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Abstract. In this manuscript, we shall introduce the notion of perturbed controlled metric spaces, where the control
function is modified by an additional perturbation term. We establish fixed point theorems in this framework, demon-
strating how classical results can be extended to perturbed settings. To prove the validity of our results some suitable
examples are also provided. Some results from the literature are also deduced from our main theorems. Non trivial

example and an application to solve integral equation have been provided to support the derived result.

1. INTRODUCTION

Banach'’s [1] fixed point theorem asserts that, if ((), d) is a complete metric spaceand 7 : Q) — Q)
is a contraction mapping, that is, d(7u,7v) < Ad(u,v) Y u,v € Q for A € [0,1), then 7 admits
one and only one fixed point. Since then, many generalisation on fixed point results have been
reported in literature, see [2—6] as a generalisation of metric and metric like spaces. On the other
hand, E(‘Tu, To) < /\E(u, v) Y u,v € ), where E(u, v) is the experimental measurement of d(u, v),
Note that d is not necessarily a metric on Q. In this paper, we study the above question by

introducing the concept of perturbed metric spaces.
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Next, an interesting generalization of Banach’s fixed point theorem is obtained in the setting of
perturbed metric spaces and rest of the paper follows some topological concepts related to such
spaces.

Throughout this paper, () denotes an arbitrary non-empty set. The set of non-negative integers
is denoted by IN.

Mlaiki et al. [7] introduced the notion of controlled metric type space which is defined as follows

Definition 1.1 ([7]). On a non empty set ), define the mappings u : Qx Q) — [1,00) and d : QA x Q) —
[0, 00) such that for all u,e, f € Q) the following condition holds
() d(u,e) =0 = u=e,
(i) d(u,e) = d(e,u),
(iii) d(u,e) < u(u, Hd(u, f) +u(f,e)d(f,e).
(

Then the pair (Q,d) is called a controlled metric type space.

Many authors established fixed point results in the setting of generalised form of controlled
metric spaces with application to differential and integral equations, for example [8-14]. Recently,
Jleli and Samet [15] proved fixed point theorems and gave some applications in complete perturbed

metric spaces.

Definition 1.2 ( [15]). On a non empty set Q), define d, 1 : QO x Q — [0, 00) be two mappings. Then we
say that d is a perturbed metric on Q) with respect to 1, if d — : QA x Q) — [0, 00) for all u,v,w € Qisa
metric on Q) if the following condition holds:
) (d-9)(w0) 20;

(i) (d—v)(u,0) =0 if and only if u = v;
(i) (@-¥)(1,0) = (@-p)(0,u);
(i) (d=y)(,0) < (@d=y)(ww) + (d=y)(w0).
Here { a perturbed mapping, ;lp = d — 1 an exact metric and (Q),d, ) a perturbed metric space. Note that

a perturbed metric on Q) is not necessarily a metric on Q).

Inspired, in our work, we establish fixed point results in the setting of perturbed controlled
metric space. The rest of the paper is organised as follows: In section-2 we, present the notion of
perturbed controlled metric space and prove fixed point theorem in the setting of the space. We
also provide suitable example and an application to the derived result in Section 3 and Section 4.

Finally in Section 5 we conclude the article with open problem for future work.

2. MaiN ResuLrs

In this section, first of all, we shall introduce a new notion of perturbed controlled metric space.

In addition to this, some fixed point results are also proved for the same.
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Definition 2.1. On a non empty set Q), define d, 1 : QA x Q — [0, o) be two mappings and u:QxO—
[1, 00). Then we say that d is a perturbed controlled metric on Q) with respect to Y, if d- P:OxQ - [0,00)
forall u,v,w € () is a controlled metric on Q) if the following condition holds:
() (d=9)(u,0) >
(i) (d—1v)(u,0) =0 zfandonly ifu=uv
(it)) (d-)(u,0) = (d - ) (0, u); i
(iv) (d =) (u,) < p(u,w)(d =) (u,w) + p(w,0)(d - ) (w,0).
Here ¢ a perturbed mapping c_ip =d- Y an exact controlled metric and (Q), E,w) a perturbed controlled
metric space.

Definition 2.2. Let (Q),d, () be a perturbed control metric space, {w,} a sequence in Q and T : Q — Q.

(1) We say that {w,) is a perturbed convergent sequence in (Q),d, ), zf wn is a convergent sequernce
in the controlled metric space (Q, dy, ) where dy, is exact metric (i.e., d, = d — V).

