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Abstract. In order to observe the dynamics and impacts of vaccination at different phases, we suggested an epidemic
model in this paper that includes classical and Atangana-Baleanu piecewise operators for the hybrid operator’s memory
effects. The created model’s properties, which take into account linear growth and Lipschitz requirements relating the
rate of effects within its many sub-compartments according to the equilibrium points, include positivity, unique solution,
existence, and boundedness in the feasible domain. The reproductive number R is derived for the biological feasibility
of the model with sensitivity analysis with different parameters impacting the model for the piecewise fractional
operator. Global stability employs Lyapunov function theory to gain insight into first derivative results. The chaotic
behavior of the system was also determined through simulation, which shows the solution is bound to a steady state
point and lies in a feasible region.For numerical solutions, classical and piecewise fractional hybrid operators at various
fractional order values are solved using the Newton polynomial interpolation method.This research advances our
knowledge of the dynamics of hepatitis B and offers a solid framework for assessing the effectiveness of interventions

for disease control planning and decision-making.

1. INTRODUCTION

Mathematicians always strive to simulate the behaviours they see in everyday life. The notion of

differentiation and integral has recently been used to successfully represent a number of significant
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biological issues. Hepatitis B is viral disease that effects the liver of a human body. It can be
provoked by a variety of things, such as medicines, auto immune diseases, drinking excessive
amounts of alcohol, germs, and viruses. It is a contagious disease that can result in serious
complications and even death.About 1.4 million fatalities each year from prolonged infections,
cirrhosis, and liver cancer linked to hepatitis are attributable to this condition. Around 47 percent
of such fatalities belong to the hepatitis B virus [1]. Approximately 300 million people worldwide
have chronic hepatitis B virus, making it the ninth most common cause of death in the list. Itis a
serious health problem throughout. This virus may cause long-lasting illnesses such liver cancer
and cirrhosis, resulting to a high fatality rate. Hepatitis not only have a high sickness rate but also
costs too much for medical supplies and could be harmful to national economies [2].

In light of its many applications in the mathematical modeling of dynamic systems over the past
few decades, fractional derivatives have received a lot of attention.The memory and inheritance
characteristics of fractional derivatives as well as their higher degree of freedom than traditional
derivatives are the main factors of these applications. [3]. In [4], the generalised Mittag-Leffler
fractal-fractional derivatives model of malaria illness in humans and mosquitoes was presented.
According to the Caputo-Fabrizio derivative, the authors of [5] constructed a fractional order
model of the co-dynamics of cholera and malaria. Nature has been shown to follow very straight-
forward laws, which results in the formation of complex phenomena. The research focuses on
the features of respiratory lung tissue, whose natural solutions non-integer differ-integral solu-
tions and non-integer parametric models appear in the middle of FC. In [6], the time-fractional
HIV/AIDS model is explored using the modified Atangana-Baleanu in Caputo sense derivative.
In order to better understand the dynamical spread of malaria, the research in [7] investigated a
deterministic model that takes into account the transmission method through blood transfusion
and saturation therapy function. With a constant proportional (CP) Caputo operator, Farman et
al. [8] introduced a unique fractional order measles model. The Laplace Adomian decomposition
(LAD) technique was used in [9] to examine the dynamics of Lassa fever transmission. Fractional
Calculus has found practical applications across diverse scientific and engineering disciplines.
Atangana-Baleanu (AB) fractional-order derivative proves to be better suited for describing nu-
merous real phenomena due to its ability to retain essential information about the phenomenon as
time elapses. In [10], authors developed the optimal control strategies for dengue fever by imple-
menting ABC derivative operative. A model for smoking epidemic was examined by Farman et
al. [11], utilising Caputo-Fabrizio fractional derivative. In [12], an application of (ABC) fractional
derivative, predator-prey model of three species. The COVID-19 model was examined by Khan
et al. [13] utilising Caputo and classical piecewise operators. Atangana et al. [14,15] proposed a
method based on piecewise differential and integral operators. In [16], researchers investigated
the dynamics of a piecewise COVID-19 mathematical model with a vaccination and quarantine
class. [17] proposed a deterministic compartmental model of hepatitis B disease with vaccination

and treatment interventions. In order to illustrate the behaviour of the co-infection of the HIV-TB
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model, the study in reference [18] employed a piecewise operator in the traditional Caputo sense
and some hybrid operator also studied in [19,20,23]. When just initial conditions are utilised to
forecast future behaviours of the spread, the Hepatitis B model with classical differentiation may
be used to illustrate dynamical systems of infectious illness. Yet in unforeseen situations, maybe as
aresult of ambiguity in real-world problems, classical differentiation and related integral operators
fall short. Given all the unknowns, misunderstandings, and ambiguities surrounding the hepati-
tis B model, it is extremely challenging to develop a proper mathematical model using classical
differentiation. In these situations, non-local operators are frequently more suitable since they
may capture non-localities and specific memory effects depending on whether there are power
law, fading memory, or crossover effects. On the other hand, if there are other more complex
behaviours that cannot be replicated using power law, fading memory, and crossover [17],then
the recently developed fractal fractional operators may be more suitable mathematical tools to
manage such behaviours. Although it has been established that these new operators are adequate
for simulating complicated issues, concerns have been raised since the operators cannot manage

time at the origin.

2. Basic Conceprts oF FRacTIONAL OPERATOR

In this part, we’ll introduce hybrid fractal fractional operators, go over their characteristics,
and show how to approximate them numerically using tried-and-true methods like Newton and
Lagrange polynomials. In this paper, section 1, is the introduction. Section 2 describes the basic
definitions, section 3, describes the model, qualitative analysis, pose ability and sensitivity analysis.
In section 4, we verify the Lipschitz conditions and Lyapunov Stability analysis. In section 5, we
examine the numerical scheme for the given model. In section 6 and 7 we discuss the results and

conclusion, respectively.

