 &1
0 uS — (w1 + p2 + w) — p2 0 0 0 0
J= 0 i —(w+&)-ps 0 0 0
0 L2 0 718 = (w+ T2 + 1) = pa 0 0
0 0 0 T —(w+12) - ps 0
0 0 & 0 P2 —(w+&1)—ps

Selecting 1 =1, P2 =2, p3 = 3, ps = 4, 5 = 5, ¢ = 6 and given parameters a; = 2.89, &1 = 0.3,
71 = 0.23, w = 0.53, u = 0.211, 3 = 0.20, o = 0.18, &, = 1.134, 15 = 0.34, ¢; = 0.123, ¢ = 1.23
at the equilibrium point E;, the corresponding characteristic equation is given by:

—0.43607 — 3.46232] —9.275971A% — 10.4102A° — 5.264441* —1.A° = 0

{A - -1.66,A - —1.4535,A — —-0.43, A — —0.267436, A — —1.4535}
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Selecting 1 =1, ¢p2 = 2, 3 = 3, o4 = 4, 5 = 5, ¢ = 6 and given parameters a; = 2.89, &1 = 0.3,
71 = 0.23, w = 0.53, u = 0.211, pg = 0.20, po = 0.18, &, = 1.134, 15 = 0.34, Y1 = 0.123, ¢, = 1.23

at the equilibrium point E, the corresponding characteristic equation is given by:

—0.394533 — 3.27948 — 9.01423A% — 10.2532A° — 5.230391% = 1.0A° = 0

{A - -1.66,A — —1.4485,A — —0.43, 1 — —1.4485, 1 — —0.243391}
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7. NUMERICAL SCHEME WITH CAPUTO

By adopting the Caputo fractional derivative in place of the standard time derivative and
utilizing Newton polynomial interpolation, the fractional power law effect is captured. For system

(6), we offer a numerical approach based on Newton polynomials. Forsimplicity:

“Ds(t) = S(t,S),
“DVE(t) = E(t,E),
DV (t) =V(t,V),
“D'Li(t) = Li(t, ),

D'l (t) = L(t, L),

“D'R(t) = R(4,R).

Where;
S(t,S) = a1+ &R-11Sh —wS — uSE,
E(t,E) = uSE— (w1 + p2 + w)E,
V(tV) = mE-(w+&)V,
L(t,h) = ©Sh—(w+ 12+ y1)h + Wk,
L(t,L) = th—-(w+y2)h,
R(tR) = &V +ioh—(w+&)R

Using a fractional integration technique and a kernel based on a power-law function, we obtain:

(Bt 1) =50+ ﬁ Z‘ f h S1(t,S)B" " (tesr — )" dB,
n=2"tn

Similarly we can write for (E)(t. +1), (V)(t. +1), (I)(t. +1), (I)(t- +1), (R)(tc +1). Remember

the Newton polynomial:

N(t, V) = N(t.—2, V.2) + Ait [N(te_1, V1) = N(teoa, Ve 2)] (B = t.22)
+fi2 [N(t., Vo) =2N(tc—1, Veo1) + N(tema, Veoa)] X (B = te—2) (B — too1).

Replacing the above formulae;

S)t+1) = SO+ 5 Y Siltarny ST [ e )

n=2 tn
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1 = 1 1_(: n—1 1_C - tn-1 et
+ T(h) HZ_Z AL [tn_151(tn—1,5 ) =t 5S1(tn-2,5"77)] XL (B—tna)(tes1 —p)"dp
+ Lii[ b St (tn, S") = 217581 (b1, S"7T)
F(h) 4 2 1\tn, 1\tn-1,

+ 675S1(tn2, S"2)] ft (B tua) (B taa) (11 — B)1dB,

Similarly we can find for (E)(t. +1), (V)(tc+1), (I1)(tc + 1), (I2)(tc + 1), (R) (£ + 1).
Calculations of the integral and get the equations as.

1 h
[t = Sl cons1y -y,
ftm(ﬁ—t 22)(tey1 —B)" 1B M[(g—n+1)h(g—n+3+2h)
" n c+ h(h—{—l)
- (c—-m)(c-n+3+3n),
[ 6 tra) Bt -t = B 1))
b " =) et ER N c—n

(314 10)(c —n) + (27 4+ 91 + 12)
- (c=n)"x(2(c=n)*+ (51+10)(c —n) (7--18)
(6h* 4 18k 4 12)).

