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Abstract. In 2009, M. A. Ansari et al. introduced the concept of (m, n)-quasi-ideals in semigroup theory. Nearly a

decade later, in 2018, Rao proposed the framework of tripolar fuzzy sets, which generalizes the classical fuzzy, bipolar

fuzzy, and intuitionistic fuzzy set theories. Building upon these developments, this paper introduces and studies

the notion of tripolar fuzzy (m, n)-quasi-ideals in semigroups. We explore their fundamental characteristics, analyze

their connections with conventional (m, n)-quasi-ideals, and establish relationships between these two structures. In

addition, we investigate the notions of minimality, primeness, and semiprimeness within this newly defined framework.

1. Introduction

The study of ordered semigroups emerged as a natural generalization of classical semigroup the-

ory in the early twentieth century, around 1905. Within this framework, the notion of (m, n)-ideals

in ordered semigroups was introduced by T. Changphas [3], inspired by the earlier developments

of (m, n)-ideals in ordinary semigroups. Subsequently, in 2009, M. A. Ansari et al. [1] extended

these ideas by defining the concept of (m, n)-quasi-ideals in semigroup theory.

The theory of fuzzy sets, proposed by L. A. Zadeh in 1965 [24], provides a powerful mathematical

approach for modeling vagueness and uncertainty in real-world phenomena. Since its inception,

fuzzy set theory has found wide-ranging applications in areas such as medical diagnosis, robotics,

computer science, information systems, control engineering, logic, and topology. Later, in 1986,

K. T. Atanassov [2] extended Zadeh’s framework by introducing intuitionistic fuzzy sets, which

capture both membership and non-membership degrees within the unit interval [0, 1].
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In the context of algebraic structures, N. Kuroki [8] initiated the study of fuzzy subsemigroups

and fuzzy ideals, laying a foundation for subsequent advancements. W. Zhang [25] later intro-

duced bipolar fuzzy sets, in which the degrees of membership range over the interval [−1, 1], thereby

accommodating both positive and negative information. Building upon these concepts, Kang [6]

extended bipolar fuzzy theory to semigroups. Following this, several researchers contributed to

the development of fuzzy and bipolar fuzzy ideals: Chinnadurai and Arulmozhi [4] investigated

bipolar fuzzy ideals in ordered semigroups; P. Khamrot and M. Siripitukdet [7] examined gener-

alized bipolar fuzzy subsemigroups; and T. Gaketem and P. Khamrot [5] explored bipolar fuzzy

weakly interior ideals.

To further enrich these theoretical frameworks, Rao [19, 20] proposed the concept of tripolar

fuzzy sets, which unify the notions of fuzzy, bipolar fuzzy, and intuitionistic fuzzy sets by rep-

resenting information through three distinct components—positive, neutral, and negative. This

idea has inspired extensive research [9,10,21–23]. Notably, Wattansiripong et al. [21] studied tripo-

lar fuzzy pure ideals in ordered semigroups and subsequently characterized semisimple ordered

semigroups using tripolar fuzzy interior ideals [23]. More recently, T. Promai et al. [11, 12] have

investigated tripolar fuzzy ideals in semigroups, while P. Khamrot et al. [9] provided classifica-

tions and structural properties of such ideals. T. Gaketem and P. Khamrot [13] introduced the

notion of interval-valued fuzzy (m, n)-ideals in semigroups. In the same period, A. Mahboob

et al. [17,18] developed the concept of fuzzy (m, n)-ideals and (m, n)-quasi-ideals in ordered semi-

groups. Further studies have addressed related topics, including fuzzy (m, n)-ideals [14], bipolar

fuzzy (m, m)-ideals [15], and fuzzy ordered almost (m, n)-ideals and (m, n)-quasi-ideals [9, 16].

The primary objective of this paper is to extend the theory of tripolar fuzzy (m, n)-quasi-ideals

from semigroups to the broader setting of ordered semigroups. We establish and prove several

fundamental properties of tripolar fuzzy (m, n)-quasi-ideals within this context. Furthermore, we

explore their essential characteristics, examine their relationships with classical (m, n)-quasi-ideals,

and discuss the connections between these two theoretical frameworks. Finally, we investigate

notions of minimality, primeness, and semiprimeness under the tripolar fuzzy setting.

2. Preliminaries

In this section, we recall and extend certain fundamental concepts that will be employed in the

subsequent developments.

Let (Ě, ·) be a semigroup and (Ě,≤) a partially ordered set. We say that (Ě, ·,≤) is an ordered
semigroup provided that, for all ǎ, b̌, č ∈ Ě,

ǎ ≤ b̌ =⇒ ǎč ≤ b̌č and čǎ ≤ čb̌.

For nonempty subsets X̌, Y̌ ⊆ Ě, we denote

(X̌] := {š ∈ Ě | š ≤ x̌ for some x̌ ∈ X̌, },



Int. J. Anal. Appl. (2026), 24:156 3

and

X̌Y̌ := {x̌y̌ | x̌ ∈ X̌, y̌ ∈ Y̌, }.

The following facts are immediate:

(i) X̌ ⊆ (X̌],

(ii) if X̌ ⊆ Y̌ then (X̌] ⊆ (Y̌],

(iii) ((X̌] = (X̌],

(iv) (X̌](Y̌] ⊆ (XY],

(v) ((X̌](Y̌]] = (XY],

(vi) (X̌ ∪ Y̌] ⊆ (X̌] ∪ (Y̌],

(vii) (X̌ ∩ Y̌] ⊆ (X̌] ∩ (Y̌].

A nonempty set Ǩ ⊆ Ě is called a subsemigroup (SSG) if Ǩ2
⊆ Ǩ . A subset Ǩ ⊆ Ě is a left ideal if

ĚǨ ⊆ Ǩ and (Ǩ ] = Ǩ . Similarly, a right ideal satisfies ǨĚ ⊆ Ǩ and (Ǩ ] = Ǩ . An ideal is both a

left and right ideal. A nonempty set Ǩ ⊆ Ě is called a quasi-idesl (QID) if ĚǨ ∩ ǨĚ ⊆ Ǩ .

Definition 2.1. Let m, n ∈ N ∪ {0}. A non-empty set Ǩ of an ordered semigroup (Ě, ·,≤) is called an
(m, n)-quas-ideal ((m, n)-QID) if

(1) Ěm
Ǩ ∩ Ě

n
Ǩ ⊆ Ǩ ,

(2) Ǩ = (Ǩ ].

