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Abstract. In 2009, M. A. Ansari et al. introduced the concept of (m,n)-quasi-ideals in semigroup theory. Nearly a
decade later, in 2018, Rao proposed the framework of tripolar fuzzy sets, which generalizes the classical fuzzy, bipolar
fuzzy, and intuitionistic fuzzy set theories. Building upon these developments, this paper introduces and studies
the notion of tripolar fuzzy (m, n)-quasi-ideals in semigroups. We explore their fundamental characteristics, analyze
their connections with conventional (m, n)-quasi-ideals, and establish relationships between these two structures. In

addition, we investigate the notions of minimality, primeness, and semiprimeness within this newly defined framework.

1. INTRODUCTION

The study of ordered semigroups emerged as a natural generalization of classical semigroup the-
ory in the early twentieth century, around 1905. Within this framework, the notion of (m, n)-ideals
in ordered semigroups was introduced by T. Changphas [3], inspired by the earlier developments
of (m,n)-ideals in ordinary semigroups. Subsequently, in 2009, M. A. Ansari et al. [1] extended
these ideas by defining the concept of (m, n)-quasi-ideals in semigroup theory.

The theory of fuzzy sets, proposed by L. A. Zadeh in 1965 [24], provides a powerful mathematical
approach for modeling vagueness and uncertainty in real-world phenomena. Since its inception,
fuzzy set theory has found wide-ranging applications in areas such as medical diagnosis, robotics,
computer science, information systems, control engineering, logic, and topology. Later, in 1986,
K. T. Atanassov [2] extended Zadeh’s framework by introducing intuitionistic fuzzy sets, which

capture both membership and non-membership degrees within the unit interval [0, 1].
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In the context of algebraic structures, N. Kuroki [8] initiated the study of fuzzy subsemigroups
and fuzzy ideals, laying a foundation for subsequent advancements. W. Zhang [25] later intro-
duced bipolar fuzzy sets, in which the degrees of membership range over the interval [-1, 1], thereby
accommodating both positive and negative information. Building upon these concepts, Kang [6]
extended bipolar fuzzy theory to semigroups. Following this, several researchers contributed to
the development of fuzzy and bipolar fuzzy ideals: Chinnadurai and Arulmozhi [4] investigated
bipolar fuzzy ideals in ordered semigroups; P. Khamrot and M. Siripitukdet [7] examined gener-
alized bipolar fuzzy subsemigroups; and T. Gaketem and P. Khamrot [5] explored bipolar fuzzy
weakly interior ideals.

To further enrich these theoretical frameworks, Rao [19,20] proposed the concept of tripolar
fuzzy sets, which unify the notions of fuzzy, bipolar fuzzy, and intuitionistic fuzzy sets by rep-
resenting information through three distinct components—positive, neutral, and negative. This
idea has inspired extensive research [9,10,21-23]. Notably, Wattansiripong et al. [21] studied tripo-
lar fuzzy pure ideals in ordered semigroups and subsequently characterized semisimple ordered
semigroups using tripolar fuzzy interior ideals [23]. More recently, T. Promai et al. [11,12] have
investigated tripolar fuzzy ideals in semigroups, while P. Khamrot et al. [9] provided classifica-
tions and structural properties of such ideals. T. Gaketem and P. Khamrot [13] introduced the
notion of interval-valued fuzzy (m,n)-ideals in semigroups. In the same period, A. Mahboob
etal. [17,18] developed the concept of fuzzy (m, n)-ideals and (m, n)-quasi-ideals in ordered semi-
groups. Further studies have addressed related topics, including fuzzy (m, n)-ideals [14], bipolar
fuzzy (m,m)-ideals [15], and fuzzy ordered almost (m, n)-ideals and (m, n)-quasi-ideals [9, 16].