Thus, we ultimately obtain

(S)(te+1) = S(0 Zt $S1(tn2, S"2)Fy

h+1

At)
- (Af Zt S1(tu-1,S"1) = t175S1 (tua, S"2)F,

L+
(At)

TRy

Ztl €81 (tn, S") = 2617581 (o1, S™1) + 1581 (bua, S"2)F3,

Similarly we can find for (E)(t. +1), (V)(tc +1), (I1)(tc +1), (I2) (¢ + 1), (R) (£ 4+ 1).
where

Fi = (c-n+1)'=(c—n),

F, = (c-n+1)"(c—n+3+21)—(c—n)"(c—n+3+3n),

Fs = (c—-n+1)"2(c—n)?) + (Bh+10)(c—n) + (2h* + 91+ 12)
- (¢c=n)"x (2(c-n)*+ (5h+10)(c — n) + (61 + 18k + 12)).

7.1. Stability of Numerical Scheme. To analyze the stability of the numerical scheme property
defined by the controlled behavior of small perturbations in the solution of SEVI; ;R based model
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is expressed in the following general form;

where CDtV denotes the SEVI1 IR fractional operator. Let U, 11 and Up+1 represent two numerical

approximations obtained from identical initial data, Uy = Uy evolving from the same initial value.

“Dru(t) = u(t,«(t)),e 1(0,1),t € [0,T]

If there exists a positive constant P, such that

| Up1 = Upi IS Opr | Upir = Upia lo

This demonstrates that the proposed approach is stable.

Lemma 3. The weighting method used in this study is stated as follows;

where Oy, is solely dependent upon .

p+1

p+1
Yo,
n=0

|< @hTh

S

E

A%

I

I

R

0.83
3.91516972
4.07420081
4.129609725
4.153347876
4.165140107
4.171844431
4.176182089
4.179333238
4.181845173
4.183986121

0.7
0.01212008
0.010704961
0.009962081
0.009445353
0.009034818
0.008685907
0.008378347
0.008101391
0.007848593
0.007615693

0.5
0.000129707
0.001839337
0.001881952
0.00180113
0.001721934
0.001653251
0.001593062
0.001539242
0.001490357
0.00144546

0.55
0.089231161
0.081467487
0.078131586
0.076125757
0.074653228
0.0734391
0.072371237
0.071397919
0.070492646
0.069640447

0.2
0.017866804
0.01610602
0.015302338
0.014850969
0.014538222
0.014289793
0.014075958
0.013883364
0.013705389
0.013538433

0.25
0.018216112
0.016419457
0.015563847
0.015080541
0.014746293
0.014482
0.014255683
0.014052833
0.013866174
0.013691706

TasLE 3. Numerical results for variables S,E,V,I1,I, and R over time tatv =1

S

E

\%

I

I

R

0.83

3.820534291
3.995447452
4.059575804
4.087979687
4.102387081
4.110688565
4116126216
4.120142707
4.123417012
4.126282167

0.7
0.033944302
0.029218988
0.02664315
0.024829917
0.023390054
0.022173607
0.021110174
0.020161388
0.01930372
0.018521337

0.5
0.005330787
0.005618122
0.005182938
0.004812411
0.004517407
0.00427264
0.004061711
0.00387521
0.003707516
0.003555022

0.55

0.108969411
0.101868766
0.099401608
0.098179578
0.097339356
0.096604653
0.095880969
0.095138033
0.094369508
0.093577828

0.2
0.021674696
0.02002735
0.019365681
0.019061078
0.018875648
0.018728557
0.018590717
0.018451742
0.018308449
0.018160471

0.25
0.022302316
0.020513565
0.01976635
0.019411817
0.019193007
0.019021237
0.018863886
0.018708783
0.018551749
0.018391812

TaBLE 4. Numerical results for variables S,E,V,I1,I> and R over time t atv = 0.98
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t

S

E

A%

I

I

R

0

5

10
15
20
25
30
35
40
45
50

0.83

3.727339372
3.920566645
3.996147539
4.031552642
4.050445612
4.061820073
4.069524208
4.075334689
4.080116576
4.084307881

0.7

0.054603494
0.046033595
0.041311817
0.038011478
0.035423596
0.033266334
0.031404125
0.029761863
0.028293055
0.026966317

0.5
0.010915085
0.009278636
0.008201909
0.007470158
0.00692067
0.006476653
0.006100686
0.005772901
0.005481722
0.005219783

0.55
0.126934226
0.11926141
0.116690458
0.115469401
0.114619999
0.113831796
0.113005077
0.112114639
0.111162216
0.11015845

0.2
0.025249637
0.023446693
0.022727845
0.022409473
0.022220181
0.022065686
0.021912649
0.021750182
0.02157601
0.021391101

