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Abstract. The concept of spherical fuzzy sets was introduced by Ashraf et al. (2019) as a generalization of intuitionistic
fuzzy sets, picture fuzzy sets, and Pythagorean fuzzy sets. Subsequently, in 2022, V. Chinnadurai et al. investigated
spherical fuzzy ideals in semigroups. In this paper, we introduce the notion of spherical fuzzy interior ideals in
semigroups and explore several of their fundamental properties. Furthermore, we provide a characterization of

semisimple semigroups in terms of spherical fuzzy interior ideals.

1. INTRODUCTION

In real-world scenarios, many problems are characterized by uncertainty, imprecision, and
incompleteness. To handle such complexities, Zadeh [11] proposed the concept of fuzzy set theory
in 1965, which has since become a powerful and flexible mathematical framework for modeling
and analyzing uncertain information.

In the early development of fuzzy algebraic structures, Kuroki [6] investigated fuzzy subsemi-
groups and several types of fuzzy ideals in semigroups, thus extending the classical semigroup

theory into the fuzzy environment.
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As the study of fuzzy set extensions progressed, Yager [10] introduced the concept of
Pythagorean fuzzy sets (PFSs), a generalization of intuitionistic fuzzy sets—in which each ele-
ment is characterized by a pair of degrees (1(x), 9(x)) satisfying

0< (n(x)*+(d(x)* <L

This formulation provides a broader domain for representing uncertainty and inspired further
generalizations.

Motivated by this idea, Glindogdu et al. [4] introduced the concept of spherical fuzzy sets
(SFSs) and examined their fundamental properties. The spherical fuzzy set framework generalizes
intuitionistic, Pythagorean, and picture fuzzy sets by introducing a third parameter—the degree

of refusal subject to the condition
0< (u(x)? + (v(x))* + (n(x))* <1,

where u(x), v(x), and 7(x) represent the degrees of membership, nonmembership, and refusal,
respectively. This additional flexibility enables a more precise and balanced representation of
uncertainty.

Subsequently, several researchers have extended spherical fuzzy sets to diverse algebraic struc-
tures. For instance, Veerappan and Venkatesan [9] studied spherical interval-valued fuzzy bi-ideals
in I''near-rings, while Krailoet et al. [5] explored the interplay between spherical fuzzy sets and
rough sets in ternary semigroups. More recently, in 2023, Nakkhasen and Chinram [8] investigated
spherical fuzzy bi-ideals in ternary semigroups, and in the same year, Gaketem and Khamrot [3]
introduced and examined spherical interval-valued fuzzy ideals in semigroups.

Inspired by these developments, the present paper introduces the notion of spherical fuzzy
interior ideals in semigroups and investigates their algebraic properties. We also establish nec-
essary and sufficient conditions for the equivalence between spherical fuzzy ideals and spherical
fuzzy interior ideals in semigroups. Furthermore, we provide a characterization of semisimple

semigroups in terms of spherical fuzzy interior ideals.

2. PRELIMINARIES

To make this work self-sufficient, we briefly introduce a few definitions engaged in the remaining
work.

A subsemigroup (SSG) of a semigroup ® is a non-empty set & of ® such that K2 C K. A left (right)
ideal (LID [RID]) of a semigroup ® is a non-empty set & of ® such that K C & (]8® C &). By an
ideal (ID) of a semigroup S, we mean a non-empty set of © which is both a LID and a RID of . A
SSG & of a semigroup © is called a interior ideal (IID) of ® if ®RG C K. A semigroup © is said to
be regular if for each element u € ®, there exists an element x € ® such that u = uxu. A semigroup
® is called intra-regular if for every u € ® there exist x, y € ® such that u = xu?y. A semigroup ©
is said to be left (right) regular if for each element u € S, there exists an element x € ® such that

u = xu?(u = u®x). A semigroup © is called semisimple if for every u € ®, there exist x, y,z € ® such
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that u = xuyuz. A semigroup ® is called weakly reqular if for every u € ® there exist x, y € ® such
that u = uxuy. A semigroup © is a left (right) quasi-regular if for every u € ®, there exist x,y € ®
such that u = xuyu (u = uxuy).
For any 71; € [0, 1] where i € J define
= 5;:;{7]1'} and A 7 = infin}.
We see that for any 11,1, € [0, 1], we have
MV iz = maxin, 2} and g1 Az = min{ny, 12}