Definition 2.1. Let F(x) be a function that isn’t always differentiable. Let 1 be a fractional order and
0 < n < 1. According to [19,20], a fractal fractional derivative (FFD) of order 0 < n < 1 with classical and
Mittag-Leffler kernel is defined as
F(t),0<t<t,
PABDE(4) — *) ! (2.1)
0 t PABTE
0 ¢ (t), th <t<t.
Definition 2.2. Let F(x) be a function that isn’t always differentiable. Let 1 be a fractional order and
0 < x < 1. According to [18], a fractal fractional integral (FFI) of order 0 < n < 1 with Mittag-Leffler

kernel is defined as

[—01F(8)d9, 0 <t <t,

PABY1
o JiF(H) 1-n n t2 n-1
AB(I‘]) + AB(T])F(T]) f_tl (t_#) F(S)d\g, t] < t < tz.

2.2)

Where gAB]f stands for the Mittag-Leffler kernel fractional integral on t; < t < tp, and the classical integral
onQ<t<t.
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3. FracTioNaL OrRDER HePaTITIS B MODEL

We constructed a compartmental mathematical model of the virus known as hepatitis B based
on its routes of transmission which is proposed by Malede Atnaw Belay et al. [21] is motivation to
developing modified form with fractional operator. The model will place precise emphasis on key
factors such as the reproduction number, equilibrium points, and stability of Hepatitis B. Moreover
the study will delve into the dynamical transmission and sensitivity analysis. Each compartment of
the model will be broadly examined to gain a complete understanding of its behavior. The disease
dynamics will be extensively explored through numerical simulations of the suggested approach,
illustrating the steady progress of the solution under this approach. Furthermore, to enhance
the understanding of Hepatitis B, the proposed model will undergo comprehensive numerical

simulations using a piecewise Fractional Operator with 0 < g < 1.

PABCDI(S(1) = A (1= @)(1=7C) 4+ 02V — (A + p + 61)S,

PABCDI(V1(t)) = 01S + Nw — (a+ pu + 62) V4,

PABCD) (Vo () = aVy — (e + u)Va2 31)
PABCD](A(t)) = AS— (6 + 0+ p)A,

PABCDI(C()) = 0A+ A(1 = w)TC— (9 + u+¢)C,

PABCD](R(t)) = 6A + 9C — iR,

With the initial conditions
S(O) = SO >0, Vl (0) = V10 >0, Vz(()) = Vzo > O,A(O) = AO >0, C(O) = CO > O,R(O) = RO > 0. (3.2)

They all are biologically positive. The suggested model divides the total population N into six
divisions at a given period t. We created the fractional order mathematical version for the Hepatitis
B virus model with vaccination in order to deal with the hepatitis B virus model’s greatest potential
S(t) those who are susceptible to infection but have not yet contracted the disease , V1 (t) are those
who have received the first dose of vaccination,V;(t) are people who have taken second dose
of vaccination after a month of the first dose, A(t) are individuals who are at the acute stage of
infection ,C(t) are infected individuals who are at chronic stage of infection and R(t) are people

who recovered from the disease. Details of other parameters is given in table 1 [21].

TaBLE 1. Parameter values and biological interpretation

Parameter Description

A Birth rate

u Natural mortality death

o Acute class recovery

0 Chronic Class Recovery with Treatment

0 Acute class switches to chronic class by symptoms growth
a Second dose vaccine receivers

€ Recovery after receiving second dose

Y Deaths due to chronic diseases
¢
¢

1 Susceptible first dose of vaccine
2 Waning rate of vaccine from vaccinated first dose class
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3.1. Qualitative Analysis of the Hepatitis B Model. We are currently performing a qualitative
analysis of our model of infectious disease with vaccination, which is represented by a set of
nonlinear differential equations (3), to gain insights into its features and to better comprehend the

variables that govern the dynamics of infectious disease transmission.

3.2. Pose-ability and Biological Suitability of the Model. This section examines the historical
context in which the solution to our system makes sense. All solutions and proposed parameters
have previously been demonstrated to be positive for all t. We are aware that t > 0 for everyone.

PBCDN(N(t)) = A= Nu—Cy. (3.3)
Hence, if there is no sickness,
PABCDI(N(t)) = A—Nu (3.4)
The total population N(t) must be a positively growing function with the condition that %I > 0.

A
PABCDI(N(t)) > N(t) < s (3.5)
The threshold population level is described in the literature as the aforementioned inequality.

Due to this, we conclude that the recognized set of solutions for the proposed model should only

include

A
Q=1{(5V1,V2,A,CR)€RS, : S+ Vi +Va+A+C+R=N(t) <N(t) < E} (3.6)

In this case, Ri represents the positive cone of R® , which also comprises its faces in the lower
dimensions. We rule out the scenario in which %ABCD? (N(t)) = 0 takes place, it might mean that

the host group will eventually decline to its carrying capabilities.
Theorem 3.1. The region JeRS,
9 =5,Vy,Vp,A,C,RERS : N < frach — Cipu
attracts all solutions of proposed system and is positively invariant when initial restrictions are not negative.

The results are provided below, and shall demonstrate the system’s positive solutions.

PABCDI(S(t))ls=0 = A\ (1 - @) (1= 7C) 4 02V1 2 0,

PABCD] (V1 (t))lv,=0 = 015+ A w 2 0,

DABCDN (Vo (#))lv,—0 = aV1 2 0, (37)
PABCDI(A(t))la=o = AS,2 0,

PABCDN(C(t))lc=0 = 6A+,> 0,

PABCDN(R(t))|r=0 = 6A 4+ 9C > 0,
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The vector field is said to be located in the region Ri on each hyperplane encompassing the non-
negative orthant with ¢t > 0 according to the system (22). Model (3) component elements of the

population are added together to yield the following total population.
PABCDIN (1) =FABC DI(S(t)) +54BC D(V1 () +5ABC DN (Va (1)) +54BC D] (A(t))  (3.8)
+oABE D] (C(t) +54PC DI(R(t)) (3.9)
A" DJ(N(t) = A= Nu~Cy
SupposethatN(0) < fracA — Cyu
N(t) < frach = Cypu
Therefore, a fractional model solution continues to exist in J for all ¢ > 0. In light of the fractional
model, the closed set J is a positively invariant. As a result we may test our model, in the realm
of possibility;
9 =5,Vy,Vp,A,C,RERS : N(t) < fracA — Cipu
3.3. Disease-Free Equilibrium and analysis of reproductive number. The disease-free equilib-
rium (DFE) of model only exists in the absence of infections. Now, solve for DFE by setting the