(2) We say that {w,) is a perturbed Cauchy sequence in (Q,d, ), if wn} is a Cauchy sequence in the
controlled metric space (Q), dp, ).

(3) We say that (Q,d,, u) is complete perturbed controlled metric space, if (Q, Ep) is a complete
controlled metric space.

(4) We say that T is a perturbed continuous mapping, if 7 is continuous with respect to the exact

controlled metric d.

Example 2.1. Let QO = {0,1,2} and p : QxQ — [1,00) by u(u,0) =8V uw,v € Qandd : AxQ —

0, u=muo,

[0, 00) defined by d(u,v) =415, |u—v| =1,

4, lu—v| = 2.
Foru=00=2w=1,d(0,2) =4,d(0,1) +d(1,2) =15+ 15 =3
So the triangle inequality fails.

Therefore, d is not a metric space but it is a controlled metric space, since
d(0,2) < pu(0,1)d(0,1) + u((1,2))d(1,2)
<8(1.5) +8(1.5)
<24.
Now, let us define a Perturbed function ¢ : QA x Q) — [0,00) by
0, u=mu,
Y(u,v) =405, u,o=(0,1),(1,0),
1,  otherwise

and

dy=d—1:QxQ— [0,00).
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Clearly, Ep is a Perturbed controlled metric space because

d,(0,2) =d(0,2) - ¢(0,2) =4-1=3,
dy(0,1) =d(0,1) - ¢(0,1) =1.5-05=1,
dy(1,2) =d(1,2) -¢(1,2) =1.5-1=05.

So,
4,(0,2) < (0, 1),(0,1) + 1((1,2))d,(1,2)
<8(1) +8(.5)
—8+4
=12.
Example 2.2. Let R = Q) and define a function d : Q) x Q) — [0, 00) by
- 0, u=muo,
lu—ovl+2, u+o.

also let the control function p: QX Q) — [1,00) by u(u,v) =4V u,v € O, define a perturbation function
Y:OxQ—[0,0) by (u,v) =0.5u—1|
Then the function Ep =d—y:Qx0—[0,00) by Ep(u, v) = d(u,v) - (u,0) ie.

- 0, u=vu,
dp(u,v) = YuoveQ
05u—v+2, u+n,

forms a Perturbed controlled metric on Q).
We extend the Banach fixed point theorem into perturbed controlled metric spaces.

Theorem 2.1. Let (Q),d, ) be a complete perturbed controlled metric space and T~ : Q0 — Q) be a given
mapping. Assume that the following conditions hold:

(i) T is a perturbed continuous mapping;
(ii) There exists A € [0,1) such that

A(Tu,Tv) < Ad(u,v), Yu,ve. (2.1)
Then, T admits one and only one fixed point.
Proof. Let wg € () be fixed. Consider the Picard sequence {w,} C () defined by
Wyy1 =T w,, neNN.
Taking (1,v) = (wp, wy) in (2.1), we obtain

A(Two, Twy) < Ad(wp, w1)
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that is

d(wy,wy) < Ad(wo, wy). (2.2)
Similarly, taking (#,v) = (w1, w,) in (2.1), we obtain

d(wa, w3) < Ad(wy, w,)
which implies by (2.2) that

E(wz, w3) < )\ZE(wo, wy).

Continuing in the same way, by induction, we get

d(wy, wyi1) < A", neNN, (2.3)

wherer = H(wo, wy).

d(wj, w;) < p(wj, wj1)d(wj, wj41) + p(wj, wi)d(wj 41, )
< p(wj, wig)d(wj, wiga) + p(wj1, W) p(Wjs1, Wis2)d(Wjsr, Wiso)
+ (w1, i) p (W, wi)d (Wi, W)
< p(wj, wis1)d(wj, wji1) + p(wjy1, ) p(wj, wji2)d (W, Wj1o)
+ (Wi, i) p(wj 2, W) (Wi, j43)d (W), W 3)
+ p(wj1, w0) (W) 2, W) p (w3, w;)d(wj 3, ;)
< p(wj, wis 1) Md(wo, ) + p(wjy1, wji2) u(wjy1, i) AV d (wo, wr)
+ w(wig1, i) u(wjgo, wi) (Wi, w]-+3)A]+23(w0, w)
W43, wi) A3 d (wo, w) + ...