A fuzzy set (FS) on a nonempty set Ť is a mapping δ̌ : Ť → [0, 1].

For any two FSs δ̌ and ν̌ of a non-empty set Ť , define ≥,=,∧ and ∨ as follows:

(1) δ̌ ≥ ν̌⇔ δ̌(e) ≥ ν̌(e) for all e ∈ Ť ,

(2) δ̌ = ν̌⇔ δ̌ ≥ (ν̌) and ν̌ ≥ δ̌,

(3) (δ̌∧ ν̌)(e) = min{δ̌(e), ν̌(e)} = δ̌(e)∧ ν̌(e) for all e ∈ Ť ,

(4) (δ̌∨ ν̌)(e) = max{δ̌(e), ν̌(e)} = δ̌(e)∨ ν̌(e) for all e ∈ Ť .

For the symbol δ̌ ≤ ν̌, we mean ν̌ ≥ δ̌.

Definition 2.2. A FS δ̌ of an ordered semigroup Ě is a fuzzy subsemigroup (FSSG) if

(1) δ̌(ǔv̌) ≥ δ̌(ǔ)∧ δ̌(v̌), for all ǔ, v̌ ∈ Ě.
(2) ǔ ≤ v̌ implies δ̌(ǔ) ≥ δ̌(v̌) for all ǔ, v̌ ∈ Ě.

Definition 2.3. A FS δ̌ of an ordered semigroup Ě is a fuzzy ideal (FI) if

(1) δ̌(ǔv̌) ≥ δ̌(ǔ)∨ δ̌(v̌), for all ǔ, v̌ ∈ Ě.

(2) ǔ ≤ v̌ implies δ̌(ǔ) ≥ δ̌(v̌) for all ǔ, v̌ ∈ Ě.

For Ǩ ⊆ Ě, the characteristic function λ
Ǩ

is defined by

λ
Ǩ
(x) =

1 x ∈ Ǩ ,

0 x < Ǩ
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For ρ̌ and ν̌ be a FSs. Defined the product ρ̌ ◦ ν̌ of an SG Ě as follows:

(ρ̌ ◦ ν̌)(ǔ) =


∨

(ř,b̌)∈F̌ǔ

{ρ̌(ř)∧ ν̌(b̌)} if F̌ǔ , ∅,

0 otherwise.

Definition 2.4. A FS δ̌ of an ordered semigroup Ě is called a fuzzy (m, n)-quasi-ideal of Ě if

(1) (δ̌m
◦ λ
Ě
)∧ (λ

Ě
◦ δ̌n) ⊆ δ̌.

(2) ǔ ≤ v̌ implies δ̌(ǔ) ≥ δ̌(v̌) for all ǔ, v̌ ∈ Ě.

Lemma 2.1. A subset Ǩ is an SSG of an ordered semigroup Ě iff λ
Ǩ

is a FSSG of Ě.

Theorem 2.1. A subset Ǩ is an (m, n)-ideal of an ordered semigroup Ě iff λ
Ǩ

is a fuzzy (m, n)-ideal of Ě.

Definition 2.5. A tripolar fuzzy set (TFS) on a nonempty set Ě is given by

TF = {(u, ρ̌(u), ν̌(u), δ̌(u)) | u ∈ Ě},

where ρ̌, ν̌ : Ě → [0, 1], δ̌ : Ě → [−1, 0], subject to

0 ≤ ρ̌(u) + ν̌(u) ≤ 1, ∀u ∈ Ě.

Here ρ̌ represents membership, ν̌ represents indeterminacy (or irrelevance), and δ̌ encodes a counter-property.

Definition 2.6. A TFS (ρ̌, ν̌, δ̌) is a TF subsemigroup (TFSSG) if

(1) ρ̌(ǔv̌) ≥ ρ̌(ǔ)∧ ρ̌(v̌),
(2) ν̌(ǔv̌) ≤ ν̌(ǔ)∨ ν̌(v̌),
(3) δ̌(ǔv̌) ≤ δ̌(ǔ)∨ δ̌(v̌).

for all ǔ, v̌ ∈ Ě.

Definition 2.7. A TFS (ρ̌, ν̌, δ̌) is a TF left (resp. right) ideal (TFLID, [TFRID]) if

(1) ρ̌(ǔv̌) ≥ ρ̌(v̌) (resp. ρ̌(ǔv̌) ≥ ρ̌(ǔ)),
(2) ν̌(ǔv̌) ≤ ν̌(v̌) (resp. ν̌(ǔv̌) ≤ ν̌(ǔ)),
(3) δ̌(ǔv̌) ≤ δ̌(v̌) (resp. δ̌(ǔv̌) ≤ δ̌(ǔ)).
(4) ǔ ≤ v̌ implies ρ̌(ǔ) ≥ ρ̌(v̌), ν̌(ǔ) ≤ ν̌(v̌), δ̌(ǔ) ≤ δ̌(v̌) for all ǔ, v̌ ∈ Ě.

Definition 2.8. A TFS is a TF ideal (TFID) if it is both a left and right ideal.

Definition 2.9. A TF subsemigroup (ρ̌, ν̌, δ̌) is a TF bi-ideal (TFBID) if

(1) ρ̌(ǔǎv̌) ≥ ρ̌(ǔ)∧ ρ̌(v̌),
(2) ν̌(ǔǎv̌) ≤ ν̌(ǔ)∨ ν̌(v̌),
(3) δ̌(ǔǎv̌) ≤ δ̌(ǔ)∨ δ̌(v̌).

(4) ǔ ≤ v̌ implies ρ̌(ǔ) ≥ ρ̌(v̌), ν̌(ǔ) ≤ ν̌(v̌), δ̌(ǔ) ≤ δ̌(v̌).

for all ǔ, ǎ, v̌ ∈ Ě.



Int. J. Anal. Appl. (2026), 24:156 5

The characteristic TFS (CTFS) TF
Ǩ

:= (ρ̌
Ǩ

, ν̌
Ǩ

, δ̌
Ǩ
) of a non-empty subset ¨̌

K of Ě is defined as

follows:

ρ̌
Ǩ
(ǔ) =

1 if ǔ ∈ Ǩ ,

0 if ǔ < Ǩ ,

ν̌
Ǩ
(ǔ) =

0 if ǔ ∈ Ǩ ,

1 if ǔ < Ǩ ,

δ̌
Ǩ
(ǔ) =

−1 if ǔ ∈ Ǩ ,

0 if ǔ < Ǩ

for all ǔ ∈ Ě. In this case of Ǩ = Ě defined TF
Ǩ
= (1, 0,−1).