The primary objective of this paper is to extend the theory of tripolar fuzzy (m, n)-quasi-ideals
from semigroups to the broader setting of ordered semigroups. We establish and prove several
fundamental properties of tripolar fuzzy (m, n)-quasi-ideals within this context. Furthermore, we
explore their essential characteristics, examine their relationships with classical (m, n)-quasi-ideals,
and discuss the connections between these two theoretical frameworks. Finally, we investigate

notions of minimality, primeness, and semiprimeness under the tripolar fuzzy setting.

2. PRELIMINARIES

In this section, we recall and extend certain fundamental concepts that will be employed in the
subsequent developments.

Let (&,-) be a semigroup and (&, <) a partially ordered set. We say that (&,-, <) is an ordered
semigroup provided that, for all &b, ¢ € &,

<
j=24
IA
<
[=214

i<b = at<bt and
For nonempty subsets )v( , y - é, we denote

(X]:={8e& | <¥forsome¥e X},
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and

A nonempty set K C & is called a subsemigroup (SSG) if K2 C K. A subset K C & is a left ideal if
EK c K and (K] = K. Similarly, a right ideal satisfies K& € K and (K] = K. An ideal is both a
left and right ideal. A nonempty set K C & is called a quasi-ides! (QID) if EK N KE C K.

Definition 2.1. Let m,n € N U {0}. A non-empty set K of an ordered semigroup (&,-,<) is called an
(m, n)-quas-ideal ((m, n)-QID) if

(1) E"Kn&EK K,

2) K = (K].

A fuzzy set (FS) on a nonempty set 7 is a mapping & : 7 — [0,1].

For any two FSs Sand v of a non-empty set 7, define >, =, A and V as follows:

(1) §>v & 8(e) > (e) foralle e T,

(2)d=ved> W) andv >,

(3) (5AV)(e) = min{d(e), ¥(e)} = 5(e) A(e) forall e € T,
(4) (5v)(e) = max{d(e), ¥(e)} = d(e) V¥ ()forallee‘7'.

For the symbol § < ¥, we mean ¥ > §

Definition 2.2. A FS § of an ordered semigroup & is a fuzzy subsemigroup (FSSG) if
(1) 5(itd) > 5(it) A (D), for all 11,5 € &.
(2) it < B implies 5(it) = () for all 11, € &.

Definition 2.3. A FS § of an ordered semigroup & is a fuzzy ideal (FI) if

(1) 5(id) = 5(it) v (1), for all 1,5 € &.
(2) it < B implies (i) = (%) for all 11, € &.

For K C &, the characteristic function Aj is defined by

1 xe‘lv(,

Age(x) = y
X 0 x¢K
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For ( and ¥ be a FSs. Defined the product j o ¥ of an SG & as follows:

V o Ap(O) Av(B)} i Fi 0,
(pov)(it) = { (Eb)efy
0 otherwise.

Definition 2.4. A FS § of an ordered semigroup & is called a fuzzy (m,n)-quasi-ideal of & if
(1) (™o Ag) A (Agod™) Cé.
(2) it < B implies 5(it) = S(¥) for all 11, € &.

Lemma 2.1. A subset K is an SSG of an ordered semigroup & iff Ajc is a FSSG of &.
Theorem 2.1. A subset K is an (m, n)-ideal of an ordered semigroup & iff My is a fuzzy (m,n)-ideal of &.
Definition 2.5. A tripolar fuzzy set (TFS) on a nonempty set & is given by
TF = {(u,p(u),v(n),5(n)) |ueé&),
where p,v: & — [0,1], 8 : & — [~1,0], subject to
<p(w) +v(u) <1, Vued.
Here s represents membership, ¥ represents indeterminacy (or irrelevance), and 5 encodes a counter-property.

{,7,0) is a TF subsemigroup (TFSSG) if

(1) p(id) > ﬁ(ﬁ) Ap(D),
(2) ¥(id) < ¥(it) v ¥(¥),
(3) S(itd) < 5(it) v d(¥).

TFS is a TF ideal (TFID) if it is both a left and right ideal.