left-hand side of system equal to zero. Since A = C = 0 at disease-free equilibrium then the system

becomes
/\(1—a))(1—TC)+62V1—()\+H+91) =0,

915+/\0)—(61+H+92)V1:0,
aVi—(e+u)Vy =0,

(3.10)
AS—(04+0+u)A=0,
A+ N1-w)iC-(3+u+y)C=0,
SA+8C—puR =0,
Thus, from system (8), the DFE of the model is given by
Eo = S°, VY, V), A% C, RO
(/\(1—a)v) A(O1 +wu)  Aa(61+wu) N ea(61 + pw) ) (3.11)
pet O " et Oy 7 (e p) (et 01v)" 7 ple + p) (pe+ 61v) '
where
t=a+u+ 0y,
v=aoa-+ l’l’ (312)
a+pu<w(a+p).
Lets look at [22], reproductive numbers are
_ N _ _
Ro—C50(6+0+y+5)(6+a+y)(s+y+¢ A1 -w)), (3.13)
A 6y — wa —
RO:C (a+pu+ 60— wa—wu) k o (3.14)

wa+p+0,)+0i(atu) 6+a+y+ (0+o+u)O+pu+yv-A(l-w)r)
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Here, we construct the analysis of reproductive number by taking partial derivative with respect

to each parameters and range of impact of parameters also shown in figure 1.

aRO—C( LI 0 (a+u+6,)>0
I Stuto  Grp+ta)@tutdtia(w-1)) b2

Similarly for others parameters such as 7,0, 6,9, C is increasing and w, 01,9, u, 0, is decreasing.

The sensitivity indices of the above parameters, shown in the graph below:

Sensitivity Indices

1.4

Ficure 1. PRCC results for significance of parameters involved in Ro.

4. PiEcEWISE ATANGANA-BALEANU HEPATITIS B MODEL

we can express the given equation as:

D/ (S(t 94(S, V1, V5,ACR),0<t<t,
IZ)ABDE(S(t)): ('()) 1( 1, V2 ), 1
ABD]( (t)) (S,Vl,VZ,A,C,R),tl <t<T.
D (V1 (t 95(S,V1,V3,A,C,R),0 <t <t
%ABDtﬁ(Vl(t)) ( 1( )) 1 2 ) 1
ABD](V1(t)) =18 J5(S, V1, V2, A,CR), 1y <t <T.
DV, (t I5(S,Vq,Vs,A,CR),0<t<t,
mD(vy(e)) = {720 =B L AR A< <
ABD"(Vz(t)) =48 93(S,V,Vp,A,C,R),t; <t<T. @1)
A(D)) = 4(S, V1, Vs, A,CR),0 <t <t '
PABD (A(1)) = DJ(A(t)) = 34(S, V1, V2 )s 1

ABDI(A(t)) =B 34(S, V1, V2, A, CR), b <t <T.
J(C(t)) = 35(S,V1,V2,A,C,R),0<t<t,

(A(
(1))
BDI(C(t)) =48 35(S, V1, Vo, A, C,R), 1y <t <T.
()
(

7Dl = {

(R t) (S,Vl,Vz,A,C,R),O<t<t1,

'TEDJ(R(t)) =
ABDN(R(t)) =48 34(S, V1, Vo, A,CR), <t <T.




8 Int. . Anal. Appl. (2026), 24:241

We will now determine the existence and uniqueness of a solution for the hypothetical piecewise
derivable function and its specific solution property. We can use system (22) for further clarification,
we have to prove that V[0, W] and [Wy, W2|3;(S, V1, V2, A, C, R) satisfy wherei = 1,2, 3, 4.

A1 is the condition for Linear Growth [22]

19(x;, £)F = Ki(1 + [xif?). (4.2)
A The Lipschitz condition [22]
13;(x}, t) = Bi(x2, 1) < Kilx} — 227 fori =1,2,3,4. (4.3)

We know determine the norm as, [[¢lle = sup,cp, lp(t)]. Now, we are going to discuss piece-
wisely the existence and uniqueness of the solution for [0, W2]. For [0, W2], there are four positive
constants M7 < oo, My < 00, M3 < o0, and My < oo such that

[ISllco < M1, [[Villeo < M, [[Valleo < Ms, [[Allee < My, |ICllc < M5, and ||R]|c < M. Write system as
below

S=91(S,V1,Va,A,C,R), 0 <t < Wy,

Vi =9,(S,V1,V2,A,C,R), 0 <t < Wy,

Vz = 53(5, Vi, Vz,A,C,R), 0<t< Wy,

_ (4.4)
A =345,V1,Vp,A,C,R), 0 <t < Wy,
C=95(S,V1,Va,A,C,R), 0 <t < Wy,
R = 8(S,V1,V2,A,C,R), 0<t < Wy,
For proof, we consider the function
191(S, V1, Vo, A,C,R)P = | A (1 =w)(1-1C) 4+ 02V1 — (A + u + 61)SP%, (4.5)

<3N (1-w)?(1=7|CI* 432 Vi P +3(A+u+01)?1SP,
<3 A (1-w)*(1 - tsupsep, | C 1)* + 303supiep, | Vi P +3(A + u+61)* | S P,
<3A?(1-@)*(1-7 | Clle)® +363 | V1 I3 +3(A+pu+61)* | S P,
3(A+u+61)?ISP
<3A2(1-w)?2(1-7IClls)? 43635 I V1 |5

<3AZ(1-w)* (1= Clleo)? +362 1| Vi II% {1+ )

under the condition that
3(A+u+61)?

SP2 <1,
<3 (1-wP(l—tClR 3R Vi A

{1+

then we have
| 32(S, V1, V2,A,C,R) | < K (1+ | S )

using the same routine
| 35(S,V1,V2,A,C,R) P=| 015 + Aw — (@ + i+ 02) V4 2
<207 1S P +2(Aw)? +2(a+p+ 6:)* | Vi P
< 29%supteD¢S ? + 2(/\a))2 +2(a+p+ 62)2 | Vi |
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<2021 S 12 4 2(Aw)? +2(a + u+ 62)% | Vy P

(a+u+62)2|Vq
6211 S 13 + (Aw)?