Theorem 2.2. Let Ǐ ⊆ Ě. Then Ǩ is an SSG (resp. left ideal, right ideal, ideal) iff its CTFS TF ¨̌
K

=

(ρ̌
Ǩ

, ν̌ ¨̌
K

, δ̌
Ǩ
) is a TFSSG (resp. TFLID, TFRID, TFID).

The support of TF := (ρ̌, ν̌, δ̌) TFS instead of supp(TF ) = {ǔ ∈ ¨̌
E | ρ̌(ǔ) , 0, or ν̌(ǔ) ,

0 or δ̌(ǔ) , 0}.

Example 2.1. Let Ǩ = {ǔ, v̌, ž, w̌}. Define TF = {(ǔ, 0.4, 0.5,−0.1), (v̌, 0, 0, 0), (ž, 0, 0.5,−0.3),

(ě, 0.4, 0,−0.5)}. Then supp(TF ) = {ǔ, ž, w̌}.

Theorem 2.3. [11] Let ρ̌, ν̌ and δ̌ be nonzero fuzzy sets of an SG Ě. Then TF := (ρ̌, ν̌, δ̌) is a TFSSG
of Ě if and only if supp(TF ) is an SG of Ě.

For TF 1 = (ρ̌, ν̌, δ̌) and TF 2 = (λ̌, µ̌, ω̌) be a TFSs. Defined the product TF 1 ◦TF 2 of an SG

Ě as follows:

(ρ̌ ◦ λ̌)(ǔ) =


∨

(ř,b̌)∈F̌ǔ

{ρ̌(ř)∧ λ̌(b̌)} if F̌ǔ , ∅,

0 otherwise,

(ν̌ ◦ µ̌)(ǔ) =


∧

(ř,b̌)∈F̌ǔ

{ν̌(ř)∨ µ̌(b̌)} if F̌ǔ , ∅,

1 otherwise,

(δ̌ ◦ ω̌)(ǔ) =


∧

(ř,b̌)∈F̌ǔ

{δ̌(ř)∨ ω̌(b̌)} if F̌ǔ , ∅,

0 otherwise.

for all ǔ ∈ Ě. For ǔ ∈ Ě, define Fẑ = {(ř, b̌) ∈ Ě × Ě | ǔ ≤ řb̌}. It is easy to verify that the structure

(TF 1, ◦) is an SG. In the set of all TFSs of Ě we define the order relation as follows: TF 1 v TF 2

if and only if ρ̌(ǔ) ≤ λ̌(ǔ), ν̌(ǔ) ≥ µ̌(ǔ) and δ̌(ǔ) ≥ ω̌(ǔ) for all h ∈ Ě. Finally, we define a binary

operation u on TF as follows:

TF 1 uTF 2 := (ρ̌∧ λ̌, ν̌∨ µ̌, δ̌∨ ω̌),
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where (ρ̌ ∧ λ̌)(ǔ) := ρ̌(ǔ) ∧ λ̌(ǔ), (ν̌ ∨ µ̌)(ǔ) := ν̌(ǔ) ∨ µ̌(ǔ) and (δ̌ ∨ ω̌)(ǔ) := δ̌(ǔ) ∨ ω̌(ǔ) for all

ǔ ∈ Ě.

Definition 2.10. [11] A TFS is called a TF = (ρ, ν, δ) of an SG S is called a tripolar fuzzy quasi-ideal
(TFQI) of S if

(1) ρ̌(ǔ) ≥ (ρ̌
Ě
◦ ρ̌)(ǔ)∧ (ρ̌ ◦ ρ

Ě
)(ǔ),

(2) ν̌(ǔ) ≤ (ν̌
Ě
◦ ν̌)(ǔ)∨ (ν̌ ◦ ν

Ě
)(ü)

(3) δ̌(ǔ) ≤ (δ̌
Ě
◦ δ̌)(ǔ)∨ (δ̌ ◦ δ̌

Ě
)(ü)

(4) ǔ ≤ v̌ implies ρ̌(ǔ) ≥ ρ̌(v̌), ν̌(ǔ) ≤ ν̌(v̌), δ̌(ǔ) ≤ δ̌(v̌). for all ǔ, v̌ ∈ Ě.

Theorem 2.4. The intersection of two TFQIDs is again a TFQID.

3. Tripolar Fuzzy (m, n)-Quasi-ideals in ordered semigroups

In this work, we define the concept of tripolar fuzzy (m,n)-quasi-ideals in ordered semigroups

and establish several fundamental theorems characterizing their structure and properties

Definition 3.1. A TFSSG TF := (ρ̌, ν̌, δ̌) on Ě is called a TF (m, n)-quasi-ideal (TF (m, n)-QID) if

(1) ρ̌(ǔ) ≥ (ρ̌m
Ě
◦ ρ̌)(ǔ)∧ (ρ̌ ◦ ρn

Ě
)(ǔ),

(2) ν̌(ǔ) ≤ (ν̌m
Ě
◦ ν̌)(ǔ)∨ (ν̌ ◦ ν̌n

Ě
)(ǔ)

(3) δ̌(ǔ) ≤ (δ̌m
Ě
◦ δ̌)(ǔ)∨ (δ̌ ◦ δ̌n

Ě
)(ǔ) for all ǔ ∈ Ě and m, n ∈N.

(4) ǔ ≤ v̌ implies ρ̌(ǔ) ≥ ρ̌(v̌), ν̌(ǔ) ≤ ν̌(v̌), δ̌(ǔ) ≤ δ̌(v̌) for all ǔ, v̌ ∈ Ě.

Example 3.1. Let Ě = {w, x} be an ordered semigroup with w ≤ x. Define the binary operation on Ě

· w x

w w w

x w x

Define TF := (ρ̌, ν̌, δ̌) by ρ̌(w) = 0.9, ρ̌(x) = 0.6; ν̌(w) = 0.1, ν̌(x) = 0.3, and δ̌(w) =

−0.5, δ̌(x) = −0.1,.
Let TF

Ě
be the full TFSS on Ě. For all w ∈ Ě, we have

ρ̌(w) ≥ (ρ̌
Ě
◦ ρ̌)(w)∧ (ρ̌ ◦ ρ̌

Ě
)(w),

ν̌(w) ≤ (ν̌
Ě
◦ ν̌)(w)∨ (ν̌ ◦ ν̌

Ě
)(w),

δ̌(w) ≤ (δ̌
Ě
◦ δ̌)(w)∨ (δ̌ ◦ δ̌

Ě
)(w).