A
9. A TF subsemigroup (§,7,0) is a TF bi-ideal (TFBID) if

forall1,d,9 € &



Int. . Anal. Appl. (2026), 24:156 5

The characteristic TFS (CTES) TF 4 := (Pjer Vs 57() of a non-empty subset % of & is defined as

follows:
o () 1 ifitek,
Pgc () = Y
x 0 ifite %,

(1) 0 ifiie%k,

Var-\U) =

* 1 ifug%k,

. -1 iftiek,

Oge (1) = .
0 ifigkK

for all it € &. In this case of K = & defined TF 4 = (1,0,-1).

Theorem 2.2. Let I C & Then K is an SSG (resp. left ideal, right ideal, ideal) iff its CTFS TF & =
(Picr Vier S4c) is a TFSSG (resp. TFLID, TFRID, TFID).

The support of TF := (p, v, §) TFS instead of supp(7F) = {it € & p(it) # 0, orv(it) #
Oord(it) # 0}.

Example 2.1. Let K = {ii, 1,3 ). Define 7 = {(11,04,0.5,-0.1), (9,0,0,0),(3,0,0.5,-0.3),
(8,0.4,0,—-0.5)}. Then supp(TF) = {i1, 3, b}.

Theorem 2.3. [11] Let {5, v and & be nonzero fuzzy sets of an SG &. Then TF := (p, ¥, 8) is a TFSSG
of & if and only if supp(TF ) is an SG of &.

For7F1 = (p, v, 8) and TF 2 = (A, [i, &) be a TFSs. Defined the product 771 o 7 F  of an SG
& as follows:

V@) AAD)) i Fu#0,
0 otherwise,
A WEVvE@®) i F#0,
1 otherwise,

A BEVva®d) if Fixo,

0 otherwise.

for all it € &. For 1 € &, define Fs = {(},0) € Ex&E| i <ib) Itis easy to verify that the structure
(TF1,0) is an SG. In the set of all TFSs of & we define the order relation as follows: TF1CTF>
if and only if p(it) < A(it), #(it) > fi(i1) and 5(i) > @ (it) for all h € &. Finally, we define a binary

operation Mon 7 F as follows:

TFINTFa:=(PAATVVL,EVD),
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whevre (P ALY = p(it) AAG), (VV 7)) = (i) V fi(i1) and (5 V @) (1) := d(¥) V @(it) for all
neé.

Definition 2.10. [11] A TFS is called a TF = (p, v, 0) of an SG S is called a tripolar fuzzy quasi-ideal
(TFQD of S if

(1) p() = (pg o p) (1)
(2) ¥(t) < (Vg ov)(
(3) 8(1t) < (8506)(1)
(4) 1t < b implies p(i1)

v

(
p(®), v(i1) < 9(8),5(1) < 8(9). forall 1,5 € &.

=<

Theorem 2.4. The intersection of two TFQIDs is again a TFQID.

3. TrrroraRr Fuzzy (m, n)-QUASI-IDEALS IN ORDERED SEMIGROUPS

In this work, we define the concept of tripolar fuzzy (m,n)-quasi-ideals in ordered semigroups

and establish several fundamental theorems characterizing their structure and properties

Definition 3.1. A TFSSGTF := (j, ¥, 8) on & is called a TF (m, n)-quasi-ideal (TF (m,n)-QID) if
(1) p() = (§2 0 p) (1) A <ﬁopg><ﬁ>,
(2) (i) < (W 0w (1) v (370 ¥ ()
(3) 8(it) < (5:7; 0d) (1) v (505%)(ﬁ)forallﬁ e &and m,n € N,
(4) 1t < B implies p(it) = p(d), ¥(it) < ¥(9),5() < 5(b) forall it, € &.
Example 3.1. Let & = {w, x} be an ordered semigroup with w < x. Define the binary operation on &
WX
wlw W
Tlwox

Define TF = (p, ¥,8) by p(w) = 0.9, p(x) = 0.6; ¥(w) = 0.1, ¥(x) = 0.3, and d(w) =
-0.5,5(x) = -0.1,.
Let TF be the full TFSS on &. Forall w € &, we have