Definition 2.1. [11] A fuzzy subset (fuzzy set) 1j of a non-empty set T is a function from T into the closed
interval [0,1],i.e,77: T — [0,1].

Definition 2.2. [10] Let T be a non-empty set. A Pythagorean fuzzy set (PFS) P := {u,n(u),d(u) |
ue€ ®)wheren: T — [0,1]and 3 : T — [0, 1] represent the degree of membership and non-membership of
the object z € T to the set P subset to the condition 0 < (n(u))? + (3(u))? < 1 for all u € I. For the sake
of simplicity, a PFS is denoted as P = (n(u); 9(u)).

Definition 2.3. [4] Let T be a non-empty set. A spherical fuzzy set (SF-set) SP := {u, n(u),9(u), w(u) |
ue ®) wheren: T - [0,1], 9: T - [0,1] and w : T — [0,1] represent the degree of membership,
non-membership and hesitancy of the object u € T to the set SP = (n;9,w) subset to the condition
0< (n(u))?+ (3(u))? + (w(u))? < 1forall u € X. For the sake of simplicity, an SP = (n(u); 9(u), w(u))
is denoted as SP = (1, 9, w).

Definition 2.4. Let & be a subset of a non-empty set T. A spherical characteristic function xg of K is
defined to be a function xq : & — [0,1] by

() 1 uel,
Uu) =
e 0 ues,
and
1 uesl,
S, (u) :=
(0] {0 N
and
0 uesl,
a)XR(u):: 1 u¢8
forallu € K.

Remark 2.1. To simplify matters, we will employ the symbol x& = (Nya, Oy, Wy ) for the SF-set xq :=
{(ut, g (), O (), g (), ) | u € T},

Definition 2.5. Let SP1 = (1,9, w) and SP, = (7, v, a) be two SF-set of a semigroup . Then the product
SP1 0 SP; is defined by

SP10SPp :={u, (n o 7)(u), (9 o v)(u), (w o a)(u) : u e G},



Int. J. Anal

. Appl. (2026), 24:139

where

forallu € ®.

Definition 2.6. An SF-set SP = (1; 9, w) of a semigroup ® is called

(not)(u) =

(9 0 v)(u) =

(@ o a)(u) =

(1) A spherical fuzzy subsemigroup (SFSSG) if n(uv) > n(u) An(v), S(uv) = 3(u) AS(v) and

w(uv) < w(u) vVw(v) forall u,v € G.

(2) A spherical fuzzy left (SFL) if n(uv) > n(v), 9(uv) > 9(v) and w(uv) < w(v) forall u,v € ©.

(3) A spherical fuzzy right (SFR) if n(uv) > n(u),
u,v € ®.

S(uv) = 3(u) and w(uv) < w(u) for all

(4) A spherical interval valued fuzzy ideal (SFI) if it is both an SFL and SFR of ®.

(5) A spherical interval valued fuzzy bi-ideal (SFBI) if n(uvw) > n(u) A n(w),
S(u) Ad(w) and w(uvw) < w(u) vV w(w) for all u,v,w € G.

S(uvw) >

It is claerly every SFI of a semigroup ® is SFSSG of ® and every SFI of a semigroup ® is SFBI of

®.

3. SpueErICAL Fuzzy INTERIOR IDEALS IN SEMIGROUPS

In this section, we will study concepts of spherical complex fuzzy sets in a semigroup, and we

will study properties of those.