Moreover, since a ≤ b, it follows that

ρ̌(w) ≥ ρ̌(x), ν̌(w) ≤ ν̌(x), δ̌(w) ≤ δ̌(x).

Hence, TF := (ρ̌, ν̌, δ̌) is a TF (1, 1)-QID of Ě.

Theorem 3.1. Let {TF i | i ∈ J̌} be a family of TF (m, n)-QIDs of Ě. Then a TF Set
∧

i∈F̌
TF i :=

(
∧

i∈F̌
ρ̌i,

∧
i∈F̌
µ̌i,

∨
i∈F̌
δ̌i) is a TF (m, n)-QID of Ě.
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Proof. Let ǔ ∈ Ě. Then, ∧
i∈J

ρ̌i(ǔ) ≥
∧
i∈J

{(ρ̌m
Ě
◦ ρ̌i)(ǔ)∧ (ρ̌i ◦ ρ

n
Ě
)(ǔ),

∨
i∈J

ν̌i(ǔ) ≤
∨
i∈J

{(ν̌m
Ě
◦ ν̌i)(ǔ)∨ (ν̌i ◦ ν̌

n
Ě
)(ǔ)}

and ∨
i∈J

δ̌i(ǔ) ≤
∨
i∈J

{(δ̌m
Ě
◦ δ̌i)(ǔ)∨ (δ̌i ◦ δ̌

n
Ě
)(ǔ))}

Thus,
∧

i∈J
TF i is a TF (m, n)-ID of Ě. �

Theorem 3.2. Let Ǩ be a nonempty subset of an ordered semigroup Ě and m, n are positive integers. Then
Ǩ is an (m, n)-ideal of Ě if and only if the CTFS TF

Ǩ
:= (ρ̌

Ǩ
, ν̌
Ǩ

, δ̌
Ǩ
) is a TF (m, n)-QID of Ě.

Proof. Suppose that Ǩ is an (m, n)-QID of Ě and let ǔ ∈ Ě.

If ρ̌
Ǩ
(ǔ) ≤ (ρ̌m

Ě
◦ ρ̌
Ǩ
)(ü) ∧ (ρ̌

Ǩ
◦ ρn
Ě
)(ǔ) or ν̌

Ǩ
(ǔ) ≥ (ν̌m

Ě
◦ ν̌
Ǩ
)(ǔ) ∨ (ν̌

Ǩ
◦ ν̌n
Ě
)(ǔ) or δ̌

Ǩ
(ǔ) ≥

(δm
Ě
◦ δ̌
Ǩ
)(ǔ)∨ (δ̌

Ǩ
◦ δ̌n
Ě
)(ǔ), then (ρ̌m

Ě
◦ ρ̌
Ǩ
)(ü) , 1 or (ν̌m

Ě
◦ ν̌
Ǩ
)(ǔ) , 0 or (δ̌m

Ě
◦ δ̌
Ǩ
)(ǔ) , −1. Thus,

there exists (ǎ1, b̌1) ∈ F̌ǔ1 such that ǔ1 ≤ ǎ1b̌1 implies that ρ̌
Ǩ
(ǔ1) ≥ 1 or ν̌

Ǩ
(ǔ1) ≤ 0 or δ̌

Ǩ
(ǔ1) ≤ −1.

Without losing general meaning there exists (ǎm, b̌m) ∈ F̌ǔm such that ǔm ≤ ǎmb̌m implies that

ρ̌
Ǩ
(ǔm) ≥ 1 or ν̌

Ǩ
(ǔm) ≤ 0 or δ̌

Ǩ
(ǔm) ≤ −1. So, ǔ1 ≤ ǎ1b̌1, ǔ2 ≤ ǎ2b̌2, . . . , ǔm ≤ ǎmb̌m such that

ǔ1, ǔ2, . . . ǔm ∈ Ǩ . Hence, ǔ1, ǔ2, . . . ǔm ∈ Ě
m
Ǩ . Similarly, (ρ̌

Ǩ
◦ ρ̌n
Ě
)(ǔ) , 1 or (ν̌

Ǩ
◦ ν̌n
Ě
)(ǔ) , 0 or

(δ̌
Ǩ
◦ δ̌n
Ě
)(ǔ) , −1 we can show that ǔ1, ǔ2, . . . ǔm ∈ ǨĚ

n. Therefore, Ǩ is an (m, n)-QID of Ě. It

is a contradiction, so ρ̌
Ǩ
(ǔ) ≥ (ρ̌m

Ě
◦ ρ̌
Ǩ
)(ǔ) ∧ (ρ̌

Ǩ
◦ ρ̌n
Ě
)(ǔ), ν̌

Ǩ
(ǔ) ≤ (ν̌m

Ě
◦ ν̌
Ǩ
)(ǔ) ∨ (ν̌

Ǩ
◦ ν̌n
Ě
)(ǔ)

δ̌
Ǩ
(ǔ) ≤ (δ̌m

Ě
◦ δ̌
Ǩ
)(ǔ)∨ (δ̌

Ǩ
◦ δn
Ě
)(ǔ) for all ǔ ∈ Ě.

Let ǔ, v̌ ∈ Ě such that ǔ ≤ v̌ and ǔ ∈ Ǩ . Then ρ̌
Ǩ
(ǔ) ≥ ρ̌

Ǩ
(v̌), ν̌ ¨̌

K
(ǔ) ≤ ν̌ ¨̌

K
(v̌), δ̌

Ǩ
(ǔ) ≤ δ̌

Ǩ
(v̌).

Therefore, TF
Ǩ

:= (ρ̌
Ǩ

, ν̌
Ǩ

, δ̌
Ǩ
) is a TF (m, n)-QID of Ě.

Conversely, suppose thatTF
Ǩ

:= (ρ̌
Ǩ

, ν̌
Ǩ

, δ̌
Ǩ
) is a TF (m, n)-QID of Ě and let ǔ ∈ Ěm

Ǩ ∩ ǨĚ
n.