Moreover, since a < b, it follows that
p(w) = p(x), ¥(w) <v(x), 5(w)<d(x).
Hence, TF := (p, ¥, 8) isa TF (1,1)-QID of &.
Theorem 3.1. Let (TF; | i € )} be a family of TF (m,n)-QIDs of &E. Then a TF Set NTF; :=

icf
(A pi, AN, V 51‘) isa TF (m,n)-QID ofé.
i ieF  ieF
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Proof. Letii € &. Then,

i€eg i€eg
and
\/8i(ii) < \ /182 0 8:) (i) v (81 0 8) (i1)))
i€J i€g
Thus, A\ 7 F;is a TF (m,n)-ID of &. O

i€gJ

Theorem 3.2. Let K be a nonempty subset of an ordered semigroup & and m, n are positive integers. Then
K is an (m, n)-ideal of & if and only if the CTFS TF g := (P, Vg, Oge) is a TF (m,n)-QID of &.

Proof. Suppose that K is an (112, 1)-QID of & and let i € &.

IF i) < (2 ) () A (P o L) (1) or T i) > (72
(8170 8 (1) V (B 82 (1), then (32 o g (i) # 1 or (¥ o
there exists (&, b;) € #3, such that il < &by implies that Pg(it1) = 1or vq((ﬁ )<O0or 67(( ) <-1.
Without losing general meaning there exists (am,bm) € ?’um such that i1, < &b, implies that
Pgc(ltm) = 1 or Vg (ily;) < 0 or 57((11,”) < —-1. So, 1y < &by, 11y < @by, ..., 0, < G,b, such that
{1, 10, ...y € K. Hence, iiy, i, . . . i, € EMK. Similarly, (g Oﬁg)( 1) # 1 or (Vg o 8)( 1) # 0 or
(5,7( o 5(’%)(13) # —1 we can show that iiy, iy, ... i, € KE". Therefore, K is an (m, n)-QID of E It
ivs a contravdictivon, SO ﬁ,K(Vﬁ) > (ﬁé” o Pge) (1) A (vﬁ?( o ﬁg)(ﬁ), Vg (1) < (1721 o Vg )(it) V (Vg o 172)(11)
Bc(i) < (B 0 80) (1) v (8 0 8%) (i) for all it € &,

Let i, 5 € & such that it < §and it € K. Then pj(1) 2 pige(b), Vg (i) < V5.(B), b4 (i) < (D).

Therefore, TF 4 := (P, Ve, Og) is a TF (m,n)-QID of &.

Conversely, suppose that TF g := (g, Vi, Ogc) isa TF (m, n) QID of & and let it € &"K N KE".
Then it € &K and it € KE". Thus, there exists &1, b1, ..., 8y, by € K with Pge(dr) > 1 pw(b1)
L. Pge(8m) = Lge (D) > 1, Vige(81) < 0,75 (bq) < 0,...v7((am) < 0,74 (by) < 0 and Sg (i)
=1, 84 (01) < —=1,...84(8m) < —1,84(by) < —1 suth that iy < &by, My < &by, ...,y < by It
implies that

=
<

(Pg o pg) () = “ b\)/eﬁ{ﬁg(a) V B (b)) = Py (Gidy... 8) A P (D)
= Ppda...dn) AL = Pl (8182 )
Similarly
(i o p) (W) = (ai)\)/eﬁ{pW(ﬁ) VLB = pae(8) v FE(Bibr. .. By)
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(Vovg)(®) = A (L) V V4 (D)} =V (81l &) V V4. (D)
(EB)eFs
= 17%1(6162 dn) VO = f/g(alaz dn) #0
Similarly
g0 () = A {Vg(d) szg(f))} = Vg () vvg(Blﬁz.. By)
(EB)eFs
= 0V Vy(biba...by) = Vi (biba...By) £ 0
and
(5:1;057()(@ = (Vf)A ] {Vg(a) V S4(b)} = Sg(alaz ) V 54 (D)
1D i
= Of(ffy...8y) V=1 =05F (... 4y) £ 0
Similarly
(Sﬁoég)(ﬁ) = A {Ug(®) VSE(E)} = 84c(8) vég(ﬁlﬁz B)
(tb)eF