Definition 3.1. An SFSSG SP =

mn

(9,
(SFID) if n(uow) = n(v), S(uvw) = (v) and w(uvw) < w(v) for all u,v,w € G.

Example 3.1. Let ® = {Y, ), Y, I1} be semigroup with the following Cayley table:

Y

Q

Y

I1

= O
e € €
He 6 € E

I1

Y

Y
Y
Q
Y

O & € €

w) of a semigroup ® is called a spherical fuzzy interior ideal

Define SF-set nn : ® — [0,1] by n(¥) = 0.5, n(QQ) = 0.3, n(Y) = 0.2, n(II) = 03,9 : & — [0,1]
by 9(F) = 0.4, 9(Q) = 02, 9(Y) = 0.1, 8(I1) = 02 and w : 6 — [0,1] by w(¥) = 0.3, w(Q) =
04, w(Y) = 0.3, w(IT) = 0.6. Then SPC is an SFI of ©.
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Lemma 3.1. Every SFI of a semigroup ® is an SFII of ©.

Proof. Suppose that SP = (1; 9, w) is an SFI of ® and let u, v € ®. Since SP = (1; 9, w) is an SFL of 6,
we have that SP = (1); 9, w) is an SFR of ®. Thus, n(uv) > n(u), S(uv) > 8(u) and w(uv) < w(u)
and so n(uv) = n(u) = n(u) An(v), S(uv) = 9(u) > 3(u) A9(v) and w(uv) < w(u) C w(u) vV w(v).
Hence, SP = (1; 9, w) is an SFSSG of ®. Leta, u,v € ®. Then,

n(uav) = n(u(av)) > n(av) > n(a), S(uav) = S(u(av)) > 8(av) > 8(a) and w(uav) = w(u(av)) <
w(av) < w(a) Thus, n(uav) > n(a), S(uav) > S(a) and w(uav) < w(a). Hence, SP = (1; 9, w) is an
SFII of ©. O

In order to consider the converse of Lemma 3.1, we need to strengthen the condition of a

semigroup ©.
Lemma 3.2. In a reqular semigroup ®, the SFlls and the SFIs coincide.

Proof. Suppose that SP = (1; 9, w) is an SFII of ® and let u,v € ®. Since ® is regular, there exists
x € ® such that u = uxu. Thus,

n(uo) = n((uxujv) = n((uxjuv) = n(u),

S(uv) = ((uxu)v) = ((ux)uv) > 3(u),
and

w(uv) = w((uxu)v) = w((ux)uv) < w(u).
Hence, SP = (1; 9, w) is an SFR of . Similarly, we can show that SP = (1; 9, w) is an SFL of ©.
Thus, SP = (1; 9, ) is an SFI of 6. m]

Lemma 3.3. In a left (vight) regular semigroup ®, the SFIIs and the SFIs coincide.

Proof. Suppose that SP = (1; 9, w) is an SFII of ® and let u,v € ®. Since ® is left regular, there
exists k € ® such that u = ku?. Thus,

n(uv) = n((ku*)o) = n(kuuv)
= n((kujuv) = n(u),

S(uv) = S((ku*)v) = S(kuuv)
= ((ku)uv) = 8(u)
and
wu) = w((ku?)v) = w(kuuv)
= w((ku)uv) < w(u).
Hence SP = (1,9, w) is an SFR of ®. Similarly, we can show that SP = (1;9,w) is an SFL of ©.
Thus, SP = (1; 9, ) is an SFI of 6. ]

Lemma 3.4. In an intra-regular semigroup ®, the SFIls and the SFIs coincide.
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Proof. Suppose that SP = (1;9,w) is an SFII of ® and let u,v € ®. Since ® is intra-regular, there
exist x, y € ® such that u = xu?y. Thus,

n(uv) = n((xuy)v) = n((xuuy)o)
= n((u)uo) = n(u),
S(uo) = 9((xuy)v) = 8((xuuy)v)
= S((xu)uv) = S(u)
and
w(uv) = w((xu?)v) = w((xuuy)o)
= w((xu)uv) < w(u).
Hence, SP = (1; 9, w) is an SFR of . Similarly, we can show that SP = (1, 9, w) is an SFL of ©.
Thus, SP = (1; 9, w) is an SFI of ®. O

Lemma 3.5. In a semisimple semigroup ®, the SFIIs and the SFIs coincide.