<O71IS 1% + (Aw)*(1 +

under the condition that
(0( +u+ 92)2 |2

+ (Aw)H Vi) <11,
01711 S |2,

{

then we have
| 95(S, V1, V2, A,C,R) I< Kx(1+ | V1 [2)
For the function J5(S, V1, V3, A,C,R) so

| 35(S,V1,V2,A,C,R) P=|aVy — (e + u)Va |

<20?| Vi P +2(e+u)’| V2 I
< 2a%supyep,| Vi P +2(e + p)*| V2
<202\ Vi P +2(e + p)?| V2 PP

(€ +p)?

2
PTATRACIE

<a?| Vi |Pe < {1+

(e+p)?
@?[|V1|Pe

| 95(S, V1, V2, A,C,R) < K3(1+ | V2 )

under the condition that | V5 |? < 1,then we have

For the function J4(S, V1, V2, A, C,R) so,
| 94(S,V1,V2,A,C,R) P=|AS— (6 + 0+ u)A A,

<20 %supiep, | S P +2(0+ 0+ )| A [
<202 S P +2(6+0+p) AP

(6+0+u)

2
s, A

< A% S IPoofl +

(6+a+y)2
A2

| 34(S,V1,Va2,A,C,R) < Ky(1+ | A )

under the condition that < 1, then we have

for the function J5(S, V1, V2, A,C,R), So
| 95(S, V1, Vo, A,C,R) P=| 6A+ A(1—w)tC— (8 4+ u + ¢) [?
<2 AP 42/ (1-w)* 2 | CP42(8 4 u + )2
< 26%suprep,| A P +28%(1— @) C P +2(9 + p + )
<22 A P +2A2(1 = @)% C P+ 2(8 + p + ¢)?
A2(1 - w)?72

SICP)
S A P + (8 + pt+ 1)

<O A P + (8 + p+ 9)* {1+
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A?(1-w)?1?
S*NIAIR o+ (S+u+¢)

| fj5(51 Vl/ VZ/A/ CIR) |S K5(1+ | C |2)

under the condition that > < 1, then we have

for the final function J¢(S, V1, V2, A,C,R), So
| 96(S, V1, V2,A,C,R) P=| 6A + 8C — uR |?
<36% | AP +39% | CP* +3u* | R
< 36%supiep,, | A P +3%supep, | C P +3u* | R |?

<362 || AR, +39% || CI2 +3u | R J?
2

H 2
<O AR +9* 1 CIE {1+ | R |7}
A% +92]ClA

2

_®
PIAE ocE < L then we have

| 36(S,V1,V2,A,C,R) < Ks(1+ | R )

under the condition that

The condition of linear growth is confirmed if

(A+p+61)>
<A2(1-0)2(1-7l[Cllee )2+ G2 V1IE
(atp+62)
6§||S||§<,+<2Aw)2'
(6+0+u)
AISIPs
(6+o+u)?
A2SIPe
A2 (1-w)?7?
PNAIR o+ (S+p+1)*
2

max

FlIANIL+92ICI5, 7
Now, The Lipschitz condition for equations has to be verified.
for the function J4(S, V1, V2, A,C,R)

A 0
J1(81, V1, Va,A,C,R) - 31(S%, V1, V2, A,C,R) < ( (A+up+6)

)| -8%],

<Ky |St-¢52].
for the function J,(S, V1, V,,A,C,R)
95(S, V4!, V2, A,C,R) — 35(S, V1%, V2, A,C,R) < %
<Ko | Vit = V2.
for the function J3(S, V1, V2, A,C,R)
(6404 p)

95(S,V1,V3,A,C,R) - 35(S,V1,V3,A,C,R) < PP

<K3|Vi-V2].

ANI—-w)(1-1C) + 02V

|Vi=ViI

|V -V3,
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for the function J4(S, V1, V5, A,C,R)

(6+0+p)

Al — A?
S | l,

84(51 Vl/ VZIAlr C/ R) - 84(51 Vl/ V2/A2/ CI R) <

<Ky A1 - A2,
for the function J5(S, V1, V5, A,C,R)
ANl-w)t
TOA+ (O +u+vy)

J5(S,V1,Va,A,CLR) = 85(S,Vy, Vo, A,C2R) < |Cl-C?,

<Ks| C'-C2|.
for the function J4(S, V1, V2, A,C,R)

u

Rl _R2
-R
_6A—|—\9C| ’

I5(S,V1,Va,A,C,RY) = I5(S,Vy,Va,A,C,RY)

!
We completed the proof by confirming the Lipschitz condition.

Now we have to proof the last part of the piecewise equation. In this section,we are looking
Yt € [Wy, W]. In the model, we assume for {S(t), V1 (t), Va(t),A(t),C(t), R(t)} € [W, ¥.), where ¥,
shows the timing of explosion. Now we need to show that the system solution is global. That’s
why we have to prove that ¥, = co.

Let us consider [ € 1134+ has a positive value such that

{S(Wp), V1(W3), VQ(WQ),A(WZ), C(WZ),R(WZ)} lies within [%, Ip]. The stopping time is as

Y ={te Wy, ¥.): % min{S(t), V1(t), Va(t), A(t), C(t), R(t)} or max{S(t), Vi(t), Va(t), A(t),

C(t), R(t)} = 1},

For each I > Iy, while as | — oo, ¥; is monotonically increasing. lim;_ ., Yo with ¥, >

Y. for all £ > 0, if we show that Yo, = 0, then we can conclude that ¥, = o and
{(S(t), Vi(t), Va(t), A(t), C(t),R(t)} € 1136+ is a solution.