= -1v 52}(6162 .. Bm) = 52(6162 .. Bm)

Thus, it € K. Hence, &"K N KE" € K.
Let it € K such that b < it and b € &. Then Pac () > Pge(d) =1, vz () < V3.(8) = 0,84 (1) <
54 () = —1. Thus, ¥ € %K. Therefore, K is an (m, n)-QID of &. m]

Theorem 3.3. Let TF := (j, ¥, §) be a nonzero TFS of an SG &. Then TF := (p, ¥, ) is a TF
(m,n)-QID of & if and only if supp (T F) is an (m,n)-QID of &.

v

Proof. Suppose that TF := (p, ¥, ) is a TF (m,n)-QID of & and let it € supp(7F)"EN
Esupp(TF)". Thenii € supp (T F)"Eand it € Esupp(T F)". Hence, there exist i, dy, ..., Gy, ¥ € &
such that &, dy, ..., 0, € supp(7F) and it < 18y - - - dyx. Similarly, there exist by,0o,...,0,5€&
such that by,Dy,...,D0, € supp(TT) and 1t < Hbyby---D,. Since 8y, dy,..., 4y, 01,00,...,0, €

supp(7F) we have p( q;) # v(4;) # 0, 5(8) # Oforalli = 1,2,...,m, and p(b;) #
0, v(b ]);tO, )¢0f0ra11j21,2,...,n. Thus,
(mope)®) = \/ {500 Ape(®)) 2 0" (S 8) Ale = p"(Brz - i)
(t3)ef
> p(a) Ap(G2) A+ Ap(&m) #0
or
(17"1 O?g)(ﬁ) = {vm(f) Vﬁg(i)} < ﬁm(ﬁﬂiz s 6m) VO0g = vm(ﬁlﬁz e ém)
(t5)eF5
< V(@) VI(d) Ve V(&) #0
or
(8m o0 dg) (1) = {Sm(f) v Sg(i)} <88 b)) V —1g = 8" (Sydp -+ dm)
(t5)eF5

IA
On¢
~—~
f=%
fry
S~—
<
¢
~~
f=%
[S)
N—
<
<
%
—~
=%
3
SN—
H
(e}
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And,
(Peop)(@) = \/ {ps(®) AP (D)) 2 1A (Bibo---by) = p(Brby---By)
(b,¥)eFs
> p(b1) Ap(B2) A Ap(D) #0
or
(Fgor)(®) = /\ e vi"(®)} <0V (Bibae-by) = v (Biby---By)
(h%)efq
< P(by) V(D) Ve V(D) #£0
or
Bgodm (@) =\ {8s(¥) v (®)} <1V (Biby---By) = 8 (brby---B)
(f)f)eﬂ o "
< 8(by) VO(bp) V-V o(by) #0.

Hence, it € supp(7F) so, supp(7 F)"E N Esupp(TF)" C supp(7F). Next, let i, b € & such
that it <  and it € supp(7F). Then p(it) # 0 or ¥(it) # 0 or 5(it) # 0. Thus, §(3) > p(it), ¥(8) <
(1), 5(1) < 5(it). Hence, p(d) # 0or #(8) # 0or d(d) # 0. Therefore, ¥ € supp(7 F ). Consequently,
supp(7F) is an (m, n)-QID of &E.

Conversely, suppose that supp(7F) is an (m,1n)-QID of & and let 1i € &.