Proof. Suppose that SP = (1;9,w) is an SFII of ® and let u,v € ®. Since ® is semisimple, there
exist x, ¥,z € ® such that u = xuyuz. Thus,

n(uo) = n((xuyuz)o) = n((xuy)u(zv)) = n(u),

S(uv) = 3((xuyuz)v) = S((xuy)u(zv)) = S(u)
and

w(uv) = w((xuyuz)v) = w((xuy)u(zv)) < w(u).
Hence, SP = (1; 9, w) is an SFR of . Similarly, we can show that SP = (1; 9, w) is an SFL of ©.
Thus, SP = (1; 9, ) is an SFI of 6. O

Lemma 3.6. In a let (right) quasi-reqular semigroup ®, the SFIIs and the SFIs coincide.

Proof. Suppose that SP = (1,9, ) is an SFII of ® and let u,v € ®. Since ® is left quasi-regular,
there exist x, y € ® such that v = xvyv. Thus,

n(uv) = n(u(xoyo)) = n((ux)o(yo)) = n(v),

S(uv) = (u(xvyv)) = ((ux)v(yv)) = (v)
and

w(uv) = w(u(xoyv)) = w((ux)v(yv)) < w(v).
Hence, SP = (1; 9, w) is an SFR of ®. Similarly, we can show that SP = (1; 9, w) is an SFL of ®.
Thus, SP = (1; 9, ) is an SFI of 6. O

Lemma 3.7. In a weakly regular semigroup ®, the SFIls and the SFIs coincide.



Int. J. Anal. Appl. (2026), 24:139 7

Proof. Suppose that SP = (1; 9, w)is an SFII of ® and let u,v € ®. Since ® is weakly regular, there
exist p,q € ® such that u = upug. Thus,

n(uv) = n((upuq)v) = n((up)u(qo)) = n(u),

S(uv) = S((upug)o) = S((up)u(qo)) = 9(u),
and

w(uv) = w((upug)v) = o((up)u(qo)) < 0 (u),
Hence, SP = (1; 9, w) is an SFR of ®. Similarly, we can show that SP = (1; 9, w) is an SFL of 6.
Thus, SP = (n; 9, w) is an SFI of 6. o

By Lemma 3.2, 3.3, 3.4, 3.5, 3.6 and 3.7, we have Theorem 3.1.

Theorem 3.1. Let ® be a semigroup. If ® is reqular, left (right) reqular, intra-reqular, semisimple, left
(right) quasi-regular or weakly regular, then SF1Is and SFIs coincide.

The following theorems study the spherical characteristic function of types of subsemigroups

of semigroups.

Theorem 3.2. Let & be a nonempty subset of a semigroup ®. Then K is a subsemigroup (left ideal, right
ideal) of ® if and only if the sphericalcharacteristic function xg = (N, Oy, Wyq) 1S an SFSSG (SFLI,
SFRI) of ©.

Theorem 3.3. Let K be a nonempty subset of a semigroup ®. Then K is an interior ideal of ® if and only if
the spherical characteristic function xg = (Nyq, Sxe, @xg ) IS an SFII of ®.

Proof. Suppose that R is an interior ideal of ®. Then & is a subsemigroup ®. Thus, by Theorem
3.2, X8 = (Myar Oxar Wy ) is an SFSSG of ®. Let u, v, w € ®. Then the following cases:

Case 1 If v € &, then uvw € K. Thus, 1, (v) = 1 = 1y, (Uvw), 9,,(v) =1 = 9, (uvw) and
Wiy (V) = 0wy (uvw). Hence, 1y, (uvw) = 14 (0), Oy (Mvw) = 9, (v) and wy, (nvw) < 9 ().