0.2
0.025249637
0.023446693
0.022727845
0.022409473
0.022220181
0.022065686
0.021912649
0.021750182
0.02157601
0.021391101

TasLE 5. Numerical results for variables S,E,V,I1,I> and R over time t at v = 0.96

S

E

\%

I

I

R

10
15
20
25
30
35
40
45
50

0.83

3.634340361
3.847071121
3.935884704
3.979851094
4.004424945
4.019734889
4.030303743
4.038307266
4.044848938
4.050511295

0.83

3.634340361
3.847071121
3.935884704
3.979851094
4.004424945
4.019734889
4.030303743
4.038307266
4.044848938
4.050511295

0.5
0.017061586
0.012996586
0.011103641
0.009944872
0.00911397
0.008460221
0.007916732
0.007449432
0.007038904
0.006672993

0.5
0.017061586
0.012996586
0.011103641
0.009944872
0.00911397
0.008460221
0.007916732
0.007449432
0.007038904
0.006672993

0.55

0.143581524
0.134525336
0.131266928
0.129631191
0.128478561
0.127431268
0.126360858
0.125230417
0.124037683
0.122792726

0.2

0.028693373
0.026523254
0.025617066
0.025191924
0.024932527
0.024723869
0.024523144
0.024315233
0.024096105
0.023866131

TaBLE 6. Numerical results for variables S,E,V,I1,I, and R over time t atv = 0.90

Tables 3 to 6 represents the numerical results of developed solutions for the newly developed

model regarding Toxoplasma gondii between the cat population and the environment. Its observed

that both Mildly and seriously infected start reducing with the passage of time by lowering the

fractional values due to vaccination and early identification.

Theorem 6. Assume that the solutions to scheme denoted by U, (n = 1,2, ..., P). Subse-quently,

the proposed scheme is stable.

Proof. Assume that Uy and Up+1 are the equation’s initial conditions, and that U,.1 and Up+1

are the numerical answers to the previous equation. We’re going to use mathematical induction.

Suppose that

| un - Un |S G)h,T || u0 - UO ”oo
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concerns (n =0,1,2,...,p). We must show that for n = p + 1, this is the case. Keep be mind that

the above initial circumstances assume the induction basis (n = 0).

h—1t‘(7+1)
(Up=Ty) < Y -5
= T

p
_ 1 _
q q z ‘ p+1
| UO - UO | +rh [nzo [l g(tn/ un)/g(tn/ Un) |

p+1 -
+ 1 18, Upin) = 8(tp, Upet) ]

P
_ _ K F — . =
< O Uo= T lho () L7 WU =T 1+ 73 s = By |
n=0
From Lemma (3) one can find
_ _ _ x| - _ _ _
Uy =yt | 5 O Uy= Lo o 4125 01T max | U= Up | +0,1,T | Uyr = Uy |
el U= Tl 15 L @y max T U, — T ]
71— (IKI®y.4 1,5 T" 0 0 fleo I'(h) Lh 0<n<p " "
I'(h)

It is now possible to conclude the proof for sufficiently U by using mathematical induction and a

sufficiently large constant Oy, 1.

8. GRAPHICAL REPRESENTATION

The ecology of Toxoplasma gondii between the natural habitat and cat hosts studied by applying
the mathematical model that was proposed, which includes vaccination and sanitation interven-
tions. The theoretical results were also confirmed by numerical modeling based on MATLAB. It
was possible to simulate this in detail with these simulations. Simulation of the dynamics between
the susceptible, exposed, and infected, vaccinated cats and the environmental oocyst compart-
ments possessed by different parameter settings. Figures 10-15 show how the time changes of
the model compartments vary with time. In particular, the impact of the vaccination and sanita-
tion of the vulnerable, exposed, and infected populations of cats are exhibited, the environmental
oocyst load. These findings indicate that the higher vaccination rates, the greater decrease in
the susceptible and infected cats with time, and the more oocysts are removed with enhanced
sanitation efforts environment therefore, decreasing the total transmission risk. Other issues that
the simulations bring into focus are the sensitivity of the system to the key parameters, such as
the effective contact rate, the rate of oocyst shedding, cat recruitment, vaccination, and environ-
mental sanitation rate. In the favorable regimes of the parameters, all sub-compartments converge
slowly, which is evidence of a possible change to graphical evidence supports that incorporating
vaccination and frequent environmental sanitation produces better results. A synergistic effect
which will effectively reduce T. gondii concentration in cat populations and reduce environmental
contamination to a minimum. In general, the graphical representation provides visual confirma-
tion and validation of the theoretical predictions and proves the critical role of the conceptual

measures. Through compartmental trajectories a policymaker and a veterinarian can determine
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the best levels of intervention to control the spread of T. gondii in domestic and feral cats, thus

limiting the risk of zoonotic transmission infection to other animals and humans.