So, we need to prove that ¥, = co. If the conclusion is contradictory, then 30 < W and ¢ € (0,1)
such that P{(W) > ¥o) > €. A function has now been defined. H(X) : F; — F; in H € L? such

that
6

H(X) =dH(X) =) (1-— dxl + ZLZ

=1

4

4
=Y 1= D Y = 1B,
i—1 1

i =1

where
y1=S5(t),y2 = Vi(t),y3 = Va(t), ya = A(t), ys = C(t), y6 = R(t).

ti= (1,213,415, 16)

Bi(t) = (B1(t), Ba(t), Bs(t), Ba(t), Bs(t), Be(t)).
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In our model, we obtained H(X) by following equality

6
(X =) (1- D= (1= )5+ (1 Vil)v; +(1- Viz)v; F1- A +(1-2)C

6

i

1- )R L
+(1-%) +Zz,
<3+n+o+¢ =1L,
and

6
H(X) = Ldt + ) t:(xi - 1)dBi(t),
i=1

By taking integration from 0to¥", we have
_ _ i1
OH(Y))] <H(X(W2)) + @ f L
0

<H(X(Wy)) +TW,

setting ®; = {W > ¥} for[; <land thus P(®;) > I Nothing that for VY € ©®;, Atleast one X(¥;, W)

must be exist there and it is equal to 1 or 1. Then I — logl or % + logl — 1 as result
(% + logl — 1)71081=1 < H(X(F))).

We can write from above

H(X(W2)) + LW > ®(ly, H(X(Y))),
> ¥ (1 - logl — 1)1 +1ogi-1,
Here ly, is a function known as the indicator function of Y. Hence lim;_,, shows
00 > H(X(W,)) + LW = 0.
It is contradictory. So, giving the earlier described conditions Yo = co which completes the proof.

4.1. Lyapunov Stability Analysis. In the most recent year, various analyses in numerous domains
have made use of the Lyapunov function formulation. This function has been employed in
epidemiology to evaluate the stability analysis of an epidemiological model. It has been suggested
that the Lyaponuv might be regarded as energy; as a result, determining stability may benefit from
knowing the sign of the function’s first derivative. Even so, determining whether we have a local
maximum or local minimum may not be as simple as looking at the sign of the first derivative of
a function. It seems that in light of this, it would be wise to research the second derivative’s sign.
We will do such analysis to determine the sign of our models’ first and second derivatives in this

section.
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4.2. Lyapunov for Endemic Case. The Lyapunov function is a endemic, f(S,V1,V2,A,C,R) <0,
is the endemic equilibrium E*. When the reproductive number Ry > 1, the proposed model’s
endemic equilibrium points E* are globally asymptotically stable.

Proof. The Lyapunov function is used to establish the theorem in the following way:

% *

1%
L(S", V3, V;,A",C,R") = (S- 5 =S log %) + (Vi =V}~ Vilog ) (4.7)
/ 1

CVE - Vilog <2) 4 (A— A" — A'log
+ (V2= V; VZOgV2)+( OgA)
% % C* * * R*
+(C—C—Clog—c)+(R—R -R log—R) 4.9)
As a result, when we use the derivative, we get the following.

5§-§°
S

Vi-V;

7 YPABCDP Y, (1) (4.10)

PABCDIL (1) < (Z22-)PABCDP s (1) + (

V2=V, pasc

(T)Po FEDIVa(t) + (
c-C
(T)%ABCD?CU) + (

The following is how their derivative values may now be written

A-A"
A

R-R*
R

)T DIA()

) DR (1)

H=(EE) A1 -w)(1=1C) + 62V1 = (A + u+ 61)S),
01S+ Aw — (a+ p+ 62) V1),
aVy—(e+u)Va),
AS—(6+ 0+ p)A),
EOYSA+A(1-w)TC- (S +u+)0),
+(2E)(6A+9C + €V — uR),
Substituting values S = S-S5, V| = V; - ViiVo=V-V,,A=A-A"C=C-C, andR =R-R*
leads to
PABCDIL(t) = (3Z) (A1 - w)(1=7(C=C)) + 62(V1 = Vi) = (A +pu+ 61)(S=SY)),
() (01(S=5)) + Aw = (a+ p+62) (Vi - V7)),
HAF)(A(S=8) = (0 +o+p)(A- A7), (4.12)

(==)(

(

(4.11)

~—~ ~~ —~
>
o #
~ o~~~ ~—

+A1-w)t(C-C) -3+ u+y)(C-C)),
+9(C-C) +e(Va-V;)—u(R-R)),

)
)
The above can be organized as follows

PABCDIL(t) = A=ATC+ ATC' = Aw + AwTC — AwTC*

+0Vi—=0Vi—(A+u+601)S+(A+u+61)S +6,S—-0:5
/\_S* ATCS* n AwS* + AwTC*S* 3 AwTCS*
S S S S S
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0,V1S* (A+p+61) (A+u+61)S?
T S - S

—(0(+M+92)V1+(6¥+H+82)V1

~ 01SV] N 015V ~ ViAw N (a+p+02)V1V; ~ (a+u+ 02V
V1 V1 V1 V1 Vl

+aVi—aV]—eVo+eVy—uVo+uV;

~ aV1V; N aVIV; N eVzV; eVE /,tVZV; yV;

Vs V2 Vo, VoV, oV

- ANTC-ATC" -1CAw +1C' Aw +3C—uC-yC
A * A % Y% A %D
+8C +puC + 9C" - Tgc + T(C:C —1C AW+ ‘”éc

e g a SC7 uC? yC
= 9C —pC —yC o+ =+ e+
+GA—GA"+8C—8C +eVy— eV} — O?QR + “ARR
YCR®  YCOR eVoR*  €VIR'
R TR R TR

For clarity, we may rewrite the above equivalency as follows

PABCDP(L(£)) = 01 - Oy (4.13)
where

0 = /\—I—/\TC*—f—/\a)TC—i—Qz‘ﬁ—f—()\4—#4—91)5*4-915
ATCS* AwS*  AwtC'S*  6,V15* A4+u+06
T n @ wT eS| +( H 1)

S S + S S S

615* *
+(a+y+62)V]+T1+aV1+ev;+yvg
1

aViVv: eV V: VoV2 Vi AA* AA*
172 2 pHvav, +P‘ 2 +0 +#
Vo Vs Vs Vs A A
8C*2 ‘uc*Z EDC*Z

+1C Aw+I9C+I9C +uC +39C + C + C C

_|_

+

YCOR' €V3R®

R + R —-1C*' ANw

and

O = —/\TC—/\a)—/\a)TC*—GZVI—(A+y+61)5—615*
AS* AwtCS* (A +pu+61)S?
s s S
61SV; ViAw (a+p+62)V72
Vi Vi Vi
OCV] V; S A*2 o A*Z U A*Z
Vv, A A A

—((X+M+92)V1—

—aV]—€eVo—uVr+uV; -
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/\ *
- ANTC=A1C" =1CAw—-uC—-yC- TSC -1C' Aw
—3C" —uC" —yYC" —0A" = 8C" - €V
gAR*  YCR* .