Case 2 If v ¢ &, then uvw € K. Thus, 1, (UvW) = N, (V), Oy (HvW) = 9y (V) and wy, (uvw) <
SXR(U)‘

Therefore, xa = (1yq, Vx4, @yq ) is an SFII of ©.

Conversely suppose that )(gl is an SFII of ® Then, Xﬁl is an SFSSG of ®. Thus, by Theorem 3.2,
R is a subsemigroup of ®. Let v € K. If uvw ¢ K, then 1, (uvw) < 1y, (v), Iy, (uvw) < 9y, (v) and
Wy, (Uvw) = 9y (v). Since xg is an SFII of ® we have 1, (uvw) > 1y, (V), Oy (uvw) = 9, (v) and
Wy, (uvw) < 9, (v), which is a contradiction. Thus, uvw € K. Hence, K is a bi-ideal of ®. o

Definition 3.2. Let SP; = (1,9, w) and SP, = (t,v, ) be two SF-setof a non-empty set T. Then the
(1) SP; €SPy ifn(u) < t(u) S(u) <v(u) and w(u) > a(u),
(2) SP1MSPyif n(u) At(u) S(u) Av(u) and w(u) Vv a(u),

forallu € T.
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Theorem 3.4. Let SP = (1; 9, w) be an SF-set of a semigroup ®. Then SP = (1; 9, w) is an SFSSG of ®
if and only if SP o SP C SP.

Theorem 3.5. Let SP = (1; 9, ) be SF-set of a semigroup ®. Then SP = (n; 9, w) is an SFII of ® if and
only if SP o SP C SP and x o SP o xs C SP, where xs = (Ng, 96, e )-

Proof. Assume that SP = (1;9, ) is an SFIL of ® let u € ®. Then SP = (1; 9, w) is an SFSSG of ©.
Thus by Theorem 3.4, SP o SP C SP. Next to show that x o SP o x € SP. Now,

If F, = 0. Then (ng on o ng)(u) =0 < n(u), (9g 09 0 ¢)(u) =0 < d9(u) and (wg © w ©
we)(u) =1=>w(u).

If F, # 0. Then

(s o (mone))w) =V 16() A1 one)j)

(B 0 (B0 96))() =V I6() A (S0 96)(j)

and

(wg o (wows))(u) = A ws(i)V(wo we)())

Hence, xg o SP oy CSP.

Conversely, assume that SP o SP € SP and x © SP o x € SP. Let u,v,w € ®. Since SP o SP C
SP we have SP = (1;9,w) is an SFSSG of ® by Theorem 3.4. Thus, n(uv) > n(u) A n(v),
S(uv) = 8(u) Ad(v) and w(uv) < w(u) V w(v). Next to show that, n(uvw) > n(v), S(uvw) > 9(v)
and w(uvw) < w(v). Now,

n(uow) 2 (ne ° (n ° ne))(uow)
=V nei) A1 one)())

(i/j)EFll?)w



Int. J. Anal. Appl. (2026), 24:139 9

= Vo one@ACV k) Ane(r)

(l/]) €Fuvw (k,?’) GFj
= V 1AV nk)Al)
(l/]) EFuvw (k,i’)EFj
> 1(v),
S(uvw) = (86 o (9 o I¢))(uovw)
=V 86 A( 0 96)()
(i’j) EFH?)ZU
=V SAC VS A8 ()
(irj) €Fuvw (k,r) EFj
= V. IA(V (kA1)
(irj) €Fow (k,r)eF]-
> 9(v)
w(uvw) 2> (we o (@ o wg))(uow)
= A ws(i) V(0o ws)())
(i,j)€Fuvw
= N we()V( N wlk)Awg(r))
(ilj)EFuz7zc7 (k,?’) EF]'
= A O0v( A w(k)VvO0)
(i/j)EFuvw (k,?’) EF]'
< w(v).