U

Ju(
W2, W) (Wjss, w;) ... p(wiy, wi) A (wo, w1 )
i-1

= p(wj, wj 1) Nd(wo, wr) + Z ARd (o, w1) H (W, w;) p(wy, wer1)
k=j+1 m=j+1

(
+ lLl(wj+ll wi)“(wﬁrz/ wi
¥ gy, wi)i

i—1

= p(wj, w1 )AIr + Z Ak H (W, w; ) p (Wi, Wr1)
k=j+1 m=j+1

i—1 n
= (u(wjwp)A + YA [T (e, wi)peog, i)

k=j+1 m=j+1

Let Hp —d- Y be exact perturbed controlled metric.
From (2.3), we deduce that

Ep(wj/ wi) + yb(wj, wi) < /\jl’, ] €N,
Hp<wj/ w;) < Hp(w]-, w;) + P(w;j, w;),
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it holds that

dp(wj,w;) <Ar, jeN.

From here, we can say that {w;} is a perturbed Cauchy sequence in the perturbed controlled metric
space (Q,E,tp).

By the completeness of the perturbed metric space (0, d, 1), we deduce that, there exists, w* € ()
such that

lim d, (w;,w*) = 0. (2.4)

j—o0

We now show that w"* is a fixed point of 7". Since 7 is a perturbed continuous mapping, then by

(2.4), we get
lim d,(Tw;, Tw*) =0,
j—ooo
ie.
lim d, (wj.1, Tw") = 0. (2.5)
j—o0

Since Ep = d — 1 is a controlled perturbed metric on (), by the uniqueness of the limit, we get
Tw" =w"ie, w"is a fixed point of 7.
We now show that 7~ admits a unique fixed point.
On the contrary suppose that u,v € () are two distinct fixed points of 7.
From (2.1), we have
d(u,0) = d(Tu,Tv) < Ad(u,v),

which yields

dy(u,0) + (u,0) < A(dy(1,0) + ¢(u,0)).
Since u # v then d, (1, v) + ¢(1,v) # 0 and the above inequality yields A > 1, which contradicts the
condition A € [0,1).

Consequently, 7 admits a unique fixed point. ]

Corollary 2.1. Let (Q,d, ) be a complete controlled metric space and be a given mapping. Assume that
there exists A € [0, 1) such that

dy(Tu, Tv) < Ady(u,v), (2.6)
forallu,v € Q). Then T admits one and only one fixed point.

Proof. Letd = Ep and ¢ = 0 (Y(u,v) = 0 for all u,v € Q). Then (0, d, ) is a perturbed controlled
metric space. Furthermore, by (2.6), 7 is continuous with respect to the exact metric Ep and (2.1)
holds. m|

We provide an example to illustrate the Theorem 2.1.
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Example 2.3. Let Q) = [0, o), define d : Q) x Q) — [0, 00) by

_ O, u=mo,

|u—v|—|—(u—v)2, U+ 0.

Define a control function pt : QA X Q) — [1,00) by u(u,v) = 1+ max(u,v). So (Q,d, u) is a perturbed
controlled metric space.

Solution: Let ;lp = |lu—v| then

dy(1,v) = d(u,v) —(u,v),

where Y(u,v) = (1 —v)* > 0.

Thus d is a perturbation of the standard metric.
First we will prove d is not a metric space.
Letustakeu =0,v =1, w = 2.

So by the definition of d, we get

d(0,2) =2+4=6, d(0,1) =2, d(1,2) =2.

But 6 £ 2 + 2, so triangle inequality fails.
Now we will prove d is a controlled metric space.
Let u,v,w € Q) and u # w then, we have

d(u,w) = u—w|+ (u—-w)?
=lu-v+v-w+ u-v+v-w)?
<lu—v|+o-wl+2u-2)(v-w)+ (u-0)>+ (v-w)?

< (1 + max{u, v})(d(u,v) +d(v,w)).

Hence (Q),d, u) is a controlled metric space.

Let 7 : Q) — Q be T (u) = § then T is a contraction on the perturbed controlled metric space (Q),d) as

follows:
2
= u—v u—v
d(Tu,To) :| 3 |—|—( 3 )
1 1 5
= 3Iu vl + 9(u v)
1
< (=2l + (u-0)°)
= %E(u,v)
Thus,
H(‘Tu,‘Tv) < /\H(u,v), A= % < 1.