4.5

Proposed Method

— y=1.0

—=0.98

—=0.96
——-————_— v=0.90

Proposed Method

S 25 1 S 25 1
2 b 2 b
1.5 b 1.5 b
1 b 1 b
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o 10 20 30 40 50 60 70 9] 10 20 30 40 50 60 70
t t
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Ficure 10. S(t) under different dimensions
Proposed Method Proposed Method
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Proposed Method
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9. CONCLUSION

This paper has presented a mathematical model of the dynamics of the transmission of Toxo-
plasma gondii between the cat population and the environment by including a separate vaccinated
group and a sanitation factor in the environmental model. By using this framework, an in-depth
study of the joint effect of vaccination and environmental hygiene measures on the propagation of
T. gondii was possible. The model was numerically simulated, showing some complex dynamic
behaviors such as oscillatory and chaotic behavior in the cat and environmental compartments of
the model in some parameter regimes. The findings suggest that the moderate level of vaccination
and sanitation can stabilize the system and decrease the prevalence of infections, but the lack of
intervention can cause irregular changes in the density of oocysts and the population of infected
cats, which may result in chaotic outbreaks. The implications of these findings are that uniform
and powerful enough control measures should be applied to achieve stability and prevent sudden
outbreaks of infection. In general, the paper proves that systematic measures, which should in-
clude routine cat vaccination along with strict environmental decontamination measures, would
be crucial in decreasing the number of T. gondii and reducing environmental pollution. The model
has given useful information by considering both stable and chaotic dynamics with an aim of
designing effective intervention programs that can help to control toxoplasmosis among cats and
reduce the chances of spilling the toxic to other vulnerable hosts. Findings demonstrate the impor-
tance of combined management efforts in the attainment of the long-term control of transmission

of T. gondii.
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publication of this paper.

REFERENCES

[1] C. Nicolle, L. Manceaux, Sur une Infection a Corps de Leishman (ou Organismes Voisins) du Gondi, C. R. Hebd.
Séances Acad. Sci. 147 (1908), 763-766.

[2] G.Pappas, N.Roussos, M.E. Falagas, Toxoplasmosis Snapshots: Global Status of Toxoplasma gondii Seroprevalence
and Implications for Pregnancy and Congenital Toxoplasmosis, Int. J. Parasitol. 39 (2009), 1385-1394. https://doi.
org/10.1016/j.jjpara.2009.04.003.

[3] J.P. Dubey, History of the Discovery of the Life Cycle of Toxoplasma gondii, Int. J. Parasitol. 39 (2009), 877-882.
https://doi.org/10.1016/j.ijpara.2009.01.005.

[4] ].P. Dubey, Toxoplasmosis of Animals and Humans, CRC Press, Boca Raton, FL, 2010.

[5] PR. Torgerson, P. Mastroiacovo, The Global Burden of Congenital Toxoplasmosis: a Systematic Review, Bull. World
Health Organ. 91 (2013), 501-508. https://doi.org/10.2471/b1t.12.111732.

[6] L.T. Navarro, R.M. Bregano, S.A. Headley, ].D. Capobiango, I.T. Inoue, et al., Human Congenital Toxoplasmosis, in:
Congenital Toxoplasmosis in Humans and Domestic Animals, Bentham Science Publishers, pp. 13-60, (2018).

[7] S.B. Porter, M.A. Sande, Toxoplasmosis of the Central Nervous System in the Acquired Immunodeficiency Syn-
drome, N. Engl. ]. Med. 327 (1992), 1643-1648. https://doi.org/10.1056/nejm199212033272306.

[8] R. McLeod, F. Kieffer, M. Sautter, T. Hosten, H. Pelloux, Why Prevent, Diagnose and Treat Congenital Toxoplas-
mosis?, Mem. Inst. Oswaldo Cruz 104 (2009), 320-344. https://doi.org/10.1590/s0074-02762009000200029.


https://doi.org/10.1016/j.ijpara.2009.04.003
https://doi.org/10.1016/j.ijpara.2009.04.003
https://doi.org/10.1016/j.ijpara.2009.01.005
https://doi.org/10.2471/blt.12.111732
https://doi.org/10.1056/nejm199212033272306
https://doi.org/10.1590/s0074-02762009000200029

34 Int. ]. Anal. Appl. (2026), 24:251

[9] L. Phan, K. Kasza, J. Jalbrzikowski, A.G. Noble, P. Latkany, et al., Longitudinal Study of New Eye Lesions in
Children with Toxoplasmosis Who Were Not Treated During the First Year of Life, Am. J. Ophthalmol. 146 (2008),
375-384.e4. https://doi.org/10.1016/j.ajo.2008.04.033.