Thus, n(uvw) > n(v), S(uvw) > 9(v) and w(uvw) < w(v). Hence, SP = (1; 9, w) is an SFII of
®. O

The ensuing theorem is an essential property for an equivalent of an SFII of a left (right, intra-)

regular semigr oup.

Theorem 3.6. Let SP = (1;9,w) be an SF-set of a left (right, intra-) reqular semigroup ®&. Then the
following statements are equivalent

(1) SP = (1,9, w) is an SFII of ©.

(2) SP o SP = SPand xg o SP o xys = SP.

Proof. Assume that SP = (1; 9, w) is an SFII of ® and let u € ®. Since ® is left regular, there exists
m € ® such that u = mu? = m(uu) = (mu)u = (m(mu?))u = (mmuw)u = ((M?)uu)(mu?) =
(m?uu) (muu). Thus,
(mem() =V {n(k)An(o)y= VvV fn(k) Anlo))
(k0)eF, (K0)EF (12,11 ()
> n(m?uu) An(muw) 2 n(u) An(u) = n(u),

(Bod)w) = V {8(k)A3(0)}= Voo {8(k) AS(0)}
(k,0)€F, (k,o)eF(sz)(mW>

> S(mPuu) A S(muu) > 9(u) AS(u) = 3(u)
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and

(wow)(u) = N A{w(k) Vw(o)} = A {w(k) Vw(o)}

(k,0)€F, (k,o)eF(mzw)(mw)
w(m?uu) V w(muu) < w(u) vV o(u) = w(u).
Hence, (non)(u) > n(u), (909)(u) = 9(u) and (w o w)(u) < w(u). Therefore, SP C SP o SP.
Since SP = (1; 9, w) is an SFSSG of ® , we have SP o SP C SP, by Theorem 3.4. Thus, SP o SP = SP.
Since © is left regular, there exists m € ® such that u = mu? = muy = m(muu)u. Thus,
(neomn)o®)(u) =V {((nseon)k)) Ans(o)}
(k,0)€eF,

= Vo A(me om) (k) Ane(0))

(k,0)EF yy(munnyu
> (ne on)(mmuu)) Ane(u) = (ne o n)(m(muu)) A1 = (ne on)(m(muu))
= Vo e (p) A (n(g)}

(P7) EF m(maun)
> ne(m) An(muu) =1 An(muu) = n(muu) > n(u),
(Sg08)0ds)(u) = (k\)/eF (8 09)(k)) Ads(0)}

= Vo (86 0 9(k)) A 96 (0)}
(k'O)EFm(muu)u

IA

> (3¢ 0 9)(mmuu)) Adg(u) = (8¢ 0 9)(m(muu)) A1 = (8¢ o 9)(m(muu))
=V AR A (@)
(P9) EF m(maun)
> S¢(m) AS(muu) =1 AS(muu) = S(muu) > 9(u)
and
(Gow)o®)(u) = A {{(OGow)(k)Vne(o)

(k,0)€F,

= A (Gow)(k)V 6 (o))

(,0) €y
< (Go a)<)(n)1muu)) VG =(Gow)(m(muu)) vl = (6ow)(m(muu))
= A AG(p) V(@)

(p/q)EFm(muu)
G(m) Vo(muu) =0V w(muu) = w(muu) < w(u).

Hence, ((16 0 1) one)(u) = n(u), (86 09) 0 9¢)(u) = 8(u) and ((xs o) o x)(u) < w(u).
Therefore, SP C x o SP ox . By Theorem 3.5 we have ® o SPo® C SP. Thus, SP = ® o SPo®.

For the converse, it follows from Theorem 3.5.

IA

Similarly, we can prove the other cases also. m]

Some equivalent conditions are essential properties for an SFII of semisimple and regular semi-
groups.