Then ǔ ∈ Ěm
Ǩ and ǔ ∈ ǨĚn. Thus, there exists ǎ1, b̌1, . . . , ǎm, b̌m ∈ Ǩ with ρ̌

Ǩ
(ǎ1) ≥ 1, ρ̌

Ǩ
(b̌1) ≥

1, . . . ρ̌
Ǩ
(ǎm) ≥ 1, ν̌

Ǩ
(b̌m) ≥ 1, ν̌

Ǩ
(ǎ1) ≤ 0, ν̌

Ǩ
(b̌1) ≤ 0, . . . ν̌

Ǩ
(ǎm) ≤ 0, ν̌

Ǩ
(b̌m) ≤ 0 and δ̌

Ǩ
(ǎ1) ≤

−1, δ̌
Ǩ
(b̌1) ≤ −1, . . . δ̌

Ǩ
(ǎm) ≤ −1, δ̌

Ǩ
(b̌m) ≤ −1 suth that ǔ1 ≤ ǎ1b̌1, ǔ2 ≤ ǎ2b̌2, . . . , ǔm ≤ ǎmb̌m. It

implies that

(ρ̌m
Ě
◦ ρ̌
Ǩ
)(ǔ) =

∨
(ǎ,b̌)∈F̌ǔ

{ρ̌m
Ě
(ǎ)∨ ρ̌

Ǩ
(b̌)} = ρ̌m

Ě
(ǎ1ǎ2 . . . ǎm)∧ ρ̌Ǩ (b̌)

= ρ̌m
Ě
(ǎ1ǎ2 . . . ǎm)∧ 1 = ρ̌m

Ě
(ǎ1ǎ2 . . . ǎm).

Similarly

(ρ̌
Ǩ
◦ ρm
Ě
)(ǔ) =

∨
(ǎ,b̌)∈F̌ǔ

{ρ̌
Ǩ
(ǎ)∨ ρ̌n

Ě
(b̌)} = ρ̌

Ǩ
(ǎ)∨ ρ̌n

Ě
(b̌1b̌2 . . . b̌m)

= 1∨ ρ̌n
Ě
(b̌1b̌2 . . . b̌m) = ρ̌n

Ě
(b̌1b̌2 . . . b̌m) , 0,
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(ν̌m
Ě
◦ ν̌
Ǩ
)(ǔ) =

∧
(ř,b̌)∈F̌ǔ

{ν̌m
Ě
(ǎ)∨ ν̌

Ǩ
(b̌)} = ν̌m

Ě
(ǎ1ǎ2 . . . ǎm)∨ ν̌Ǩ (b̌)

= ν̌m
Ě
(ǎ1ǎ2 . . . ǎm)∨ 0 = ν̌m

Ě
(ǎ1ǎ2 . . . ǎm) , 0.

Similarly

(ν̌
Ǩ
◦ ν̌m
Ě
)(ǔ) =

∧
(ř,b̌)∈F̌ǔ

{ν̌
Ǩ
(ǎ)∨ ν̌n

Ě
(b̌)} = ν̌

Ǩ
(ǎ)∨ ν̌n

Ě
(b̌1b̌2 . . . b̌m)

= 0∨ ν̌n
Ě
(b̌1b̌2 . . . b̌m) = ν̌n

Ě
(b̌1b̌2 . . . b̌m) , 0

and

(δ̌m
Ě
◦ δ̌
Ǩ
)(ǔ) =

∧
(ř,b̌)∈F̌ǔ

{δ̌m
Ě
(ǎ)∨ δ̌

Ǩ
(b̌)} = δ̌m

Ě
(ǎ1ǎ2 . . . ǎm)∨ δ̌Ǩ (b̌)

= δ̌m
Ě
(ǎ1ǎ2 . . . ǎm)∨−1 = δ̌m

Ě
(ǎ1ǎ2 . . . ǎm) , 0.

Similarly

(δ̌
Ǩ
◦ δ̌m
Ě
)(ǔ) =

∧
(ř,b̌)∈F̌ǔ

{ν̌
Ǩ
(ǎ)∨ δ̌n

Ě
(b̌)} = δ̌

Ǩ
(ǎ)∨ δ̌n

Ě
(b̌1b̌2 . . . b̌m)

= −1∨ δ̌n
Ě
(b̌1b̌2 . . . b̌m) = δ̌n

Ě
(b̌1b̌2 . . . b̌m)

Thus, ǔ ∈ Ǩ . Hence, Ěm
Ǩ ∩ ǨĚ

n
⊆ Ǩ .

Let ǔ ∈ Ǩ such that v̌ ≤ ǔ and v̌ ∈ Ě. Then ρ̌
Ǩ
(ǔ) ≥ ρ̌

Ǩ
(v̌) = 1, ν̌ ¨̌

K
(ǔ) ≤ ν̌ ¨̌

K
(v̌) = 0, δ̌

Ǩ
(ǔ) ≤

δ̌
Ǩ
(v̌) = −1. Thus, v̌ ∈ Ǩ . Therefore, Ǩ is an (m, n)-QID of Ě. �

Theorem 3.3. Let TF := (ρ̌, ν̌, δ̌) be a nonzero TFS of an SG Ě. Then TF := (ρ̌, ν̌, δ̌) is a TF
(m, n)-QID of E if and only if supp(TF ) is an (m, n)-QID of Ě.

Proof. Suppose that TF := (ρ̌, ν̌, δ̌) is a TF (m, n)-QID of Ě and let ǔ ∈ supp(TF )m
E ∩

E supp(TF )n. Then ǔ ∈ supp(TF )m
E and ǔ ∈ E supp(TF )n. Hence, there exist ǎ1, ǎ2, . . . , ǎm, x̌ ∈ E

such that ǎ1, ǎ2, . . . , ǎm ∈ supp(TF ) and ǔ ≤ ǎ1ǎ2 · · · ǎmx. Similarly, there exist b̌1, b̌2, . . . , b̌n, y̌ ∈ Ě

such that b̌1, b̌2, . . . , b̌n ∈ supp(TF ) and ǔ ≤ y̌b̌1b̌2 · · · b̌n. Since ǎ1, ǎ2, . . . , ǎm, b̌1, b̌2, . . . , b̌n ∈

supp(TF ) we have ρ̌(ǎi) , 0, ν̌(ǎi) , 0, δ̌(ǎi) , 0 for all i = 1, 2, . . . , m, and ρ̌(b̌ j) ,

0, ν̌(b̌ j) , 0, δ̌(b̌ j) , 0 for all j = 1, 2, . . . , n. Thus,

(ρ̌m
◦ ρ̌E)(ǔ) =

∨
(ř,x̌)∈F̌ǔ

{
ρ̌m(ř)∧ ρ̌E(x̌)