[10] J.P. Dubey, J.K. Frenkel, Cyst-Induced Toxoplasmosis in Cats, J. Protozool. 19 (1972), 155-177. https://doi.org/10.
1111/j.1550-7408.1972.tb03431.x.

[11] J.K. Frenkel, J.P. Dubey, N.L. Miller, Toxoplasma gondii in Cats: Fecal Stages Identified as Coccidian Oocysts,
Science 167 (1970), 893-896. https://doi.org/10.1126/science.167.3919.893.

[12] P.C. Short, D.F. Short, ].R. McConnell, Seeking Homeostasis in a Heteroscedastic World, in: Age of Inference,
Emerald Publishing Limited, pp. 393-409, (2021). https://doi.org/10.1108/978-1-64802-799-420251028.

[13] S.Sultana, L.E. Chaves, G. Gonzdalez-Parra, Analysis of Within-Host Mathematical Models of Toxoplasmosis in the
Presence of Free Parasites, Int. ]. Dyn. Control 13 (2025), 203. https://doi.org/10.1007/s40435-025-01697-4.

[14] D.F. Aranda, R.J. Villanueva, A ]J. Arenas, G.C. Gonzélez-Parra, Mathematical Modeling of Toxoplasmosis Disease
in Varying Size Populations, Comput. Math. Appl. 56 (2008), 690-696. https://doi.org/10.1016/j.camwa.2008.01.008.

[15] E. Afonso, E. Germain, M.-L. Poulle, S. Ruette, S. Devillard, et al., Environmental Determinants of Spatial and
Temporal Variations in the Transmission of Toxoplasma gondii in Its Definitive Hosts, Int. J. Parasitol. Parasites
Wildl. 2 (2013), 278-285. https://doi.org/10.1016/j.ijppaw.2013.09.006.

[16] E.A.Innes, PM. Bartley, S. Maley, F. Katzer, D. Buxton, Veterinary Vaccines against Toxoplasma gondii, Mem. Inst.
Oswaldo Cruz 104 (2009), 246-251. https://doi.org/10.1590/s0074-02762009000200018.

[17] K.Shapiro, L. Bahia-Oliveira, B. Dixon, A. Dumetre, L.A. de Wit, et al., Environmental Transmission of Toxoplasma
gondii: Oocysts in Water, Soil and Food, Food Waterborne Parasitol. 15 (2019), e00049. https://doi.org/10.1016/;.
fawpar.2019.e00049.

[18] H. Khan, WE. Alfwzan, R. Latif, ]. Alzabut, R. Thinakaran, Al-Based Deep Learning of the Water Cycle System
and Its Effects on Climate Change, Fractal Fract. 9 (2025), 361. https://doi.org/10.3390/fractalfract9060361.

[19] A.Khan, T. Abdeljawad, R. Thinakaran, Computational Analysis by Artificial Intelligence of the Fractional-Order
Plant Virus Spread Model, Fractals 33 (2025), 2540141. https://doi.org/10.1142/s0218348x25401413.


https://doi.org/10.1016/j.ajo.2008.04.033
https://doi.org/10.1111/j.1550-7408.1972.tb03431.x
https://doi.org/10.1111/j.1550-7408.1972.tb03431.x
https://doi.org/10.1126/science.167.3919.893
https://doi.org/10.1108/978-1-64802-799-420251028
https://doi.org/10.1007/s40435-025-01697-4
https://doi.org/10.1016/j.camwa.2008.01.008
https://doi.org/10.1016/j.ijppaw.2013.09.006
https://doi.org/10.1590/s0074-02762009000200018
https://doi.org/10.1016/j.fawpar.2019.e00049
https://doi.org/10.1016/j.fawpar.2019.e00049
https://doi.org/10.3390/fractalfract9060361
https://doi.org/10.1142/s0218348x25401413

	1. Introduction
	2. VS-ToxoCat Model
	2.1. VS-ToxoCat Model with fractional derivative.

	3.  Analysis of Purposed Model
	3.1. positivity and boundedness of Solutions.
	3.2. Existence and uniqueness analysis.

	4. Equilibrium point analysis
	5. Reproductive Number and Sensitivity Analysis
	5.1. Senstivity.

	6. Chaos Control
	7. Numerical scheme with Caputo
	7.1.  Stability of Numerical Scheme.

	8. Graphical Representation
	9. Conclusion
	 Conflicts of Interest:

	References