Theorem 3.7. Let SP = (1; 9, w) be an SF-set of a semisimple semigruop ®. Then the following statements
are equivalent

(1) SP = (1,9, w) is an SFII of ©.
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(2) SPoSP = SP

Proof. Assume that SP = (1;9,w) is an SFII of ® and let u € ®. By assumption, there exist

m,r,e,d € ® such that u = mureud. Thus,

(non)(u) = . \)/F {n(k) An(o)}
= Vo {n(k) An(o))}
(k0)EF (ur) (eud)

> n(mur) An(eud) = n(u) An(u) = n(u),

(Po9)(m) =V (3(k)Ad(0)}

(k,0)€F,

= Voo {8(k) A 9(0)))

(k/O)EF(mur)(eud)
> S(mur) AS(eud) = 3(u) AS(u) = S(u),

and

(wow)(u) = A Hw(k) V(o)

(k,0)€F,
= A {w(k) Vw(o))}
(k/O)EF(mur)(eud)
< w(mur) Aw(eud) < w(u) VvV w(u) = w(u).
Hence,(non)(u) = n(u), (909)(u) = 9(u) and (w o w)(u) < w(u). Therefore, SP C SP o SP.
Since SP = (1; 9, w) is a SFSSG of ®, we have SP o SP C SP, by Theorem 3.4. Thus, SP o SP = SP.
For the converse, it follows from Theorem 3.5. O
4. CHARACTERIZATION OF SEMISIMPLE SEMIGROUPS IN TERMS OF SPHERICAL Fuzzy INTERIOR IDEALS

AND SPHERICAL Fuzzy IDEALS

In this topic, we will characterize a semisimple semigroup in terms of SFIlIs and SFIDs.

Lemma 4.1. IfSP; = (1,9, w) isan SFR and SP, = (1, v, a) is an SFL of semigroup ®, then SP1 o SP, C
SP; M SPs,.

Proof. Assume that SP; = (1,9, w) is an SFR and SP, = (1, v, @) is an SFL of ® and let u € ®.

If F, = 0, then it is easy to verify that, (no7)(u) < (nAT)(u), (Sov)(u) < (9Av)(u) and
(woa)(u) < (wVa)(u).

If Fp# 0, then

(met)w) =V k)Atw)< V A{nkw) At(kw)}
(k,w)eF, (k,w)eF,
= n()At(u) = mAT)(u),
@Pov)(u) = V PBE)Av)}< V {S(kw) Av(kw))
(k,w)eF, (kw)eF,
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and

(woa)(u) = A {ok)Vva(w)> A {wlkw)Valkw))

(k,w)eF, (k,w)eF,
= w)Va(u)=(wVa)(u).

)
Thus, (not)(u) < (nAT)(u), (Sov)(u) < (SAV)(u) and (woa)(u) < (wV a)(u). Hence,
SP1 o SP, C SP; M SPs». O

This theorem is a tool for characterizing semisimple in terms of SFIIs.

Theorem 4.1. [7] Let & and N be non-empty subsets of a semifroup &. Then
(1) xgoxm = xan
(2) xa Mxm = Xanw

where xg = (77)(5\/ ‘9)(5\' C‘)Xﬂ) and xn = (77)(9:/ S)(s)e/a))(m)'

Lemma 4.2. [7] For ®, the ensuing statements are equivalent.
(1) ® is semisimple,

(2) Every II & of ® is idempotent,

(3) Every ID & of ® is idempotent,

(4) Forany Il & and N of ®, K NN = {KN,

(5) Forany IDs & and 9t of ®, K NN = /KN,

(6) Forany Il & and any ID N of ®, R NN = KN,

(7) Forany ID K and any II 9 of ®, } NN = KN,

The ensuing theorem presents an equivalent conditional statement for a semisimple OSG.