}
≥ ρ̌m(ǎ1ǎ2 · · · ǎm)∧ 1E = ρ̌m(ǎ1ǎ2 · · · ǎm)

≥ ρ̌(ǎ1)∧ ρ̌(ǎ2)∧ · · · ∧ ρ̌(ǎm) , 0.

or

(ν̌m
◦ ν̌E)(ǔ) =

∧
(ř,x̌)∈F̌ǔ

{
ν̌m(ř)∨ ν̌E(x̌)

}
≤ ν̌m(ǎ1ǎ2 · · · ǎm)∨ 0E = ν̌m(ǎ1ǎ2 · · · ǎm)

≤ ν̌(ǎ1)∨ ν̌(ǎ2)∨ · · · ∨ ν̌(ǎm) , 0.

or

(δ̌m
◦ δ̌E)(ǔ) =

∧
(ř,x̌)∈F̌ǔ

{
δ̌m(ř)∨ δ̌E(x̌)

}
≤ δ̌m(ǎ1ǎ2 · · · ǎm)∨−1E = δ̌m(ǎ1ǎ2 · · · ǎm)

≤ δ̌(ǎ1)∨ δ̌(ǎ2)∨ · · · ∨ δ̌(ǎm) , 0.
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And,

(ρ̌E ◦ ρ̌n)(ǔ) =
∨

(y̌,ř)∈F̌ǔ

{
ρ̌E(ř)∧ ρ̌n(x̌)

}
≥ 1∧ ρ̌n(b̌1b̌2 · · · b̌n) = ρ̌n(b̌1b̌2 · · · b̌n)

≥ ρ̌(b̌1)∧ ρ̌(b̌2)∧ · · · ∧ ρ̌(b̌m) , 0.

or

(ν̌E ◦ ν̌n)(ǔ) =
∧

(y̌,x̌)∈F̌ǔ

{
ν̌E(y̌)∨ ν̌n(x̌)

}
≤ 0∨ ν̌n(b̌1b̌2 · · · b̌n) = ν̌n(b̌1b̌2 · · · b̌n)

≤ ν̌(b̌1)∨ ν̌(b̌2)∨ · · · ∨ ν̌(b̌m) , 0.

or

(δ̌E ◦ δ̌n)(ǔ) =
∧

(y̌,x̌)∈F̌ǔ

{
δ̌E(y̌)∨ δ̌n(x̌)

}
≤ −1∨ δ̌n(b̌1b̌2 · · · b̌n) = δ̌n(b̌1b̌2 · · · b̌n)

≤ δ̌(b̌1)∨ δ̌(b̌2)∨ · · · ∨ δ̌(b̌m) , 0.

Hence, ǔ ∈ supp(TF ) so, supp(TF )m
E ∩ E supp(TF )n

⊆ supp(TF ). Next, let ǔ, v̌ ∈ E such

that ǔ ≤ v̌ and ǔ ∈ supp(TF ). Then ρ̌(ǔ) , 0 or ν̌(ǔ) , 0 or δ̌(ǔ) , 0. Thus, ρ̌(v̌) ≥ ρ̌(ǔ), ν̌(v̌) ≤

ν̌(ǔ), δ̌(v̌) ≤ δ̌(ǔ). Hence, ρ̌(v̌) , 0 or ν̌(v̌) , 0 or δ̌(v̌) , 0. Therefore, v̌ ∈ supp(TF ). Consequently,

supp(TF ) is an (m, n)-QID of E.

Conversely, suppose that supp(TF ) is an (m, n)-QID of E and let ǔ ∈ E.

If ρ̌(ǔ) < (ρ̌m
Ě
◦ ρ̌)(ǔ)∧ (ρ̌ ◦ρn

Ě
)(ǔ), or ν̌(ǔ) > (ν̌m

Ě
◦ ν̌)(ǔ)∨ (ν̌ ◦ ν̌n

Ě
)(ǔ) or δ̌(ǔ) > (δ̌m

Ě
◦ δ̌)(ǔ)∨ (δ̌ ◦

δ̌n
Ě
)(ǔ), then (ρ̌m

Ě
◦ ρ̌)(ǔ) , 0 or (ν̌m

Ě
◦ ν̌)(ǔ) , 0 or (δ̌m

Ě
◦ δ̌)(ǔ) , 0. Thus, there exist ǎ1, ǎ2, . . . , ǎm, x̌ ∈ Ě

such that ǔ ≤ ǎ1ǎ2 · · · ǎmx̌where ǎ1, ǎ2, . . . , ǎm ∈ supp(TF ).

Similarly, (ρ̌ ◦ ρ̌n
Ě
)(ǔ) , 0 or (ν̌ ◦ ν̌n

Ě
)(ǔ) , 0 or (δ̌ ◦ δ̌n

Ě
)(ǔ) , 0 implies that there ex-

ist b̌1, b̌2, . . . , b̌n, y̌ ∈ Ě such that ǔ ≤ y̌b̌1b̌2 · · · b̌n, where b̌1, b̌2, . . . , b̌n ∈ supp(TF ). Hence,

ǔ ∈ supp(TF )m
Ě ∩ Ě supp(TF )n. By assumption, ǔ ∈ supp(TF ). Thus, ρ̌(ǔ) , 0, ν̌(ǔ) ,

0, δ̌(ǔ) , 0. This contradicts the assumption. Therefore, ρ̌(ǔ) ≥ (ρ̌m
Ě
◦ ρ̌)(ǔ) ∧ (ρ̌ ◦ ρ̌n

Ě
)(ǔ), ν̌(ǔ) ≤

(ν̌m
Ě
◦ ν̌)(ǔ)∨ (ν̌ ◦ ν̌n

Ě
)(ǔ), and δ̌(ǔ) ≤ (δ̌m

Ě
◦ δ̌)(ǔ)∨ (δ̌ ◦ δ̌n

Ě
)(ǔ). Finally, let ǔ, v̌ ∈ Ě such that ǔ ≤ v̌ and

ǔ ∈ supp(TF ). Then ρ̌(ǔ) , 0, or ν̌(ǔ) , 0, or δ̌(ǔ) , 0. Thus, ρ̌(ǔ) ≥ ρ̌(v̌), ν̌(ǔ) ≤ ν̌(v̌), δ̌(ǔ) ≤ δ̌(v̌).