IEp(it) < (pg o p) () A (o pg) (), rf/(u)> (?ZOV)(ﬁ)V(?Wg)(V)OT& ) > (87 0 8) (it )V(
5(’%)(ﬁ),then (ﬁgo,é)( ) #0or (v8 ov)(il) # Oor (6'”06)( ) # 0. Thus, thereexistdy, ay, ..., 4y,
such that 11 < d;d, - - - §,,¥ where &, d,...,d, € supp(TT)

Similarly, (po ﬁ(’é)(ﬁ) # 0 or (¥ Of/g)(ﬁ) # 0 or (5o 52)(13) # 0 implies that there ex-
ist by,by,...,0,, 9 € & such that it < Hbyby---b,, where by,by,...,0, € supp(7F). Hence,
it € supp(7TF)"EN Esupp(TF)". By assumption, it € supp(7F). Thus, p(it) # 0, v(it) #
0, 5(it) # 0. This contradicts the assumption. Therefore, §(i1) > (p op)(M) A (po ps)( ), (i) <
(ﬁgov)(u)v(vové)( i), and (i) < (6206)( )V (6063)( ). Fmally,letu b € Esuch thatit <
it € supp(7F). Then 3(it) # 0, or ¥(it) # 0, 0r 5(it) # 0. Thus, §(it) = p(¥), (i) < ¥(d), d(i) <
Hence, §(8) # 0, ¥(¥) # 0, () # 0. Therefore, b € supp(7 F). consequently, TF := (p,7,8) is a
TF (m,n)-QID of &. m]

:w«
0‘3(

Definition 3.2. An (m,1)-QID K of an ordered semigroup & is called a minimal if for every (m,n)-QID
ofﬁ ofé such that § € K, we have J = K.

Definition 3.3. A TF (m,n)-QID T F 1 := (p, ¥, 8) of an ordered semigroup & is a minimal if for all TF
(m,n)-QID TF, := (/v\, i, @) ofS such that TF , © T F 1, then supp(T F2) = supp(T F1).

Lemma 3.1. For any non-empty subsets I and K of an ordered semigroup &, we have I C K if and only if
TF 3 CTF g where TF 7 := (p3, V3, 87) and TF g := (P, Ve, Og¢) are CTFS 1 and K respective.

Theorem 3.4. Let O # K C &. Then K is a minimal (m, n)-QID if and only ifTF g = (Pger Vs Og) is
a minimal TF (m,n)-QID of &.
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Proof. Let K be a minimal (m,1)-ID of & Then K is an (m, n)-ID. Thus, by Theorem 3.2, 7~ F i =
(Pger Vs ka) is a TF (m,n)-ID of E. Let J be an (m,n)-ID of & such that J € K. Then by
Theorem 3.2, 77 5 = (5, ¥, 65) isa TF (m,n)-ID of Eand TF 5 £ TF g Thus, supp(TF 5)
supp(7 F ¢) = K. It implies that supp(7F 7) C K. By Theorem 3.3, supp(7 ¥ ;) is an (m,n)-ID
of & Since K is a minimal (m,n)-ID of & we have supp(TF 5) = %K. Thus, supp(TF ) =
supp(TF 4). Hence, TF 4 := (Pjc, Vir Ogc) is minimal TF (m, n)-ID of &.

Conversely, TF j := (fg, Vg, Og) is minimal TF (m,n)-ID of &. Then TF i := (Fg, Ve, Og)
is a TF (m,n)-ID of &. Thus, by Theorem 3.2, K is an (m,n)-ID of &. Let TF 3= 07 V7 6j) be
a TF (m, n)-ID of & such that Tfj C 7% 4. Then by Theorem 3.2, g is an (m,n)-ID of & such
that J C K. By assumption, we have supp(7F 7) = supp(TF ). Thus, J =K. Hence, K is a

minimal (m, n)-ID of &. ]

Next, we give the relationship between prime, semiprime (m,n)-quasi-ideals and prime,

semiprime TF (m, n)-quasi-ideals.

Definition 3.4. Let K be an (m,n)-QID of an ordred semigroup & is called
(1) prime if & € K implies ¢ € K or b e K forall 5 € &,
(2) semiprime if 8 € K implies € € K for all € € &.