Clearly, 0 is the unique fixed point of T .
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3. APPLICATION

To demonstrate the relevance of the acquired fixed point result within the context of perturbed
controlled metric spaces, we provide the subsequent example:

Let QO = [0,2] and define d : QO x Q — [0,00) such that d(u,v) = |u —v| + |u—|® is controlled
metric with a control function y : QX Q — [1,00) by u(u,v) = 4 + |[u— 0> and let us define a
Perturbed function, ¥ : QX Q) — [0, 00) by ¢(u,v) = |u —v|. Now let us take Ep —d-y:QxQ -
[0,0) a mapping defined as ;lp(u, v) = d(u,0) — P(u,v) = |u—1o, and we claim that o_lp is a
perturbed controlled metric space.

Firstly, we will show d is not a metric but a controlled metric.
For this, letu =0,v =04, w = 1.
Nowa(u,w) =14+1=2,

d(u,v) +d(v,w) = (0.4 +0.064) + (0.6 + 0.216) = 1.28.

Clearly,

d(u,w) £ d(u,v) +d(v,w).

Now consider,

w(u,0)d(1,v) + (o, w)d(o, w) = 4.064(0.464) + 4.216(0.816)
= 5.593216.

Clearly,

d(u,w) < u(u,0)d(u,v) + (v, w)d(v, ).
Hence, d is not an exact metric but a controlled metric.
Since ¢(u,v) = |u —v| and Ep(u,v) = d(u,v) — P (u,0) = |u—op.
Now we will show Hp is not a metric but a perturbed controlled metric.
Letustakeu =0,v =1, w = 2.

Here,
d,(0,2) £d,(0,1) +dy(1,2)
= 8£2

So d,, is not a metric.

Now let us consider

0(0,1)a,(0,1) + p1((1,2)),(1,2) = 5(1) +5(1) = 10
= d(0,2) < p(0,1)dy(0,1) + p((1,2))dy(1,2).
Hence Ep is not a metric but a perturbed controlled metric.

Now, let us consider a non linear Volterra-type integral equation

u(t) = L 6t—|j 22 (u(s)®>+2)ds, tel0,2],
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where Kernel K(t,s) = 62:;2 is continuous.

Let us define a mapping 7 : C[0,2] — C[0,2] by

Tu(t) = ft %(w(s)‘2 +2)ds, te]0,2].
0

Now we will prove 7 is contractive.

Consider,

dp(Tu, Tv) = Tu-Tof

t t—S 2 2
< _
< fo 61 [u(s)” —o(s)lds
¢
< fo 6t+ ; lu(s) = o(s)] [u(s) + o(s)|ds. (3.1)
Let |u(s)], [o(s)] < M, ¥ s.
Then |u(s) 4+ v(s)| < 2M.
So by equation (3.1), we get
= “l t=s
< - . .
dp(Tu, Tv) < ZML 6 [u(s) —o(s)lds (3.2)
Now since,
t—s 2 1
‘6—1—52 < 5 3 Vitse [0,2].

Therefore by equation (3.2), we get
- 2 t
dp(Tu,To) < ng lu(s) —ov(s)lds.
0
Let
lu —oll = suplu(s) —v(s)l, VYsel0,2].
Then
2
T u(t) —To(t) < gM.leu -1l

4
< — — .
< 3/\/(IIu 7|

If M < 3, for small bounded functions (for example during iterations then) $M < 1 and we can

write:
[T u(t) = To(t)| < ku(t) —ov(t)],

where0<k:%M<1.

Thus, 7 is contractive self map. So the equation has a unique fixed point.
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4. NUMERICAL ILLUSTRATION

Let us verify that sequence of iterates 1, 11, U is converging to the unique fixed point at u*(t)
at specific point t = 2.
Let ug(t) = 0 and

2t t 6+ 12
ulz—tan‘l——ln( —g )

\G Ve
= up(2) =~ 0.61.
Now,

6 +s?
=  uy(2) ~0.645 (After taking several sample points between 0 to 2 of 1 (s)).

2 — S
1(2) = fo 275 (4(s)2 + 2)ds

The difference of values is small |13 (2) — 11 (2)| = 0.038 showing quick convergence.

So, the unique fixed point value at t = 2 is approximately u*(2) ~ 0.65.

5. CoNCLUSION

In this study, we introduced the notion of Perturbed controlled metric space and established
tixed point results in the setting of these spaces. Our result has generalised proven result in the
past. The derived results have been supplemented with non trivial example. The result is applied
to find the analytical solution to Integral equation. It will be an open problem to establish fixed

point results by weakening the contractive conditions.
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