Hence, ρ̌(v̌) , 0, ν̌(v̌) , 0, δ̌(v̌) , 0. Therefore, v̌ ∈ supp(TF ). consequently, TF := (ρ̌, ν̌, δ̌) is a

TF (m, n)-QID of Ě. �

Definition 3.2. An (m, n)-QID Ǩ of an ordered semigroup Ě is called a minimal if for every (m, n)-QID
of J̌ of Ě such that J̌ ⊆ Ǩ , we have J̌ = Ǩ .

Definition 3.3. A TF (m, n)-QID TF 1 := (ρ̌, ν̌, δ̌) of an ordered semigroup Ě is a minimal if for all TF
(m, n)-QID TF 2 := (λ̌, µ̌, ω̌) of Ě such that TF 2 v TF 1, then supp(TF 2) = supp(TF 1).

Lemma 3.1. For any non-empty subsets Ǐ and Ǩ of an ordered semigroup Ě, we have Ǐ ⊆ Ǩ if and only if
TF

Ǐ
v TF

Ǩ
where TF

Ǐ
:= (ρ̌

Ǐ
, ν̌
Ǐ

, δ̌
Ǐ
) and TF

Ǩ
:= (ρ̌

Ǩ
, ν̌
Ǩ

, δ̌
Ǩ
) are CTFS Ǐ and Ǩ respective.

Theorem 3.4. Let ∅ , Ǩ ⊆ Ě. Then Ǩ is a minimal (m, n)-QID if and only if TF
Ǩ

:= (ρ̌
Ǩ

, ν̌
Ǩ

, δ̌
Ǩ
) is

a minimal TF (m, n)-QID of Ě.
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Proof. Let Ǩ be a minimal (m, n)-ID of Ě. Then Ǩ is an (m, n)-ID. Thus, by Theorem 3.2, TF
Ǩ

:=

(ρ̌
Ǩ

, ν̌
Ǩ

, δ̌
Ǩ
) is a TF (m, n)-ID of Ě. Let J̌ be an (m, n)-ID of Ě such that J̌ ⊆ Ǩ . Then by

Theorem 3.2, TF
J̌
= (ρ̌

J̌
, ν̌
J̌

, δ̌
J̌
) is a TF (m, n)-ID of Ě and TF

J̌
v TF

Ǩ
. Thus, supp(TF

J̌
) v

supp(TF
Ǩ
) = Ǩ . It implies that supp(TF

J̌
) v Ǩ . By Theorem 3.3, supp(TF

J̌
) is an (m, n)-ID

of Ě. Since Ǩ is a minimal (m, n)-ID of Ě we have supp(TF
J̌
) = Ǩ . Thus, supp(TF

J̌
) =

supp(TF
Ǩ
). Hence, TF

Ǩ
:= (ρ̌

Ǩ
, ν̌
Ǩ

, δ̌
Ǩ
) is minimal TF (m, n)-ID of Ě.

Conversely, TF
Ǩ

:= (ρ̌
Ǩ

, ν̌
Ǩ

, δ̌
Ǩ
) is minimal TF (m, n)-ID of Ě. Then TF

Ǩ
:= (ρ̌

Ǩ
, ν̌
Ǩ

, δ̌
Ǩ
)

is a TF (m, n)-ID of Ě. Thus, by Theorem 3.2, Ǩ is an (m, n)-ID of Ě. Let TF
J̌
= (ρ̌

J̌
, ν̌
J̌

, δ̌
J̌
) be

a TF (m, n)-ID of Ě such that TF
J̌
v TF

Ǩ
. Then by Theorem 3.2, J̌ is an (m, n)-ID of Ě such

that J̌ ⊆ Ǩ . By assumption, we have supp(TF
J̌
) = supp(TF

Ǩ
). Thus, J̌ = Ǩ . Hence, Ǩ is a

minimal (m, n)-ID of ˇ̌
E. �

Next, we give the relationship between prime, semiprime (m, n)-quasi-ideals and prime,

semiprime TF (m, n)-quasi-ideals.

Definition 3.4. Let Ǩ be an (m, n)-QID of an ordred semigroup Ě is called

(1) prime if ěȟ ∈ Ǩ implies ě ∈ Ǩ or ȟ ∈ Ǩ for all ě, ȟ ∈ ˇ̌
E,

(2) semiprime if ě2 ∈ Ǩ implies ě ∈ Ǩ for all ě ∈ Ě.

Definition 3.5. Let TF := (ρ̌, ν̌, δ̌) be a TF (m, n)-QID of an ordered semigroup Ě is called

(1) prime if ρ̌(ěȟ) ≤ ρ̌(ě)∨ ρ̌(ȟ), ν̌(ěȟ) ≥ ν̌(ě)∧ ν̌(ȟ) and δ̌(ěȟ) ≥ δ̌(ě)∧ δ̌(ȟ) for all ě, ȟ ∈ Ě,
(2) semiprime if ρ̌(ě2) ≤ ρ̌(ě) ν̌(ě2) ≥ ν̌(ě) and δ̌(ě2) ≥ δ̌(ě) for all ě ∈ Ě.

Remark 3.1. Every prime (m, n)-QID is a semiprime (m, n)-QID in an ordered semigroup.

Theorem 3.5. Let Ǩ be a non-empty subset of an ordered semigroup Ě. Then

(1) Ǩ is a prime (m, n)-QID of Ě if and only if TF
Ǩ

:= (ρ̌
Ǩ

, ν̌
Ǩ

, δ̌
Ǩ
) is a prime TF (m, n)-QID of Ě.

(2) Ǩ is a semiprime (m, n)-QID of Ě if and only ifTF
Ǩ

:= (ρ̌
Ǩ

, ν̌
Ǩ

, δ̌
Ǩ
) is a semiprime TF (m, n)-QID

of Ě.

Proof. (1) Suppose that Ǩ is a prime (m, n)-QID of Ě. Then Ǩ is an (m, n)-QID of Ě. Thus, by

Theorem 3.2 TF
Ǩ

:= (ρ̌
Ǩ

, ν̌
Ǩ

, δ̌
Ǩ
) is a TF (m, n)-QID of Ě. Let ě, ȟ ∈ Ě.