Definition 3.5. Let TF := (p, v, ) bea TF (m,n)-QID of an ordered semigroup & is called
¢

(1) prime if §(¥h) < p(¥) v p(b), #(¥) > v(¥) A (D) and 5(¥h) > 8(¢) AS(D) forall 5 € &,
(2) semiprime if §(¥2) < p(¥) () > (82) 2 8(¥) forall € € &.

Remark 3.1. Every prime (m,n)-QID is a semiprime (m,n)-QID in an ordered semigroup.

Theorem 3.5. Let K be a non-empty subset of an ordered semigroup &. Then

(1) K is a prime (m,n)-QID of & if and only if TF g := (P, Vg, Oge) is a prime TF (m, n)-QID of &.
(2) K is a semiprime (m, n)-QID of & if and only if TF jc = (Pge Vi, Ogc) is a semiprime TF (m,n)-QID
of &.

Proof. (1) Suppose that K is a prime (m,1)-QID of & Then K is an (m,n)-QID of & Thus, by
Theorem 3.2 TF 4 := (P4, V¢, Ogc) is a TF (m, n)-QID of E Lett,heé.

0 = V4 (¥) = V(D) and dy(¥D) = = 04(¥) = 84 (D). Hence, py(¥h
Ve (¥0) > Vg (8) AV () and 57(( B) 5 i (€) A
b = 1 and 5 gc(¥D
BV (D), T () > 7 (¥) A g (B) and 8 () > 8 () A 8 ().
Therefore, TF 4 := (Pgr Vicr 57() is a prime TF (m, n)-QID of E.
Conversely, suppose that 7F 4 = (g, Vi, O4) is a prime TF (m,n)-QID of &. Thus, by
Theorem 3.2, K is an (m, n)-QID of &. Let &, b € & with &) € %. Then, Poe (
¢

and 84 (¥8h) = 1. If ¢ ¢ K and b ¢ K, then pz(¥) = 0 = gy (D), Vge(

) = 0. Thus, gg(¥h) <
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57?(é) =0= 57<(5) By assumption, pqu((éfv)) < Pgc(®) v ﬁ(k(fv)), qu((élv)) Ve (& )/\1?7((5) and
5,7((éf)) > 84c(8) A By (D). Thus, P (¥h) = 0, ¥4 (¥)) = 1 and 64 (¥h) = 0. It is a contradiction,
o¢eKorhe K. Hence, K is a prime (m, n)-QID of &.

(2) Suppose that K is a semiprime (m n) -QID of & Then 7V( is an (m,n)-QID of & Thus, by
€

Case 1: If ¥ € K, then € € 7( Thus, mv((éZ) =1
S4c(¥) = =1 = 84 (¥). Hence, pic(¥2) < P (¥), Ve () > Vg
Case 2: If & ¢ K, then pg (&) = 0, Vg (¥?) =
Vq(( )>V7(()and6 (¢ ) 54 ()

Therefore, TF 4 := (P, Vicr 57() is a semiprime TF (m, n)-QID of &

Conversely, suppose that TF g := (g, Vi, Og) is a semiprime TF (m,n)-QID of &. Thus,
by Theorem 3.2, K is an (m,1)-QID of &. Let € € & with & € K. Then, () = 1, 74(82) = 0
and 64 (¥) = 1. If¢ ¢ %K, then Pic(®) = 0, V4 (¥) = 1 and 84 (¥) = 0. By assumption,
Pic () < Pic(®), Vge(¥) > Vg (¥) and S (¥3) > 6(¥). Thus, pi(¥) = 0, Vg (¥?) = 1 and
S4c(¥%) = 0. It is a contradiction, so & € %K. Hence, K is a semiprime (m, n)-QID of &.

4. CONCLUSION

In this paper, we introduce the concept of tripolar fuzzy (m, n)-quasi-ideals in semigroups and
investigate their properties. Additionally, we establish the relationship between (m,n)-quasi-
ideals and tripolar fuzzy (m,n)-quasi-ideals. In the future, we plan to explore hybrid almost

(m, n)-ideals and n-interior ideals in semigroups or within the algebraic context.
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