It is achieved that if ()1 < (), this ylelds <0, however when S = 5, V; =V}, V, =V, A = A7,
C=C,and R = R".

0=01-0 (4.14)
PABCDP(L(£)) = 0 (4.15)

The recommended model model has the largest compact invariant set, as can be shown. The
endemic equilibrium of the model under consideration is denoted by E*. If ()1 < (), is globally
asymptotically stable in G, then E* is globally asymptotically stable in G, according to the LaSalle’s
invariance principle.The above derivation does not necessarily offer a clear constraint on the sign
of the Lyapunov function’s first derivative, despite its widespread use. While the derivation is
extremely valuable, determining the sign of the Lyapunov function’s first derivative necessitates
further investigation. There is, however, another method for creating a clear condition that uses

equilibrium points, which will be discussed below to explain how the two approaches differ.

4.3. Analysis of Classical Piecewise with Atangana-Baleanu fractional Operator. In this section,
we construct the analysis of proposed of the system techniques given in [21], we can express the

system in followings equation as :

PABCDI(S(t)) = [D](S(t)) = H1(S,V1,V2,A,C,R),0 < t <1,

ABDI(S(t)) =B H1(S, V1, V2,A,CR),ty <t <T|]

PABCD] (V1 (1)) = [D](Va(t)) = Ha(S, V1, V2,A,C,R),0 < t < 1,

ABD] (V1 (t)) =8 Hy(S,V1,V2,A,C,R),ty <t <T.]

PABCD](Va(t)) = [D](Va(t)) = H3(S, V1, V2,A,C,R),0 < t < 1,
)

ABD(V,(t)) =B H3(S, V1, V2, A,C,R), 1 <t <T)] wie
PABCDI(A(t)) = [D](A(t)) = Ha(S, V1, V2,A,C,R),0 < t < 1y, '
ABD](A(t)) =B Hy(S, V1, V2, A,C,R),t1 <t < T.

( ]
PABCD(C(t)) = [DJ(C(t)) = Hs(S, V1, V2,A,C,R),0 < t < t,
ABDI(C(t)) =B Hs(S, V1, V2, A,C,R),ty <t < T]
( i ( )
) ( ]

PABCDI(R(t)) = [D](R(t)) = He(S, V1,V2,A,C,R),0 < t < 1,
ABD](R(t)) =B He(S,V1,V2,A,C,R), <t <T.
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We will now determine the existence of a solution for the hypothetical piecewise derivable function

and its specific solution property.

is

where

Taking co > t; > t > t; > 0 and the Banach space B = C|0, T] with a norm

We suppose that
A1 Then there exist Kr > 0, Y > P, and F € B. We have

Fo+ [, H(p,F(p))dp, 0 <t <,

A(t)
C(t1),
R(t1)

DI(f(t)) = H(t,f), 0<p <1,

- 7 £ _
F() + 7 F() + mmyieey oy (£ p)" Hip, E(p)dp,

t<t<t.

S(t1),

Vi(t),
Va(t),
(t1),
t

<tl ’

%51(51 Vl/ VZrAl CIR)I
€31(S, V1, Va,A,CR),
49,(S,V1,V2,A,CR),
€32(S,Vy,Vy,A,CR).
495(5,V1,V2,A,CR),
€33(S, V1, Vy,A,CR).
%54(51 Vl/ VZ/Al CIR)I
€34(S,Vy,Vy,A,CR).
495(S,V1,V2,A,CR),
€95(S,Vy,Vy,A,CR).
436(S,V1,V2,A,C,R),
€36(S,V1,Va,A,CR).

[|F|| = max |F|.
t€[0,T]

\H(t,F) — H(t,F)| = K¢|F - FI.

(4.17)

(4.18)

(4.19)

(4.20)

(4.21)

(4.22)



Int. ]. Anal. Appl. (2026), 24:241 17

A> Then ACy > 0 Kr > 0,and Ny > 0, we have

|H(t,F(t))! < CulF| + Ny (4.23)

Theorem 4.1. It follows that equation (38) has at least one solution if H be piecewise continuous on
0<t<thandt <t<tyonl0,T], also satisfying Ay. Proof:Assume that closed subset ‘R of B in both
subintervals of]0, 9| as

R ={FeB:||F|| <Py, P> 0. (4.24)

Consider T : R — R and using (39) as

_|Fo+ [ H(p, F(p))dp,0 <t <,
_ st
Fo + 5abE(t) + e S (= )P Hp, F(p))dp, 1 <t <t

1

(4.25)

Any Fe B, we have

IT(F)| < Fol + ;’ |H (p,F(p)ldp,0 <t <t,
t J—
IF(t)] + a0 FO1 4+ zgmmrr Jy (¢ = )P H(p, F(p))dp, ty <t < ta.

|Fol + fot] CHIFI + Nyldp,0 <t <ty,
t
IF(t1)| + 15 [CHIFI + Nu] + A—B(nrgf(n) ftf(t —p)P 1 ChlF| + Ngldp, t <t < ty.

P1/0<tstl/
<
Py, t1 <t <t

As established by the prior equation, as Fe'R. Hence, T('R)CR. As a result, it proves that operator T is
closed and completed. We can write as to further show that the recommended operator is fully continuous.

Using t; > t;€[0, t1] as the initial interval for the AB sense, consider
ti
IT(F) (1) - T(F) (t)] = | f H(p, F(p))dp - f H(p,E(p))dp,
IH (p, F(p))ldp — f IH(p, F(p))ldp,

t
f [CHIFI + N)dp - f [CHIFI + Nu]dp,
0 0

When ti—t, then

IT(F)(t:) = T(F)(¢)l
As a result, the operator T equicontinuity is demonstrated in [0,t1]. Think of t;,t;€[t1, T] in the sense of
ABC as

N0 =T =1 5 b O+ s [ o o) How Fp
1-x n tio B
_IF()FU) +Wf (tj— p)""'H(n, F(eta))dp |
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K

= AB()T (eta) [ 1tt=0) = = p) o, F(p) M

Ui tio e _ i _
< amair ] o = Gy [ ) (Calr N

n(CHlF| + Ng)

< W[ﬂ - tn]‘ +2( - t]‘)n].