Case 1: If ěȟ ∈ Ǩ , then ě ∈ Ǩ or ȟ ∈ K . Thus, ρ̌
Ǩ
(ěȟ) = 1 = ρ̌

Ǩ
(ě) = ρ̌

Ǩ
(ȟ), ν̌

Ǩ
(ěȟ) =

0 = ν̌
Ǩ
(ě) = ν̌

Ǩ
(ȟ) and δ̌

Ǩ
(ěȟ) = −1 = δ̌

Ǩ
(ě) = δ̌

Ǩ
(ȟ). Hence, ρ̌

Ǩ
(ěȟ) ≤ ρ̌

Ǩ
(ě) ∨ ρ̌

Ǩ
(ȟ),

ν̌
Ǩ
(ěȟ) ≥ ν̌

Ǩ
(ě)∧ ν̌

Ǩ
(ȟ) and δ̌

Ǩ
(ěȟ) ≥ δ̌

Ǩ
(ě)∧ δ̌

Ǩ
(ȟ).

Case 2: If ěȟ < K , then ρ̌
Ǩ
(ěȟ) = 0, ν̌

Ǩ
(ěȟ) = 1 and δ̌

Ǩ
(ěȟ) = 0. Thus, ρ̌

Ǩ
(ěȟ) ≤

ρ̌
Ǩ
(ě)∨ ρ̌

Ǩ
(ȟ), ν̌

Ǩ
(ěȟ) ≥ ν̌

Ǩ
(ě)∧ ν̌

Ǩ
(ȟ) and δ̌

Ǩ
(ěȟ) ≥ δ̌

Ǩ
(ě)∧ δ̌

Ǩ
(ȟ).

Therefore, TF
Ǩ

:= (ρ̌
Ǩ

, ν̌
Ǩ

, δ̌
Ǩ
) is a prime TF (m, n)-QID of Ě.

Conversely, suppose that TF
Ǩ

:= (ρ̌
Ǩ

, ν̌
Ǩ

, δ̌
Ǩ
) is a prime TF (m, n)-QID of Ě. Thus, by

Theorem 3.2, K is an (m, n)-QID of Ě. Let ě, ȟ ∈ Ě with ěȟ ∈ Ǩ . Then, ρ̌
Ǩ
(ěȟ) = 1, ν̌

Ǩ
(ěȟ) = 0

and δ̌
Ǩ
(ěȟ) = −1. If ě < Ǩ and ȟ < K , then ρ̌

Ǩ
(ě) = 0 = ρ̌

Ǩ
(ȟ), ν̌

Ǩ
(ě) = 1 = ν̌

Ǩ
(ȟ) and
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δ̌
Ǩ
(ě) = 0 = δ̌

Ǩ
(ȟ). By assumption, ρ̌

Ǩ
(ěȟ) ≤ ρ̌

Ǩ
(ě) ∨ ρ̌

Ǩ
(ȟ), ν̌

Ǩ
(ěȟ) ≥ ν̌

Ǩ
(ě) ∧ ν̌

Ǩ
(ȟ) and

δ̌
Ǩ
(ěȟ) ≥ δ̌

Ǩ
(ě) ∧ δ̌

Ǩ
(ȟ). Thus, ρ̌

Ǩ
(ěȟ) = 0, ν̌

Ǩ
(ěȟ) = 1 and δ̌

Ǩ
(ěȟ) = 0. It is a contradiction,

so ě ∈ Ǩ or ȟ ∈ K . Hence, Ǩ is a prime (m, n)-QID of Ě.

(2) Suppose that Ǩ is a semiprime (m, n)-QID of Ě. Then Ǩ is an (m, n)-QID of Ě. Thus, by

Theorem 3.2 TF
Ǩ

:= (ρ̌
Ǩ

, ν̌
Ǩ

, δ̌
Ǩ
) is a TF (m, n)-QID of Ě. Let ě ∈ Ě.

Case 1: If ě2 ∈ Ǩ , then ě ∈ Ǩ . Thus, ρ̌
Ǩ
(ě2) = 1 = ρ̌

Ǩ
(ě), ν̌

Ǩ
(ě2) = 0 = ν̌

Ǩ
(ě) and

δ̌
Ǩ
(ě2) = −1 = δ̌

Ǩ
(ě). Hence, ρ̌

Ǩ
(ě2) ≤ ρ̌

Ǩ
(ě), ν̌

Ǩ
(ě2) ≥ ν̌

Ǩ
(ě) and δ̌

Ǩ
(ě2) ≥ δ̌

Ǩ
(ě).

Case 2: If ě2 < K , then ρ̌
Ǩ
(ě2) = 0, ν̌

Ǩ
(ě2) = 1 and δ̌

Ǩ
(ě2) = 0. Thus, ρ̌

Ǩ
(ě2) ≤ ρ̌

Ǩ
(ě),

ν̌
Ǩ
(ě2) ≥ ν̌

Ǩ
(ě) and δ̌

Ǩ
(ě2) ≥ δ̌

Ǩ
(ě).

Therefore, TF
Ǩ

:= (ρ̌
Ǩ

, ν̌
Ǩ

, δ̌
Ǩ
) is a semiprime TF (m, n)-QID of Ě.

Conversely, suppose that TF
Ǩ

:= (ρ̌
Ǩ

, ν̌
Ǩ

, δ̌
Ǩ
) is a semiprime TF (m, n)-QID of Ě. Thus,

by Theorem 3.2,K is an (m, n)-QID of Ě. Let ě ∈ Ěwith ě2 ∈ Ǩ . Then, ρ̌
Ǩ
(ě2) = 1, ν̌

Ǩ
(ě2) = 0

and δ̌
Ǩ
(ě2) = −1. If ě < Ǩ , then ρ̌

Ǩ
(ě) = 0, ν̌

Ǩ
(ě) = 1 and δ̌

Ǩ
(ě) = 0. By assumption,

ρ̌
Ǩ
(ě2) ≤ ρ̌

Ǩ
(ě), ν̌

Ǩ
(ě2) ≥ ν̌

Ǩ
(ě) and δ̌

Ǩ
(ě2) ≥ δ̌(ě). Thus, ρ̌

Ǩ
(ě2) = 0, ν̌

Ǩ
(ě2) = 1 and

δ̌
Ǩ
(ě2) = 0. It is a contradiction, so ě ∈ Ǩ . Hence, Ǩ is a semiprime (m, n)-QID of Ě.

�

4. Conclusion

In this paper, we introduce the concept of tripolar fuzzy (m, n)-quasi-ideals in semigroups and

investigate their properties. Additionally, we establish the relationship between (m, n)-quasi-

ideals and tripolar fuzzy (m, n)-quasi-ideals. In the future, we plan to explore hybrid almost

(m, n)-ideals and n-interior ideals in semigroups or within the algebraic context.
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