Theorem 4.2. Let § be a semigroup. Then the ensuing are equivalent:

(1) ® is semisimple,

(2) SP; 0SPy = SPy, for every SFIIs SP; = (1,9, w) of ®,

(3) SP; 0SPy = SPy, for every SFIDs SP1 = (1,9, w) of ©,

(4) SP; 0SP, = SP; M SPy, for every SFIIs SP; = (1,9, w) and SPy = (7,v,a) of ©,

(5) SP; 0SP, = SP; M SPy, for every SFIDs SP1 = (1,9, w) and SP, = (7,v,a) of ®,

(6) SPy0SP, = SPy MSP; for every SFII SP1 = (1,9, w) of ® and every SFID SP, = (t,v, &) of ©,
(7) SP;1 0SP, = SP1 M SPy, for every SFID SP1 = (1,9, w) of ® and every SFII SP; = (1, v, a) of ©.

Proof. (1) = (2) Suppose that SP; = (1,9, w) is an SFID of ®. Then by assumption and by
Theorem 3.7, SP; o SP; = SP;.

(2) = (1) Let & be an IID of ®. Then by Theorem 3.3, x& = (Nyq, Oya, @y ) is @ SFII of . By
supposition and Lemma 4.1, we have

X5 = X8O X% = Xs.

Thus, 82 = K. By Lemma 4.2, we have ® is semisimple.
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(1) > (4) Let SP; = (1,9, w) and SP, = (7, v, a) be SFIIs of ®. Then by Theorem 3.5, SP; =
(1,9, w) and SP, = (7, v, ) are SFIDs of ®. Thus by Lemma 4.1, SP; o SP, C SP; M SP5.
Let u € ®. Then there exist r,t,e,d € ® such that u = ruteud. Thus,

(mot)(w) =V kA= V {nk)At(w)
(k,w)el-"u (kzw)eFmteud
> n(rut) At(eud) = n(u) At(u) = (nAT)(u),
Pov)w) = V PBE)Av)= V {8(k)Av(w))
(k,w)eFu (krw)EFruteud

> S(rut) Av(eud) = S(u) Av(u) = (S Av)(u),

and

@oa)) = A lo®va@)= A lok)Va@w)

(kw)eF, (kw)€F ruteud
w(rut) Valeud) < Qu) Va(u) = (0 Va)(u).
Hence, (not)(u) = (nA1)(u), (Sov)(u) > (SAv)(u) and (woa)(u) < (wV a)(u) and so,
SP; M SP, C SPq o SP, Therefore, SP; o SP, = SPq M SPs.

(4) = (1) Let & and 9 be IIs of ®. Then by Theorem 3.3, xg = (N4 Vg, Wyq) and xo =
(Nyar Oxar Wyq ) are SFIIs of ®. By supposition and Lemma 4.1, we have

IA

X&% = X] O xn = X& MM X% = Xsnn-

Thus, u € {0 Hence, R NN = Kt By Lemma 4.2, ® is semisimple.

(1) = (6) Let SPy = (1,9, w) and SP, = (7, v, a) be an SFII and an SFID of ® respectively. Then
SP, = (1,v,a) is an SFII of . Thus by (4), SP; 0 SP, = SP; M SP;.

(6) = (1) Let & and N be an II and ID of ® respectively. Then by Theorem 3.3 and 3.2,
X8 = (Myar v @ig) A Xt = (Nygs O s Wy ) is an SFII and is an SFID of ® respectively. Then
by Lemma3.5, xo = (Nyq, Sxqs @xq) is an SFII of ®. Similarly from (4) = (1), we have 6 is
semisimple.

So, (1) & (3), (1) ® (5) and (1) & (7) are Straightforward. ]

5. CoNcLUSION

In this paper, we introduce the notion of spherical fuzzy interior ideals in semigroups. We
desire properties of spherical fuzzy interior ideals. We characterized the necessary and sufficient
conditions of coincidence spherical fuzzy ideals and spherical fuzzy interior ideals in semigroups.
Furthermore, we characterized semisimple semigroups in terms of spherical fuzzy interior ideals
in continuity of this paper, we will investigate will be carried out about the spherical fuzzy interior

ideals of a ternary semigroup and their algebraic properties.
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