1

Iftj — t;, then

IT(F)(t:) = T(F)(tj)l = 0

. So demonstrate the equi-continuity of T in [t1,t;]. Thus, T a map that is equicontinuous. The Arzel’s
Ascoli conclusion shows that T is the completely continuous operator, uniformly continuous, and bounded.
Since the Schauder result demonstrates that the model under consideration has at least one solution in the
sub intervals.

Theorem 4.2. Assume that Al holds, the suggested piecewise model has at most one root if T is a
contraction operator. Proof.Since T : R — R is piecewise continuous, let F and F € R on [0, t,] in classical

form is
£

| T(F) = T(F) | = maxiepo ) | fo iH(p,F<p)>dp— ; H(p,F(p))dp | . (4.26)

<hly||F-F]. (4.27)

From equation(49),we have

IT(F) = T(F)|| < tiIulIF - Fl. (4.28)

T is therefore a contraction. In view of the Banach result, the considered model thus has a singular solution

in the given sub interval. Moreover, ty[t1, t2], we have

IT(E) = T = M oS FO) + s |0 p) ™ Hp F(p)dp

1-n~ n ty ) N
AT+ Zmgir ), ¢-P He Fe)

1-7 = Ntz — )"
a0y M BT+

Now from equation(41) we have

< IulIF - EJ. (4.29)

IT(F) = T(F)l < In[ jB_(Z) Ag{,;;(;”jl)

As a result, T is a contraction. Hence the suggested piecewise model has at most one solution.

InlIF - F|
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5. NUMERICAL SCHEME

In this section, we established the generalized scheme for numerical results with Mittag-Leffler
kernel having property of nonlocal and nonsingular kernel with combination of classical operator.

So, we have

- S() 4 J(;tl Hl(p,S)dp,O <t<t, (5 1)
p— 1_ t _ *
S(t) + zy £ () + ZEmimy Jy (=) Halp S)dp b <t <y,
Vlo + fo Hz p, Vi)dp,0 <t <ty (5.2)
N ) .
V1 tl (t) + m j;l (t - ‘0)77 1H2(p, Vl)dp, tl <t< tz,
Vo, + J(; H3 p, Vz)dp,o <t<ty, (5.3)
; ) .
Va(t) + AB 1] f(t)+ m ftlz(t ~p)T Hs(p, Va)dp, b < t <y,
1-1 t2 - '
)+ ABGy ] ft) + AB(n)r(ﬂ) ft1 (t=p)"" Ha(p, A)dp, t1 <t <t
C0+](‘] HS p/ )dp,0<t<t1, (55)
, ) .
)+ 7m0 f(8) + 7 (= p)" Hs(p, C)dp, <t < b,
Ro+ )" He(p, R)dp,0 <t <t, 5:6)
= 1-1 t — ’
R(t1) + 250 f (D) + zpieey Sy (=) He(p, R)dp, tr <t < o,

We demonstrate the method for the first equation in equation (6) at and then apply it to the

remaining equations.

S(p) — So+j(;tlH1(p,S)dp,0<tSt1, 5.7)
— 1_ , N _
S(t) + 2 f () + mrirey iy (= P)T Hi(p, S)dp i <t < b,
So+ Z;ZZ[%Hl (P2, tm—2) At—
$H1(Py, 1) At + Hi (P, )],
S(tl) + 1;T]Hl (Snl Vln/ Vzn/An/ CH,RH)+
S(tni1) = g (5.8)

A n-1
ABn(r]) ((;)ﬂ) Z:Jurs [H1 (P2, tm—2)]y+

_n (At)n_l n (P
T80 T2 Zom=j+3 1 (P2, 1) = Hi (Pa, tm-2) |+

AL 1
T 357 Ty lH1 (P t) = 2H1 (Py, tyr) + iy (Pa, ty-2] A
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Vip+ X! [5H2(Po, tuez) At—
$Ha(P1, tyo1) At + Ha (P, tr)],

Vilh) + — ('7)H2(S” Vi, V,", A, C" R+

Vl(tTl + 1) = AR (59)
ABU(T]) I(“(r]zrl) m=j+3 [Hz (PZI tn— 2)])/+
A n-1
0] (r(£)+2) Yonej43lH2 (P2, tuo1) — Ha(Po, tu2) ]+
A n-1
ABTI(n) .z(r(i7)+3) mejt3H2(P, tm) = 2Ha (P1, tm1) + Ha (P2, tua] A
V20 + Z;ZZ[%H?) (PZ/ tm—Z)At_
$H3(Py, t-1) At + H3(P, )],
Va(h) + a2k Ha (S, Vi, V", A", C1, RM) +
Valta+1) =4 (At),,f‘l () (5.10)
A0 Ty D) m=jt3H3 (P2 tm2) ]y +
A n-1
50 (r(é)+z) Yonej+3lHs(P2, tu-1) — H3(Po, tu2) ]+
A n-1
ABT](n) 2(1"(:])—&-3) m=j+3 [H3 (P tm) 2H3<P1/tm—1) + H3<P2, tm_z]A
Ap + Z;ZZ[%H4 (Pz, tm_z)/\t—
$Ha(Py, ty-1) At + Hy(P, )],
A(tr) + 2L Hy (8", V1", V)", A", C", R") +
Alta+1) =3 At)f}ﬁ( ) (5.11)
A0y T0r D) m=j+3Ha (P2 tu2) ]y +
A" 1
ABn(r]) ((;LZ) Z'm j+3 [H4 (PZI tWZ—1> —Hy (PZ/ tm—Z)](P+
n-1
ABn(n) 2(rA(§;)+3) mej+3Ha(P tm) = 2H4(P1, tno1) + Ha(Po, tm2] A

Co+ X)L [ZHs(Pa, tz) At
$Hs(P1, t-1) At + Hs(P, )],

Ch) + 7z Hs (8", V1", Vo, A", C", RY) +
Cllir1) =3 ) (4™ o (5.12)
AB(n) T(n+1) &~m=j+3 [H5 (PZI tm—Z)h/"‘

_n (A"
T 1012 Lom=j3 5 (P2, tu1) = Hs (P2, t-2) ]+

n-1
B Z(FA(;)H) Yonei3Hs(P,tw) = 2Hs(P1, tyu-1) + Hs (P2, t—2] A

Ro + an:z[%Hé(Pz, tm_z)At—
%H6(P1/ m— 1)At+H6(P tk)]
R(t) + AB(77)H6(5” V", Vo', A", C" R )+

R(tVH-l) = A1
ABq(q) : (qzrl) :1[1:j+3 [Hé (PZI tm—Z)]V+

_n (A"
AB() T(n+2) Z4771*]'—&-3 [H (p2/ tm—l) - H6(P2, tm_z)]qb—f—

N 1
B0 z(r(2+3) Yonej+3[He(P, tm) = 2He(P1, tm-1) + He (P2, 2] A

(5.13)
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where
pP=2g", Vin, V;n,Am,Cm,Dm
Pl — Sm—ll VT_ll Vgl_liAm_lz Cm_l, Dm—l
PZ — Sm—zl VT—ZI V12n—2’ Am—Z, Cm—Z, Dm—Z
and

A =[(1+n-m)’2(n-m)*+ (3v+10)(n—m) + 2v* + v + 12)-
(n—m)(2(n—m)?*+ (5v +10) (n —m) + 6v* + 18v + 12)],
y=[1+n-m)'B+2v-m+n)—(n—m)(3+3v-—m+n)],
¢=[A+n-m)"—(n—m)"]

6. Resurrs or PROPOSED SCHEME

Mathematical investigation of Hepatitis B for fractional operator has been presented to see its
real impact. Unexpected reactions resulting from the sections of the postulated fractional order
model are obtained by utilizing non-integer values of parameters. Figure 2 shows the increasing
behaviour of the susceptible population for decreasing value of 1. Figure 3 and 4 shows the impact
of vaccination to population who have taken first dose of vaccine and second dose of vaccine for
decreasing value of 7. Figure 5 shows the increasing behaviour of the population in acute stage for
decreasing value of 7). Figure 6 shows the increasing behaviour of the population at chronic stage
for decreasing value of 1. Figure 7 shows the increasing behaviour of the recovered population for
increasing value of 7. From the graphs we understand the increase and decrease in values of the
given compartments by dropping the fractional values. Moreover, we find different patterns with
respect to vaccinated infected and recovered people, as Figures 3,5 and 7 illustrate. The number
of people who get vaccination rises steadily, but the number of people who recover drastically
falls. This is explained by the concentration of germs in the dumpsite and the increasing numbers
of humans in the water reservoir. These results demonstrate how significantly these parameters
affect the transmission of infection. It is also clear that when fractional values drop, the number
of infection units in the environment decreases and the number of recovered individuals rises.
This study sheds light on how infection control is expected to develop in the future and how we
may improve our efforts to reduce the spread of infection units in the environment. Compared to
classical derivatives, fractal fractional analysis produces robust results for all compartments when
examining steady states with non-integer order derivatives. It's also important to remember that
fractional values reduction improves the accuracy and reliability of solutions for every compart-
ment. Memory influence can be observed with greater degree of freedom and a solution restricted
to a steady state point that lies in a feasible range by varying the fractal dimension.The chaotic
behavior of the system is determined at different fractional order values through simulation in
tigures 8 to 13 which shows the solutions lie in feasible region. All compartments have positive

and unique solutions also relation between compartments is positively invariant in figures 10,11,12
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and 13. Figures 11 and 12 represent the impact of different stages of vaccine plays an important

role in controlling the disease and recovering population increases.

Proposed Method

7=1.0
12 «  7=0.95|
7=0.90
11 F 7=0.85 | |
10 ‘
91
i
5 8h
2 h

Ficure 2. Dynamics of S(t) at different fractional order by using hybrid operator

Proposed Method

. 7=1.0

85F . 7=0.95 | |
A - 7=0.90
84 7=0.85 | 1

Ficure 3. Dynamics of V1 (t) at different fractional order by using hybrid operator

Proposed Method

7=1.0
7=0.95 |4

Ficure 4. Dynamics of V;(t) at different fractional order by using hybrid operator
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Proposed Method

7=1.0
7=0.95 | |
7=0.90
7=0.85

Ficure 5. Dynamics of A(t) at different fractional order by using hybrid operator

Proposed Method

7=1.0
7=0.95
7=0.90
7=0.85

Ficure 6. Dynamics of C(f) at different fractional order by using hybrid operator

Proposed Method

7=1.0
1=0.95

0 10 20

Ficure 7. Dynamics of R(f) at different fractional order by using hybrid operator

80

90 100
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10

Ficure 8. Chaotic Behavior of the different different compartments bounded to

feasible region

Ficure 9. Chaotic Behavior of the different different compartments bounded to

feasible region

Ficure 10. Chaotic Behavior of the different different compartments bounded to

feasible region
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Ficure 11. Chaotic Behavior of the different different compartments bounded to

feasible region

80

c) 0 o v,

Ficure 12. Chaotic Behavior of the different different compartments bounded to

feasible region

Ficure 13. Chaotic Behavior of the different different compartments bounded to

feasible region
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7. CONCLUSION

In this study, we examined the behavior of the Hepatitis B model using piecewise operator
in the classical and ABC Caputo sense. The existence and distinctiveness of a solution bearing
a piecewise derivative are investigated for the disease model given earlier. To approximate the
solution to the stated issue, the piecewise Newton polynomial method is utilized. The simulations
for the proposed model have been given for various fractional orders. The figures show that the
piecewise operators have better dynamics when compared separately to the fractional and classical
operators. The significance of the fractional piecewise operator is clearly shown in Figures 2-7. All
curves ultimately approach the integer order with rising derivative order. To stabilise the instabil-
ity in a range of global phenomena involving sudden changes in the dynamics of distinct densities,
a time interval can be split into two or more intervals. The control technique performs better at
smaller fractional orders. Therefore, the proposed method is essential to the investigation of epi-
demiological models. Nevertheless, some dynamics of illness models show stochastic behaviour.
Results in our figures are more dependable when the dimensions are changed. This research has
significant implications for public health strategies in managing and controlling hepatitis B and
other infectious diseases.
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